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Abstract

This thesis considers two interrelated themes: the emergence of aggregate volatil-
ity from idiosyncratic shocks and optimisation under incomplete information when,
for reasons of strategic complementarity, agents are interested in both simple and

weighted averages of their competitors’ actions.

I first develop a model of Bayesian social learning over a network. Unlike earlier
literature that abandons one of the assumptions that agents (a) act repeatedly; (b)
are rational; and (c) face strategic complementarities, I obtain tractability for arbit-
rarily large networks by also assuming that agents do not know the full structure of
the network, but do know its link distribution. An AR(1) process for the underlying
state induces an ARMA(1,1) process for the hierarchy of expectations, with current
and lagged weighted averages of agents’ idiosyncratic shocks entering at an aggregate
level. For sufficiently irregular networks, these shocks do not wash out, thus causing

persistent aggregate effects.

I next apply this to firms’ price-setting problem, demonstrating that even when
firms possess complete price flexibility, network learning induces considerable per-
sistence in aggregate variables following monetary and real shocks and that network

shocks plausibly represent a source of aggregate economic volatility.

Finally, I explore price setting under monopolistic competition when facing Trans-
Log preferences. I solve explicitly for a firm’s best-response pricing rule under full
information and show that in partial equilibrium under incomplete information, lar-
ger firms will focus on their marginal costs while smaller firms will place more weight
on changes in consumer preferences and competitors’ prices. In general equilibrium,
I estimate the effect of two distinct sources of real rigidity that emerge from Trans-
Log preferences: the well-known curvature in demand and the dramatic increase
in complexity of firms’ signal-extraction problems. With non-uniform preferences,
the model represents another channel through which idiosyncratic shocks can cause

aggregate volatility.
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Chapter 1

Introduction and common definitions

1.1 Introduction

This thesis is interested in two fundamental questions of macroeconomics. First,
what are the underlying causes of observed volatility in aggregate variables? From
where do the shocks arise and of what are they comprised? Second, what explains the
magnitude and persistence of the effects of aggregate shocks on the macroeconomy?
Is it possible for those effects to persist beyond the shock itself, or beyond the time

when agents in the economy successfully identify it?

These are by no means new questions — macroeconomists have been grappling
with them for decades — but they remain open questions of active research and recent
work has brought each of them (and previous attempts at answering them) into a

new light.

The first question may to some extent strike readers as odd, as it is natural
to suppose that aggregate volatility must be caused by aggregate shocks, at least
when considering a linear model. However, recent work by Acemoglu, Carvalho,
Ozdaglar, and Tahbaz-Saleh (2012) and Gabaix (2011) has raised the possibility of
idiosyncratic shocks having aggregate effects when their economic relevance emerges
through distributions that are fat tailed (i.e. when certain agents’ shocks or actions
play a disproportionately important role in aggregation, while the majority of agents
receive a disproportionately low weight). A central contribution of this thesis is to
add to this burgeoning literature by outlining and characterising two new settings
in which this result applies. In both cases, the result relies on the presence of a
distribution that is asymptotically non-uniform, in that it remains sufficiently far

from uniform even as the number of agents over which it applies grows arbitrarily

12



1.1. Introduction

large. Section 1.3 below offers a formal definition of such a distribution, demonstrates
why it allows for idiosyncratic shocks to have aggregate effects and discusses the class

of distributions that meet such a characteristic.

The second question is of particular importance to a policy maker seeking to
dampen aggregate volatility in an economy. Statistical analyses, relying only minim-
ally, if at all, on economic theory, have suggested that the effects on real GDP and
aggregate prices from identified aggregate shocks, both real and nominal, are signi-
ficant and quite persistent. Understanding why this is so, particularly for nominal

shocks, is therefore of critical importance.

The most obvious way to model rigidity in aggregate prices is naturally to suppose
that individual prices are themselves in some way “sticky.” This approach was
supported by early quantitative evidence, which suggested that prices, once set,
generally remained fixed for 12 months (Taylor, 1999). With this in mind, the
canonical New Keynesian model was developed by assuming that firms follow simple
time-based pricing rules. That is, that firms choose only the magnitude of any price
changes, while the timing of those changes is determined exogenously. Standard
approaches here are the staggered pricing rule of Taylor (1980), in which firms’
prices remain fixed for n periods and a fraction 1/n of firms update their prices each
period, and the model of Calvo (1983), in which a random fraction of firms are able
to update in each period. Since simple models of state-based pricing, such as those
proposed by Rotemberg (1982), imply similar Phillips curves under linearisation, it

was generally held that the analytically simple time-based rules were sufficient.

However, a variety of challenges to simple time-based pricing rules have arisen
in recent years. From a theoretical perspective, models that exogenously impose
the timing of price changes would appear to fail the Lucas Critique by assuming,
rather than deriving, policy invariance in agents’ actions (e.g. Plosser, 2012). In-
deed, modern models of state-based pricing (i.e. that look both at the magnitude of
price changes and whether and when to change) have consistently shown that selec-
tion effects work against any persistence of aggregate effects on real variables, with
the firms that elect to adjust their prices following a monetary policy shock being

precisely those that make the largest adjustment (e.g. Gertler and Leahy, 2008).

13



1.1. Introduction

Empirically, a variety of modern studies of microeconomic price changes have
demonstrated that a great many prices are remarkably short lived. The seminal work
of Bils and Klenow (2004), for example, found that the median duration of prices
in CPI data in the United States was 4.3 months, an update frequency almost three
times higher than previously thought. More recent work by Klenow and Kryvtsov
(2008) found a median duration of only 3.7 months and highlighted that a significant

fraction of goods’ prices are changed on a weekly basis.

With prices apparently quite flexible and selection effects ensuring minimal real
effects via what individual price stickiness remains, it is therefore conceptually ne-
cessary to develop models of real rigidity — a “contract multiplier,” in the words of
Taylor (1980) — to explain the sluggish responses observed in aggregate price indicies

following monetary shocks.

One key approach to achieving real rigidities in firms’ pricing is to suppose that
they have imperfect access to information, an idea that dates to Lucas (1972) and
Phelps (1984). Modern models in this field fall broadly into three categories:

1. Sticky Information. First, as argued by Mankiw and Reis (2002), firms may
have access to information only infrequently, so that in aggregate, they only
respond to a policy change gradually. Reis (2006) provides a microfoundation
for this idea, arguing that information processing costs (as distinct from classic

menu costs) make it optimal for firms to delay their updates.

2. Rational Inattention. Second, as suggested by Sims (2003), firms may be
subject to an information processing constraint, whereby there is a limit to the
amount of information they can accommodate, irrespective of the cost of doing
so. In such a case, it is rational for firms to access information in every period,

but to select which signals to observe.

3. Incomplete Information. Finally, as proposed by Woodford (2003), even
if firms are free to update their information sets every period and face no
constraints in doing so, they may be subject to structural imperfections in
their signals. When noisy signals of hidden aggregate states are combined with

strategic complementarity, this gives rise to what Woodford termed “Imperfect

14



1.1. Introduction

Common Knowledge,” with firms needing to consider the higher-order beliefs

of their competitors.

The work of this thesis fits squarely in the latter of these categories, extending the
problem to scenarios where firms must consider not just the simple average of other
firms’ expectations, but weighted averages as well. The sizes of firms’ state vectors
become much larger in these settings and their signal extraction problems become
correspondingly more difficult, thus leading to more sluggish responses in prices
following aggregate shocks, even when firms are free to update their information sets

and their prices every period.

Section 1.2 below offers some necessary definitions relating to higher-order expect-
ations when there are multiple expectations of interest and illustrates the explosion

in the size of the state vector that they can imply.

15



1.2. Higher-order expectations

1.2 Higher-order expectations

The near-ubiquitous treatment of higher-order expectations in the macroeconomic
literature to date! has been to consider only the hierarchy of simple average ex-
pectations. That is, to consider settings in which agents are interested only in the
sequence of objects {x, B[], Ey [Ey [x]] -+ } where E;[] = fol E; (i) [] di.

It is important to realise that this is a modelling choice only, made for analytical
convenience. It is easy to envisage scenarios where other, more complex hierarchies of
beliefs are relevant and this thesis occupies itself with two such examples. The first,
dealt with in chapters 2 and 3, involves rational learning over a network, in which
economic agents must (in principle, at least) form opinions regarding the beliefs of
every other agent in the network and know that they will each, in turn, do the
same. The second, addressed in chapter 4, examines firms’ price-setting problem
when household preferences are non-uniform, so that every firm must consider two

separate aggregations of belief, one of which is firm-specific.

To model these fully, we therefore first provide a generalised definition of a hier-

archy of expectations.

Definition 1. A compound expectation is a weighted sum of all agents’ expect-
ations. Let xy be an (m x 1) vector of random variables, E [x;|Z; (i)] be the ex-
pectation of x; conditioned on the period t information set of agent i and & [x;] =
[E (x| Z: (1)] -+ Elxe|Zy (N)]] be the (m x N) matriz containing all agents’ ex-
pectations of the same. Let w be an (N x 1) vector of weights across all agents such

that w; € [0,1] and Zf\il w; = 1. The compound expectation, Eqy, ¢ [x4], is given by:

Ewilx] = & [z w (1.1)

Note that this nests both simple, or unweighted, average expectations (e.g. wa =

/ !/
[% %} ) and individual expectations (e.g. wp = [0’ 1 0’] ).
Definition 2. Let W = |wy wp ---| be the (N X p) matriz formed of all weights

of interest in a given problem and p be the number of those weights (i.e. the number

'Modern macroeconomic literature on higher-order expectations dates to Townsend (1983),
although the general idea has been known since, at least, the famous “beauty contest” argument
of Keynes (1936).
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1.2. Higher-order expectations

of columns in W ). We then define higher-order expectations as follows, using a

blackboard-bold E®) to denote the vector containing all expectations of the k-th order:

]E,EO) (] = x;
I Egk_l) (]
EX 2] = | Ewyo [ES V(2] | = vec (a [Ef“‘” [a:t]] W) VE > 1 (1.2)

Note that if we are interested in p different compound expectations, there are p*
different permutations of k-th order expectations. For example, if x; is scalar and
p = 2, then the vector describing the set of second-order expectations will be of size

(4 x 1) and arranged in the following way:

o) B | w124

EEQ) [CEt] _ E'wA,t Et [mt] _ EwB,t [$t]
Euwp ]El(fl) /] E By 4]

| Bupe ]

Definition 3. A hierarchy of expectations, from order 0 to k, is defined recurs-

wely as:
_ . -
Ew . EgO:k_l) [wt]
EOR) 1,1 — o . 1.3
t [ t] E,wB’t Ego.kfl) [.’Bt] < )

Note that this is not simply the stacking of each order of expectations on top of
each other. For example, if @, is scalar and p = 2, the hierarchies (0: 1) and (0 : 2)

are given by:

17



1.2. Higher-order expectations

] N _
SR
T Ewyt | By 2]
EY ] = | Buys ]| EOY (2] = | Byt 1],
Ewpt 2] [ oz ]
EwB,t E'wA7t [wt]
L _EwBi [xt] _

The benefit of depicting hierarchies in this recursive manner is that it becomes simple

to extract sub-hierarchies comprised of a single compound expectation. For example,

/ —
ifwy = [% e %] so that Fy,, ; [x] = F;[x:] is the average expectation, the sub-
hierarchy of Z\"" = (@}, E; [z)] , By [Ey[)]] - ~}/ may be extracted as:

Ego:/f) _ [I O] Ego:k) (4]

In all of the models in this thesis, the expectation hierarchy EEOZOO) [@;] will represent

the unknown state vector about which agents attempt to learn.

1.2.1 Size of the expectation hierarchy

Although not of particular importance in theory, the size of the state vector of in-
terest is of crucial importance if any model is to be simulated. It is clear that if a;
contains m elements, then Egk) [;] — the set of k-th order expectations — will contain
mp® distinct elements. However, it is worth emphasising that it does not in gen-
eral follow that the hierarchy E{"*") [;] will contain m (ZIZ:O pk) unique elements.
This is because if one of the compound expectations, say F, ||, is formed from a
single information set — i.e. a single agent’s expectation — then the law of iterated

expectations implies that Ey,, ¢ [Fuwy .t [@t]] = Bwy .t [T4]-

In general, when ¢ (< p) is the number of individual expectations in W, the

18



1.2. Higher-order expectations

number of unique elements in the hierarchy JEEO:’“*) [x;] will be given by:?

N(meLW)ZWIQﬁ“+§i(%k—q§2ﬁ>) (1.4)

with N (m,p,0,k*) = m (ZZ:O p’“). Nevertheless, even when ¢ = p, it should be
readily apparent that size of an expectation hierarchy explodes in both p (the number
of compound expectations) and k* (the highest order in expectations). Figure 1.1

illustrates this point, plotting the size of the hierarchy when ¢ = 0 and m = 1.

A state vector of infinite dimension need not be a problem, per se, provided
that the researcher is able to make a reasonable approximation of agents’ actions
by restricting attention to a finite subset of the state. In most models — including
those of this thesis — imposing a finite upper limit, k*, on the number of orders
of expectation will be acceptable as in order to ensure stability in agent actions,

decreasing weight is placed on higher order expectations.

On the other hand, allowing the number of relevant compound expectations to
increase can be more problematic as there is rarely, if ever, an obvious reason for
weighting them differently. Existing work in the macroeconomic literature has gen-
erally avoided this difficulty by limiting attention to problems that implicitly assume
that p = 1 (in particular, that all agents care only about the simple average expect-

ation of their competitors).

This avenue is not available when considering learning via networks, however,
where it is typically the case that p is given by the number of agents in the network,
or in the case of asymmetric preferences examined in the final chapter, where p is

given by the number of firms in the joint demand system.

m([l + [l +W—d+b*w—®—d+@*@ﬂﬁ—®—®—d+m)
~~~ ~~ N——
0-th order  1-st order  2-nd order 3-rd order 4-th order

(o)
k* B -1 k
(Z pk> —q (Z Zps>> , which rearranges to the equation in the text

k=0 k=0 s=0
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1.2. Higher-order expectations

0 o
(b) Log scale

(c) Cross-section by p (log scale) (d) Cross-section by k* (log scale)

Figure 1.1: The number of elements in an expectation hierarchy (¢ =0, m = 1)
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1.3.  Asymptotically non-uniform distributions

1.3 Asymptotically non-uniform distributions

The second key theme of this thesis is an illustration of how idiosyncratic shocks
need not “wash out” and may, instead, induce aggregate volatility in an economic
context. Fundamentally, this implies an exploration of settings in which the standard
law of large numbers does not apply which, in turn, implies that the models must

consider weighted sums of agents’ idiosyncratic shocks.

Identifying laws of large numbers for weighted sums of i.i.d. random variables
(i.e. the limiting behaviour of 2 | an,;X; when E [X] = 0) remains an area of active
research.> However, we do not require an exact characterisation of the necessary
conditions for a weighted sum to converge to zero, as there is a broad range of
functions for the weights under which a weighted sum will not converge to zero. In

particular, it is sufficient to suppose that the weights are asymptotically non-uniform:

Definition 4. Let @y be a discrete distribution with corresponding p.d.f.* ¢y (7).
Let ((N) = SN ¢n (i)® be the Herfindahl-Hirschman index for the same. The

distribution @y is asymptotically non-uniform if:

e limy o Oy (1) = 0Vi; and

e limy o C (N) = (* where ¢* € (0,1).

To appreciate how such a distribution is sufficient to ensure that idiosyncratic
shocks do not wash out, suppose that each agent receives an independent, mean zero
shock drawn from a common Gaussian distribution (i.e. one fully characterised by

its first and second moments):

v (i) ~ N(0,%,,) Vi

3See, for example, Wu (1999), Sung (2001) or Cai (2006).

4Strictly, for a discrete distribution, it is a probability mass function. But since we will concern
ourselves only with the limiting case of N — oo and assume that they are indexed uniformly
from zero to one so that the distribution becomes continuous, we stick with the conventional
nomenclature.
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1.3.  Asymptotically non-uniform distributions

and consider the setting where it is not the simple average of agents’ shocks that

matters, but a weighted average:

vy

Zv(z’) ¢n (i) where ¢y (i) € (0,1) and Zng (i) =1

Since vy is a linear combination of mean-zero Gaussian variables, it must itself have

a Normal distribution with a mean of zero. Its variance will then be given by:

S0 (i) o (1) dz‘]

=1

Var[voy] = Var

= Z Var[v (i) on (i) di

where in moving to the second line we use the independence of each vector to ignore
the covariance terms. The limiting variance as N — oo is therefore (*¥,,, and, hence,

so long as (* # 0, the law of large numbers does not apply.

The set of asymptotically non-uniform distributions is quite broad, but in par-

ticular it includes the discrete power law distribution (the Zipf distribution)

N

-1
on (1) = eni™7; where cy = (Z i‘”) and v > 1
i=1
and its equivalent for infinite N, the Zeta distribution. The shape parameter, v > 1,
governs the scaling of the distribution’s tail, with larger values of v corresponding
to greater non-uniformity. Figure 1.2 plots the values of (* for a range of values of
~ for the Zeta distribution.’

This thesis explores two separate settings in which power law distributions are

of economic importance. The first, studied in chapters 2 and 3 relates to social

5Strictly, these are calculated for Zipf distributions with N = 108.
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Figure 1.2: A plot of (* for power law distributions with shape parameter ~

networks. A great many observed networks, from links between pages on Wikipe-
dia to established relationships in social networks, have been shown to have degree
distributions® well approximated by power law distributions (i.e. the networks are
scale free). See, for example, the work of Albert and Barabési (2002), Jackson and
Rogers (2007) or Clauset, Shalizi, and Newman (2009). The second setting, studied
in chapter 4, relates to the distribution of firm sizes, which has also been shown to
follow a power law. See Axtell (2001) or Gabaix (2011).

It is important to appreciate, though, that the models in this thesis do not gen-
erally assume any particular distribution, only that it remains non-uniform (in the

sense of definition 4) as the support of that distribution grows arbitrarily large.

Tn network theory, the degree of a node is the number of connections it has to other nodes, so
the degree distribution is the distribution of these degrees over the entire network.

23



Chapter 2

Social learning over an opaque

network

Abstract

I present a flexible and readily implemented linear model of rational (i.e.
Bayesian) social learning over a network where agents do not know the full
structure of the network, but do know the link distribution. I assume that
there are several dynamic state variables to be estimated; agents act repeatedly
and simultaneously; and agents’ payoffs depend both on the accuracy of their
beliefs regarding the state and the proximity of their actions to those of their
competitors (i.e. there is strategic interaction). When the network is suffi-
ciently irregular, transitory idiosyncratic shocks will not wash out in aggrega-
tion but will instead have persistent aggregate effects, and an AR(1) process for
the underlying state will induce an ARMA(1,1) law of motion for the hierarchy

of aggregate expectations.

2.1 Introduction

2.1.1 Context

An ideal model of network learning must contain a number of key features. Naturally,
there must exist a hidden state of the world and agents be arranged in some sort
of observation network, whereby they are informed of the actions, if not the actual
beliefs, of a subset of their compatriots. Beyond this, there are arguably three

desirable attributes of a “true” model of network learning:
1. agents act repeatedly;
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2.1. Introduction

2. agents update their beliefs in a Bayesian (i.e. rational) manner; and

3. agents act strategically, with their payoffs a function of other players’ actions.

The complexities involved in solving such a model, let alone simulating it or
nesting it within a broader model of the economy, have typically been thought to
be sufficiently great as to preclude comprehensive analysis in anything other than
trivially small networks. As such, the literature to date has proceeded by avoiding

one or more of the above assumptions.!

Early work in observational learning, for example, focussed on sequential learning,
with each agent making a single, irrevocable decision in an exogenously defined
order, typically after observing the actions of all, or a well-defined subset, of their
predecessors. In such a setting, it is well known that agents can rationally (in the
Bayesian sense) exhibit “herding”, or “information cascades”, whereby their private
signals regarding the unknown state are swamped by the weight of past actions (see,
for example, Banerjee, 1992; Lee, 1993; and Smith and Sgrensen, 2000).

More recently, work in sequential learning has examined situations where the
observation neighbourhood of each agent is determined stochastically. Banerjee
and Fudenberg (2004), for example, demonstrate that convergence will occur if the
sampling of earlier players’ beliefs is “unbiased” in the sense that it is representative
of the population as a whole and at least two earlier players are sampled. More gen-
erally, Acemoglu, Dahleh, Lobel, and Ozdaglar (2011) characterise the (Bayesian)
equilibrium of a sequential learning model for a general stochastic sampling pro-
cess. They demonstrate that so long as no group of agents is excessively influential,
there will be asymptotic learning of the truth when private beliefs are unbounded?
and characterise some settings under which asymptotic learning still emerges when

private beliefs are bounded.

Although this more recent work carries the flavour of network learning in that

agents observe the actions of only a subset of their competitors,® they do not meet the

! Acemoglu and Ozdaglar (2011) provide a recent review.

2That is, where agents may receive arbitrarily strong signals so that the support of their pos-
terior belief that the state is equal to a given possibility is [0, 1].

3Indeed, Acemoglu, Dahleh, Lobel, and Ozdaglar (2011) refer to their model as one of learning
over a social network.
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popular conception of network learning in which agents undertake repeated, simul-
taneous actions in an environment of strategic interaction. Tackling such a problem,
however, is notoriously difficult. The presence of strategic interaction introduces the
need to consider the infinite hierarchy of higher-order (average) beliefs. When agents
exist in an observation network, it is also necessary for each of them to consider the
specific belief held by their observation target and, in turn, the belief of their target’s
target and so forth. As the number of agents in the network expands, this causes
an explosion in the size of the state vector quite apart from the presence of higher-
order expectations (see section 1.2 in the previous chapter for more detail), thereby

subjecting the problem to the famous curse of dimensionality.

In order to analyse learning in a repeated, simultaneous action environment,
the literature has therefore most commonly chosen to abandon the assumption of
Bayesian updating. Non-Bayesian learning over a network is typically modelled in
the style of DeGroot (1974), with agents applying a constant weight to their observa-
tions of competitors’ actions. For example, DeMarzo, Vayanos, and Zwiebel (2003)
explore situations where agents assume that signals they receive from observing each
other contain entirely new information. In a setting where a finite number of agents
wish to estimate an unknown, but fixed state § € R, they suppose that agents
each receive a single, conditionally independent and unbiased signal of the state
and then communicate their beliefs over multiple rounds. Imposing the assumption
that agents update their beliefs via a simple and constant weighted sum greatly
simplifies analysis, but introduces what the authors label “persuasion bias” from
the agents’ failure to properly discount the repetition of information they receive.
Calvé-Armengol and de Marti (2007) extend this setting to provide an assessment

of the welfare losses from “unbalanced,” or irregular* networks.

Golub and Jackson (2010) likewise study learning in a setting where agents
“naively” update their beliefs regarding a fixed state of the world by taking weighted
averages of their neighbour’s opinions. In contrast to earlier work, they are able
demonstrate that with such heuristic learning, individual beliefs converge to the

truth for a broad variety of networks (provided they are sufficiently large) and provide

4A regular network is one in which all nodes have the same number of inbound and outbound
links.
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upper and lower bounds on the rate of convergence.

In the area of what might be called “true” Bayesian network learning (repeated
simultaneous actions with agents engaged in Bayesian updating), there has been
remarkably little work to date. Gale and Kariv (2003) examine Bayesian network
learning in a setting with connected networks® and in which agents’ payoffs depend
only on the proximity of their expectation to the state (i.e. without any strategic
interaction). They note that the “computational difficulty of solving the model is
massive even in the case of three persons.” Mueller-Frank (2013) details a formal
structure for Bayesian learning over an undirected social network (i.e. with pairwise
sharing), allowing for a choice correspondence from information to actions (and gen-
eral strategies for the selection between indifferent options) as opposed to outright
decision rules, but notes the extreme practical difficulties of actually implementing

such a rule, both for the agents in principle and the researcher more generally.

Furthermore, both Gale and Kariv (2003) and Mueller-Frank (2013) step away
from consideration of strategic interaction in agents’ decision-making, so that when
observing any competitor, every agent knows that their action is driven entirely by

their belief regarding the underlying state.

2.1.2 This paper

In contrast to earlier work, the present paper is able to embrace all three of the
assumptions listed above by combining them with a fourth: network opacity. By
denying agents knowledge of the exact topology of the network (the network is
opaque) and instead supposing that they know only the (i.i.d.) distribution from
which observation targets are drawn and do not learn about the structure of the
network over time, agents’ state vector of interest includes an infinite sequence of
weighted average expectations instead of individual agents’ expectations. Because
of the recursive nature of agents’ learning, this sequence will be of decreasing im-
portance to the hierarchy of simple-average expectations, so an arbitrarily accurate

approximation of the full solution may then be found by selecting a sufficiently high

5In this context, a connected network is one in which information is able to flow from any agent
to any other agent.
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cut-off for the number of weighted-average expectations to include, together with the

standard cut-off for the number of higher-orders of expectation.

The imposition of an opaque network is both intuitive and appealing. It is not
plausible, for example, to suppose that every business knows to whom every other
business speaks, just as nobody knows the identity of all of their friends’ friends.
From the researcher’s perspective, this ignorance of topology makes it particularly
challenging when attempting to consider the aggregate effects of network learning.
But by recognising that not only the researcher but also the economic agents them-
selves are ignorant of the network structure, we are able to identify laws of motion
for the agents’ aggregate beliefs, even if we can never pin down the path of any

individual’s expectation.

The second requirement mentioned above — that agents not learn about the struc-
ture of the network over time — may be thought of in two ways. First, one might
consider a setting in which the network is dynamic, changing every period. In ex-
tremis, this would involve the network being destroyed and redrawn each period and
in such a scenario, agents are not able to learn about the network as it does not
persist over time. The decisions followed by agents will then be fully rational in that
they are entirely model-consistent, but the extent to which it might realistically be
considered a “network” is called into question.® Second, one might suppose that
the network was drawn once, at time zero, but agents are boundedly rational in
that they do not attempt to learn about it beyond the common knowledge of the
distribution from which it was drawn. In this setting, agents’ decisions are perhaps
best described as conditionally rational, in that conditional on the structure of the

network, they are rational in their processing of the information they gain from it.

With unobserved aggregate variables following an AR(1) process, we demonstrate
that the full hierarchy of agents’ aggregate expectations will follow an ARMA(1,1)
process, with current and lagged weighted sums of agents’ idiosyncratic shocks en-
tering at an aggregate level. For sufficiently irregular networks — i.e. where some

agents’ actions are disproportionately observable — these weighted sums are shown to

5Such a setup, which is indeed deployed in this chapter, might arguably be better thought of
as a search model.
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not converge to zero, thereby adding aggregate volatility to the system. Despite idio-
syncratic shocks being purely transitory, the aggregate volatility they induce through

the network is also shown to exhibit (endogenous) persistence.

Because we examine a setting with a dynamic underlying state and demonstrate
a specific law of motion for the hierarchy of average expectations, the researcher is
able to simulate the aggregate effects of network learning” without a need to simulate
individual agents’ decisions. This makes the model particularly amenable to nesting

within broad general equilibrium models of the economy.

Methodologically, this chapter expands on the work of Nimark (2008, 2011a,b),
who in turn extended that of Woodford (2003). The latter of these reintroduced the
ideas of Lucas (1972) and Phelps (1984) — that imperfect information could give rise
to nominal shocks having real effects — and demonstrated that with incomplete in-
formation and strategic interaction, firms become interested in higher-order beliefs.
In particular, with firms observing independent, unbiased signals of nominal GDP,
Woodford demonstrated aggregate rigidity broadly equivalent to that produced by
Calvo (1983) pricing. In contrast, Nimark (2008) supposed that firms’ uncertainty
surrounded the supply side of the economy (the average marginal cost) and, in addi-
tion to their private signals, granted firms visibility of the previous period’s aggreg-
ate price level. Because aggregate variables are functions of the entire hierarchy of
average expectations, this addition required the development of a new solution meth-
odology that the present chapter adapts and extends to the idea of agents observing

the previous-period actions of specific competitors.

Although the present chapter borrows from these papers and the next chapter
applies the current model to a setting of firms’ price-setting behaviour, the model
developed here is context free and may be applied to any general setting with strategic
competition and network learning. The conclusion considers a number of examples

of such applications.

The remainder of this chapter is organised as follows. Section 2.2 presents the

model, together with a characterisation of the solution and a methodology for finding

"The model is calibrated by two additional parameters: one specifying the number of other
agents each player observes, and one describing the degree of irregularity in the network.
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it. Section 2.3 provides an illustrative example of the model in action, applying it
to a common scenario in the social learning literature. Section 2.4 considers some
other applications of the model, including the need to consider dynamic actions (i.e.
where agents’ decision making includes consideration of competitors’ future actions).

Section 2.5 concludes.
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2.2. The Model

2.2 The Model

We here develop a generalised model of Bayesian learning across opaque, stochastic
networks with agents’ optimal decision rule depending on both their expectation
of the underlying state and their expectation of the agents’ average action. The
underlying state is assumed to be subject to persistent AR(1) shocks, while agents’
observations include errors that are entirely transitory Gaussian white noise. It is
demonstrated that for an irregular observation network, the hierarchy of aggregated
expectations regarding the underlying state follows an ARMA(1,1) process, with
weighted sums of agents’ idiosyncratic shocks entering at the aggregate level (i.e.

idiosyncratic shocks do not wash out).

A simple roadmap of how this section will proceed may be of some assistance.
First, in subsection 2.2.1, we will describe the agents’ problem, the information avail-
able to them and how they make their decisions. Subsection 2.2.3 will characterise
agents’ average action and briefly describe the informational assumptions used in
previous research and how they differ to the current paper. Subsection 2.2.4 then
explores the process of observing the actions of individual competitors before sub-

section 2.2.5 presents the main result of this paper.

2.2.1 The general setting

There is a countably infinite number of agents,® indexed in a continuum between

zero and unity.” The underlying state follows a vector autoregressive process:
Ly — Awt,1 + Put (21)

where u; is a vector of shocks with mean zero, while A and P are appropriately
dimensioned matrices of fixed and publicly known parameters. Agents do not observe
the value of x; and must instead form beliefs about it. We define X; to be the

hierarchy of expectations regarding x;, in the sense of definition 3, and refer to it as

8 An infinite number of agents is assumed to allow an appeal to relevant laws of large numbers
when considering simple averages of zero-mean shocks.

9The assumption of indexing agents from zero to one is innocuous and made only to simplify
the calculation of averages (e.g. g, = fol g: (1) di).
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the state vector of interest.
X, = E" [z,] (2.2)

At a minimum, X, contains x; and the hierarchy of at least one compound expecta-
tion. For illustrative purposes, we will assume that agents’ primary concern is with

the the hierarchy of simple-average expectations, so that

He el —(U:o0 ] ] et !
Eg‘i ) ¢ X; where a;g‘(l ) = x, E, [x,] E, [Et [mtu' .. }
but it will be shown below that X; must include a variety of other compound ex-

pectations as well.

Agents’ decision rule

Agents determine their individual actions simultaneously and according to a common

linear decision rule:'°
g (1) = N By (1) [Xi] + Axy + gy (4) (2.3)

where E; (i) [-] = E[-|Z; (4)] is agent 4’s (first-order) expectation of the element within
the square brackets conditional on all information available to her in period ¢ (defined

below); and v, (i) is a transitory, mean zero shock specific to agent i in period ¢

(defined below).

Non-zero elements in A; against higher-order average expectations capture stra-
tegic considerations in agents’ actions. Note that the terms in x; and v, (i) are
included here to make the model as general as possible. They allow for the possib-
ility that components of ¢’s signal vector may have direct economic significance in
addition to their informational role. Note, too, that although x; may be included in

agents’ decision rule, it is not directly observed.!!

10The derivation of the decision rule will invariably be context-specific. For example, in the
context of price-setting to be explored in the next chapter, the underlying state will include aggreg-
ate shocks to marginal cost and demand, while agents’ actions will be the price they choose and
the signal they receive will include their private marginal cost and the previous-period price of a
competitor.

UFor example, a firm may privately observe their productivity, which includes both aggregate
and idiosyncratic components, but not their separate values. If their decision rule relies directly
on their productivity, it will include a term in the aggregate productivity even though firms do not
observe it directly.
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Equation (2.3) is a reduced form expression for agents’ actions that nests a wide
array of commonly studied settings. An illustrative example with a univariate state
is considered in depth in section 2.3 below, while other applications and their implied

decision rules are discussed in section 2.4.

Agents’ information

Agents possess common knowledge of joint rationality, in the sense of Nimark (2008),
so that they are aware of the structure and the coefficients of the system. Their

information sets then evolve as:

Zo (i) = {€2, @} Ty (i) = {Z1-1 (i) , 8¢ (1)} (2.4)

where (2 is the set of all system coefficients, s, (7) is the signal vector received each
period and @ : [0,1] — [0,1] is the (cumulative) distribution from which agents’
observation targets in the network are drawn, assumed to be identical and independ-

ent, both across agents and across time. ® (i) is absolutely continuous over the range

[0,1] and has p.d.f. ¢ (q).

Each agent’s signal vector is made up of two, distinct components — a pub-
lic/private signal based on the underlying state and a social signal derived from

observing competitors’ actions with a one-period lag:
st (i)
s; (1)
st (1) = Dixy + Do Xy—1 + Ryve (1) + Roey + R3zi
87 (1) = g1-1 (-1 (1))

8¢ (i) = [ (2.5)

Public/Private signals may include both current and lagged information'? and

are noisy, including three sources of uncertainty:

e v, (i) is a vector of transitory shocks specific to agent ¢ in period ¢, drawn
from independent and identical Gaussian distributions with mean zero and
variance Y,,. These may simply be noise in agents’ private signals or may

carry economic significance, depending on the context.

12That is, they allow for some signals to only be observable with a one-period lag.
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e z;is a vector of network shocks (see equation 2.12 below), comprised of weighted

sums of all agents’ idiosyncratic shocks.

e ¢, is a vector of transitory “noise” shocks to public signals, drawn from an

independent Gaussian distribution with mean zero and variance X...

Note that although agents may observe signals based on the current underlying
state (x;), they do not observe signals based on the current hierarchy of expectations
about the state (X;). This is because to do so would involve agents observing a signal
based on their beliefs before they have even formed them! However, we include
terms in X; ; and z;_; (instead of just x;_1) to allow agents to observe, with a lag,

aggregate variables and thus the past effect(s) of their network learning.

Social signals are observations of the previous-period actions of specific agents,

with the function §; mapping each agent onto their observation targets:
d;:[0,1] — [0, 1)* (2.6)

where ¢ is the number of agents observed. In other words, d, (i) is the result of i’s ¢
separate draws from ® for period t. For presentational simplicity, we will typically
assume that ¢ = 1 (i.e. that all agents observe a single other agent) and simply
write j = d; (1) to mean that agent j’s period-t action will be observed by agent i
(in period ¢t + 1). To speak of the observee of an observee, we write ds (J; (7)): the
identity of the agent whose period-s action is observed by the agent whose period-t

action is observed by agent 1.

With agent i observing the previous-period action of a single competitor, their

social signal is therefore given by

87 (1) = gr—1 (64—1 (7))
= N Ei1 (001 (8)) [Xooa] + XNz 1 + Agvpy (621 (4)) (2.7)

2.2.2 The observation network

Because agent i’s social signal is based on her observee’s expectation, Bayesian up-
dating then requires that 7 include E; (; (i)) [X;] in her own state vector of interest.

However, knowing that agent 0, (¢) is himself observing d; (J; (¢)) then requires that
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i also maintain an estimate of F; (§; (0; (¢))) [X¢], and so forth. This is the explosion
of the state vector in p (the number of compound expectations) described in section
1.2 of the previous chapter. In order to make the problem tractable, we make two

key assumptions:

Assumption 1. The network is stochastic and opaque, in that:

e all agents observe the same number of other agents;

e observees are drawn from identical, fully independent distributions with p.d.f.
¢ (i);
e agents know the identities of the other agents they observe;

e agents do not know who they are observed by; and

e agents do not learn about the network topology over time.

To obtain this last point, we suppose that agents make a fresh draw of whom
to observe every period, in which case nothing could be learned about the network

topology (since it changes every period).

Assumption 2. The network is asymptotically irreqular, in that its degree distribu-

tion is asymptotically non-uniform (see definition /).

As shown in the previous chapter and expanded on below, assumption 2 is suf-
ficient to ensure that idiosyncratic shocks do not “wash out” in aggregation and
will, in this context, enter into agents’ aggregate beliefs. Social networks are widely
regarded as having degree distributions well approximated by power law distribu-
tions,'® which satisfy this assumption. It is important to appreciate, though, that
the model here does not require any particular distribution of links in the agents’

network, only that the network remain irregular as it grows arbitrarily large.

13See Albert and Barabasi (2002), Jackson and Rogers (2007) or Clauset, Shalizi, and Newman
(2009).
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2.2.3 Agents’ learning and imperfect common knowledge

It will be shown below that the hierarchy of agents’ expectations obeys the following
ARMA(1,1) law of motion:

Xt = E,EO:OO) [mt] = FXt_l + G’lut + ngt + Gget + G4Zt_1 (28)

where z; is a vector of transitory network shocks, derived as weighted sums of agents’
idiosyncratic shocks. The exact statistical properties of z; are derived below in

proposition 2.

In the macroeconomic literature, this environment — a state space system paired
with strategic complementarity — is typically referred to as a setting of incomplete
common knowledge, a phrase coined by Woodford (2003) in his demonstration of the

potential importance of incomplete information in explaining inflation dynamics.

The system described here is not in the form of a classic state space problem,
however, both because of the presence of the lagged state in agents’ signals (2.5)
and because of the moving average component of the law of motion (2.8). The usual
response to these quirks would be to stack the state vector with both its own lag and
the lag of the shock with the moving average component, thus creating a combined

state that follows an AR(1) process:

Xt F G4 0 Xt,1 G1 G2 Gg Uy
zZ¢ =10 0 0 Zi—1 + 0 I 0 Zt
Xt—l I 0 0 Xt—? 0 0 0 €;

and then to express agents’ signals in terms of this combined state and estimate the
system as a classic filtering problem. This approach more than doubles the size of the
state vector, though, which may present problems when simulating the system with
finite computing resources (and particularly so in the present setting with multiple

compound expectations).

Fortunately, the following lemma grants us that it is not necessary here to include

z; in the state vector of interest.
Lemma 1. Agents’ contemporaneous expectations of the network shocks are zero

B, (i) [z] = 0 ¥i, ¢ (2.9)
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Proof. Since all shocks are distributed Normally, the ability of an agent to create an
expectation about a variable depends on the covariance between that variable and
the agent’s signal vector. But, by construction, agent ¢« does not observe any signal
that is based on z;. Since z; is transitory and fully independent across time and from
the underlying state, it must be the case that Cov (2, 8¢ (1)) = 0. The only possible
exception to this is to note that z; is comprised of weighted sums of idiosyncratic

shocks and agent i’s signals do include v, (7). However, we have that:

Cov (Mo, 0. (i) = B | lim > 6w (7)ve (7) v (1)

= o () X
=0

where the second equality relies on the independence of agents’ idiosyncratic shocks
and the third on assumption 2 (which grants us that limy_ . ¢y (i) = 0 Vi). An

equivalent argument applies to all higher-weighted averages: Cov ({Q}ﬁt, vy ( j)) O]

Since all agents’ expectations of the network shock are zero, it must be the case
that all average expectations (simple or weighted) of the network shock are also
zero and since agents are jointly rational, this must be common knowledge. There
is therefore no need to include any expectation of z; within the state vector to be

estimated.

Because of the linearity of the system, the best linear estimator in the sense of

minimising the mean squared error'* will be a Kalman filter:*
Ey (i) [Xe] = By (8) [Xo] + K {80 (i) — Eyey (2) [0 (4)]} (2.10)

where K is a time-invariant projection matrix (the Kalman gain). As in other models
of imperfect common knowledge, since X; includes Egﬁm), we have that (a) the state
vector to be estimated is of infinite dimension; and (b) the Kalman filter serves a

dual role, both as estimator and as part of the law of motion for the state vector.

14\With all shocks drawn from Gaussian distributions, it will be the best such estimator, linear
or otherwise.

15 A derivation of the standard Kalman filter may be found in most texts on dynamic macroeco-
nomics (e.g. Ljungqvist and Sargent (2004)) or time series analysis (e.g. Hamilton (1994)).
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Woodford (2003) supposed that agents (firms) each receive only a private signal
regarding the underlying state (aggregate expenditure) and no social signal from
other agents. In such a setting, where X, = Eglotm), Woodford showed that F' will
be lower-triangular: each order of average expectations will be a linear combination
of current period shocks and lower order expectations. Consequently, F' may be
constructed sequentially, first finding an expression for E (i) [z, then averaging it

and repeating the process to find E; (7) [Et [ar:t]] and so forth.

By contrast, Nimark (2008) allowed agents to observe an aggregate signal (the
average price) from the previous period in addition to their private signals.'® This
meant that each agent’s signal vector includes a linear combination of the entire
hierarchy of previous-period expectations (since individual actions are based on (ex-
pectations of) the entire hierarchy). As a result, the solution must be found for all
higher-order expectations simultaneously and the state vector of interest expands to

. . . ,
include EQTTLI so that X, = [Eiﬁm)/ Eigfﬁ)il] )

An alternative to including f(?flo) in the state vector of interest is to retain the

t—1[t—1
current signal vector and instead to modify the Kalman filter:

tlt

E, (i) [#] = Ko () + (F = K (DiF + D) B ) [7055

This approach was first developed by Nimark (2011b) and is also used in the current

paper to avoid the need to stack the state vectors of interest.

It is perhaps worth emphasising that the signal structures assumed by Woodford
(2003) and Nimark (2008) both result in agents only being concerned with the simple
average expectation of their peers (or higher-order versions of the same). In the
language of chapter 1, they have chosen signal structures that explicitly set p = 1,
thereby having the infinite dimensionality of the state vector arising only from the

presence of higher-order expectations.

16The hidden aggregate state in Woodford (2003) was on the demand side of the economy, while
that in Nimark (2008) was on the supply side. Woodford also limited attention to static pricing by
firms, while Nimark made use of Calvo-style dynamic pricing.
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2.2.4 Observing individual competitors’ actions

In implementing the Kalman filter (2.10), agent ¢ needs to create a prior expectation
of the signal they will receive in the next period. From equation (2.7), we see that
it is therefore necessary for agent ¢ to construct Fj () [g; (0; ()] as part of her prior
for period ¢ + 1, which includes E; (i) [E} (6 (7)) [X¢]]:

E; (i) [Sfﬂ (@)} = E; (1) [g: (0¢ (7))]
= E; (i) [NLEy (00 (1)) [Xe] 4+ Aoz + Ajvq (0 ()]

Constructing E; (i) [E; (0; (7)) [X¢]] requires, in turn, that agent ¢ take a view regard-
ing who 0, (i) is observing: that is, the action of d; 1 (J; (4)).

Proposition 1. Given assumption 1 and common knowledge of rationality, agents’
use of a linear estimator implies that all agents treat all other agents as though they
observe a common, weighted average of previous-period actions, with the weights

given by the distribution ¢.
Proof. The proof may be found in appendix 2.A. m

We see from equation (2.3) that the weighted-average action, g, is given by:
Gt = N B, [ X)) + Ny, + Ny, (2.11)

where E,[] = fol Ey(5)[[] ¢ (j) dj is the (first-order) weighted-average expectation,

which we will more fully denote (1} E, [-] (see proposition 2 below).

We cannot, in general, make use of some law of large numbers to disregard the
effect of idiosyncratic shocks in the weighted-average action — that is, we cannot
assume that v; = fol v; (1) ¢ (7) dj will be equal to zero — because the weights applied
to each agent may not be sufficiently close to equal. As an extreme example, if all
agents were to observe agent 1 and nobody else (i.e. ¢ (1) =1 and ¢ (i) =0 Vi # 1),
we would then have that v, = wv; (1) which in any given period will be non-zero,

almost surely.

In this regard, assumptions 1 and 2 are sufficient to allow us to assert the following
proposition regarding the limiting properties of aggregate (random) variables derived

from agents’ idiosyncratic shocks:
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Proposition 2. Suppose that v, (i) ~ i.i.d. N (0,%,,) Vi,t. For a finite number of
agents (N ), define the aggregate statistics

N
~ 1 .
{1}UNt = N Z (% (5t (Z)) UNt Z Ut
{2}’17Nt = _th 5t 5t UNt th 5t )

@y, = %th (6, (0, (6, () Wiy, = th (61 (: (1)) 6 (4)

Given assumptions 1 and 2, we have the following results in the limit (as N — 00):
1. @y, —4 105, Vg where 3, ~ N (o, Egg}) S = (1— (1= ) S,
2. Wiy, L5 @7, vg
3. Cov (M3, 05,) = =2} vp < ¢

Proof. The proof may be found in appendix 2.B. O

Given proposition 2, we refer to {49, as the g-th weighted average of agents’
idiosyncratic shocks and define the vector of network shocks, z;, as that containing

the full sequence of these weighted sums:

g, B0 s 50 s
g, SUS IS s

S [N DT oTRSS [S (S CTS TSt  RCPP
s, SURSUBSURST

Including these higher weighted averages is necessary because of the recursive
nature of agents’ learning through the Kalman filter. It will be shown below that
the aggregate expectation (1} E, [X,] will be a function of {1}, and 2 E, [X; 1], the
latter of which will be a function of (%%, ; and B}E,_, [X; o], etc.

Note that the following two corollaries immediately follow from proposition 2:
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Coro

difference between the two is a positive-definite matrizx.

llary 1. ¥, > --- > Eg} > E%} > Z%} where > is in the sense that the

Proof. Trivial, since ¢* € (0, 1).

Corollary 2. E [{97%,| (U7, = a] = a Vg > 2

Proof. Follows immediately from item 3 in the proposition.

O

The first of these is a necessary component of approximating the full solution

with a finite state vector (see section 2.2.6 below), while the latter is used when

simulating the aggregate effects of network learning.

2.2.5 Social learning over an opaque, irregular network

We are now in a position to present the main result of this chapter.

Theorem 1. Given the broad setting described above and assumptions 1 and 2, the

hierarchy of agents’ aggregate expectations will obey the following ARMA(1,1) law of

motio

where

n:

X, = {1}’Ev’t [Xt] =FX, 1+ Glut + GQZt + Gget + G4zt71
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Proof. The proof may be found in appendix 2.C [

Although the complete derivation is provided in the appendix, an outline of the
agents’ learning process may be of interest. To begin, we define the matrices S, T
and T, as the matrices that select @, E,[X,] and o p, [X¢| respectively from X;
(e.g., T, X; = W E,[X,]). We also define the general notation that 04 (i) represents
the error in agent i’s period-¢q expectation regarding 6;. In particular, we will use

the following:

Syj¢—1 (1) = 8¢ (i) — Ey—1 (i) [8¢ ()] : signal innovation
Xije—1 (1) = Xy — By (4) [ X4 : prior expectation error
Xy (1) = Xy — By (i) [ X : contemporaneous expectation error
The filter

As with a standard Kalman filter, the Kalman gain (equation 2.30) is calculated as:
Kt = CO’U(Xt, St‘t—l (l)) [VCLT‘ (St‘t—l (/L)):| !

where s;_1 () is the agent’s signal innovation (the portion of their signal that was
not forecastable). With agents observing the previous-period actions of specific com-

petitors, the signal innovation is then able to be expressed (equation 2.36) as:

Si—1 (1) = M1 Xy qp—1 () + MoXy_1j—1 (00—1 (7)) + M3X; 4
+ Nl'u,t + NQUt (Z) + Nget —+ N4’Ut,1 ((St,1 (Z)) -+ N5Zt,1

Note that innovation in ¢’s signal includes not only a term in their own previous
period expectation error but also a term in their observee’s error. As such, both the
covariance and variance terms in the Kalman gain will therefore include terms in both
the variance of i’s expectation error, V;_j,—1 = F [Xt,”t,l () Xi—1p—1 (2')/}, and the

covariance between any two agents’ errors, Wy_i;—1 = E [Xt—1\t—1 () Xe—1ji—1 (j)'}.

The variance in agents’ expectation errors then updates in the usual way via
an interim prior variance, but a corresponding expression must also be found for

updating the covariance between agents’ errors.
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Defining M = [Ml M, Mg] , the full set of equations for updating the filter for
one period is given by:
Vicii—1 Wiz Vi
E [St|t—1 (4) Stjt—1 (Z)/} =M Wigg—1 Vicip—1r Vit M’

Vicrper Vi U

+ (M; + My + Ms) GoXo,. Ni

+ N5X..Gh (M + My + M)

— MyK; 1 No¥, Ny

— NyXy Ny K[ M

+ N1 Yo Ny + NoXoyy Ny + N2y Ny (2.13a)

Wiqi-1 Wicip—1 Vicip—
E [St|t71 () St|t—1 (])/} =M Wicti-r Wieer Ve M
Vicij—1 Vicip—r - Ui
+ (My + My + M3) G233, N;,
+ N53..GYy (My + Mo + M)
+ NSV (2.13b)

E[Xisie-1 (i)] = F [Vt—l\t—l Viciji-1 Ut—l] M’
+ G113 V]
+ FG2EzzNé
+ GyX..GYy (My + My + Mg)/
+ G4SNy (2.13¢)

E [ Xye1 (i) sye-1(j)'] = F [Vt—1|t—1 Witjim1 Vit | M
+ G1 Y V]
+ FGQEzzNé
+ GyX,. Gy (My + My + M3)/
+ GiZ.. Ny (2.13d)
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-1

K,=F [tht\t_1 (z)/] (E [3t|t—1 (7) Seje—1 (z)'D (2.13e)

Ut = FUt_lF/
+ GG+ GoXL G + GiXL.G) + FGoX .Gl + Gy, GLF' (2.13f)

Vi1 = FVisipa
+ G 1YW G + GoXL Gy + GuY. Gl + FGYYL.G) + Gy .Go ' (2.13g)

Wii—1 = FWy_qp1 F'
+ G1X G+ GoXL Gy + GuXL Gl + FGoX,. G + GyX,.GLF' (2.13h)

‘/t|t = ‘/;f‘t—l — Kt E |:St|t—1 (Z) 8t|t—1 <Z>/:| Kg (2131)

Wiyt = Wiyp—1 + KtE [St|t71 (7) S¢¢—1 (]” K
- F [Xt\tq (@) St|t—1 (]) } Ké
7)]

- KiF [3t|t—1 (4) Xijt-1 ( (2.13j)

Provided that all eigenvalues of F' are within the unit circle, there will exist a

steady state (i.e. time-invariant) filter, found by iterating these equations forward

until convergence is achieved.

The law of motion

Starting from the basic form of the Kalman filter:

E, (i) [ X)) = FE,_y (i) [Xi—1] + K8y (i)

we substitute in the above expression for s;;—; (i) and take a simple average to

obtain E;[X;]. Since the signal innovation includes a term in F;_; (1 (7)) [X,_1]

(from the observee’s expectation error), taking the simple average over i turns this

into a term in (WE,_, [X;_1], thereby introducing the need to also determine the

(first) weighted-average expectation.
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Taking the weighted average of the filter to obtain {1}Et [X;] then produces a
term in (2'FE,_, [X;_1], thus requiring that we include the second weighted average
expectation. The second weighted average expectation subsequently produces a term

in the third weighted average expectation, and so forth.

The coefficients for the full-state law of motion are given by:

' A4 0] '
K (M) + My + M) + (F — KM) T, — KM,T,,
F = |K (M + M+ M)+ (F — KM;) Ty, — KMT,, (2.14a)

K (My + My + M;) + (F — KM;) Ty, — KMo T,,

P Omxco
KN, Ocoxoo
Gi= |KN| Gy=|E|N2 O1r O1xr Oixeo (2.14b)
KN; K |01, Ny 01y O1xoo
_Omxn_ B OmXoo T
K Ns K (|Ny O1xr O1xp Opxoo| + N5
G5 = | KN3 Gy= |K([01x, Ny 01y Oiyxoo| + N5 (2.14c¢)
K N3 K {|01x; O1xp Ny Opyoo| + N5

where m is the number of elements in the underlying state (x;); n is the number of
elements in the vector of public signal noise (e;); and r is the number of elements in

cach agents’ vector of idiosyncratic shocks (v (7)).

Since these matrices are defined recursively, finding the solution involves finding

the fixed point of the system for a given Kalman gain (K).

2.2.6 Working with a finite approximation

The full state vector of interest and, hence, the transition matrices in the law of

motion and the filter variances in the Kalman filter are all of infinite dimension, so
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the full solution cannot be found in practice.

For standard problems with imperfect common knowledge, where only the hier-
archy of simple-average expectations is needed,'” an arbitrarily accurate approxim-
ation of the full solution can be achieved by selecting a cut-off, £*, and including all

orders of expectation from zero to that cut-off, provided that

1. the importance attached by agents to higher-order average expectations is de-

creasing in the order of expectation; and

2. the unconditional variance of higher-order average expectations are bounded

from above.

The first of these is imposed by assumption. In the context of the model presented
here, this amounts to a restriction on the coefficients in A;.'® The second is assured
by the fact that agents are rational (Bayesian) and this is common knowledge. A
proof of this is provided by Nimark (2011a), although it requires one minor extension
here. Since we can write X; = F; (j) [X¢] + Xy (j) and the variance of the two sides

must be equal, we have
Var (X,) = Var (E; (7) [X]) + Var (X (7))

where we can ignore the covariance term on the right hand side because j’s rationality
implies that her expectation must be orthogonal to her expectation error. This

demonstrates that
Var (B (j) [X]) < Var (Xy)

The Kalman filter ensures that j’s expectation must have a Moving Average repres-
entation incorporating linear combinations of the complete history of all shocks that
enter her signals. For a simple average of this (lemma 2 in the Nimark paper), any
idiosyncratic shocks will necessarily sum to zero, ensuring that the simple-average
expectation must have lower variance than that of any individual agent. For weighted

averages of this, the idiosyncratic shocks will not sum to zero, but the variance of

1"That is, where there is only one compound expectation of interest (p = 1).
18See section 2.3 for a typical example.
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the weighted-average of those shocks will be less the variance of an individual shock

as shown above in corollary 1 to proposition 2. We therefore have that
Var (B, [X)])) <WE [X] < PE (X)) <--- < Var (B (§) [X)]) < Var (X))
The recursive structure of X; then establishes the result.

With network learning over an opaque network, however, it is also necessary to
define a cut-off in the number of compound expectations to include (p*). Analogously
to the cut-off in higher orders of average expectation, the researcher’s ability to

deliver an arbitrarily accurate approximation requires that

1. the importance attached by agents to higher-weighted average expectations is

decreasing in the weighting; and

2. the unconditional variance of higher-weighted average expectations are bounded

from above.

The first of these is implied by the fact that each (next) higher weighted average
expectation enters with a (further) lag and the underlying autoregressive process
ensures that agents assign decreasing importance to older signals when considering
their current expectation. The second was described above and is implied directly

by corollary 1 to proposition 2.

2.2.7 Finding the solution

The solution is defined implicitly in two respects (the filter and the law of motion),
both of which require iterating through a series of update rules while taking the other

as given.

Note that the size of the state vector can still be very large even when operating
with few state variables (m) and quite low choices of k* and p*. Table 2.1 lists the

sizes that emerge for a variety of parameters.

Given the size of the matrices involved, problems of numerical instability must be
considered. Numerical instability arises as a consequence of the round-off errors that

necessarily occur with floating-point operations on computers. When iterating a large
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m | k* | No network (standard ICK) | With network learning (p* = 3)
114 5 x 5 : 200 Bytes 121 x 121 : 114.4 KB
116 7 x 7 : 392 Bytes 1093 x 1093 : 9.1 MB

4 | 4 16 x 16 : 2.0 KB 484 x 484 : 1.8 MB
416 28 x 28 : 6.1 KB 4372 x 4372 : 145.8 MB

Table 2.1: Size (each) of F', U, V and W, assuming use of double-precision.

system over many steps, these errors can accumulate and magnify to the extent that
the system does not converge.'® Such a problem is, regrettably, relatively common
in the implementation of larger Kalman filters and typically first appears as a failure

of symmetry or positive definiteness in the variance matrices of the Ricatti equation.

A variety of approaches can be undertaken to combat numerical instability. We
list the major ones here, together with a description of how (if possible) each has

been incorporated into the attached Matlab code.

Minimise the size of the state vector

The primary approach to avoiding numerical stability issues is, where possible, to
reduce the size of the system being estimated. It is for this reason that the solution
developed here makes use of Nimark (2011b) in avoiding the need to double the state
vector (which would multiply the number of operations in a matrix multiplication

by eight) when including lagged signals.

Factor the variance and covariance matrices

Arguably the most robust (to roundoff error) implementations of Kalman filters
are those that factor the relevant variance-covariance matrices. In particular, since
the variance matrices are by definition symmetric and positive (semi) definite, a
Cholesky decomposition of them (i.e. the decomposition of V' into LL’ with L lower
triangular) can be deployed. By operating on the L matrices directly, the implied

variance matrices remain well defined.

Y The number of arithmetic operations involved in matrix multiplication or inversion typically
increases with the cube of the matrix’s dimension, with roundoff errors able to enter in every
operation
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In practice, a modified Cholesky decomposition, sometimes referred to as a “UD
decomposition”, that breaks V' into UDU’ with U unit upper triangular (i.e. with
ones on the leading diagonal) and D diagonal is typically used,?® as this avoids the
need to find any square roots. Using this technique for a regular Kalman filter, the
algorithm for implementing the temporal update of the filter (from Vicije—1 to Vie—1)
was developed by Thornton (1976) and that for the observational update (from V;_;
to Vi) by Bierman (1977).

Unfortunately, although the model developed here is amenable to use of the
Thornton temporal update, the Bierman observational update algorithm is not ap-
plicable. This is because the inclusion of social signals introduces the need to consider
the covariance of agents’ expectation errors so that, when calculating the Kalman
gain, the covariance between the state (X;) and the signal innovation (sy;—; (7)) can

no longer be expressed in the form
Cov (Xu St|t—1 (U) = V;£|t71H

which is required for Bierman’s factorisation. A successful UD implementation of
the current model would therefore require the derivation of a new algorithm in the
style of Bierman which accounted for the more complex structure of the Kalman

gain found here. Such an investigation is left for future research.

Avoid unnecessary iteration

As mentioned above, the network learning problem involves finding convergent solu-
tions to the filter and the law of motion, each taking the other as given. In principle,
the fixed point may therefore be found by finding the convergent result of one within
each iteration of the other (e.g., we might nest the finding of a time-invariant fil-
ter within each iteration of updating the law of motion), but such an algorithm is
needlessly complex and in practice is more likely to suffer from numerical stability

issues.

Instead, for a given set of signals, we find the fixed point by updating the filter

and the law of motion incrementally within the same loop:

200f course, an equivalent expression of L* DL* may be found, with L* unit lower triangular.
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repeat
Update the filter by one step using equation (2.13)
Update the law of motion by one step using equation (2.14)

until both the filter and the law of motion converge

Avoid temporary creation of unnecessarily large matrices

The solution as presented in the text (see equations 2.13a and 2.13b) involves the
temporary creation (and multiplication) of matrices that are (2+ ¢) x N square,

where N is the size of X; and ¢ is the number of other agents observed.

The implementation presented in the attached Matlab code keeps the public/private
signals and the social signals separate (i.e. it breaks the M, and N, matrices into
their constituent components) to avoid this and to exploit the fact that each social

signal will be treated identically.

Pay close attention to operation order

Because matrix addition and subtraction are of order O (n?) while matrix multiplic-
ation and inversion are of order O (n?), the order in which expressions are calculated

can affect the number of operations required.

For example, although mathematically equivalent, the computational complexity
of calculating (A + B) x C'is less than that of (A x C')+ (B x C') because the former

involves only a single multiplication.

Optimise the selection of initial conditions

Choosing initial values for ', U, V and W that are in some sense close to their final

values has three benefits:

1. By lowering the number of iterations required, it reduces the time taken to

converge to the final result;

2. Lowering the number of iterations (quite dramatically) lowers the number of
calculations required, thereby reducing the opportunity for roundoff errors to

affect the result; and
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3. Starting closer to the final result reduces the chance of the agents’ error variance

needing to “pass through infinity” en route to the solution.

The latter point derives from the fact that sufficiently low initial variance will
cause the system to diverge, while arbitrarily large initial variance will, in principle,
converge asymptotically to the final result (see section 4.8.4.4 of Grewel and Andrews,
2008). Given this, a common practice is to impose exceptionally high initial variances
in the hope of avoiding divergence. However, such a practice is also fraught in that
too large an initial variance can be a particular source of numerical roundoff if it is

sufficiently large relative to C'ov (Xt, S¢jt—1 (z))

Instead, we make use of our assumption that agents’ problems place decreasing
weight against higher-order expectations to note that the natural set of initial con-
ditions to choose when considering a problem with £* orders of expectation is the

solution to the problem with (k* — 1) orders.

We therefore use the following process to find the solution:

1. Starting at time ¢ = 0 with k* = 2,2! suppose that agents observe no signals
at all. This implies that the variance (V) and covariance (W) of agents’

expectation errors will be equal to the unconditional variance of the full state
(U3).
2. Starting at the convergent result from step one, suppose that agents now ob-

serve their public and private signals. The no-network solution (for k* = 2) is

found via the algorithm listed above by imposing that ¢ = 0.

3. Starting at the convergent result from step two, suppose that agents now ob-
serve all of their signals. The network learning solution for £* = 2 is found via

the algorithm listed above.

4. Starting at the convergent result from the previous step, increase £* and solve

the problem with agents observing both public/private and social signals.

2INote that solving the network learning model requires that k* > 2, as the law of motion gives
us that each of the compound expectations of order k relies on expectations of order k — 2.
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The final step is repeated for higher and higher values of £* until the researcher
is satisfied that the results are a sufficiently accurate approximation of the £* — oo

solution.

2.2.8 A special case
Recall that agents’ decision rule is assumed to be given by
g¢ (1) = N E¢ (i) [Xo] + Xg@e + Ajwy (4)

and their signal vector by

Sf (Z) = Dlmt + D2Xt_1 + Rlvt (Z) + Rget + Rgzt_l
8; (i) = gr—1 (01 (7))

A special case emerges when agents’ actions only depend on their beliefs regard-
ing the hierarchy of simple-average expectations (so coefficients in A; against other
compound expectations are all zero) and agents’ signals from the previous period
are based only on the hierarchy of simple-average expectations (so coefficients in
Dy against other compound expectations are all zero). In this case, we posit the

following conjecture:

Conjecture 1. When agents observe each others’ individual actions in an opaque
network and therefore attempt to estimate higher weighted average expectations, but

this is done solely as part of estimating 55,\(:

{q}Et [Xy] are of no direct economic significance to them) and agents observe lagged

(0:00)
t—1[t—17

any aggregate or network shock are the same for any p* > 2.

%) (i.e. individual agents’ estimates of

then the impulse responses ofi(om) following

signals that are based only on @ h

In other words, for the purposes of simulating the effects of network learning,
it is only necessary to include the primary compound expectation (here the simple
average) and the first weighted average expectation from the network. We have
not yet been able to prove this conjecture, but have confirmed that it holds for

p* € {2,3,4} with k* =6 and m = 1. Its proof clearly calls for future work.
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2.3 An illustrative example

We here present a simplified example to illustrate some of the results that emerge
from adding network learning to a setting of strategic complementarity. A more
extensive model in the context of firms’ price-setting decisions is presented in the

next chapter.

2.3.1 The simplified model
There exists only a single hidden state that follows an AR(1) process

Ty = PTy_1 + Uy u ~ N (O, 03) (2.15)
Agents each receive a single, unbiased private signal about the state

st (i) = x + vy () v (i) ~ N (0,07) (2.16)
with u; and v, (7) being fully independent for all ¢ and ¢.

Agents face quadratic losses from mismatch between their action, a single hidden

state and the average action of others:??

wi (ge2e) = — (1= B) [(9: (1) — )] = B [(9: (1) = 3,)] B €(0,1)

With agents maximising their expected payoff without explicitly knowing the state

or the average action that other agents will take, their optimal action is given by

9¢ (1) = (1 = B) By (i) [z + BE; (i) [g,]

Taking the average of this expression and repeated substituting it back in then

eventually yields

0@ == 1 5 & -] EG) [7)] (2.17)

22This utility function is quite common in the network literature. See, for example, Calvé-
Armengol and de Marti (2007). An alternative utility function described by Morris and Shin
(2002) presents the strategic complementarity as being a zero-sum game, but produces the same
optimal decision rule for individual agents (although not for a social planner).
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In the framework presented above, this would be captured by
AN=XA=A3=0
M=0-B)1 8 @ ]S+

Note that equations (2.16) and (2.17) satisfy the conditions for the special case laid

out above in section 2.2.8. As a baseline, we suppose the following parameters:

Parameter | Value | Description
I} 0.5 | The relative importance of strategic complementarity
p 0.6 | The persistence of shocks to the hidden state
o?/c? 5.0 | The relative innovation variance
¢* 0.1 | The degree of irregularity in the network

Table 2.2: Baseline parameterisation

2.3.2 Aggregate beliefs following a shock to the underlying

state

k=0
e — k=1
o8r - Ep——
' - - k=3

k=4

06f
04} :

021

0’ L L L L =
0o 1 2 3 4 5 6 7 8 9 10 11 12
Period

(0:k*

Figure 2.1: The hierarchy of simple-average expectations (7, )) following a one

tt
standard deviation shock to the underlying state with no network (¢ = 0)

Figure 2.1 plots a standard scenario in the incomplete common knowledge liter-
ature, showing impulse responses for the resultant hierarchy of simple-average ex-

pectations? following a one standard deviation shock to the hidden state when there

- 23780 k = 0 denotes the time path of z;, k = 1 the time path of F; [z], k = 2 the time path of
E, [Ey[2]] and so on.

o4



2.3.  An illustrative example

is no network learning, so agents only have access to their private signals. Although
all agents’ signals are unbiased, the presence of noise ensures that they attribute
some of their signal to idiosyncratic factors, so the average expectation responds by
less than the truth. Since each agent knows this (common knowledge of rational-
ity), each successive order of expectation responds by less than its predecessor. Note
that all orders of expectation remain below the the underlying state, so the average
expectation error (z; — E; [r;]) remains strictly positive. The hierarchy of beliefs

subsequently decays back to zero with the underlying shock.

08 < - ko

0.6f

04} :

021

0O 1 2 3 4 5 6 7 8 9 10 11 12
Period

Figure 2.2: The hierarchy of simple-average expectations (Eiﬂ:k*)) following a one

standard deviation shock to the underlying state with agents each observing one
competitor (¢ = 1).

Figure 2.2 next plots the same hierarchy when, in addition to observing their
private signals, each agent observes the previous-period action of one competitor.
On impact, there is very little difference because social signals are received with a
lag (the observation of competitors’ actions having been zero in the pre-impact period
lowers the beliefs fractionally). In the near term, agents’ average expectations are
improved relative to the no-network case, with observations of their peers’ actions

reinforcing their own private signals that an aggregate shock has occurred.

In the longer term, however, as the underlying state decays back to zero, the
presence of network learning introduces a degree of persistence in agents’ aggregate
beliefs beyond that embodied in the underlying state so that agents’ average expect-
ations are above the truth (the average expectation error (z, — E, [;]) becomes and

remains strictly negative).
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2.3.  An illustrative example

This is herding in the broad sense of Banerjee (1992), but with an amplification
from Morris and Shin (2002)-style strategic complementarity. First and most simply,
by observing that their competitors’ actions were high yesterday, agents infer that
the state may be high today. As a result, they partially attribute their low private
signals to idiosyncratic noise, consequently choosing a high action themselves. How-
ever, although there is no public signal available, by effectively assuming that their
competitors all observe the same weighted average action, agents’ social observations
act as private signals about a public signal that they themselves cannot observe but
which they assume is seen by everybody else.?* For any given agent, their social
observation therefore acts as a coordination device for addressing their strategic
complementarity concerns. When the underlying state is falling, this therefore acts

as a kind of upward bias in social signals for signal extraction purposes.

1 0.4
e k=0 2y — Eyfze, g =0
. ——k=14¢=0 _
— 1 — Eifry),q =
08 - —k=1,g=1 0.3 " J[”]q
: xy — Eilxy],q =2
3 ——k=1,¢=2 Tt [ q
06f - 0.2
04f : 01
0.2} N 0
o T o
O 1 2 3 4 5 6 7 8 9 10 11 12 0o 1 2 3 4 5 6 7 8 9 10 11 12
Period Period
(a) Simple-average expectations (b) Average expectation errors

Figure 2.3: Varying the number of other agents observed (q)

Figure 2.3 illustrates the responses for different numbers of other agents observed.
Although the addition of social signals lessens the average expectation error in the
near term, in the longer term expectations overshoot so that, on average, errors
become negative. The absolute value of the long-term average error is increasing in

the number of competitors observed.

24Gtrictly speaking, agents do not assume that their competitors observe a public signal. Rather,
their Bayes-rational signal extraction problem is mathematically equivalent to making the assump-
tion.
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Figure 2.4: Varying underlying persistence (p)

Figure 2.4 shows the impulse responses of first-order simple-average expectations
and the corresponding average expectation errors for different values of p. Larger
values of p cause not only larger movements in average expectations, but renders
the errors in those expectations larger for longer. In other words, the presence of
network learning introduces a persistence multiplier effect so that the persistence of

average beliefs increases by more than that of the state.
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Figure 2.5: Varying the relative innovation variance (¢2/02)
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2.3.  An illustrative example

Figure 2.5 then presents equivalent plots for a variety of values for 02/c2. Lower-
ing the signal-to-noise ratio of agents private signals,?” worsens the value of agents’
private signals, causing them to rely more heavily on the social signals and so causing

marginally worse performance in the longer term.

2.3.3 Aggregate beliefs following a network shock

In addition to shocks to the underlying state, the irregularity of the observation net-
work gives rise to the possibility of aggregate network shocks: a suite of idiosyncratic
shocks in a period for which more prominent agents happen to draw innovations
in one direction (say, positive) while more obscure agents draw innovations in the
opposite direction. Overall, with a continuum of agents, the law of large numbers
ensures that the simple average innovation is zero, but an average weighted by the

agents’ probability of being observed will be non-zero.

G k=0
—k=1

-0.01
0

1 2 3 4 5 6 7 8 9 10 11 12
Period

(0:k*)

¢t

standard deviation network shock (a one standard deviation shock to v; and the

corresponding conditional expected value for higher-weighted averages) with agents

each observing one competitor (¢ = 1).

Figure 2.6: The hierarchy of simple-average expectations (Z,,” ') following a one

Figure 2.6 plots the hierarchy of simple-average expectations regarding the hid-
den state following a one standard deviation network shock — strictly, a one standard
deviation shock to vy plus the corresponding (conditionally) expected value for higher

weighted averages — when agents each observe one competitor (¢ = 1). Note that the

25That is, raising the relative variance of idiosyncratic shocks.
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2.3.  An illustrative example

underlying state remains at zero throughout. Unlike with a shock to the state, there
is no movement in aggregate beliefs on impact because the law of large numbers
does apply: all agents receive the same social signal from the pre-impact period and
movements in the expectations of prominent and obscure agents balance out. In the
second period, the average expectation rises as people observe the positive movement
in prominent agents’ actions from period one and largely ignore the opposite move-
ments by obscure agents. Consequently in period two, despite the average private
signal being zero, not just prominent agents but all agents, on average, choose pos-
itive actions. Aggregate beliefs then gradually decay back to zero as agents continue
to receive average private signals of zero but continue to place weight on the previous

actions of others.

Overall, the scale of movements in average beliefs is roughly one order of mag-
nitude smaller than those following a true shock to the underlying state. This scale is
controlled by the relative variance of the network shocks. Recall that for a univariate
private signal, Var (v;) = (*02, where * € (0,1) indicates the degree of irregularity
in the network. Increasing the irregularity of the network (i.e. making the distribu-
tion of inbound observation links less uniform) therefore increases the scale of typical

network shocks.
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(a) Simple-average expectations (b) Average expectation errors

Figure 2.7: Varying the degree of network irregularity ((*)

Figure 2.7 illustrates this, plotting the first-order simple-average expectations

and average expectation errors for a variety of values for (* following a one standard
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2.3.  An illustrative example

deviation network shock when agents each observe a single competitor.

At one extreme, the network is regular (¢* — 0), so the distribution of links
is uniform and the law of large numbers therefore applies, meaning that network
shocks have no effect. At the other extreme, as the probability of being observed
approaches unity for a single agent and zero for everybody else ((* — 1), that sole
agent’s idiosyncratic shocks come to play a significant role in shaping average beliefs.
For the baseline scenario listed above, a one standard deviation network shock when
(* = 1 produces a peak average expectation of 0.13, compared to the 0.31 obtained

from a one standard deviation shock to the underlying state.

Note, too, that although varying (* changes the magnitude of the movement in
agents’ average expectations, the persistence of that movement is unchanged across

different values of (*.
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Figure 2.8: Varying the relative innovation variance (¢2/0?)

Figure 2.8 next shows the effect on network shocks from varying the relative
variance of agents’ idiosyncratic shocks. As with increasing ¢*, an increase in 02 /o>
increases the magnitude of the average expectation’s response, but in addition, as
seen for shocks to the underlying state above, the increased uncertainty also increases

the persistence of the shock’s effects.

Finally, figure 2.9 shows that both the magnitude and the persistence of deviations

in average expectations following a network shock increase with the persistence of
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Figure 2.9: Varying underlying persistence (p)

underlying system.

(b) Average expectation errors
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2.4 Other examples

The model developed here is arguably applicable to a number of areas of ongoing

macroeconomic research. Possible applications may include

1. In a setting of monopolistic competition with firms’ facing demand curves that
are functions of their relative prices, price-setting firms may inform their de-
cisions by observing the prices of individual competitors. Coordination con-
cerns and network learning will then induce notably different dynamics for

aggregate inflation. This setting is explored in detail in chapter 3 of this thesis.

2. When posting vacancies in a labour search model in the style of Mortensen and
Pissarides (1994), firms’ probability of finding a successful match is dependent
on the number of vacancies that other firms post. When firms’ productivity
includes both aggregate and idiosyncratic components, observing the number
of vacancies posted by their competitors allows firms to predict both the com-
ponent of their productivity that is common to all and their expected gain

from posting an additional vacancy themselves.

3. In the asset pricing model of Singleton (1987), traders’ individual demand
for a risky asset is dependent on their expectation of the next-period price,
itself a function of all traders’ actions and (unobserved in advance) shocks to
the supply of the asset. Observing the actions of (some of) their competitors
would allow traders to learn about the (higher-order) expectations of other

traders and adjust their responses accordingly.

Three features arguably common to all of these possible applications are that (a)
agents’ actions are affected directly by their private signals in addition to indirectly
through their expectations; (b) agents may need to consider the actions of other
agents not just in the current period but also into the future; and (c) agents may

receive public signals about aggregate statistics.

The broad model of this chapter readily nests all of these features. For example,

suppose that agents’ private signals are given by:

st (i) = Bxy + Quy (1)
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2.4. Other examples

and that the linearised first-order conditions of agents’ optimisation problems are

given by:

g (1) = '8} (1) + m, By (1) [Xo] + 0y By (i) [9) + 0B (1) [

We show in appendix 2.D that this may be expressed as

. J/

g: (1) = (m, + nya' +n.a’'F)E, (1) [X] + o' Bxy + o'Quy (7)
-— \7./ N
Y Ay AL
where
a' = (&/BS +n,T.) (I —n,T) " (I = n.FT. (I —n,T)) "

which is clearly in the form of equation (2.3).

This is by no means the only dynamic setting that may be modelled here. The
dynamic price-setting model explored in chapter 3, for example, considers an en-
vironment with an infinite sum of forward-looking variables in the individual firm’s
decision rule and the addition of a lagged public signal (the previous period’s ag-

gregate price).
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2.5 Conclusion

This chapter has introduced and solved a model of social learning with a continuum
of agents that satisfies the three requirements that (a) agents observe individual com-
petitors’ actions through an observation network; (b) agents act simultaneously and
repeatedly over many periods; and (c) agents’ optimal decisions include consideration
of strategic complementarity. To avoid the curse of dimensionality that ordinarily
prevents analysis of large networks, we introduce the idea of network opacity — that
agents know who they observe, but not who anybody else observes. Instead, we sup-
pose that agents know only the (common) distribution from which those observees

are drawn.

This assumption grants an arbitrarily accurate simulation and may therefore be
performed by selecting a cut-off, £*, on the number of higher-order expectations and
a cut-off, p*, on the number of compound expectations to consider. The first of these
arises from the standard assumption that agents place decreasing weight on higher-
order expectations. The second emerges from the opacity of the network (so that
agents are interested in a sequence of weighted average expectations), the recursive
nature of the Kalman filter (so that each weighted-average expectation depends on
the next-higher weighted average from the previous period) and the AR process of
the underlying state (so that older shocks are of decreasing importance to the current
state).

Theorem 1 demonstrates that when the underlying state follows an AR(1) pro-
cess, the full hierarchy of relevant aggregate expectations will follow an ARMA(1,1)
process with network shocks — weighted sums of agents’ idiosyncratic shocks — enter-

ing both contemporaneously and with a lag.

A number of broad consequences of the model emerge directly from theorem 1.
First, it is possible to simulate the effects of network learning without having to
simulate the network explicitly: the network shocks together represent a sufficient
statistic for the effect of the network on agents’ aggregate beliefs. This makes the
model particularly amenable to nesting within broad General Equilibrium models of

the economy.
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2.5. Conclusion

Second, impulse responses of average expectations following shocks to the un-
derlying state will exhibit greater persistence than the state itself, increasing in the
number of agents observed. This is a form of rational herding behaviour that com-
bines the herding exhibited in both Banerjee (1992), where agents observe others’
actions, but have no strategic motive; and Morris and Shin (2002), where agents

have a strategic motive, but do not observe others’ actions.

Third, when the network is asymptotically irregular (i.e. has a distribution of
links that is sufficiently far from uniform), mean zero idiosyncratic shocks do not
wash out in aggregation, thereby leading to a network-based source of aggregate
volatility, independent of “true” aggregate shocks to the hidden state. The scale of
this additional volatility depends on the degree of irregularity in the network, which

is captured simply in a single parameter: (*.

Finally, because of the herding behaviour of agents’ actions, the aggregate effects
of idiosyncratic shocks are persistent, even though the shocks themselves are entirely

transitory.

The model would appear to be applicable to a variety of problems in macroeco-
nomic research, including firms’ price-setting decisions, labour search-and-matching
models and asset pricing problems. A particular application to firms’ price-setting
decisions in a classic dynamic pricing environment is examined in depth in the next

chapter.

65



2.A. Proof of proposition 1.

Appendix 2.A Proof of proposition 1.

The Kalman filter (2.10) requires that each agent construct a prior expectation of
the signal she will receive and then update her beliefs on the basis of the extent
to which the signal she actually receives is a surprise. Using the equation for each
agent’s decision rule (2.3), we have that when preparing for period ¢+ 1, agent i will

construct her prior expectation of her social signal as follows:

By (i) [9: (0: (1)) = By (4) [N By (0r (1)) [Xe] + Aoy + Agvy (0 (4))]

Common knowledge of rationality then allows agent i to substitute in the Kalman

filter for agent 0, (7)’s expectation:

By (6 (4)) [Xi

+EP {8 (6 (1)) — B (8¢ (2)) [s7 (3¢ (2))]}
Ey () 1B (5. () [X0)] = B (1) Ll f

o [ 91 G )

—Ei1 (08¢ (4)) [g1-1 (0e-1 (6¢ (2)))]

The final term shows if agent 7 is going to observe the period-t action of agent
¢ (i), then in order to form her prior, she must also consider whomever agent ¢, (7)
observed from period-(¢ — 1). This recursion of expectations (and expectations of
expectations) across agents and backwards through time leads to an explosion in the
dimensionality (this is the explosion of p) and typically prevents closed-form analysis

in anything other than trivially small networks.

However, by denying agents knowledge of the full network and, instead, granting
them knowledge of the distribution from which observation links are drawn (®) and
using the assumption that this distribution is independent of other shocks, we can
note that:

By (1) [gr (s (5, (8)))] = / By (1) [ ()] 6 () dj
_ ) [ [ o <j>¢<j>dj}

= E (@) [gt—l]

where the second equality exploits the linearity of the expectation operator. The

object g; = fo gt (j) ¢ (j) dj is a weighted average of all agents’ actions in period t
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2.A. Proof of proposition 1.

using the observation p.d.f. as the weights. Note, too, that by identical logic we also

have that when considering their observee’s observee, agent ¢ will expect that:

By (1) [Ei1 (00 (1) [96-1 (01 (00 ()] = B¢ (0) [Err (06 (2)) [gi—2]]

That is, common knowledge of rationality and the symmetry of agents’ problems
leads agent i to expect that agent d; (i) makes the same assumption about their own
observee. The ongoing recursion backwards through time should be clear. Substi-

tuting this all back in above gives:

By (8¢ (4)) [Xd]
Ey (i) [Ey (6: (4)) [Xe]] = Ee (1) | +KP{s} (6, (7)) — Er1 (6: (4)) [s7 (0: (4))]}
+K{gi1 — Er1 (64 (7)) [ge—1]}

In effect, this is agent i treating agent d; (i) as though (a) they receive a weighted
average of everybody’s period-(t — 1) action and (b) they act in the same manner

towards their own observee(s).

So long as the weights used (the observation p.d.f.) are common across agents and
constant over time — that is, so long as agents do not learn about the topology of the
network — then we have that agent i’s problem may be summarised as follows: observe
the action of agent ¢; (7), but treat them as though they, and and all information
obtained through them, come from a setting in which all agents observe the weighted

average action.
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Appendix 2.B Proof of proposition 2.

Denoting ¢ (N) = SN, ¢y (i)* and assuming that limy ., ¢ (N) = ¢* € (0,1)
(assumption 2), we here demonstrate the following results regarding agents’ idiosyn-

cratic shocks:
1. @y, -4 03, Vg where &, ~ N (0, zgg}) 9= (1— (1= )5,

2. Dy, L 0, Vg

3. Cov (W5, 95,) = S vp < ¢

where the weighted sums are defined as:

N N
Wy, = = 3 0 () Wiy, =3 0 (1) o (1)
i=1 i=1
ey _ Ly : PITIR . .
UNt = N v (0 (6 (4))) UNt = th (6¢ (4)) o (4)
=1 =1

Ooy= T3 0 G GO Pive= D6 6.60) v ()

First, note that since the vector v; () is drawn from independent and identical Gaus-
sian distributions with mean zero for each ¢ and t, all of the weighted sums must
also be distributed Normally with mean zero. We now consider each of the results

in turn.

L oy, 5 @5, ¥ 5 ~ N (0,3l) sl =1 - (1-¢)) 5,

Since it is clear that {9 ~,+ must converge to a Normal distribution with mean zero,
all that remains is to determine its variance-covariance matrix (note that the law of

large numbers will apply here when the variance-covariance matrix is zero).

We will begin by considering each weighted-sum in turn.
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o oy, -4 g,
The variance of oy, is given by:

Var [Vy,] = <5Var oy (5, (1)) + 0, (5 (2) + - + v, (5 ()]

= = O S B (5, () v (6. ()

i=1 j=1
1 N N
= 3 (NEW +> Y Bl (6 () v (5 <j>>]>
i=1 j#i
However, when 7 # j, given the full independence of the distributions of agents’

observees, it must be that

E vy (6, (i) vy (6 (5

—

_(N ) X (2.18)

where in moving from the second line to the third we have made use of the inde-

pendence of agents’ idiosyncratic shocks. We therefore have that
1 N N
Var [y, = w (sz, +Y > ) zw>
=1 ji

= 3 (NS (N2 = N) C (V) 5.0)

1 N -1
= NZW + (T) C(N) Xy

and thus, in the limit, it must be that

W = lim Var [Way,] = %, (2.19)
N—o0
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o gy, BN {23,

The variance of {Zoy, is given by:

Var {2}17Nt = N2ZZE vy (8¢ (04 (7)) ve (8¢ (6¢ (4)))]

=1 j=1

_ % (NEW + Z Z E v (0¢ (8¢ (7)) ve (04 (6 (])))})

i=1 j#i

Focussing on the latter term, we have that when ¢ # j, it must be that

E v (6 (6 (2))) vg (64 (64 (5 Z on (k) E [ve (6 (k)) v (6¢ (6: (4)))]

- Z on (k) (Z on (1) E vy (64 (k) vy (04 (U)])

=1

It was shown above in equation (2.18) that

Elvy (0 (k) ve (00 (1)] = C(N) B VE # 1

so it follows that

E v (¢ (6 (1)) 00 (6 (00 (1)] = C (V) Es + ¢ (N) Lo Z Z o (k

k=1 £k

Next, consider that since ¢y (k) and ¢y (1) are p.d.fs, it must be that

ZZ@V@)@V(]) :Z
2
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We must therefore have that

DY on(k)on (1) =1= on (k) =1—-C(N) (2.20)

k=1 £k k=1

Thus, when i # j, we have

E vy (00 (0¢ (1)) w1 (0 (3¢ (7)))] = C(N) By + (1 = C(N)) C(N) B (2.21)

Substituting this back in, we arrive at

Var [{2}17N,t] = %Evv N2 Z Z N) Sy + (1 = C(N))C(N) )
i=1 j#i
1 N(N - 1)

= Bt (V) Sow o+ (1= C(N)) ¢ (N) )

and thus, in the limit, it must be that

EQ} = lim Var [{ }’th] =Y+ (1 =), (2.22)

N—=o00
(3} d, {3}
[ ] 'vN,t—> Uy

The variance of ¥} N+ is given by:

Var {3}5Nt = szZE vy (01 (0 (0¢ (7)) ve (64 (0 (0¢ (5))))]

i=1 j=1

N N
1 : :
= N2 (szv + Z Z E vy (8¢ (6¢ (0¢ (2)))) vz (8¢ (6 (0 (J))))])
=1 ji

Focussing on the latter term, we have that when i # j, it must be that

E [, (6¢ (6¢ (6¢ (7)) e (0 (6¢ (0 (4))))]

N

= Z on (k) Z on (1) E v (0 (6¢ (k))) v (6 (6 (U))])

=1

k=1
= Z N (k)Q Yy + Z Z on (k) o (1) £ [vr (3¢ (3¢ (K))) ve (8¢ (0: (1)))]
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It was shown above in equation (2.21) that

E v (8¢ (¢ (K))) 01 (0¢ (6: (1)))] = C(N) Xy + (1 = C(N)) C(N) Xy
Combined with equation (2.20), this then implies that when i # j,
E vy (8¢ (6¢ (6¢ (4)))) ve (66 (8¢ (8¢ (4))))]
=C(N) o + (1 = C(N)) (C(N) X + (1 = C(N)) C(N) X)) (2.23)

Substituting this back in, we arrive at

Var [{3}17N7t] = %Ew

%ZZ N) S0 4 (1= ¢ (N)) (¢ (V) Zaw + (1= € (V) € (V) Bun)
=1 A

1
= Zvv
N

N N(J]VW— D (¢ (V) So + (1= € (V) (€ (V) Buw + (1= ¢ (V) € (N) Zu0)

and thus, in the limit, it must be that

ni¥ = lim Var [Poy,] = ¢80+ (1= ¢) (B0 + (1= () ) (2:24)

N—o0

e The general case

By this stage, it should be clear that the variance-covariance matricies of higher
weighted averages of agents’ idiosyncratic shocks are able to be expressed in a re-

cursive form:
S = ¢y, 4 (1 - ¢ Bl

This may be simplified by first expanding it as

-
- (1—(1—@«))”””
= (1 - (1 - C*)q) Yw (2'25)

which completes the proof of the first result.
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2. @3y, £ {4}, Vg

We next demonstrate that {4y, converges to %o, in mean square error.? That
is, we show that limy_,o F [({‘Y}i}Mt — {‘1}1})2] = 0. First, see that:

B (950, 93] = £ [0~ 205+ (5]

= Var [{q},vat} —2Cov [{q}ﬁN,t, {Q}ﬁt} +Var [{q}'ﬁt]

The third term is just 21{7%} from the first result above. We now consider the first

and second terms in turn. The variance of {9}#, is given by:

Var [{Wéy,] = Var Z on (8) vp | 6u(- - (6 (7))

=F iiwww(])vt G-+ (6 (7)) | v M(i))) -
:ﬁ;immmow o | 86,00 ) w0 [ 8- 6,0) _
:éqm(z)?zw

+§g¢w>mw o (SR B ey

But we know from the first result above that when ¢ # j,
E v | 6(--- (06 (4))) | e | 0e(--- (6 (4)))
1 1
q- a-

=((N) B + (L= C(N)E o | 6+ (0.(0))) | we | 8-+ (0. (4)))
——— ——

q—2 q—2

26Recall that convergence in mean square error is a stronger form of convergence than conver-
gence in probability.
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Noting the recursive structure and making use of equation (2.20) then gives us

Var [Wex,] = C(N) Sy + (1= (V) Var [ éx,]

which, in the limit, becomes

lim Var [{Q}ﬁN,t} =Y+ (1 =)

N—o0

]&gr(l)o Var [{q_l}'ﬁNﬂ

which is the same rule for Var [{‘J}'E’N,t}, which implies that

lim Var [{‘I}'BMJ
N—o0

= li
N—

m Var
o0

] = 518

Turning next to the covariance between {a} Uy, and {4}3,, we note that

{a}5

Cov [{q}i’N,m UNt

where moving from the second line to the third makes use of the independence of

|=E

SN o () ve | G- (84 (1))
N——

q—1

XU

0i(-- - (9 (K)))
——

q—1

agents’ draws from ® 5 and the linearity of the expectation operator. This, in turn,

may be rewritten as

{a}

Cov [{q}'ﬁN,t, UN,t

] =

==

Zi]\il ¢N (Z)z Yoow

+ sz\; Zgyﬁz N (@) N (k) E

v | (- (0 (2)))
q—1
xvg | 0 (- (6 (k)))
q—1
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Since this is the same expression as that for Var [{94y,] above, we therefore have

lim Cov [{q}'bN,ta {q}ﬂN,t} = E%%}
N—o0

and, hence, that

lim E [ (i, - @,)°] = 0 —2xnld 4 510

N—oo

=0

as required.

3. Cov [{p}'fit, {‘1}1775} = E%g} Vp < q

To prove this, we will first consider Cov [{p}'T)t, {p“}ﬁt} and later consider ¢ > p + 2.

N .
N D v | 08 (0)
Cov [{p}’lNJN,t,{p“}ﬁN,t} —E P

X %Zé\f:lvt O+ 0 (4)

B p+1 J
1 N
:_QZZE (o (St(st(l) Ut 5t6t(j>
== P pt

Focussing on the final term, note that

E v, 5t5t(z) (on (St(st(j)
S—— ~—

p p+1

N
:¢N(¢)zvv+;¢N(1€)E v | 66, (0) | v | 6,0, (k)

= ¢n (1) Bow + (1 — o (1)) X2 (N)
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Substituting this back into the above then gives

Cov [Py, PHg % ; ; i) Zow + (1 = én (1)) 55 (N))
%Z O3 (1) Suw + (1= 6 (1)) Sy (V)

In the limit, this becomes
lim Cov [{p}’UNt {p+1 }'th] =3P

N—oo

which establishes the result for ¢ = p+ 1. For ¢ = p + 2, note that

E v, 5t5t(z) (on (St(st(j)
~—— —

p p+2

N
:;@V(k)E vy 5t-1'0-5t(l) [ 5:;;@(]{7)

N N
- o (k) b (1) E | [ 8¢+ 0, (3) | op [ 6+ (1)
;lzl ! ! t - p t p

N
=> on (W) E |v | 6--0,(0) | v | -6, (1)

p p

which is the same as for ¢ = p + 1. It should be clear that this same process would

apply for all ¢ > p + 2, which establishes the result.
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2.C. Proof of theorem 1.

Appendix 2.C Proof of theorem 1.

The state vector of interest and its law of motion are conjectured to be:

Ly
E,[Xy]
W E, (Xi]| = FX, 1 + Giuy + Gozy + Gsey + Gazey (2.26)
2E, [X)]

Xy

while agents’ private/public and social signals are given by:

Si) (Z) = Dlmt + DQXt_l + Rl’Ut (Z) + Rget + R3Zt_1 (227&)
3? (Z) = AllEt_l (5,5_1 (Z)) [Xt—l] + Xth_l + Ag’l)t_l (6t—1 (Z)) (227b)

Together, these describe a linear state space system to which a Kalman filter provides

the optimal linear estimator (in the sense of minimising mean squared error).

As discussed in the main text, the system described here is not in the form of
a classic state space problem, both because of the presence of the lagged state in
agents’ signals and because of the moving average component of the law of motion.
Lemma 1 demonstrated that we do not need to include z; in the agents’ state vector
of interest. To deal with the lagged observations, we follow Nimark (2011b) in
developing a modified Kalman filter that does not require the stacking of the state

vectors of interest.

To begin, we define the matrices S,, Ty and T, as the matrices that select x,
E,[X,] and {9} g, [X¢] respectively from X; (e.g., T, X; = 2 p, [X4]).

We also define the general notation that 6y, (i) represents the error in agent i’s

period-q expectation regarding #;. In particular, we will use the following:

Siji—1 (1) = 8¢ (i) — Ey—1 (i) [8¢ ()] : signal innovation
X1 (1) = Xy — By (0) [ X4 : prior error

X (1) = Xy — By (1) [ X4 : contemporaneous error

77



2.C. Proof of theorem 1.

2.C.1 The filter

We proceed by deploying a Gram-Schmidt orthogonalisation of agents’ signals. That

is, noting that the signal innovation

Syje—1 (1) = 8¢ (i) — Ey—q (1) [8¢ ()] (2.28)

contains only new information available to ¢ in period t, we conclude that it must
be orthogonal to any of j’s estimates based on information from earlier periods. We
can therefore use the standard result that E[z]y, z] = E [x|y] + E [z|z] when y 1z,
so that

Ey (i) [ Xy) = B [ Xi| Ty (i)] 4+ E [ Xi|8e-1 (2)]
= By (1) [Xy] + K81 (4) (2.29)

for some projection matrix, K; (the Kalman gain). Note that K; does not require

an agent subscript as the problem is symmetric for all agents.

Optimality then requires that the projection matrix, K;, be such that the signal
innovation, s;;—1 (), is orthogonal to the projection error, X; — K;s;;—1 (i). That is,

we require that
FE [(Xt — Ktst‘t_l (Z)) St\t—l (Z)/] =0
Rearranging then gives an expression for the optimal Kalman gain:
1

Ky = E [Xy810-1 ()] (E [sye-1 (1) sip—1 (1)']) Vi (2.30)

which, since the unconditional expectations of X; and all signal innovations are zero,

is simply
Kt = OOU(Xt, St\tfl (Z)) [Var (St\tfl (Z))} !

In order to evaluate this, it is necessary to construct expressions for the innovation

in agents’ private and social signals. We consider each in turn.
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2.C. Proof of theorem 1.

Agents’ private signals

To begin, we substitute the conjectured state law of motion into the private signal

equation to get:

st (j) = (D1SoF + D2) X1 + D1S:Gruy
+ Rl’l)t (]) + Rget + Rgzt_l (231)

where we have used the fact that @, is independent of network shocks to ignore the
Goz; and G4z;_1 components of X;. From this, we see that i’s prior expectation of

her private signal will be given by
Et—l (Z) [S? (Z)] = (DISxF + Dg) Et—l (Z) [Xt—l] (232)

where we have made use of lemma 1 to drop the term in E;_; () [2;—1]. Subtracting

equation (2.32) from (2.31) then gives the innovation in agents’ private signals as

Sflt_l (Z) = (DlSwF + DQ) Xt—1|t—1 (Z) + DlSwGlut
+ Rl’Ut (]) + Rget + R3Zt,1 (233)

where X, (1) is i’s contemporaneous error in estimating X.

Agents’ social signals

For the social signal, and assuming temporarily that agents observe the actions of

only one competitor, we make use of proposition 1 to write the prior expectation as
Bot ()57 (0)) = XN Bot (3) | B [Xia]| 4+ M5Bt (0) @] + Ny (8) (811

Given that F; (i) [z;] = 0, S, X; = @; and T,,, X; = g, [X¢], we can write this as
For (1) 85 ()] = (NS, + XU To) oy (1) [X ] (2.34)

Subtracting (2.34) from (2.27b), we then have that the innovation in the agent’s
social signal is given by:
i1 (1) = A58 Xy 11 (4)
+ N By (01 (4)) [Xema] = MTw By (1) [Xema]
+ )\gvt_l (575—1 (Z))
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2.C. Proof of theorem 1.

Adding and subtracting X7, X;_; on the right-hand side then gives

Sy (1) = (A5Se + N Ty) Xiqje—1 (4)

— A (T X1 — Ei1 (01 (4)) [Xia])
+ X301 (Jp—1 (1))

and finally now adding and subtracting A} X;_; on the right-hand side gives

Sije—1 (1) = (NSz + N Toy) Ximjp—1 (4) = Ny Xi—1jp—1 (0-1 (4))

+ A (I —T,) X1
+ Ag'vt_l ((5,5_1 (Z))

Crucially, we have that the innovation in ¢’s social signal includes not only a term in

their own contemporaneous error from the previous period but also a term in their

observee’s error.

The combined signal innovation

Stacking the private, public and social signal innovations, we then obtain

St|t—1 (Z) = MlXt—l\t—l (Z) + MQXt_l‘t_l ((5{/71 (Z)) -+ MgXt,1 (235&)

where

M1:

le

+ Nl’U/t + NQUt (Z) + Nget + N4’Ut,1 ((Stfl (Z)) + N5Zt,1

[D\S,F + D 0 0

) +, : 2= S M= |, (2.35b)
NS, + N T, ~X X (I-T,)
'D,S, 0

152G Ny = By N3 = i Ny = 5= o (2.35¢)
0 0 0 X,

Considering two or more observees is then obtained by further stacking the signals

) . Xt—1|t—1 (57&—1 (l, 1))
Stlt—1 (Z) = Mlthl t—1 (Z) + M2 + MgXt_l (236&)
| | Xt71|t71 (5t—1 (Zv 2))
v;1 (041 (2,1
—|—N1’U,t+N2’Ut (i)+N3€t+N4 ! 1< ! 1(. )) —|—N5Zt,1
Vi1 (01 (4,2))

80



2.C. Proof of theorem 1.

where
[ DS, F + D, 0 0] 0
My = | NS, + N Tyy| Ma= =X, 0 | Ms= [N (I-T,) (2.36b)
(\,S, + N T, 0 -\ XN (I-T,)
[D,S,Gy R, Ry ]| 0 0 Rs
N, = 0 No=|0| Ms=|0]| Nuy=[X, 0| Ns=]0
0 0 0 0 X\ 0

(2.36¢)

For the remainder of this appendix, we shall use the notation of a single observee on
the understanding that the signal innovation may be replace as above for an arbitrary

number of competitors observed.

Deriving the Kalman gain

We first expand the first term in equation (2.30) as

(FXt,1 + Glut + GQZt + G4Zt71 + Gget)
/
M Xy 14— (7)
+ Mo Xy 1ji-1 (641 (7))

E I:tht‘t—l (Z)/:| = E v +M X
3N t—1
—|—N1’U,t + Ng’l)t (Z) + Nget
L +N4’Ut_1 (5t—1 (Z)) + N5Zt_1 ]
FXy1) (MiXy a1 (1))
FXy 1) (MaXy a1 (661 (i)
FXy 1) (MsXy)
FXt—1) (stt—l)
_z (2.37)

+ 4+ttt
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2.C. Proof of theorem 1.

where we use the fact that period-t shocks are orthogonal to period-(¢t — 1) objects
and make use of assumption 2 (which grants us that limy_, ¢n (i) = 0 Vi) to note

that there is no covariance between period-(t — 1) objects and v;_; (i) Vi.

Next, we note that for any j and any ¢, we may write

E[XeX (5)] = E [(Xepe () + B (4) [ Xe]) X ()]
= E [ Xy (7) Xye (7)']
= Vi

where the second equality makes use of the fact that since F; (j) [X;] is spanned by
the set of orthogonal signal innovations {st|t_1 (7), St—1p—2(4) -~ } and these are
orthogonal to Xy (j) by construction, then it must be that E; (j) [X:] and Xy (j)
are orthogonal for all j and ¢t. Note that V;, = £ [Xﬂt (7) X (j)'} Vj is the variance
of each agent’s contemporaneous error (common to all agents as their problems are

symmetric).
Using this, we may rewrite (2.37) as

E [ Xisy—1 (1)'] = FVi1p1 M|
+ FViyp1 My,
+ FU,_ 1 M
+ FG,%,. N}
+ G2V,
+ G3Yee N
+ GyX..GYy (M + My + Ms)'
+ G432, N,
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2.C. Proof of theorem 1.

or, defining M = [Ml M, Mg], as simply

E [XtSt\t—l (@)/] =F [Vt—l\t—1 Vt—1|t—1 Utfl] M’
+ G1 XNV

+ FG,Y,, N}

+ G3Xee N
+ G4X..GYy (M + My + Ms)'
+ G4X,. N,

Turning to the second term in equation (2.30), we have that

E [sy-1 (1) 8461 (i)']

=F

My X141 (7)
+ Mo Xy 11 (0¢—1(2))
+M5X; 4
+Niu; + Now, (4)
+N4v—y (641 (7)) + Nszi—1 + N3ey
My X qj-1 (4)
+Mo Xy 141 (641 (4))
+M3 Xy
+Niu; + Novy (i)

+Nyv_q (041 (7)) + Nszi—1 + Ne;

M X141 (7)
+ My Xy 11 (0¢—1(2))
+M3X; 4
+Ns5211

My X141 (7)

+ Mo X 141 (0¢—1 (7))

+M3 X1

+N5zi 4

+ MyE [Xy—1jp—1 (8¢-1 (2)) v—1 (84—1 (4))'] N}
+ Ny & ['Ut—l (011 (4)) Xi—1je—1 (-1 (l))/] M,

+ leuuN{ + NZEvaé + N4ZUUN41 + NBEeeNé

(2.38)
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Expanding out the various cross-products then gives us

E [St|t—1 (7) Syje—1 (Z)/} = M Vi_qp—1 My + MyW,y_qjp—1 Moy + My Vi_qjp—1 My
+ MQWt—ut—lM{ + M2Vt—1|t—1M£ + M2Vt—1|t—1M§
+ MsVi_qjp—1 My + M3V,_1y—1 My + MU, M
— MyK; 1 Ny%,, Ny
— Ny, Ny K[ | M,
+ N1Zuu N7 + NoXyy Ny + NyXyy Ny
+ (M + My + Ms) GoX3,. Ni
+ N5X..GY (My + My + Ms)'
+ N3X..Ng

where Wy, = E [Xt‘t () Xyt (j)’} Vi # j is the covariance between any two agents’
contemporaneous errors (common to all agent-pairs as their problems are symmetric
and the network is opaque so they each have the same probability of observing the

same target). Similarly to the covariance term, this may be written simply as

Vicip—1 Wicij—1 Vi
E [3t|t71 (4) Stt—1 (Z)I} =M Wisji—1 Vicip—1 Vi1t M’
Vicii—1 Vicip—r Ui
— MyK, 1 Ny%,, N,
— NyXy, Ny K M,
+ NiZuu Ny + NoEuu Ny + NySo, N
+ (My + My + Ms) GoX,. Ni
+ N5X,.GY (My + My + M)
+ N3Xe Ny (2.39)
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Substituting (2.38) and (2.39) into (2.30) and gathering like terms, we arrive at:

FVisier Viciper U | MY
+G1 X0 Ny
+FGy%,. Ni
+G43.. G (M + My + M)
+Gy%,, N
+G5E NS

Kt:

Vicye—r Wicip—1 Vicap—a
M \Wi_iji—1 Vicaper Vicipa | MY
Vicip—1 Vicie—r - Ui
o T (My + My + Ms) G2ZzzN§/ (2.40)
+N;X..G (My + My + Ms)
—MyK; 1 NyYy, Ny
=Ny, Ny K M,
+N1ZuuNT + NoXpy Ny + Ny, Ny + N3Xe e N |

2.C.2 Evolution of the variance-covariance matricies
Unconditional variance of the state vector of interest

From the conjectured law of motion, we can read immediately that the variance of

the state vector of interest evolves as:
Ut = FUtle/ (241)
+ G1Yu G + GoXL Gl + G3X Gy + GyX, .Gl + FGoX .Gy + Gy X, .GLF!

Variance of agents’ expectation errors

First, subtracting F; 4 (i) [X,] from each side of the state equation, we have:

Xt — Et,1 (Z) [Xt] - F (Xt,1 — Et,1 (7/) [Xt71]> (242)
+ Glut + GQZt + Gget + G4Zt,1
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Taking the variance of each side, we have that the prior variance will be given by:

Vi1 = FVisipa (2.43)
+ G1YuG + GoXL Gl + G3X Gy + GyX, .Gl + FGoX .Gy + Gy X, . GLF!

Next, we subtract each side of equation (2.29) from X; and rearrange to obtain
(Xi — B (4) [Xe]) + Kisgp—1 (i) = (X¢ — B (4) [X3]) (2.44)

Since the signal innovation is orthogonal to the contemporaneous error, X;—FE; (i) [ X{]
by construction, the variance of the right-hand side must equal the sum of the vari-

ances on the left-hand side, thereby giving:
Vie + Ky Var (3t|t—1 (Z)) K| = Vije—1

or

Vici—r Wicip—1 Vicip—
M \Wi_iji—1 Vicaper Vicipaa | MY
Vicip—r Vicipr Upa
+ (M + My + M) GoX,. N

_ /
tht = Vt\tfl - K NS G (M + My + M3)' Ky
— My Ky 1 NaXiy, Ny
— Ny B Ny K[ M}
F NI N, + NoSouNj + NaEeo Nj + Ny, N)
(2.45)

Covariance between agents’ expectation errors

First, from (2.42), we have that the prior covariance between two agents’ errors is

given by:

Wt|t—1 =F [Xt|t—l (l) Xt|t—1 (j)/}
= FW, 11 F' (2.46)
+ G1Y G+ GoXL G + G3Ye e Gy + G2, .Gl + FGoX, Gl + Gy X, . GLF
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Next, returning to equation (2.44)
(X = B (1) [X4]) = (Xo = Bon (4) [Xe]) — Kisyea (2) (2.47)

note that agent i’s signal innovation will not necessarily be orthogonal to either of

j’s expectation errors, so we expand this fully to obtain

Wi = Wi
+ K;Cov (st|t 1(2) , Sep—1 (]))
— Cov (X1 ( st|t 1(4)) K,
— K, Cov (st‘t 1(7) s Xyje—1 (J) ) (2.48)

For the second term on the right-hand side, we have

My X qj—1 (i)
+My Xy 11 (641 (7))
+ M3 X
+Niu; + Now, (i)
E [st|t_1 (7) S¢¢—1 (j)/} - E +Nyv;q (64-1 (1)) + Nszi—1 + Nsey ,
My Xy 11 (7)
+MaXi qji-1 (61 (7))
X | +MsXi
+Niuy + Navy (5)
+Nyv-1 (6121 (j)) + Nszio1 + Nzey

My X141 (7)
+ M X111 (0¢—1 (7))
+M3X; 4
+N5zi_q
M X141 (J)
+My Xy 11 (61 (5))
+M3X; 1
+N5zi_4

+ NBEeeN?/,

X
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Given i # j and assumption 2, it must be the case that i, j, d;—1 (i) and §;_1 (j) are

four different agents, almost surely. We therefore have

Wicti—1 Wicii—r Vieap—a
E [s0-1 (1) $y-1 ()] = M |\ Wi—1ppm1 Wiapr Vieap | M
Vicyi—1 Vicip—r - Ui
+ (My + My + M3) G532, N,
+ N3X..Gh (M + My + M)
+ N1 X Ny
4 NyE N (2.49)

For the third term, we have

FXy 1pi-1 (9)

+Guy

+Goz,

+Gazi

. . +Gzey

Cov (Xt\t—l (Z) ) Stlt—1 (])) =F MlXt—1|t—l (Z) !
+Mo X _1jp—1 (641 (7))

X | +Ms3X; 4
+Niuy + Novy (1)
+Nyv; 1 (6421 (1)) + Nszi—1 + Nsey

=F V;—l\t—l Wt—ut—l Vt—1|t—1 M’

+ G120V,

+ FGyY.. N,

+ G2, Gy (My + My + M)

+ G2, N,

+ G3X,,N; (2.50)

while the fourth term is the transpose of the same.
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Filter summary

In summary, the filter evolves through the following system of equations:

Vicrier Wicaper Ve
E [St|t—1 (4) Stt—1 (2)/} =M W1 Vice—r Vicip—r M’

Vicrper Vicer Ui

+ (M + My + Ms) GoX3,. Ni

+ N5X..GY (My + My + Ms)'

— MK 1 Na¥u Ny

— NaZu, N3 K{ M

+ NiZuu Ny + NoSuu Ny + NySo N

W1 Wi Vicii—r
E [Stlt—l (Z) Stft—1 (j)/} =M Wt—1|t—1 Wt—1|t—1 Vt—l\t—l M
Vicier Vicapr Ui
+ (My + My + M3) GoX,. N,
+ N5X..GYy (My + My + Ms)'
+ N1 X V]

E [tht\t—l (2)/] =F [Vt—l\t—l V;S—l|t—1 Ut—l] M’
+ G1ZuuN]
+ FGQEzzNé
+ GyX..GYy (My + My + M3)I
+ G4%.. Ny

E [tht—l (4) Stt—1 (j),} =F [Vt—1|t—1 Wiap—1 Vicapt M
+ G1 Y V]
+ FGQEzzNé
+ Gy, Gh (M) + My + Ms)'
+ G4X.. N,

(2.51a)

(2.51b)

(2.51c¢)

(2.51d)
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-1

Kt =F [tht\t—l (7/)/] (E [St|t—1 ('l) 3t|t—1 (Z),}) (2516)
Ut - FUt_lF/
+ GG+ GG+ GiYL.G) + FGoX .Gy + G2, GLF' (2.51f)

Vi1 = FVioqya
+ G1Y G+ GoXL .Gy + GuX, .Gl + FGYY,.G) + Gy, GLF' (2.51g)

Wt|t—1 - FVVt—1|t—1F/
+ G X G + GoXL Gy + GuX, .G+ FGoX,. .G + G4X,.GLF' (2.51h)

‘/t|t = ‘/;‘t,1 — Kt FE |:st|t71 (Z) St|t71 (Z)/:| Kt, (2511)

Wt|t = Wt|t—1 + KB [St|t—1 (Z) St|t—1 (]” Ktl
- F [Xt\t—l () Stjt—1 (7) } Kz‘{
7]

- KiE [3t|t—1 (l) Xt|t—1 ( (2'5”)

Provided has all eigenvalues of F' are within the unit circle, then there will exist a
steady state (i.e. time-invariant) filter, found by iterating these equations forward

until convergence is achieved.
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2.C.3 Confirming the conjectured law of motion

The state vector of interest and its law of motion are conjectured to be:

Ty
E,[X/]
Xt = {I}Et [Xt] == FXt_l + Gl'u,t + GQZt + Gget + G4Zt_1 (252)
2R, [X/]

To confirm this law of motion, we first combining equations (2.29) and (2.36) to

write the agents’ filter as:

Ey (i) [Xi] = FEy (i) [Xe]
M, (Xt—l —Ei (@) [Xt—ID
+My (X1 — By (01 (4)) [Xi—1])
+ K| +M3X,_4
+Nyuy + Novy (i) + Nsey
+Nyvi1 (6-1 (i) + Nszpq

Gathering like terms gives

B (i) [Xi] = K (M, + My + My) Xi_y
+ (F = KM,) By (i) [X;-1]
— KMaE; (641 (7)) [Xi-1]
+ KNy,
+ K Nyw, (1)
+ K Nse;
+ KNyvi_q (641 (7))
4+ KNsz 4 (2.53)
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Taking the simple average of equation (2.53) gives

E,[X)] = K (M + M, + Ms) X, 4
+ (F = KM Ey1 [ X, 4]
— KMy WE, | [X, 4]

+ KNyu,

+ K Nse,

+ KN,Wo,_,

+ K N5z

where I have used proposition 2 to replace fol vi_1 (6,1 (1)) di with Ho,_;. But since
{139,_, is part of z,_,, while E,_; [X,_,] and Wp, [X;_1] are part of X;_;, we can

simplify this down to:

E [ Xy = {K (M, + My+ M)+ (F — KM) T, — KMsT,, } Xi 1

+ KNl'U,t

+ KNget

+ K ([N4 01X00:| +N5> Zi1 (2.54)

Next, taking the g-th weighted average of equation (2.53) gives

WE, [X] =K (M + M, + M) X,_,
+(F=KM)WE,_ X,
— KMy B, (X, ]
+ K Nju,
+ KN2{Q}5t
+ K Nse;
+ KNy,
+ K N5z;_1
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where the last two terms have again made use of proposition 2. From this, we can

read immediately that
WE, (X = {K (M, + My + M) + (F — KM,) Ty, — KMyT,, ., } X
+ K Nyu,
+ K |:01><7“(q—1) N 01><oo:| Zt
+ KNget
v K ([omq N, Omo} + N5> Zy (2.55)
where r is the number of elements in each agents’ vector of idiosyncratic shocks, v, (7).

Putting it all together, we substitute equations (2.54) and (2.55) into equation (2.52)

to arrive at

' A 0] '
K (M + My + M)+ (F— KMy) Ty — KMyT,,
F = |K (M, + My + M)+ (F — KM;) T, — KM,T,, (2.56a)

K (M, + My + M) + (F — KM,) Ty, — KM>T,,

o - 0, . .
KN, Ocoxoo

Gi=|KM Gy = | K |Na2 O1xr O1xr O1xco (2.56Db)
KN K |01x, N2 01y O1xoo
(0,11 _ Omcoo _
K Ns K ({|Ny Oixp O1xr Oixoo| + N5

G5 = | KN3 Gy= |K(]01xp Ni O1xr Opxoo| + Vs (2.56¢)
K N3 K {]01xr O1xp Ny Oixeo| + N5

where m is the number of elements in the underlying state (x;) and n is the number
of elements in the vector of public signal noise (e;). This confirms the conjectured

structure to the law of motion and implicitly defines the coefficient matricies. Note
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2.C. Proof of theorem 1.

that since the matricies in (2.56) are recursive, finding the solution involves finding
the fixed point of the system for a given Kalman gain (K) and pre-chosen upper

limit (k*) on the number of orders of expectations to include.
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2.D. Extending the model to dynamic actions

Appendix 2.D Extending the model to dynamic

actions

We here consider an illustrative example of extending the model of this chapter to
consideration of dynamic actions. In particular, we allow agents’ decision rules to
be slightly more general, with an inclusion of agents’ expectations regarding the
next-period average action. That is, we suppose that individual decisions are made

according to the following rule:

90 (1) = '8} (i) + B, (1) [Xo] + 0y By (0) [G) + 1B (0) [Gr4] (2.57)
where agents’ private signals are formed as

st (i) = Bxy + Quy (1)
We retain the assumption that the underlying state follows an AR(1) process:

x, = Az + Puy

and still suppose that the full hierarchy of expectations regarding the underlying

state is given by:
X, = E" [z,]
Our goal is to show that g; (i) may be expressed in the general form
g¢ (1) = Agwi—1 + XX + N Ey (4) [Xo] + Ajv (0)
To do this, we start by taking the simple average of equation (2.57) to give:
9 = o/ By + M, B [Xi] + 0y By (9] + n-By g1
To keep the notation clean, define 6, = o' Bx; + 1. E, [X,] so that
G, = 0, + 1By [9,] + 0B [?HJ
We now substitute this equation back into itself in the second element (n,E; [g,]):

(2) [

_ - — _ - _ —=(2) —
G =0+ 0y By [0 + 0, B [9) + 02 [Goa] +myn=E} (G001
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Repeating this process, in the limit (and using the fact that n, € (0, 1) and assuming

that average expectations don’t explode), this becomes:

- (Z UIJEEM ) (772 an 1E(k 9t+1}>
k=0

Now briefly consider #; and simple-average expectations of 6;. We can write that:

0, = o/ Bz, + n;EEI) [ X
—(1 —(1 —(2
BV 0] = o« BEY (@] + . [X)]
—=(2 — —=(3
B 6] = o BE [w] + n,B,” [X)]

Next, suppose that the matrix 7T} selects the simple-average expectation of X, from
Xt:

—(1
BV X, = T.X,

and that the matrix S selects x; from X, (obviously S = [Il leoo} where [ is the

number of elements in @;):
Ly — SXt
Then we can write:

B [91 (a ’B8+m )T
BP0, = (o/BS +n.T,) T2X,

or, in general,

EX 0, = (o/BS + n,T.) TEX,
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2.D. Extending the model to dynamic actions

The average period-t action can therefore be written as

[e.9]

g, = (&/BS +n,T) (Z (n, T, ) X+ Z 7 EY [g]
k=0
= (&/BS +n,T;) (I —n,T, X+ an IE 9t+1}

= B'X; +n. Z 77k 1E(k [Ge14]

where 3 = («/BS + 0. T,) (I —n,T.)~". Next, substitute this back into itself for

the next-period average action:

(k)
9= /BXt+nzZ77k 'E, IBXt+1+77zZ77l E gt+2]

Z Ey, 9t+z}]

—1 (k)
= B'X; +n. Z 775 'B'E [Xiga] + 1. Z nk lE
k=1 k=1

Next, we use the following conjectured aspect of the law of motion for X;:
Ey (i) [Xea] = B (i) [FX)]

for some matrix of parameters F. This implies that
B, [Xina] = FE,” [X)

and hence that

g = BXtJrnzﬁFZn’“ Y [x)] +nzan o nzan T [Geo)

=B X; +n.0'F (Z 77k 1Tk> X+ 1. Z 77’“ lE UE Z nl 1Et+1 9t+2}

= B'Xy +n.B'FT; (I —n, T, Xt+77zz77k 1E nzan 1Et+l [Ge2]
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Next, expand the g, , term to give

gy = /BIXt + nZIB/FTS (I - nyTs)_l Xt
N =) | =)
0> b By | ne Y iy B
k=1

= /GIXt
+ .8 FT, (I —n,T,)"" X,

_1\ 2
+8 (.FT, (I —n,T.)7")" X,

+77ZZ77k 1E( nzznl 1Ejt-ﬁ-l

Continued substitution then arrives at:

B' X2+ 1. Z ' 71@&2) [§t+3}]]

m=1

S m”

9, =0 Z (nzFTs (- nyTsyl)J Xi
=0
which, in turn, becomes
g, = (@/BS+n,T) (I -0, 1) " (I-n.FL.(I-n,0)") X,

J/

Vv
=a’

Using this simple expression of g, = @’ X;, we can substitute it back into the agents’

individual decision rule to obtain

9: (1) = & (B, + Quy (i) + (0, + nya’ +n.a'F) E; (i) [X)]
= Ba:t + (771, + nya + nza/F)Et (4) [X¢] + Qvt (4)

/ V
}\ '73 ’74

which is now in the necessary form. As an aside, taking a simple average of this

gives
g; = &'BSX, + (0, +nya’ +n.a'F) E,[X)]

which implies the following constraint on the coefficients of the decision rule (e, n,,

1y, 1) and the expectation transition matrix (F'):

a' =a'BS+ (0, +n,a +n.a'F)Ts
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Chapter 3

Networks and Inflation

Abstract

This paper presents a model of price setting wherein firms partially inform
their decisions by watching price changes by other firms across an observation
network. Within a context of imperfect common knowledge and for a wide
range of plausible and commonly observed network structures, idiosyncratic
shocks are shown to not “wash out” in aggregate prices. These aggregate
effects are also shown to be persistent despite the underlying idiosyncratic
shocks being entirely transitory and firms having complete flexibility in their
price-setting. The model is therefore able to explain a variety of recently
documented stylised facts regarding price setting, including the observation

that short-lived price changes appear to contain macroeconomic content.

3.1 Introduction

This paper develops a network learning-based microfoundation for cost-push shocks,
with the aggregate price level able to persistently deviate from it’s long-run trend
despite (a) the absence of any aggregate shocks to the economy; (b) firms being free
to adjust their prices every period; and (c¢) network shocks (comprised of weighted

sums of idiosyncratic shocks) being purely transitory.

That idiosyncratic shocks are an important aspect of firms’ price-setting decisions
is now universally accepted. However, it remains commonly assumed that since the

shocks themselves must cancel out,! the effects of those shocks on firms’ decisions

LOver a continuum of agents, that mean-zero idiosyncratic shocks must sum to zero is true by
definition; if they did not, they would necessarily include an aggregate component.
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3.1. Introduction

must also wash out in aggregation. In such a setting, firm-specific shocks can only
contribute to aggregate dynamics by causing sluggish responses to aggregate shocks,
because firms take time to be sure that a given shock is truly common to all firms.
In contrast to this, recently documented evidence from studies of micro-level price
changes suggests that those price changes most likely to have been driven by idiosyn-
cratic factors do not cancel out and therefore do indeed appear to contain content

of macroeconomic importance.

To achieve the emergence of aggregate effects from idiosyncratic shocks, this
chapter makes applied use of the model developed in the previous chapter: we sup-
pose that firms with complete price-setting flexibility learn about the state of the
economy by observing each other’s prices in a directed network and set their own
prices on the basis of their marginal costs and, for reasons of strategic complement-

arity, their beliefs regarding the average price.

With unobserved aggregate variables following an AR(1) process, we show that
the full hierarchy of firms’ expectations will follow an ARMA(1,1) process, with
current and lagged weighted averages of firms’ idiosyncratic shocks entering at an
aggregate level. For sufficiently irregular networks (i.e. when the link distribution
is sufficiently non-uniform) these weighted sums are shown to not converge to zero,
thereby adding aggregate volatility to the system. Despite idiosyncratic shocks being
purely transitory, the aggregate volatility they induce through the network is also

shown to exhibit (endogenous) persistence.

This chapter therefore adds to the burgeoning literature on deriving aggregate
volatility from agents’ idiosyncratic shocks. Key in this field to date includes the
work by Acemoglu, Carvalho, Ozdaglar, and Tahbaz-Saleh (2012).> Examining the
idea of firms operating within an inter-sectoral supply network, they demonstrate
idiosyncratic productivity shocks leading to volatility in aggregate output and, for
finite networks, derive an upper limit for the rate at which aggregate volatility de-
clines as the number of firms increases. For sufficiently asymmetric trading networks,
they show that aggregate volatility need not vanish at all. In another vein, Gabaix

(2011) demonstrates how aggregate volatility can emerge from idiosyncratic shocks

2The work of this paper was first developed independently by Carvalho (2010) and Acemoglu,
Ozdaglar, and Tahbaz-Saleh (2010) and later combined to the paper referenced in the text.
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3.1. Introduction

when the distribution of firm sizes exhibits fat tails, even when those firms do not
trade directly with each other. Each of these share with the current chapter an
emphasis on unequal, or fat-tailed, distributions. In the model of Gabaix (2011),
aggregate volatility arises because the largest firms contribute disproportionately to
aggregate production, while in that by Acemoglu, Carvalho, Ozdaglar, and Tahbaz-
Saleh (2012), it emerges through those firms whose output is most extensively used
as an intermediate good by other firms. In the current paper, with network-based

learning, it derives from firms whose price changes are most readily observed.

It may be noted that because firms may choose to observe the prices of other firms
with whom they do not trade and are not competitors (a perfectly reasonable action
provided that their marginal costs are correlated), this model also represents a novel
transmission mechanism for inflation across industries or geographies independent
of it’s path along production chains. However, the origin of an observation network
remains largely outside the scope of the current paper, which takes the network as

exogenously given.

When firms exist in an observation network that includes (a) repeated actions;
(b) Bayesian updating; and (c) strategic interaction, it becomes necessary for them
to estimate not only the simple average of all firms’ expectations (for reasons of
strategic interaction), but also the expectations of their individual observees and, in
turn, their observees’ expectations of others again. As the number of agents in the
network expands, this causes an explosion in the size of the state vector quite apart
from the presence of higher-order expectations (see section 1.2 in the first chapter
for more detail) and has typically been thought to prevent closed-form analysis in

anything other than trivially small networks.

To date, research in network learning has therefore abandoned one of these three
assumptions in order to achieve tractability. For example, in abandoning the assump-
tion of repeated actions, Acemoglu, Dahleh, Lobel, and Ozdaglar (2011) characterise
the (Bayesian) equilibrium of a sequential learning model for a general stochastic
sampling process and demonstrate that so long as no group of agents is excessively
influential, there will be asymptotic learning of the truth when private beliefs are
unbounded. In giving up on rational (Bayesian) learning, Golub and Jackson (2010)

study learning in a setting where agents “naively” update their beliefs regarding a

101
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fixed state of the world by taking weighted averages of their neighbour’s opinions.
In contrast to earlier work in this sub-field, they are able to demonstrate that with
such heuristic learning, individual beliefs converge to the truth for a broad variety of
networks (provided they are sufficiently large) and provide upper and lower bounds
on the rate of convergence. Finally, Mueller-Frank (2013) details a formal structure
for Bayesian learning over an undirected social network (i.e. with pairwise sharing)
in the absence of strategic concerns by agents. He notes the extreme practical diffi-
culties of actually implementing such a rule, both for the agents in principle and the

researcher more generally.

In contrast to these, this paper makes use of results presented in the previous
chapter that permit the inclusion of all three assumptions regarding network learning
by combining them with a fourth: network opacity. By denying agents knowledge
of the exact topology of the network and instead supposing that they know only
the (i.i.d.) distribution from which observation targets are drawn and do not learn
about the structure of the network over time, firms’ state vector of interest includes
an infinite sequence of weighted average expectations instead of individual agents’
expectations. Because of the recursive nature of firms’ learning, this sequence will
be of decreasing importance to the hierarchy of simple-average expectations, so an
arbitrarily accurate approximation of the full solution may then be found by selecting
a sufficiently high cut-off for the number of weighted-average expectations to include,

together with the standard cut-off for the number of higher-orders of expectation.

This paper falls broadly within and was initially inspired by the literature on
imperfect common knowledge (where firms possess incomplete information about
aggregate state variables because of imperfect signals). The idea that real effects
may arise from nominal disturbances through imperfect information dates to Lucas
(1972) and, more recently, Woodford (2003). The solution method developed by
this paper builds upon that put forward by Nimark (2008, 2011a), who introduced
dynamic pricing and idiosyncratic shocks in marginal costs to the Woodford (2003)
paper. Other recent work in this area includes Adam (2007), who looked at optimal
monetary policy in the Woodford setting and Melosi (2012), who uses the Survey of
Professonal Forecasters to estimate a DSGE model with price setters experiencing

imperfect common knowledge.
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Of course, firms existing within observation networks need not only feed into
a setting of imperfect common knowledge. It might also, for example, be readily
applied to the rational inattention work of Sims (2003) or the “sticky information”
literature of Mankiw and Reis (2002) and Reis (2006). In this latter case, if we sup-
pose that a full information update is costly and observing the price of a competitor
less so, it is easy to see that a natural incentive emerges for a firm to delay a full
update and instead “free ride” on the price changes of their competitors. Explora-
tion of network learning in these other settings would be a fruitful area of research.
However, as shown below, evidence from a variety of surveys of firms’ price-setting
behaviour suggests that the imperfect common knowledge setting may be the more

likely reason for firms’ observation of each others’ prices.

The remainder of this paper is organised as follows. Section 3.2 provides evidence
of the key assumptions of this paper. Section 3.3 then presents a DSGE model in
which firms are free to adjust their prices every period, but suffer from incomplete
information and seek to remedy this by observing each others’ prices in a network.

Section 3.4 presents simulation results, while section 3.5 concludes.
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3.2 Evidence

In this section we gather evidence in support of the key assumptions of this chapter’s
model. In particular, we argue here that (a) firms set their prices, in part, on the
basis of observed prices posted by individual competitors; and (b) this is done within

a context of imperfect common knowledge, in the sense of Woodford (2003).

That firms operate within not just transactional but also observational networks
is to some extent intuitive, or even self evident. An independent coffee shop will
obviously take note of the prices offered by their competitors, including both other
independent outlets nearby and larger chains such as Starbucks. The model presented
here goes further than this, however, because firms might also observe the price
movements of businesses that are not direct competitors or suppliers in order to
learn about factors common to all firms. When the manager of a book shop observes
a price change at a Thai restaurant next door, for example, or even a car mechanic
around the corner, they obtain information about movements in average marginal
costs and local demand, thereby improving their ability to ascertain that portion of

their own cost or demand changes that are idiosyncratic.

We here first describe evidence from a number of price-setting surveys conducted
(typically by or on behalf of central banks) in the 1990s and 2000s and then explore

what evidence may be garnered from recent studies of directly observed price changes.

3.2.1 Price-setting surveys

Starting with the work of Blinder (1991) and Blinder, Canetti, Lebow, and Rudd
(1998) in the United States and continuing through to the first half of the 2000s,
a variety of surveys were conducted in an attempt to shed light on precisely how
firms set prices. These include work in the UK (Hall, Walsh, and Yates, 1997);
Sweden (Apel, Friberg, and Hallsten, 2005); Japan (Nakagawa, Hattori, and Tak-
agawa, 2000); Canada (Amirault, Kwan, and Wilkinson, 2006); and nine euro-zone
countries (Fabiani, Druant, Hernando, Kwapil, Landau, Loupias, Martins, Mathé,

Sabbatini, Stahl, and Stokman, 2005).3

3Countries included were: Austria (Kwapil, Baumgartner, and Scharler, 2005); Belgium (Aucre-
manne and Druant, 2005); France (Loupias and Ricart, 2004); Germany (Stahl, 2005); Luxembourg
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When looking at those firms following partially or completely state-based pricing,*
Canadian firms listed price changes by competitors as the most important cause in
triggering an adjustment, as did those in Sweden. In Spain, 53% of firms reported
that competitors’ price movements were important factors in triggering their own
price changes. In considering the magnitude of price changes, 25% of surveyed UK
firms reported basing their prices on those of their competitors. This figure agreed
with the 27% of surveyed eurozone firms reporting the same, although this ranged
from 13% in Portugal to 38% in France. In the Netherlands, where the survey was
unique in including very small firms among those polled, this figure was 21.6% overall

but rose sharply to 34.1% for firms employing only one worker.

These responses are strongly supportive of the idea that firms observe each others’
prices, and we can only assume that they do so as a result of some form of imperfect

information; that they learn something from their observations.

However, that firms observe each others’ prices does not, in itself, speak to why
they might do so. If, for example, firms experience significant costs in gathering in-
formation and developing optimal price plans in the style of the “sticky information”
models of Mankiw and Reis (2002, 2006, 2007) and Reis (2006), then mimicking the
price changes of one’s competitors may be a useful short-cut. A fair approximation of
the firm’s optimal price could then be achieved by observing the prices of competitors
with similar production technologies and who face similar demand. Alternatively, if
firms face strategic complementarity in their price-setting and there are unobserv-
able aggregate state variables in the style of Woodford (2003) and Nimark (2008),
observing other firms’ decisions may be used to inform businesses of the average

actions or beliefs of their competitors.

Fortunately, the surveys also queried firms as to their opinions regarding the
reasons for price stickiness, from which four theories stand out as being significant:
implicit contracts, explicit contracts, cost-based pricing and coordination failure. All

of these were among the top five recognised reasons in all 14 surveys when they were

(Liinnemann and Mathé, 2006); the Netherlands (Hoeberichts and Stokman, 2010); Portugal (Mar-
tins, 2005); and Spain (Alvarez and Hernando, 2005).

4The alternative being to use entirely time-based pricing, whereby firms adjust their prices at
a set (average) frequency irrespective of economic conditions.
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included in the options put to surveyed firms. In stark contrast, menu costs and
its more recent variant, information costs, were among the least supported ideas,
being in the bottom three reasons for most European surveys and Canada. Only in
America and Austria were these costs placed in the middle of the group, menu costs
being cited as the sixth most proximate cause of price rigidity in the United States

and seventh in Austria and information costs coming sixth in Austria.

The low importance attached to information costs suggests that while there may
be imperfect information, it does not manifest in the form of infrequently updated
information sets. On the contrary, the strong recognition of coordination concerns
and cost-based pricing are supportive of this paper’s underlying model: the former
suggests that businesses are concerned with their strategic complementarity in price-

setting and the latter that (presumably marginal) costs drive movements in prices.

3.2.2 Stylised facts from observed price changes

Although early work suggested that most prices change around once per year,” the
seminal work by Bils and Klenow (2004) observed that the median duration of prices
in CPI data from the U.S. Bureau of Labor Statistics (BLS) was 4.3 months, a
frequency almost three times higher than previously thought. This triggered a rush
of further work exploring and broadly characterising microeconomic price changes.
Klenow and Malin (2010) provide an excellent survey of this literature and provide

a summary in the form of ten stylised facts. Among these are that:

1. prices change at least once a year, twice in America;

2. temporary price changes — both reductions and increases — around more rigid
“reference prices” are common and do not cancel out in aggregation, suggesting

that some macroeconomic content is present in the more frequent updates;

3. price changes are typically larger than those needed to keep up with infla-
tion, suggesting that idiosyncratic factors weigh more heavily on a firm’s price-

setting decision than aggregate factors;

4. changes in relative prices tend to be short lived, suggesting that idiosyncratic

shocks are less persistent than aggregate disturbances; and

®See, for example, Taylor (1999).
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5. price changes are generally linked to changes in marginal costs, particularly

wages.

The first of these dictates that we require some form of structural, or real rigidity
in addition to firms’ nominal rigidities — a “contract multiplier,” in the words of
Taylor (1980) — to explain the sluggish responses observed in aggregate price indicies.®
The second and third points suggest that even if firms’ idiosyncratic shocks have zero
mean and “cancel out” when averaged, average temporary price changes (that are
presumably based upon them) do not cancel out. Finally, the fourth and fifth points
are suggestive of a model in which firms’ marginal costs are subject to persistent

aggregate shocks and only transitory idiosyncratic shocks.

The model presented in this paper is consistent with all of the above stylised
facts and with observations of rigidity in aggregate prices. Because firms are able to
observe the prices of any other firm, it also represents a framework for the transmis-
sion of inflation (and hence, its persistence) across industries or geographies and not

simply along production chains.

6See, for example, Christiano, Eichenbaum, and Evans (1999) or Romer and Romer (2004) for
the USA, or Peersman and Smets (2003) for the Euro area.
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3.3 The Model

In this section we construct and analyse a dynamic, stochastic, general equilibrium
(DSGE) model in which firms make use of network learning in their pricing decisions.
The real economy is presented here in a standard model with no capital. A repres-
entative household purchases differentiated goods via a Dixit and Stiglitz (1977)
aggregator and supplies labour to firms. Monopolistic firms produce the goods and
sell them to the household, with prices able to be adjusted costlessly every period.
Persistent aggregate shocks occur within the household’s preferences, the central
bank’s interest rate policy and economy-wide TFP, while firms also face idiosyn-
cratic, transitory shocks to their demand, nominal wages and productivity. Only the
main results are presented here; readers interested in the full derivation are referred

to appendix 3.A.

In what follows, unless otherwise indicated, lower-case letters are used to denote
(natural) log deviations from the long-run steady state values of the corresponding

upper-case variables (e.g. y; = In(Y;) — In (Y*)).

3.3.1 The household

Each period, a representative household maximises

00 -1 1+1
s € C s — 1 € H sd)
EtHH Zﬁ eECH+s t;‘_ T ¢ Hit+s 1 f:i (3.1)
s=0 o

subject to a standard budget constraint and where E/ [] is the mathematical ex-
pectation conditional on the household’s information set in period ¢ (defined below);
Cy is aggregate consumption; H; is the aggregate labour supply; o is the elasticity of
intertemporal substitution; v is the Frisch elasticity of labour supply; and e and
ey are persistent, mean zero shocks (specified below) to the utility of consumption
and the disutility of labour respectively. The shock to the disutility of labour may
be considered a reduced-form way of capturing broad shocks to the labour supply,

such as a temporary impairment to labour mobility.

Aggregate consumption is given by the Dixit-Stiglitz aggregator over individual
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consumption goods:

C, = (/ Caze (j))% dj) o (3.2)

where ¢ is the elasticity of substitution and vy, (j) is a transitory, mean zero, idiosyn-
cratic shock to the household’s demand for good j (defined below). The household’s

subsequent first-order conditions are:

W, 1 1
—LecorC T = emHY (3.3)
B

_1 _1 1
eCy 7 =B (1+1i) B {emtﬂctﬁ HHJ (3.4)

where W, /P, is the real wage; i; is the net nominal interest rate; and I, = P,/P,
is the gross rate of inflation. It can also be shown that household demand for good
J is given by:

C, (j) = (P tp(j )>E et (3.5)

and the aggregate price level by:

o ( / P(j)" dj) - (3.6)

3.3.2 Firms

Each good is produced by a single firm according to a common production function

that deploys labour with decreasing marginal productivity:

Y, (j) = A () Hy () (3.7)

with each firm’s productivity, A, (j), given by:

In (A (7)) = €ar + var (7) (3.8)

where €4, is a persistent, mean zero, aggregate shock and v, (j) is a transitory, mean
zero, idiosyncratic shock (each specified below) to the firm’s productivity, broadly
defined. Firm j’s real marginal cost is then:

MG () = (14 1) 0 (}4/ (é))) (39)
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o
11—«

nominal wage paid by the firm, defined as:

where n = is the elasticity of marginal cost w.r.t. output and W; (j) is the

W, (j) = Werw0) (3.10)

where vy, (j) is a transitory, mean zero shock to the firm’s wage bargaining. Shocks
to A; (j) should therefore be broadly interpreted as a reduced-form means of captur-
ing shocks to firms’ marginal costs other than those that act through demand or the

(real) wage.”

Firms engage in static pricing —i.e. they are free to costlessly update their prices
in every period — so that results presented here represent real rigidity, not nominal.
Given the results of Bils and Klenow (2004) and subsequent research, it is arguably

best to assume that there exists no nominal rigidity in at least some industries.

In this case, firm j’s optimal price in each period will be a simple markup over

that period’s nominal marginal cost, subject to the limits of j’s information set:

Pt(j):(

€

=) E e o) 3.11)
3.3.3 Market clearing
All markets clear each period, so that:
Y; () = G () V. j (3.12a)
H, = /Ht (j)djVt (3.12b)
which implies that aggregate output is given by:

Y, = Z,H}* (3.13)

where aggregate TFP, Z;, combines individual firm productivities and distortions

from relative prices and transitory shocks to relative demand:

P (i <04 N\ T
7= ( [y oo (B) T g (3.14)
t

"This obviously includes productivity shocks, but may be considered to also include shocks to
the firm’s marginal costs from other factors of production.
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3.3.4 The central bank

To close the model, we assume that the central bank sets nominal interest rates

according to the Taylor-like policy function:
'it = /iyEtCB [yt] + fﬂ?ﬂ—EtCB [7Tt+1] + €nmt (315)

where E¢P[] is the mathematical expectation conditional on the central bank’s
information set in period ¢ (defined below) and €, is a persistent, mean zero shock
to monetary policy (specified below). Note that the component against inflation is
against expected future inflation rather than current inflation, to provide a more

accurate characterisation of modern central banking practice.

3.3.5 Stochastic processes

The underlying state of the economy, x;, therefore contains four aggregate shocks:

Ty = [EAt €ct €Ht €Mt / (3.16)
Of these, the shocks to productivity (e4;) and the disutility of labour (eg;) are pure
supply shocks as they enter the model only through firms’ marginal costs (although
note that the latter acts via higher real wages); the shock to monetary policy (€)
is a pure demand shock as it only enters through the IS (Eular) relation; and the
shock to the utility of consumption (ec;) has both supply and demand aspects in
that it affects both the spending/saving decision and the labour supply.

The underlying state is assumed to follow an AR(1) process:
Iy = Amt_l + Uy (317)

where u; is a vector of period-t innovations identically and independently distributed

as N (0,7) and A is a matrix of fixed and commonly known parameters.

Idiosyncratic shocks to firms’ productivity (ve. (7)), wages (vy (7)) and demand

(vye (7)) are gathered together as

Vai (7)
v (j) = Vit (J) (3.18)
Uy,t (])

111



3.3. The Model

The vector v, (j) is entirely transitory, fully independent and jointly distributed as
N (0,021).

3.3.6 Firms’ (linearised) marginal costs

We show in the appendix that firms’ (linearised) real marginal costs are given by

mer ) = (4 2+ 5Ty ) = ) =0+ ) (319)
where w; (7) is the combined supply shock for firm j in period ¢:

wi (7) = By + Quy () (3.20a)

B= [—(1 +1) <1 + i) 11 0} (3.20D)

Q= [— (T+mn) 1 0} (3.20c)

From this, we define ¢, (j) to be a partial average of the firm’s real marginal cost:
the real marginal cost that firm j would incur without idiosyncratic demand shocks
and if called upon to produce the average quantity (i.e. if v, (j) = 0 and v, (j) = w),
but still with idiosyncratic supply shocks:

e )= (4 2+ 20 ) g ) (3.21)

Finally, we define m¢; as the (true) average real marginal cost. That is, the real
marginal cost a firm would incur if facing the average demand and experiencing
the average supply shock (i.e. if producing the average quantity of output and

experiencing no idiosyncratic shocks):

1 1+
me; = (77 + . + T”) y; + Bx, (3.22)

3.3.7 Information and the network structure

Households and the central bank are assumed to possess complete information,® so
that:

EFP (X, | =EM X, ]J=X, ,¥Vs>0

8 An arguably more plausible (and certainly more interesting) scenario would be to restrict the
household and central bank to less than complete information so that dynamics might arise from
their higher-order expectations of each others’ and firms’ beliefs. Exploration of such a setting is
held for future research.
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for any variable X;, and to update their beliefs rationally, so that:
EtCB [XtJrS] = EtHH [XtJrS] =EB [XtJrS‘Qt] Vs >1
where (2, is the set of all possible information available in period t.

Firms possess only incomplete information. We make an assumption of joint
rationality, in the sense of Nimark (2008), so that all firms know the structure and the
coefficients of the solution presented in section 3.3.9 below and firm j’s information

set evolves as:

ZU (]) = {F, G17G2’G377p’7y’5y70-12;/0-37q)} (323&)
Zi () ={Zt-1 (j) » 8: (4)} (3.23b)

with s; (j) being their set of public, private and social signals in period ¢.

For private signals, we will always maintain that firms observe their current-
period supply shock (w; (j)) and the quantity of goods they produced and sold in
the previous period (y;—1 (j)). For public signals, we will variously suppose that all
firms receive common, but imperfect, signals of the previous period’s price level and

real GDP.

In addition to these, we suppose that firms receive social signals by observing the
previous-period prices set by individual competitors across an observation network
characterised by link distribution ®. That is, s; (j) includes the set g;—1 (6;—1 (j)),
where 8;_4 (7) is firm j’s period-t draw from @, mapping them onto the index of a

subset of firms that reset their price in period t — 1.

For simplicity, the network is assumed to be effectively destroyed and redrawn
each period. It therefore satisfies assumption 1 of chapter 2: that the network is
opaque. The network is further assumed to be asymptotically irregular, in that the
distribution ® satisfies assumption 2 of chapter 2 so that, by proposition 2, we can

define a vector of network shocks as:

W, nilh i el
_|@ SUNSTES I
2y = {3}61& NN(())EZZ) zzz: Eii} Zi%} Eﬁ} (324&)
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where
| N
= Jim 3o | @) (3.24D)
B q
W= (1-(1-¢) %, (3.24¢)

and where (* = limy_, o Zfil ON (2)2 is the degree of irregularity in the network, with
¢* = 0 indicating an asymptotically uniform link distribution and ¢* = 1 indicating

a degenerate distribution.

The precise origin of the network (in this case, the origin of ®) is largely left
for future research and is here assumed to be exogenous. However, we do make two

points of note in this regard.

First, we observe that social optimality dictates that there be at least some de-
gree of irregularity in the network. When firms have incomplete information and
face strategic complementarities, there is an incentive for them to overcome the co-
ordination problem by all observing the same signal (i.e. have the distribution be
degenerate, with everybody observing the price of one particular firm with prob-
ability 1). However, doing so would maximise the variance of the network shocks
(which, recall, are aggregated idiosyncratic shocks). A social planner constrained to
only choosing the distribution ® would therefore face a trade-off.” A uniform dis-
tribution would minimise aggregate volatility and so raise welfare, but a degenerate
distribution would solve the price-coordination problem. Exactly how non-uniform
a distribution (i.e. how irregular a network) would be optimal would therefore be
determined by the strength of the strategic complementarity. A higher coefficient
against the average price in the individual firm’s optimal decision rule would make
the coordination problem more important and so result in a more asymmetric op-

timal distribution.

Second, we conjecture that the constrained social planner’s optimal distribution
will be a stable equilibrium. That is, conditional on all other firms drawing the iden-

tity of their observees from the distribution ®, it will be optimal for any individual

90f course, an unconstrained social planner would not face the informational or coordination
problems in the first place.
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firm to do the same. In appendix 3.B we provide a proof that this is true for a simple
setting where a continuum of firms set static (i.e. one-period) prices and decide on

the probabilities to assign to each of two potential observees.

3.3.8 Timing

Each period is divided into two phases, with the full gamut of innovations for the

period occurring as the period begins.

1. In phase one, firms observe their public and private signals and the previous-
period prices of a number of their competitors. Using this information, they

set their prices for the current period.

2. In phase two, the central bank and the representative household, both of whom
have full information, set the market-clearing interest rate and average nominal
wage. The household reveals the quantity demanded from each firm at the
given prices, firms discover their current-period marginal cost and produce the

goods. The household consumes the goods entirely.

The key point of this timing arrangement is to ensure that while firms receive
signals and know in advance that markets will clear, they cannot know exactly what
their marginal cost will be, even in the current period (because they do not know

what demand will be), when setting their prices.

3.3.9 Characterising the model solution

As per theorem 1 from chapter 2, the opaque nature of firms’ observation network im-
plies that their network learning problem will involve the simple-average expectation
(because of firms’ concern with the simple-average price) and a sequence of weighted
average expectations because of the irregularity and opacity of the network. The full

hierarchy of firms’ expectations regarding ax; will therefore be defined recursively as:
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E,[X/]
WE, [X)] (3.25)
{2} Et [X,]

s
I

and will follow an ARMA(1,1) process given by:
Xt = FXt_l + Glut + GQZt + Gget + G4Zt_1 (326)

On the demand side of the economy, we have the familiar linearised household Eular

equation (3.4) and the central bank’s policy function (3.15):
Yr = By [Yer1] — 0By [iy — Mg + 0 (ece — By [ecira])
it = Kyl + KBy [T + enn

where Fj [] is the full-information expectation formed by the representative house-

hold and the central bank. We combine these two to write simply
1

Yo =171 oty Ei [yerr — 0 (Fr — 1) (pe1 — po)] + pye (3.27a)
where p, is given by
, o
- -1 = A) 3.27b
) 1+<my<[0 10 1} [0 1 oo} (3.27b)

On the supply side of the economy, with firms free to adjust their prices in every
period, the linearised expression for their decision rule will be

1
1+en

where 71i¢; (j) is the real marginal cost faced by a firm with an idiosyncratic demand

pi () = B0 () [pt Sy <j>} (3.28)

shock of zero that is called upon to produce the average quantity of goods.

With firms observing w; () directly and defining x = <1 +1m7> <77 + % + %), we

show in the appendix that the aggregate price level may then be written as

SN vty +€ (1) B)
o et )0
k=0 +X m) (Yer1 + 0 (1 — k) Pre1)
(3.29a)

B 1
=114
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where

551—(1jm)(n+§+1ln><1;;%)u—mﬁ (3.29h)

which is to say that the aggregate price level is a function of the current period

average supply shock and the full hierarchy of average expectations regarding (a)
the current period average supply shock; (b) the next period’s aggregate demand;
and (c) the next period’s price level. Note that in order for the aggregate price to

be well defined, we require £ € (0,1) and that this requires r, < 1.1

The reduced-form solution

The solution may then be found by the method of undetermined coefficients. That
is, in addition to the law of motion for firms’ beliefs (3.26), we next posit (and verify)

reduced-form solutions of the following form:

Pe = Y, Xs (3.30a)
Yr = 1, Xi + 0,2 (3.30D)

and similarly suppose expressions for the real wage and hours worked as:

Wy — Py = Vo Xo + 02 (3.30c)

Note that current-period network shocks do not appear in the reduced-form expres-
sion for the price level because firms do not contemporaneously observe any signals
that rely upon them. Network shocks do appear in the expressions for all real vari-
ables, however, because of the assumptions that (a) the representative household and

central bank have full information; and (b) markets clear.

10Tf the central bank’s reaction function (3.15) were to also include a term in current inflation as
well (for example, iy = KyYi + Kno Tt + Kry By [Te41] + €pre) then the final term in the expression for £
would be (1 + kr, — Kr, ), therefore allowing a stronger response to expected next-period inflation.
We have not done so here in order to ensure that firms’ prices are not backward looking.
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In appendix 3.A.5, we confirm the reduced-form solution and derive the following

conditions under which it holds:

(xmi, +€B) S, .
' — [ Bs, [—€T) 7T,

x(I—(1 =& F(I—¢T)' 1) (3.31a)
1 -1
9, = 14+ oKy (v +0o (1= ra)7) Gs (3:31c)
11
Voo = (; + %) v, + [_1;—’7 -1 1 0} S, (3.31d)
A N e A
8 = (U + = ) 8 (3.31e)
Y= +n), =1+ |1 0 0 08, (3.31f)
o, =(1+mn)é, (3.31g)

In appendix 3.A.6, we characterise firms’ signal vectors in terms of the state
vector of interest and show that theorem 1 from the previous chapter applies, so

that the posited state law of motion (3.26) is indeed correct.

Determinacy of the solution

Given the assumptions that the central bank (a) does not respond to current inflation
and (b) responds to next-period inflations with a coefficient less than one, the reader
may be concerned about the determinacy of the model as, on the face of it, this
violates the Taylor Principle that monetary authorities respond by more than one-
for-one to inflation. However, it should be noted that the Taylor principle relates to

settings where firms have access to full information, which does not apply here.

Instead, uniqueness of the solution is established by, first, the method of undeter-

mined coefficients pinning down expressions for =,, v, and §, (so that p; and y, are
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linear functions of firms’ hierarchy of expectations and network shocks only) and,
second, the recursive projection of firms’ expectations onto the complete history of
their observables via a Kalman filter to pin down the law of motion for X; under
incomplete information (i.e. to demonstrate that X; is a function of fundamental

shocks only) in an extension of the methodology of Nimark (2008, 2011a).

Unlike the matrix decomposition methods of Blanchard and Kahn (1980) or Klein
(2000), the solution methodology here does not identify the range of parameters for
which a unique solution exists. In particular, the assumption that x, € (0,1) is
not a requirement for determinacy. It is instead a necessary condition for firms to
place decreasing weight on higher-order expectations so that the full solution may be
well approximated by simulating only a finite subset of X;. Indeed, for the baseline
parameterisation outlined below, convergence to a stable solution appears to require

values of k, > 0.5.

3.3.10 Finding the solution

Finding the true solution to the model requires working with expectations of infinite
order, which cannot be handled in practice. However, so long as £ (3.29b) lies between
zero and unity, the model places decreasing weight on higher order expectations
(a weight of & is applied to the average k-th order expectation), an arbitrarily
accurate approximation of the solution may be found by truncating firms’ expectation
hierarchy at an upper limit, £*, of the number of orders to include. Recall, from the
previous chapter, that the recursive nature of agents’ (here firms’) learning and the
AR process for the underlying state ensures that decreasing weight is also applied
to higher weighted average expectations, thus allowing us to also impose an upper

limit, p*, on the number of compound expectations to include.

For a given set of parameters and chosen values for £* and p*, the solution is
obtained by finding the fixed point of the system (3.26), (3.30) and (3.31).

In practice, given the size of state vector, X;, care must be taken to avoid the
numerical instability issues described in the previous chapter. Since the solution
here involves finding the simultaneous fixed points of three systems of equations —

the Kalman filter and the state law of motion from the previous chapter; and the
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macroeconomic coefficients detailed above — the root loop of the solution algorithm

must be expanded to:

repeat
Update the filter by one step, using equation (2.13)
Update the law of motion by one step, using equation (2.14)
Update the macroeconomic coefficients by one step, using equation (3.31)

until all three converge
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3.4 Simulation

Table 3.1 lists baseline parameters for the simulation presented below. Most values
should be uncontroversial, but a number of points bear highlighting. First, note
that each aggregate state variable (i.e. each element of x;) is assumed to follow an
independent AR(1) process, with interaction between them occurring only within
the broader model. Given the simplicity of the model, this is arguably too restrictive
an assumption — for example, a monetary policy shock (eps;) could plausibly affect
commodity prices which in the current model would appear as an aggregate shock
to marginal costs (e4,), implying that a realistic simulation should permit the two to
covary — but is nevertheless made in order to ensure that the firms’ learning problem

is as easy as possible and thus to avoid any bias to the strength of our results.

Parameter | Value | Description

A 0.6/, | The AR(1) transition matrix for the underlying state

P Iy The map from true aggregate shocks to the underlying state
Yuu Iy The variance-covariance matrix for true aggregate shocks
Yov 513 | The variance of idiosyncratic shocks

Ky 0.5 | The CB’s coefficient against current real GDP

Ko 0.5 | The CB’s coefficient against expected next-period inflation
€ 3 The own-price elasticity of demand

o 1/3 | The elasticity of intertemporal substitution

(0 1.5 | The Frisch elasticity of labour supply

n 0.5 | The elasticity of marginal cost (= %=, a = 0.333)

q 2 The number of competitors observed by each firm

¢* 0.2 | The degree of irregularity in firms’ observation network

(0 = uniform, 1 = degenerate)
13 0.743 | The relative importance of higher-order expectations

(implied by parameters above)

Table 3.1: Baseline parameterisation

Next, because we wish to focus on the relative effect of idiosyncratic shocks, we
normalise the variance of all true aggregate shocks to 1 and vary only the idiosyncratic

shock variance (with a baseline value of 5). The degree of irregularity in the firms’
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observation network, (*, represents a new concept in this paper and cannot be known
with any certainty. For our baseline, we set it to 0.2, which is the value that would
emerge from a power-law distribution with a shape parameter of v = 1.5. Note that
with these values, the implied variance of the aggregated idiosyncratic shocks, 19,

and {29, are 1.0 and 1.8 respectively.

Finally, as a baseline, we suppose that firms observe their private signals (i.e. their
current-period supply shock and their previous-period quantity demanded) and the

previous-period prices of two competitors, but no public signals.

In everything that follows, period 0 denotes the period immediately prior to any
shock occurring (the economy is invariably assumed to be in steady-state in period

0) and period 1 denotes the “on impact” period.

3.4.1 Responses to aggregate shocks
Baseline responses

Figures 3.1 to 3.4 plot impulse responses following shocks of one standard deviation

to each of the four underlying state variables under the baseline parameterisation.
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Figure 3.1: IRFs following a one s.d. shock to firms’ aggregate productivity

In each case, firms cannot be certain about the origin of the shock and sub-

sequently believe that a combination of all four aggregate shocks (and idiosyncratic
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shocks) have occurred. The impulse responses of macroeconomic variables are gener-
ally of the expected sign, although for the price level following a shock to the utility
of consumption, the supply-side effect (through the labour supply) dominates the

demand side effect (through the Eular equation), leading to a price decline.
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Figure 3.2: IRFs following a one s.d. shock to the utility of consumption

Note, too that firms’ beliefs respond on impact for the first three shocks, but with
a one period lag for the monetary policy shock. This is because the three shocks
with supply-side effects are observable immediately through firms’ marginal costs,
but the latter affects only demand, which firms do not observe at the time of setting

their prices.

The lag in observability of demand also explains why the magnitude of the re-
sponse of real GDP is so much larger than that for the price level following a monetary
policy shock. In contrast, for shocks to the three variables with supply-side effects,
the magnitude of price changes is greater than that for real GDP, reflecting the

immediacy of firms’ signals and their freedom to adjust their prices every period.

Varying the standard parameters of the system induces expected changes in the
impulse responses. Instead, we next focus on varying the three parameters that affect

firms’ network learning.
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Figure 3.3: IRFs following a one s.d. shock to the disutility of labour
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Figure 3.4: IRFs following a one s.d. monetary policy shock
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Figure 3.5: IRFs for various numbers of competitors observed
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Varying the number of competitors observed

Figure 3.5 shows impulse responses for real GDP and the price level following shocks
to aggregate productivity or monetary policy for a variety of numbers of competitors
observed. The addition of extra observees tightens all impulse responses for all
shocks, but has a marked effect in reducing the magnitude (but not the persistence)
of deviations of the price level from trend as individual firms are better able to form

estimates of the average price.

Varying the network irregularity
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Figure 3.6: IRFs for various degrees of network irregularity

Figure 3.6 plots the same impulse responses for a variety of values of (*. As with
increasing the number of competitors observed, making the observation network more
irregular tightens the IRF's slightly for the supply-side shock, but has its largest effect
in the IRF for the price level following a monetary policy shock. Differently to the
previous case, however, increasing (* not only lowers the magnitude of the deviation,
but lowers its persistence as well. This is because of the subsequent increased ability
of observations of competitors’ prices to act as a common signal, thereby representing

a herding device.

Varying the relative signal variance

Figure 3.7 plots the same impulse responses for different levels of variance in firms’

idiosyncratic shocks.
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Figure 3.7: IRFs for different levels of relative signal variance

3.4.2 Responses to network shocks

To say that the economy experiences a network shock, we mean that a full suite of
idiosyncratic shocks occur whose combined effect does not “wash out” in aggregate.
In the context of the current model, this means that the more prominent firms happen
to experience shocks in one direction (say, for example, a cost increase causing their
prices to go up) while more obscure firms experience shocks in the opposite direction.
On average across all firms, these shocks cancel out almost surely, but because the
firms note each others’ prices in an observation network that is irregular, a typical
firm is more likely to observe a competitor’s price rise than fall. From this, they
may conclude (a) that average costs have indeed gone up; or (b) that, at the least,
other businesses will believe that they have gone up. In either event, it becomes
rational for the typical firm to increase their own price too, even in the absence of

other signals suggesting such an action.

Baseline responses

Figures 3.8 to 3.10 plot impulse responses following shocks of one standard deviation
to each of the three innovations in {9, and the corresponding conditionally expected

value in the other network shocks under the baseline parameterisation.'*

In general, despite network shocks having the same variance as underlying state
shocks under the baseline parameterisation, their effects are roughly one order of

magnitude smaller and, while persistent, less so than for aggregate shocks. This

HRecall that corollary 2 following proposition 2 in the previous chapter gives us that
E [{q}gt | {1y, = a] =a Vg > 2.
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latter point is not surprising given that idiosyncratic shocks are purely transitory, so
that all persistence demonstrated here derives from real rigidities evoked from firms’

learning and herding behaviour.
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Figure 3.8: IRFs following a one s.d. shock to v4,

For idiosyncratic shocks to prominent firms’ productivity, the direction of devi-
ations for real GDP and the price level are the same as for an aggregate productiv-
ity shock, but since aggregate productivity does not actually increase, this is only
achieved through a temporary boost in the demand for labour by firms. This is
because the average firm does not experience any change in their productivity, but
having seen price falls at their competitors, believes that average productivity has
increased. Concluding that average prices will fall with the productivity rise, firms
then lower their individual prices (making their beliefs self-fulfilling). The lower
price level prompts greater demand and, without any actual increase in average

productivity, this is met through an increased demand for labour.

Idiosyncratic shocks to prominent firms’ wage bargaining have almost identical,
but inverse, effects as for idiosyncratic productivity shocks, as because both are
visible to firms only through their observation of the combined supply-side shock.
Firms’ inability to fully differentiate between the two explains why expectations of

both aggregate productivity and aggregate labour-supply shocks move in response.
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Figure 3.10: IRFs following a one s.d. shock to vy,

128
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Interestingly, real GDP falls following a positive demand shock among more vis-

ible firms. The mistaken perception of extra aggregate demand causes firms to raise

their prices in anticipation and this actually causes demand to fall.

Varying the number of competitors observed
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Figure 3.11: IRF's for various numbers of competitors observed

Figure 3.11 shows impulse responses for real GDP and the price level following
shocks to prominent firms’ productivity and demand for a variety of numbers of
competitors observed. When firms observe no competitors’ prices, there is no effect
on aggregate variables, but as the number of observed competitors increases, the

magnitude of the aggregate response correspondingly rises.

Varying the network irregularity
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Figure 3.12: IRF's for various degrees of network irregularity

Figure 3.12 shows impulse responses for real GDP and the price level following
shocks to prominent firms’ productivity and demand for a variety of values of (*.
For more irregular networks, observed prices are more concentrated among the more

prominent firms, meaning that they serve as a better coordination device for herding.
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This leads to a subsequent increase in the magnitude of aggregate deviations from

trend following a network shock.

Varying the relative signal variance
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(a) Following a one s.d. shock to U4 ¢ (b) Following a one s.d. shock to vy

Figure 3.13: IRF's for different levels of relative signal variance

Figure 3.13 shows impulse responses for real GDP and the price level following
shocks to prominent firms’ productivity and demand for different levels of variance
in firms’ idiosyncratic shocks. Although the variance of network shocks is increasing
in the variance of firms’ idiosyncratic shocks, the increase in aggregate response is
much more muted than for increases in network irregularity. This is because as firms’
idiosyncratic variance increases, the informational value of individual firms’ prices

decreases, creating an offsetting effect.

3.4.3 Trade-offs in volatility

Figures 3.5 and 3.11 make clear that under the baseline parameterisation, there is a
trade-off in aggregate volatility involved in firms increasing the number of competit-
ors they observe. With no competitors observed, there are no network shocks and so
no volatility from this source, but the magnitude of deviations following aggregate
shocks — particularly monetary shocks — is correspondingly higher. To illustrate this
trade-off, figure 3.14 plots the distribution of impulse responses that would occur
following each of the four aggregate shocks for various numbers of competitors ob-
served if network shocks are free to occur while aggregate shocks are held to their
expected paths. Dotted lines represent 2 s.d. bands for the distribution of impulse

responses that would occur, conditional on the given path for the four aggregate
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3.4. Simulation

shocks.'? Increasing the number of competitors observed leads to a clear increase
in volatility attributable to network shocks. In some cases, this may be enough to
swamp the aggregate effects of the shock to the underlying state (although note that
the IRFs shown here are for 1 s.d. shocks to underlying state variables, while the

dashed lines represent 2 s.d. bands for the effects of network shocks).

Another way of exploring this is to perform a variance decomposition. Table 3.2
shows the share of unconditional variance in Real GDP and the Price Level that can
be attributed to network shocks under the baseline parameterisation for different
numbers of competitors observed and different degrees of asymmetry in the network.

Although the share is quite low for real GDP, between 1% and 2% of unconditional

q\¢*|0] 01 | 02] 03] 04 q\¢*|0] 01| 02] 03] 04
0 0 0 0 0 0 0 0 0 0 0 0
1 0] 0.01]0.01]0.02]0.03 1 01]0.020.05|0.08]0.11
2 01]0.03|0.06|0.10 | 0.14 2 01]0.080.210.35]0.51
3 01]0.06|0.150.24 | 0.32 3 01019050 | 0.8 | 1.22
4 01]0.12 | 0.30 | 0.46 | 0.61 4 01037099 | 1.67 | 2.36
(a) Real GDP (b) Price Level

Table 3.2: Share of unconditional variance attributable to network shocks (%)

volatility in the aggregate price level may be attributable to network shocks under
the baseline parameterisation, even for quite low numbers of competitors observed.
This is still relatively low, and so indicates that network shocks may be best described
as explaining noise around deviations due to aggregate shocks. However, the share
of volatility attributable to network shocks does increase notably as the number of
observees or the degree of network irregularity increases. For ¢ = 4 and (* = 0.5,

network shocks contribute 3% of unconditional volatility in the price level.

12That is, were a researcher to simulate the economy described here by giving a persistent shock
to one of the underlying aggregate state variables, holding all other aggregate state variables to
zero and having a full gamut of idiosyncratic shocks occur in every period, the subsequent impulse
responses would fall within the dashed lines 95% of the time.
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3.5 Conclusion

This chapter has argued that firms set their prices while operating in an observation
network, making use of competitors’ prices to learn about the aggregate state of
the economy. That firms operate in a network and that they do so in a model of
imperfect common knowledge is motivated by the observation that when surveyed,
a large fraction of firms across North America and Europe admit to looking to other
firms in deciding both the timing and the magnitude of price changes and do so out

of a desire to coordinate pricing changes with competitors.

When the observation network between firms is asymptotically irregular and the
network is opaque, the results of chapter 2 apply, so that the effects of firms’ mean
zero idiosyncratic shocks do not “wash out” with aggregation. Instead, firms’ hier-
archy of average expectations will follow an ARMA(1,1) process with current and
lagged network shocks (weighted sums of firms’ idiosyncratic shocks) entering at
an aggregate level. The recursive nature of agents’ learning then implies that the
aggregate effects of idiosyncratic shocks will be persistent, despite the individual
agents’ shocks being entirely transitory, with this persistence increasing in the de-
gree of strategic complementarity, the asymmetry of the network and the persistence

of any aggregate shocks.

These persistent aggregate effects therefore represent a network learning-based
microfoundation for cost-push shocks, with the aggregate price level able to persist-
ently deviate from it’s long-run trend despite (a) the absence of any aggregate shocks
to the economy; (b) firms being free to adjust their prices every period; and (c) net-
work (i.e. idiosyncratic) shocks being purely transitory. Because firms may choose
to observe the prices of other firms with whom they are are not direct competitors,
this also represents a novel transmission mechanism for inflation across industries or

geographies independent of it’s path along production chains.

In contrast to the common assumption that idiosyncratic shocks cancel out in
aggregation, the emergence of aggregate-level price changes based on short-lived
idiosyncratic shocks is consistent with evidence garnered from a variety of observed
panels of micro price changes. The level of aggregate volatility induced through

network learning is increasing in the number of competitors observed, the asymmetry
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3.5. Conclusion

of the network and the relative variance of idiosyncratic shocks.

This model clearly calls for future work to estimate the parameters of the model
— particularly ¢, ¢* and ¢2/02. While the obvious choice in this would be to pursue
data on a panel of firms, the differential responses of aggregate variables predicted
here following aggregate and idiosyncratic shocks may permit such an estimation
even in the absence of individual firm data. The implications for optimal monetary
policy are a second area of research that warrants further work. Just as previous
work has suggested that monetary authorities focus their attention on the “stickiest”
prices, it may also be necessary to focus on the most visible prices in the economy.
Finally, further research into the origins of firms’ observation networks would seem

a fruitful area for exploration.
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Appendix 3.A Derivation

This appendix provides a full derivation of the model of dynamic price setting with
network learning presented in the text. We suppose that in steady state there are no
shocks; technology and real output are constant; prices are constant; and all firms

make the same decisions:

Y, (j)=Y*
A (j) = A%
I, =1I**=1
Wi ]) = Wtsjs =W

( .
Gt (]) — GSS — PSS
MCy (j) = MC*
Qt+s\t = QSS =1

We normalise P** = 1 and denote lower-case letters as log-deviations from the steady-
state (e.g. x; = In(X;) — In (X*)).

3.A.1 The household and central bank

The derivation of the representative household’s optimality conditions is entirely

standard and therefore omitted.

Substituting the market-clearing requirements (3.12) into the household’s Euler
equation gives:
_1 HH -1 1
€GCtY;5 o — ﬁ(l +Zt) Et |:€60t+1Y't+1a _:|
I
and linearising this gives:

Yy = Ef[H Wer1] — UEtHH [it — Teq1] + o (ECt - E{{H [ECt+1])

Noting that the household and the central bank both have full information, we can

therefore write:

Y = Ey [Yyp1] — 0 (iy — By [m41]) + 0 (ot — Ey [ecit1])

it = Kyl + ke By [T + enne
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3.A. Derivation

Combining these two then gives a linearised expression for aggregate demand in the
economy:

1
1+ ok,

Yt Ei [y + 0 (b = 1) (prr1 — pe)] + lemt

with pu, given by

= (o 0 ] 1o i)

which is equation (3.27) in the main text.

3.A.2 The market-clearing (average) wage

The idiosyncratic nominal wage faced by firm j in period t is given by:

wy () = Wi + Ve (J) (3.32)

where vy, (7) is a transitory, mean zero shock and w; is the market-clearing nominal
wage. To find this, we will substitute the aggregate demand for labour into the
household’s labour supply curve. We start by substituting the individual firm’s

production function (3.7) into the labour market clearing condition (3.12) to obtain:

n- [ ()

Further substituting in the firm’s demand function (3.5) gives:

1+n

(PtT(J)) Yo
t

Ay (7)

Ht - dj

P (i) =t ‘
= Y;H—n/ A, (j)f(lm) (%) e—(1+n)vy,t(3)dj
t

[\ J/

-~

EZt_(1+n)
Rearranging (recall that 14 n = ﬁ), we arrive at:

Yt — Zthl—oc
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which is equation (3.13) in the text. Substituting this into the household’s labour
supply FOC gives:
W, 114 lin
Ftt = eEHt7€Ct}/;<7+ P Zt P
Linearising this gives:
1 1+n I+n
Wy —=pr =\ -+t —— ¥ — 2 — €ct t €t
o (4

While the aggregate TFP (3.14) linearises as:

—(1+n)zt=/—(1+n)(at(1’)+vy,t(i))—8(1+n)(pt(j)—pt)dj

But since p; = [ p; (j) dj in a linear approximation and [ v, () dj = 0 by definition,

this is just:

2y = /at (])d] = €At

so that the equilibrium real wage in period ¢ is given by:

1 1+ 1+
Wy — Py = (; + 7”) Yt — " nEAt —€ot + €mt (3.33)

For reference, recall that o is the elasticity of intertemporal substitution, v is the

Frisch elasticity of labour supply and 7 is the elasticity of marginal cost.

3.A.3 Firms’ marginal costs

Linearising the firm’s marginal cost (3.9) and demand (3.5) gives:

meg (7) = wy (5) — pe + 1y (5) — (L +n) ay (5) (3.34)
Ye (3) = ye vy () — € (pe (4) — pe) (3.35)

Substituting the latter of these into the former gives:
mee (§) = (we (7) = pe) + 0y + 1m0y (5) — e (pe () — pe) = (1 +n) ar (4)

Substituting in (3.32) and (3.33) for j’s real wage, we then obtain:

mer )= (04 2+ ) gt e )= ) )+ () (330
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where w; (7) is the combined supply shock for firm j in period ¢, defined as:

we () = Bzy + Quy (7) (3.37a)
B:[ (1+7) (1+%) 11 o} (3.37h)
Q=|-@+n 1 9 (3.37¢)

Next, we define ¢, (j) to be a partial average of the firm’s real marginal cost:
the real marginal cost that firm j would incur without idiosyncratic demand shocks
and if called upon to produce the average quantity (i.e. if v, (j) = 0 and v, (j) = w),
but still with idiosyncratic supply shocks:

mee (7) = (we (5) — pe) +nye — (1 +n) ar (4)

1 1
= (n - %) Y +wy () (3.38)

Finally, we define mc, as the (true) average real marginal cost. That is, the
real marginal cost a firm would incur if facing the average demand and experiencing
the average supply shock (i.e. if producing the average quantity of output and

experiencing no idiosyncratic shocks):

mc; = (wt —Pt) + Nyt — <1+77) €AL

1 1+
= (77+ st 77) y: + Bz (3.39)
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3.A.4 Firms’ price-setting under static pricing

When all firms are free to adjust their prices every period, prices will be expressed

as a simple markup over their expected nominal marginal costs:

€

A = (57) B G IR MG )

Linearising this then gives the simple:

pe (J) = B4 (§) [pe +mee (7))

Substituting in equation (3.36) and gathering like terms then gives:

) = B ) |+ e G )+ 10,0 )

_E() [pt b it <j>} (3.40)

where 7i¢; (7) is defined in equation (3.38) above and the second equality makes use
of the fact that v, (j) is an entirely transitory shock and firms do not discover their

demand until after setting their prices.

We next define y = <1 +167I> <77 + % + 1%”) and obtain the aggregate price level

by taking the simple average of (3.40):

p=Eubtd+ (1) [ B0 0)

With our assumption that firms always observe w; () directly, this becomes:

~ | 1
po= B ot x (1 Bl + 0 (1= ) Gra =] 4 )| + (1) B

1+ oKy 1+en

=FE, {X (1 +1a/<ey (Wer1 + 0 (1 = Kr) pee1) + H;$t>] + ( ) Bz, + £E, [p)]

1+en

where

B 1 1 147 1
e=1- () (52 (g e
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Substituting this back into itself then eventually yields:

o chga(h) 1 — 1 /
Y kz:%f t [<1+577) x; + t[x(lery (yt+1+0( K )pt+1)+uymt)H

1 < (XM' +¢ (4) B) x,
L
ten k=0 X\ 5o, (Ye+1 + 0 (1 = Kx) Prea)

which is equation (3.29a) in the main text.

140



3.A. Derivation

3.A.5 Solving the model under static pricing, part 1:

Coefficients for aggregate variables

We have the following conjectured solution to the model:

Xy =FXi 1+ Grug + Gazy + Gz + Guey
Pt = ’7,/)Xt
Yr = Y, Xt + 8,2
Wy — py = Vo Xi + 0,2
hy = 4, X + 83,2

and here confirm this structure by deriving expressions for the -, and &, coefficients.
Firms’ signal extraction problem and the law of motion for X, are addressed below

in section 3.A.6.

Real GDP

Starting with the linearised expression for aggregate demand (3.27) and making use

of the conjectured solution, we have:

1 /
Y =7 Fon, Ei [y + 0 (1 = Kx) (Pes1 — pe)] +
= 1x O'/iyEt [y X1+ 0 (1= k) (9 Xep1 — 2, X0) ] + py2

We next note that since the household and central bank have full information, their

expectation of the next-period state will be given by:
Ey [ Xi] = FX, + Gszy

Making use of this, we can then write:

1
= T on, (v (FX¢ + Gaze) + 0 (1= kix) (v, (F Xy + Gazi) — 7, X3)) + pya
1
=<l S, + V'F—i—a(l—/@r)v'(}?’—])}Xt
{ Y 1"‘0‘/€y( v P )
+{1+<my (7;+0(1_“W)7§)G3}Zt
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which is to say that

¥y = My Sy + (vF +0 (1= k), (F—1))

4! !

yzl—i-o/-@y

1+oky

(')/; +o(1—r:)7,)Gs

Gathering the terms in -, then gives

o 1 -
v, = (u;ijL T o, (1—/{W)71’)(F—I)> <I— 1+m€yF>

Hours and the real wage

Starting with the expression for the equilibrium real wage (3.33) and substituting in

the conjectured solution, we have

1 1+

or, gathering terms,

1 1+
wt_pt:{(;+70)’y;+|:—% -1 1 O}Sx}Xt

1 1+n
(o) o

from which we can immediately read that

1 1+n
r_ - / 1+ o
'rw—(0+—¢ >~yy+[ o101 O}Sx

SR LAY
6“‘(0* v >5y

Linearising the aggregate production function (3.13) and making use of the fact that

2 = €4 (shown above) then gives us
he = (1+1) (ye — €at)
= (147 (vXi+8,z) — (1+n) [1 00 o] z,
so that
Yo =1+n)v,—(1+n) [1 0 0 0} Sz
& = (1+m)9,
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The aggregate price level

Substituting the conjectured solution into the expression for the aggregate price level
(3.29a), we obtain

X 10my ) (VX1 + 0,2141)

X 1+<1my 0 (1= kx) 7 Xer

D= BSxXt + ZSkE£k+1)

k=0

Next, noting that firms have no knowledge of the current-period or future network
shocks

Et (]) [Zt+5] =0Vs 2 0
we consequently have that
Ey (j) [Xe] = FE (j) [Xi] V5

and, as such, the aggregate price level is given by

(xm, +€B) S. X,
+X 1+¢1my Y F' X
X (1o ) 0 (L= kr) v F X,

k+1)

pe=BS. X, + Y ¢'E,

k=0

T+ory
(xp, +€B) S, .
= BS, X, + | X (i7em; ) Vo F SB[
+X 1+}my o (1= fin) M F =

Noting that Jop [X,] = T*X;,, this becomes

(xw, +£B) Se
Pt = BSx + +X 1+(1J'Hy 7;/F (I - gTs)il Ts Xt

+X 1+:}ny 0 (1= kx) Wl

from which we can immediately read that

(xm, +EB) Sy
7;,7 = BS:E + +X 1+3fny ’VZ,IIF (I - STS)_l TS

+X 1+3my 0 (1= kr) Y, F
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3.A. Derivation

Finally, we gather the terms in -, to arrive at
Xty +EB) Sy _
v, = | BS, + (e ) ) R O AS
+X <1+a/@y> 7yF
< (I— (1€ F(I-¢T) ' 1)

-1
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3.A. Derivation

3.A.6 Solving the model under static pricing, part 2:

Firms’ learning and the evolution of X,

In order to characterise the law of motion for the hierarchy of firms’ expectations,
we need to first derive expressions for the signals they receive. We here step through

these in order before moving onto the firms’ signal extraction problem.

The (current period) combined supply shock

From equation (3.37), firm j’s combined supply shock is given by:

wt (§) = By + Quy (j)
B:[—(1+n)<1+i> 11 0}

Qz[—(1+n) 1 o}

where

Uyt (])

The (previous period) quantity demanded

Recall that firm j’s linearised demand function (3.35) is given by:

Yo (3) = ve vy (G) =€ (e (G) — 1)

Since firm 7 must have known their own price with certainty, news from the previous

period’s quantity demanded must come in the form:

Y1 (J) +epim1 (J) = Y1 + g1 (J) + €D

Making use of the posited solution and gathering like terms then gives:

Yio1 (4) +eper () = (v, +e7)) Xom1 + 0,201 + [O 0 1] vi_1 (7)
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3.A. Derivation

The (previous period) prices set by individual competitors

From equation (3.40), note that firm j’s pricing decision is given by:

1
1+en

) = B0 [+ i )

and their partial average marginal cost (3.38) by:

1 1
e ) = (4 2+ 20 )y )

Making use of the posited solution and gathering like terms, we can therefore write

the pricing rule as:

pe(J) = Nz + XoEy (7) [Xo] + Agvi () (3.41)
where
1
Al = B’ 3.42
17 +en ( 2)
A2 =7 + XYy (3.42b)
1
A3 = ! 3.42
P+ an (3.42c)

Recall that it will be necessary to step this back one period in order to consider firm

i in period ¢ observing g; 1 (j) where j = &;_1 (4).
If we take the simple average of equation (3.41), we get:

————
:71;
This represents an alternative way of deriving the =, vector and so is a handy way

of confirming the logic of the previous section.

Firms’ signal extraction problem

Given the posited solution, we therefore have that agents observe the following

private signal:

sy (1) = [y (z)wi(z“)p (Z)] = Dyxy + Dy Xy 1 + Ryv (i) + Roziq
t—1 t—1
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3.A. Derivation

“elo vl ol

These, and the expression for individual firms’ prices (3.41), are in format used in

B
0

0

Dl - / /
T+

DQI

theorem 1 of chapter 2 and since the model here also satisfies assumptions 1 and
2 of the same chapter, theorem 1 therefore holds. In aggregate, the hierarchy of

expectations will therefore follow the law of motion:

Iy

~

o~
s

= FXt_l + Glut + GQZt + G3zt—1

s
Il
y

~
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3.B. An irregular network is a stable equilibrium

Appendix 3.B An irregular network is a stable
equilibrium

In this appendix we demonstrate a first step towards proving the conjecture that
an irregular observation network among price-setting firms is a stable equilibrium.
Looking at a simplified setting where a continuum of firms each decides on an ez-
ante probability with which they will observe each of just two candidates, (A)nne or
(B)ill, we show that symmetric mixed strategies (i.e. everyone assigning the same

probability to A) will be an equilibrium. To begin, we first define
a; = Pr(Agent i observes A)

Given a common payoff function, 7 (a;,a_;), where a_; represents the a’s of all

agents except agent ¢, we wish to consider the problem in which agents solve
max 7 (qy, a_;) subject to a_; =@
a;
for some value @ € (0,1). It’ll therefore be an equilibrium if

m (@, @) =0

So, what is 7 (a;, «_;)? We take a very simple example with just static pricing. The

optimal price for firm i is

p; (1) = pr + XU

where p is the average price, y is real GDP and y is an inverse measure of strategic

complementarity. The economy is cash-in-advance so that
my = Yi + P

and so
pr (1) = (1 = X) pe + xmu

Note that y = 0 corresponds to complete strategic complementarity, while y = 1

corresponds to no strategic complementarity at all. Not observing either of the
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3.B. An irregular network is a stable equilibrium

elements on the right hand side, agent 7 instead chooses to minimise the expected

square of their deviation from this optimum

1

_§Et (4) [(Pt (i) — oy (Z))2]

and so sets

pe (i) = E; (i) [pr ()]

Selecting a; then amounts to choosing what value of o; will provide the best estimate
of p} (i) in the sense of minimising the mean (i.e. expected) square error.

(00 = 5B [(B () p; ()] ~ 1 (1))

Substituting in our expression for i’s optimal price gives

(00, ) = 32 [((1 = X) {5 () [pd = p} + X LB 0) ] — mi})?)

Since we have a continuum of agents, agent i’s contribution to the average price can

be ignored. Suppose that the price chosen by firm j when observing A is given by

pe (3, A) = 0pe (A) +e: (5)

where p (A) is the price set by firm A and E'[e; (7)] = 0 ¥j,¢. This last requirement
will hold when both firm j and firm A receive unbiased and independent signals
regarding m,; and m, has an unconditional expectation of zero. The equivalent setting

applies for when j observes B. Then the average price will be given by
pe = @dp; (A) + (1 — @) op: (B)
Now consider agent ¢’s expectation conditional on observing A:
Epi|pe (A)] = adp, (A) + (1 = @) 6E [py (B) [p (A)]
=adp; (A) + (1 — @) ops (A)

where the second equality assumes that the prices of A and B are unbiased signals

of each other. Agent ¢’s payoff is then

Ly { o (9 (A4) + 0 () + (1= ) (9p1 (B) + e (0)] } 2
T (0, @) = _§E =6 [ap: (A) + (1 — @) p; (B)]
+x { B (4) [my] —my}
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3.B. An irregular network is a stable equilibrium

Supposing still further that an observation of A and an observation of B are equally
useful in improving agent i’s estimate of m;, we can then see that agent ¢’s first order

condition in their selection of «; is given by

1-y) { [0 (01 (A) €0 (i) + (1 = ) (31 (B) + 0 (3))] }
—E 8 [ape (A) + (1) p (B)] (69p: (A) = 3pi (B)) = 0
+x {E¢ (2) [mu] — me}

which simplifies down to

o _X){ a; (9 (A) + e (1)) }

+ (1 — o) (dpe (B) + €4 (1)) — adp: (A) — (1 — @) op: (B) =0
+x L (2) [ma] —me}
On average, agent i’s expectation of m; will be correct (E [E; (i) [my]] = my) so this

just becomes
E[{ai (0p (A) + e (i) + (1 — i) (0pe (B) + €4 (1)) —ape (A) — (1 = @) pe (B)}] = 0
Since the unconditional expectation of e, (i) is zero, this collapses to
o =«

as required!
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Chapter 4

Price-setting under asymmetric
TransLog preferences and incomplete

information

Abstract

I explore firms’ optimal price-setting behaviour when facing TransLog house-
hold preferences. I first solve explicitly for a firm’s best-response pricing rule
under full information, including an endogenous market-exit condition, and
next show that in partial equilibrium under incomplete information, larger
firms will focus more on movements in marginal cost while smaller firms will
place more weight on changes in consumer preferences and competitors’ prices.
In general equilibrium, I characterise and estimate the effect of two distinct
sources of real rigidity that emerge from TransLog preferences: first, the well-
known curvature in demand and, second, the dramatic increase in complexity
of firms’ signal-extraction problems. Because household preferences are not
fully uniform, the model also represents a channel through which firms’ trans-

itory idiosyncratic shocks can result in persistent aggregate volatility.

4.1 Introduction

Many — indeed, the vast majority of — macroeconomic models that employ monopol-
istic competition make use of the Dixit and Stiglitz (1977) aggregator for a repres-
entative household’s preferences across individual consumption goods. This choice

is motivated by both the analytical ease with which it is deployed and the paucity
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4.1. Introduction

of controlling parameters, which aids in estimation. However, the Dixit-Stiglitz ag-
gregator produces demand functions with constant (and, for the simplest and most
common case, common) elasticities of demand for every good and, consequently,

constant optimal mark-ups over marginal costs in firms’ price-setting decisions.

This then imposes that each firm’s consideration of other firms’ prices comes
only through consideration of its own nominal marginal costs. Strategic comple-
mentarity is therefore limited to only emerging through nominal input prices (such
as wages) and the effect of aggregate demand on real marginal costs. True Bertrand

competition is effectively assumed away.

That firms’ mark-ups vary over time is a well-established fact, however. Standard
practice in the literature has therefore been to suppose that mark-ups are subject
to exogenous and persistent shocks,! an approach that seems odd given the explicit

assumption (via the choice of the Dixit-Stiglitz aggregator) that they are constant.

This paper illustrates that by adopting a more realistic model of household de-
mand, two important sources of real rigidity in price adjustment emerge, even when
firms possess full and costless flexibility in their price setting. First, as initially ex-
plored by Kimball (1995), allowing firms’ demand schedules to be curved (in log-log
space) ensures that even when firms possess full information, an increase in their
marginal costs will not be fully passed through to their prices because of considera-
tion for the concomitant loss of demand. In other words, each firm’s price setting rule
involves taking an opinion on both its likely marginal cost and its optimal mark-up.
Second, the inclusion of strategic complementarity through true price competition
(i.e. the need to select its mark-up) poses each firm a dramatically more complex

signal extraction problem when operating under incomplete information.

In particular, we here look at optimal price-setting for monopolistically compet-
itive firms facing non-uniform TransLog preferences (a special case of the Almost
Ideal Demand setting of Deaton and Muellbauer, 1980). Work by Bergin and Feen-
stra (2000) has previously looked at TransLog preferences as a means of achieving
endogenous persistence following aggregate shocks. By working with a specific, para-
meterised model, they are able to avoid the Chari, Kehoe, and McGrattan (2000)

1See, for example, Smets and Wouters (2003).
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4.1. Introduction

criticism that the generalised Kimball (1995) aggregator permits arbitrarily strong
curvature in demand. However, Bergin and Feenstra limit their attention to full
uniformity in household preferences across goods and still require nominal rigidity?
to achieve any persistence following a monetary shock. Given the recent challenges
to nominal rigidity in individual prices, both from theoretical and empirical grounds
(see chapter 1 for more detail), there is a need to explore sources of real rigidity that

do not rely on individual price stickiness.

In contrast, the current chapter permits non-uniformity in household preferences
across goods. We first consider firms’ price-setting problem under full information.
We derive an explicit, non-linear expression for each firm’s price as a function of its
marginal cost and the prices of its competitors® and demonstrate the existence of a

unique Nash equilibrium in prices and an endogenous market exit condition.

In a linearised, partial equilibrium setting under uncertainty, we demonstrate
(a) that in addition to needing to form an expectation of the aggregate price level
in order to estimate its marginal cost, each firm must also estimate a firm-specific
weighted-average of its competitors’ prices in order to account for price competition;
and (b) that larger firms will place relatively more weight on their marginal cost,
while smaller firms will focus primarily on their competitors’ prices and transitory

shifts in the distribution of consumer demand.

In general equilibrium under uncertainty, full non-uniformity in preferences is un-
fortunately intractable, so we instead impose a setting of near-uniformity in steady-
state preferences, wherein firms’ steady-state mark-ups and shares of household ex-
penditure are the same, but their prices and marginal costs are not. In other words,
we allow for the existence of low-price, high-volume businesses alongside high-price,

low-volume businesses in steady state.

In this setting, despite firms having full price-setting flexibility and access to

public signals of aggregate variables, significant persistence in aggregate variables

2They suppose that firms operate under staggered contracts, with each firm’s price fixed for
two periods and half of all firms able to adjust in each period.

3Note that while a firm’s price still equals a mark-up over its marginal cost, this only implicitly
identifies its price under systems with curved demand since a price change will also affect its market
share and, hence, its optimal mark-up.
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4.1. Introduction

emerges following shocks to both productivity and monetary policy. Finally, be-
cause of the non-uniformity in household preferences, the model presents a mech-
anism through which transitory idiosyncratic shocks cause persistent movements in
aggregate variables. Using a parameterisation based on the distribution of firm sizes
in the United States, we tentatively estimate that as much as 5% of observed volat-

ility in the aggregate price level may be attributable to idiosyncratic factors.

This work therefore adds to existing literature of Gabaix (2011), Acemoglu,
Carvalho, Ozdaglar, and Tahbaz-Saleh (2012) and chapter 3 of this thesis in identi-

fying an idiosyncratic source of aggregate volatility.

Methodologically, this chapter (like chapter 2) adapts and extends the techniques
developed by Nimark (2008, 2011b) for finding the solution of incomplete information
problems with strategic interaction when agents observe lagged signals of aggregate
variables. As with chapter 2, the model here requires that agents consider multiple
compound expectations (a simple-average and a weighted-average), but unlike that
chapter, there is no requirement here to truncate the number of expectations in the
agents’ state vector of interest. That is, we here emerge with exactly two aggregated

expectations of interest.

The remainder of this chapter is structured as follows. Section 4.2 provides a brief
overview of TransLog preferences and the Almost Ideal Demand System. Section
4.3 next outlines the broader model of household and central bank behaviour and
discusses the information available to each agent. Section 4.4 solves the price-setting
problem under full information and illustrates the magnitude by which curvature
of the demand curve can affect price changes. Section 4.5 then considers the firms’
problem under incomplete information, both in general for partial equilibrium and
with near-uniformity in preferences for general equilibrium. Section 4.6 illustrates
these general equilibrium results by presenting a series of simulations following both

aggregate and idiosyncratic shocks before section 4.7 concludes.
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4.2. TransLog preferences and the Almost Ideal Demand System

4.2 'TransLog preferences and the Almost Ideal
Demand System

This section presents a brief overview of TransLog preferences and the Almost Ideal
Demand System (AIDS). Readers already familiar with these systems of demand

may skip immediately to the model in section 4.3 below.

The Almost Ideal Demand System was originally devised by Deaton and Muell-
bauer (1980) as an empirical tool to permit the estimation of a generalised system
of demand. It is consistent with standard theory of consumer optimisation and, by
satisfying the conditions laid out by Muellbauer (1975, 1976), it aggregates exactly
and so admits a representative consumer. Transcendental Logarithm (TransLog)
preferences were developed earlier by Christensen, Jorgenson, and Tau (1975) and
are nested entirely within the Almost Ideal setting. We shall therefore present a brief
overview of the Almost Ideal framework first before then discussing the additional

restrictions required to obtain TransLog preferences.

4.2.1 The Almost Ideal Demand System

The Almost Ideal Demand System is itself based on the PIGLOG (price-independent,
generalised, linear-in-logarithms) model of consumer preferences, in which individual

preferences are described via the expenditure function:

Infe(u, P)] = (1 —u)lnfa(P)] +uln[b(P)] (4.1)

4

where P is a vector of all prices and, with some exceptions,* u varies from 0 (sub-

sistence) to 1 (bliss). The AIDS model then proposes particular functional forms for
In[a (P)] and In [b (P)], namely:

i

In[a (P)] = ag + Z a (i) In (P (i) + % > Z%’; In(P () In(P(5) (4.2a)

In[b (P)] = In[a (P)] + Bo H P (i)" (4.2b)

4See the appendix of Deaton and Muellbauer (1980) for more detail.
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4.2. TransLog preferences and the Almost Ideal Demand System

so that the expenditure function (4.1) becomes:
In [e (u, P)] = o + Z a (i) In (P (i))
D) SEANCIONTVIHERTEN | FGRNCE)

Under this specification, the Marshallian (i.e. uncompensated) demand function

for good 1, expressed as a share of total nominal expenditure, is:

W s(0) = (i) + Dy (P (3)) + filn (%) (44)

where v, = 3 (5, + 7). NV is income (and total nominal expenditure) and P is the

aggregate price index, defined as:

n(P) =g+ Y al@n(P@) +5 3 Y uh(POWPG)  (45)

The following restrictions are then added for the system to comply with standard

consumer theory:

J

J J
da@@)=1,) v =0%and Y B =0 (4.6)
=1 =1

=1

for adding up (i.e. to ensure that > s (i) = 1);

J
S iy =0Vi (4.7)
j=1

to ensure that demand functions are homogeneous of degree zero (and the expendit-

ure function homogenous of degree one); and
Vij = Vji Vi J (4.8)
to ensure the symmetry of the substitution matrix.

The following set of elasticities of demand may then be derived from equation

(4.4). Assuming that total nominal expenditure (i.e. income) does not change with

156



4.2. TransLog preferences and the Almost Ideal Demand System

movements in individual prices and conditional on the prices of all other goods, the

(positive) own-price elasticity of demand for good i is:

B ‘EﬂnQ(i)
~ [0Iln P (i)
Olns (i)

Ol P (i)
! Yii — Bi (a (1) + > ki In (P (@))] , (4.9)

-1
the cross-price elasticity of demand for good ¢ following a change in the price of good

0

=1

s (1)

7 is:
Eij = ﬁ [%‘j — B (a (j) + Z%j In (P(k)))] ; and (4.10)

the income elasticity of demand for good i is:
Bi
s (1)

It is immediately apparent that this framework possesses the potential for consid-

n=1+

(4.11)

erably richer dynamics following an aggregate shock than might be expected with the
Dixit-Stiglitz or Kimball aggregators. With each firm’s elasticity being dependent on
a weighted sum of all other firms’ prices, optimal mark-ups will be both time-varying
and different for every firm. Indeed, the super-elasticity of demand — the elasticity of
the own-price elasticity, sometimes called the curvature of demand — can be shown
(a derivation is provided in appendix 4.A.1) to be:

Olney

1 2 Bivii
= [(5“ )"+ 5 ()

i =

(4.12)

4.2.2 TransLog preferences

TransLog preferences are nested within the Almost Ideal system. They are obtained
by supposing that the income elasticity of demand is unitary for all goods (i.e. there

are no luxury or necessary goods).

Bi=0&mn =1Vi (4.13)
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In other words, TransLog preferences are the AIDS model with the further imposition

5

that preferences be homothetic.° This then reduces the expression for i’s share of

expenditure to
$(0) =a )+ Y2 (P () (1.14)

and the expressions for cross-price elasticity, own-price elasticity and own-price

super-elasticity of demand to

v
€ij = 0’ (4.15)
ei=1— 1 and (4.16)
s (i)’
i — 1)
i = (66—) (4.17)

respectively. Note that in this setting, each good’s super-elasticity is unambiguously

positive and increasing in the own-price elasticity.

Supposing that good 7 is produced by a monopolist, the optimal mark-up over

marginal costs for that good will be given by

Eii s (1)
i = =1 4.18
K Eii — 1 Vii ( )
so that we can rewrite the super-elasticity as
e —1 ey
&i= = — (4.19)

pi
4.2.3 An initial comparison to other demand systems

In the near-ubiquitous CES demand system of Dixit and Stiglitz, where the own-price
and cross-price elasticities of demand are common and constant, each firm will have
a common and constant optimal mark-up over its (potentially different) marginal
costs. In contrast, in the TransLog and Almost Ideal settings, when a firm raises its

price in such a way as to lower its share of aggregate spending (i.e. in the absence

Recall that a preference relation over bundles within R is homothetic if, when = ~ y, we also
have that ax ~ ay for any a > 0.
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4.2. TransLog preferences and the Almost Ideal Demand System

of sufficient price increases from its competitors), its own-price elasticity of demand
will rise, causing its optimal mark-up to fall and so partially offset the increase in

price.

Furthermore, since the super-elasticity is strictly positive and increasing under
TransLog preferences and generally so under AIDS,® this dampening effect becomes
convexly stronger for larger price increases, thereby creating a strong incentive for

firms to avoid lifting their prices above their aggregate reference prices.

In this respect, the AIDS framework is quite similar to the demand system implied
by the Kimball (1995) aggregator. As with Kimball’s preferences, aggregate price
rigidity here will be highly sensitive to anything that impedes price coordination.
In the absence of concrete knowledge that their competitors are also raising their
prices, firms will temper any increases of their own, thereby increasing the persistence
of the effects of any nominal shock to the economy. However, there are two key
differences between the Kimball and Almost Ideal demand frameworks. First, where
Kimball preferences allow for arbitrarily strong curvature in demand (a fact criticised
as unrealistic by Chari, Kehoe, and McGrattan, 2000), the Almost Ideal system
exhibits well-defined and moderate curvature in demand. Next, unlike the Kimball
demand system, the Almost Ideal setting explicitly models asymmetries in household
preferences across goods, both in their base market shares and their sensitivity to
movements to other firms’ prices. Because of the latter, each firm needs to consider a
firm-specific reference price, formed as a weighted average of its competitors’ prices,

in addition to the aggregate price level.

It is, of course, possible to model unequal preferences across goods within the
Dixit-Stiglitz setting by use of nested Constant Elasticity of Substitution (CES)
functions. However, this approach is not readily able to be extended to unequal
preferences over a continuum of goods and, in any event, will still produce constant
elasticities of demand and so is unable to speak to the real rigidities embodied in

time-varying mark-ups.

6Technically, the super-elasticity can be negative under AIDS for sufficiently large values of 3;,
but empirical estimates of §; are typically quite low. See also the discussion of Dossche, Heylen,
and Van den Poel (2010) regarding the number of goods with positive super-elasticities.
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While the assumption that firms’ own-price elasticity can vary is a clear gen-
eralisation from the CES framework of Dixit-Stiglitz, the assumption here that the
super-elasticity of demand is strictly positive is arguably still too restrictive. Dossche,
Heylen, and Van den Poel (2010) examine scanner data for a large euro area retailer
using a modified version of the Almost Ideal framework” and find that as many as
42% of goods have a negative super-elasticity (denoted “curvature” in their paper).
However, the median super-elasticity across all items is positive (0.8) and higher still
across non-food items (1.14). When limiting attention to items with an estimated
(absolute value of) elasticity of unity or greater (¢ > 1), only 26% of items have
a negative super-elasticity and the median super-elasticity is 1.7. Elasticity and
super-elasticity were found to be strongly positively correlated, with a correlation
coefficient of 0.53.

"The authors add a behavioural extension to the AIDS model of Deaton and Muellbauer (1980),
justified by an appeal to loss aversion, that permits them to freely estimate demand super-elasticities
which would otherwise be fully determined by own-price elasticities.
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4.3 The model

The model considered here is standard in its treatment of households’ intertemporal
decision making and labour supply; the central bank’s monetary policy; and firms’
production technologies. It differs principally from the basic New Keynesian model
in three aspects: first, that TransLog preferences are used to capture differentiation
across consumption goods; second, that those preferences are not assumed to be
symmetric over goods; and third, that firms operate under incomplete information.
In order to emphasise the real rigidity invoked by the model, prices are assumed to

be perfectly flexible.

Each of these innovations has been separately explored in the literature. Bergin
and Feenstra (2000) demonstrated endogenous persistence following monetary shocks
with TransLog preferences, staggered pricing and a production structure that used
the final good as an intermediate good, but also made the simplifying assumption of
full uniformity in preferences. Woodford (2003) examined the persistence obtained
from firms’ possessing incomplete information regarding shocks to nominal GDP
under Dixit-Stiglitz preferences and static (i.e. flexible) price setting. Nimark (2008)
later extended this to include idiosyncratic shocks to marginal costs and dynamic
pricing in the style of Calvo (1983). However, to our knowledge, these ideas have

not previously been brought together in a single model.

Uncertainty will enter the model on both the supply and demand sides of the
economy. On the supply side, firms will experience both aggregate and idiosyn-
cratic shocks to their marginal costs in the form of movements in their productivity.
On the demand side, aggregate shocks will be delivered by monetary policy, while

idiosyncratic shocks will apply to households’ relative preferences across goods.

Notation

We generally make use of the notation that an uppercase letter denotes the variable
itself; a lowercase letter is the (natural) log of that variable; a variable with an asterisk

denotes the value of that variable in steady-state (defined below); and a variable with
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a hat represent the deviation of that variable from its value in steady-state.
x = In (X3) r=a— 2"

The two exceptions to this rule will be firms’ share of household expenditure (s; (7))
and the interest rate (i;). In both these cases, the lowercase letter denotes the

variable itself. It remains the case that §, (i) = s, (i) — s (i)" and 7, = i, — i*.

4.3.1 The household

Each period, the representative household maximises®
00 1-1 1+1
c.°—-1 H_.'
EHH S t+8 _ t+8 420
! ;} P 1-1 1+ (4.20)

subject to the budget constraint
Wth + (]. + Z.t—l) Bt—l + T;f - IPtCt + Bt (421)

where EFH [.] is the mathematical expectation conditional on the household’s in-
formation set in period ¢ (defined below); C; is aggregate (real) consumption; H; is
the aggregate labour supply; o is the elasticity of intertemporal substitution; 1 is the
Frisch elasticity of labour supply; W; is the nominal wage rate; B; denotes holdings
of one-period risk-free bonds; i; is the nominal interest rate; and 7T, combines firm
profits and nominal lump sum transfers. The aggregate first-order conditions for the

household’s problem are therefore standard:

1 W, _1
_1 ) 11
C,° =p(1+i)EFH [Ct+qn—] (4.23)
t+1

where IT, = P, /IP,_; is the gross rate of inflation.

8Tt should be noted that this notation differs slightly to that of the preceding chapters. This is
necessary because the previous two chapters had no need to refer to the log of variables, only their
log deviation, while this chapter refers to both.

9Note that 8 here is the household’s discount factor, as distinct from the coefficient governing
the income elasticity of demand used above.
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Household preferences over differentiated consumption goods for a given amount
of nominal expenditure (N, = P,C}) are represented in TransLog form, as described
in section 4.2.2 above. We therefore have the following expression for household
demand for good i:

St (Z) IPtC't

A TG

(4.24)
In addition to those outlined earlier, we make two further assumptions regarding

household preferences:

(i) = 5 [G + 45 (0)] (4.250)
vy >0V #£ i (4.25b)

The first of these (4.25a) declares a4 (i), which we refer to as the firm’s base market
share,'’ to be the sum of an underlying, fundamental preference (« (i)* = +¢;) and
a time-varying, stochastic component (v{* (i) is a mean zero shock, defined below).

Recall that we must have ) . oy (i) = 1 in every period.

The second assumption (4.25b) states that all goods are gross substitutes for each
other. This ensures that cross-price elasticities of demand are all strictly positive
(€ij > 0 Vi # j); that the absolute values of all own-price elasticities of demand are
strictly greater than one (g;; > 1 Vi);!'; and that the vector of equilibrium prices

under full information is unique (see section 4.4).

By comparison, existing literature on the use of TransLog preferences in macroe-
conomic models (see, for example, Bergin and Feenstra, 2000) has tended to suppose
complete uniformity in preferences across goods by imposing the following restric-

tions on ¢ and I™:

o (i) = %Vz’,t (4.262)
N SR S
PYZZ - J— VZ ) fyZ] J (J o 1) v] ?é ? (426b)

ONamed such because, if all firms were to charge the same price, it would be their share of
household expenditure

1 Combined with the homogeneity restriction (4.7), (4.25b) ensures that that v; < 0 Vi and,
hence, that ;; > 1.
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4.3. The model

While easier to work with, these assumptions have shielded from view some important
aspects of firms’ price-setting behaviour and their informational requirements, as will

be shown below in a partial equilibrium setting.

However, when moving to a general equilibrium setting, it will still be necessary
to impose what we call near-uniformaity in steady-state preferences in order to achieve
tractability. This will include uniformity in I' (the matrix of ;;, equation 4.26b) and
uniformity in steady-state expenditure shares, but will retain the asymmetry in base
market shares. Some of the dynamics implied by our partial equilibrium results will

therefore not be present in our simulations. Section 4.3.7 covers this in more detail.

4.3.2 The firm
Production

Each good is produced by a single firm according to a common production function

that deploys labour with decreasing marginal productivity:

i (i) = Ay (3) H, (i) 7 (4:27)
where 1 > 0. Each firm’s productivity, A; (), is given by

In (A (1)) = In (A ())) + € + v (0) (4.28)

where A (i) is firm 4’s intrinsic productivity, while e/ and v/ (i) are mean zero
aggregate and idiosyncratic shocks (each specified below) to the firm’s productivity,
broadly defined. Firm ¢’s nominal marginal cost is then

MG, (i) = (14 1) — 2, iy (4.20)
Ag (1)

so that 7 is the elasticity of marginal cost with respect to output. Shocks to A; (i) may
therefore be considered a reduced-form means of capturing shocks to firms’ marginal
costs other than those that act through demand or the wage. When combined with
market clearing (see below), we can replace Y; (i) with the household’s quantity

demanded (4.24) to give

A W, se (1) PY "
M) = (147) (i)m( o) (130)
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4.3. The model

Price setting

Although it remains our opinion that nominal rigidities represent the basis of some
aggregate persistence, we here suppose that all firms are free to costlessly adjust their
prices at the start of every period in order to highlight the real rigidities embodied
in the current model. Firms’ optimal price-setting rules under TransLog preferences

will be examined in detail in sections 4.4 and 4.5 below.

4.3.3 Market clearing

All markets clear each period, so that:

Y, (i) =Ci(i) Vi

4.31
This implies that aggregate output is given by:
C,=Y, = Z,H" (4.32)

where aggregate TFP, Z;, combines individual firm productivities, household prefer-

ences and a distortion from relative prices

4.3.4 The central bank

To close the model, we assume that the central bank sets nominal interest rates

according to the Taylor-like policy function

i = 5y B [+ wn B[R] + € (434
where variables with a hat are deviations from steady-state, E¢P [-] is the mathemat-
ical expectation conditional on the central bank’s information set in period ¢ (defined
below) and €M is a persistent, mean zero shock to monetary policy (specified below).
Note that the component against inflation is against expected future inflation rather
than current inflation, to provide a more accurate characterisation of modern central

banking practice.
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4.3. The model

4.3.5 Information and timing

The representative household and the central bank are assumed to possess full in-

formation at all times, so that
B[] =EfP[]= B[] (4.35)

where (), is the set of all information that exists in period ¢. In contrast, firms have

incomplete information, so that
E (i) [] = E[|Z: (0)] (4.36)

where each period, firm i observes its own output from the previous period; its
own productivity for the current period; and common, but imperfect signals for the

previous period’s aggregate price level and aggregate output:

T,(3) = {To1 (3), Yo (), Ay (1), Py_yer, Yy} (4.37)

Timing
Each period obeys the following timing

1. Innovations are drawn.
2. Firms observe Z; (i) and set their prices simultaneously.

3. The representative household and the central bank observe the full state of the
economy and determine the interest rate, the real wage and the quantities of

goods demanded for the given prices.

4. Firms produce the goods and the representative household consumes them.

Note, in particular, that firms do not observe any changes in households’ relative

preferences or the composition of their productivity shock before setting their prices.

4.3.6 Stochastic processes

The model contains uncertainty in the form of aggregate and idiosyncratic shocks

on both the supply and demand sides of the economy, plus measurement error in
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4.3. The model

aggregate statistics. We suppose that underlying aggregate shocks are persistent

and follow AR(1) processes with Gaussian innovations.

e = plelt; +u  where u' ~ N (0,0%) (4.38a)

e =pMel +ut uM ~ N (0,0%,) (4.38D)
Measurement errors are transitory and Gaussian.

ept ~ N (0,02.) (4.38¢)
eyt ~ N (0,0%) (4.38d)

Idiosyncratic shocks are assumed to be transitory. Those to productivity are assumed

to be Gaussian
v (i) ~ N (0,024) (4.38¢)
while those to demand are left unspecified, except to note that they must satisfy

=0 Vit (4.38f)

All innovations are assumed to be fully independent from each other, both contem-
poraneously and across time.
Aggregated idiosyncratic shocks

As will be shown below, the following two linear aggregations of idiosyncratic shocks

also enter into the model:
v = ZZ a (1) v (i) (4.39a)
= Z o (i) v (4) (4.39b)

Since a (1)" € (0,1) Vi and >, (¢)" = 1, these are weighted averages of firms’

idiosyncratic shocks. These statistics will not, in general, converge to zero as J — 0o
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4.3. The model

because of the unequal weights applied across the firms’ shocks. As discussed in
section 1.3 of chapter 1, a power law distribution in the weights is sufficient to
ensure that the Law of Large Numbers will not hold and we do indeed observe a

power law distribution in firm sizes in the data.

4.3.7 Steady-state

With firms already possessing full flexibility in their price setting, we define a steady-
state equilibrium to be that which holds when (a) there are no shocks to the system;
and (b) this fact is common knowledge (i.e. a special case of firms also having full

information).

Although not used in partial equilibrium — i.e. when considering only firms’
prices, taking aggregate demand and wages as given — the following assumptions of

near-uniformity in steady-state preferences will be required when considering general

equilibrium:
Y\ Y .
P R — : = — 4.4
Vi = = Vi J(J_DVJ%Z (4.40a)
_ 1
= — ) =0Vi 4.40b
=g, 0 i (4.40Db)
1
s(i)" = j\ﬁ (4.40¢)

It is helpful to explicitly enumerate what is and what is not uniform across goods
under these assumptions. Things that are uniform across goods:

e Firms’ consideration of price-competition: I"

e Steady-state expenditure shares: s (i)* =

1
7
e Steady-state mark-ups: pf =1 — SEY;) =1+ %y

Things that are not uniform across goods:
e Steady-state base market shares: a ()"

e Steady-state prices: p (i)"

e Steady-state marginal costs: MC ()"
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4.3. The model

In other words, we capture a world in which, even in steady-state, there exist low-

price, high-volume businesses operating next to high-price, low-volume businesses.

Applying (4.40a) - (4.40c) to the definition of expenditure share (4.14) gives a

simple expression for each firm’s steady-state price:

=L -
p (i) _,y(Cz 1) (4.41)

The RHS expresses, as a percentage, how far firm ¢’s price is above the simple-average
price when in steady-state. Plugging this into equation (4.5), we see that the log of
the aggregate price level in steady-state is zero (this emerges from the normalisation

that the simple-average price be zero):

P =ln(P)=0 (4.42)

With a constant steady-state mark-up, pinning down a firm’s price must also pin
down its marginal cost. Our assumption of near-uniformity therefore gives a direct
mapping between a firm’s steady-state base market share, (;, and its steady-state

productivity, A (i)":

In (A (1)) = —In [(1 + 1) (14 7) W Gyﬂ _ % G—1)  (4.43)

1+n ¥

At first glance, this might appear to suggest that firms with higher base market
share are less productive. However, it should be remembered that A; (¢) here should
be construed as capturing all factors of production other than labour. A low value
of A(#)" in this context is a shorthand means of saying that firm ¢ has a lot of

non-labour costs.
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4.4. Price-setting under full information

4.4 Price-setting under full information

Because firms are free to update their prices in every period, we can limit our atten-

tion to the one-period profit function:

I, (i) = s, (i) N, — C (Sﬁzij)\ft> =5, (i) N, (1 - ]\f&(;)) (4.44)

When firms have access to full information, there is no need to consider their expect-
ations and the profit function can be maximised directly to give the usual expression
of price as a mark-up over marginal costs:

P(i) ey
N = Mit =
MCt (Z) gii,t —1

(4.45)

However, this only pins down P, (i) implicitly in this context as the mark-up is
endogenous under TransLog preferences. As the firm’s price rises (P, (i) 1), its market
share falls (s; (7) J), driving its own-price elasticity higher (¢;;; 1) and, hence, their
optimal mark-up lower (p;; {).

Instead, appendix 4.A.2 provides a derivation of the following explicit solution

for price-setting under TransLog preferences.

Proposition 3. When monopolistically competitive firms face a system of demand
characterised by TransLog preferences, conditional on each firm’s share of household
expenditure remaining within s, (i) € (0, 1), the optimal one-period, full-information

price s given by

MC, (i)

B (i)
MC, (i)

=W (350 ) = (@)~ m (MG ) (4.46)

where ¢y (1) is defined as
b (i) =1 vi (@ +3 i (PG)) (4.47)

Furthermore, when all goods are gross substitutes, there exists a unique positive,
globally stable Nash equilibrium in prices, P} = P* (a;, M Cy; T'), that may be found
by iterating through (4.46) - (4.47) from any non-zero initial price vector.
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4.4. Price-setting under full information

W (+) is the Lambert W function, defined as the inverse of f (W) = We'V; and
w (+) is the Wright w function, defined as w () = W (e*). Section 4.4.1 below provides

brief descriptions of these two functions.

The adjusted mark-up associated with the optimal price is no longer a simple
expression of the firm’s elasticity of demand, but is instead a function of the firm’s
marginal cost (i.e. the mark-up over marginal costs is itself a function of those mar-
ginal costs) and other firms’ prices. In particular, since W (-) is strictly increasing,
(4.46) makes clear that in the absence of concurrent price increases by its competit-
ors, a firm’s optimal mark-up declines as its marginal cost increases. Likewise, ¢ (7)
and, hence, the adjusted mark-up, is increasing in firm ¢’s base market share and a

weighted sum of its competitors’ prices.

Note that ., (—7ij/7i) = 1, so that ¢ (i) contains a firm-specific weighted
average of other firms’ prices. ¢, (i) is related to the firm’s endogenous mark-up, f; ,

in the following manner

o) =1 "Dt (p ) (4.48)
#’ Yii

Consequently, we can use (4.48) to identify the prices at no-exit boundaries:

1

Py ()], 721 = T (4.49a)
P, ()], (y_g = 2! (4.49b)

s¢(i)=

If a firm’s price is too high, its share of household expenditure will fall to zero (i.e.
it will exit the market), while if its price is too low, it will capture the entire market
(i.e. force other firms to exit). That TransLog preferences include an endogenous exit
rule is independently interesting, but we rule these possibilities out by assumption.

In essence, this amounts to assuming that shocks are not too large.

4.4.1 The Lambert ¥V and Wright w functions

[lustrative plots of W (x) and w (x) are provided in figure 4.1.
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(a) Lambert W (b) Wright w

Figure 4.1: The Lambert W and Wright w functions in the real domain. Both plots
include the 45° line for reference.

The Lambert VW function

The Lambert W function, sometimes called the Omega function or the product
logarithm, is defined as the inverse function of f (W) = We'. For all z € R,
W (z) is continuous, single valued, weakly positive, strictly increasing and concave.
It has key values of W (0) = 0 and W (e) = 1; and its first derivative is given by

dw(z) W) 1 1 dWV(2) _
& = T or @ ¢ {0,—1}, with =22 = 1.

The Wright w function

The Wright w function, defined for z € R as w (x) = W (e¥), was first introduced

and its properties discussed at length by Corless and Jeffrey (2002). For all x € R,

w () is continuous, single valued, strictly positive, strictly increasing and convex. It

has key values of w (0) = W (1) ~ 0.56714 and w (1) = 1. For = > 1, it lies beneath
do(@) _ _w(x)

the 45° line and its first derivative is given by % = Tru@ S0 that lim o' (z) = 1.
T—r00
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4.4. Price-setting under full information

4.4.2 The optimal price as best response

Equations (4.46) - (4.47) express the optimal money price for firm i as a function
of three objects — its nominal marginal cost, its base market share and a weighted

average of other firms’ prices. Combining these equations, we can rewrite the optimal

price as:
P, (i) | ( P, (j) )J»?
MC, (i) " Jl;[ MC, (4) (4.50)

This formulation of price as a best response function makes clear that firm 7’s optimal

mark-up is a function of its competitors’ prices relative to ©’s own marginal cost.

It is informative to consider the shape of this decision rule, as it helps understand
firms’ out-of-equilibrium pricing behaviour and so offers a precursor to section 4.5,
where we consider price-setting under uncertainty. First, we have that the optimal

price is strictly increasing in all three inputs:
OP (i) _ (vig)’

MC () Trvy "
OP; (i) _ ( Vit ) MC (i) (_ﬂ) <0
P (j) L+vie) P(j) Vii

gi 8 - (1 ity) MC (i) (‘%) >0

Note that if 7;; is decreasing in the number of goods, as embodied in the uniformity-

in-T" restriction of (4.26b), then the sensitivity of price to base market share will be
increasing in the same. When the number of goods is large, small fluctuations in
consumers’ relative preferences can have large effects on optimal prices. Second, we
have that the optimal price is strictly concave in marginal cost and other prices, but
strictly convex in base market share; and that the cross-derivatives are all strictly

positive (full details of these derivatives may be found in appendix 4.A.2):

2P, (i) 2P, (i)
A AL
O?P; (i) 0P (i)
on )~ MG, () om () "
%P, (i) 0*P, (i)
oon i " OB (o () "
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4.4. Price-setting under full information

These emphasise the importance of co-ordination in firms’ price-setting decisions. A
firm’s ability to raise its price with its marginal cost is contingent on a concomitant
rise in its competitors’ prices, although this is partially mitigated if the firm com-
mands a larger base market share. This feature of TransLog preferences is further
illustrated in figures 4.2, 4.3 and 4.4.

10 10
P (i) Dixit-Stiglitz (1 = 1.5) P (i) Dixit-Stiglitz (1 = 1.5)
9| —— P(—i)=2 9r a(i)=0.1 -
P(—i)=6 i) =0.2 -7
of| — P N ;
— P (—i)=10 —a(i)=03 -

7t 7 -
6f 6
5 5

4 )/ - 4

, -
3 ) P 3
/ - #
2 ) 2t )/
/) a

1t 1t/

, !

0 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘

0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10

MC (i) MC (3)

(b) Cross-section by base market share.
P(—i) =6,7i = -1

(a) Cross-section by other firms’ prices.
o (i) = 02,75 = —1

Figure 4.2: Optimal price under full-information by nominal marginal cost.

Figure 4.2 plots firm ¢’s full-information price as a function of its nominal mar-
ginal cost, with cross-sections shown by other firms’ prices and base market share.
Segments shown as solid lines are those in which the firm obtains an expenditure
share bounded by 0 and 1, while segments shown as dashed lines fall outside these
bounds (too low a price and the firm captures all household expenditure, too high
a price and its share falls to zero). By way of comparison, the optimal price under

Dixit-Stiglitz preferences is also shown, assuming an elasticity of € = 3.

The concavity of the price-setting rule implies that the optimal price is some-
times below and sometimes above that suggested by the Dixit-Stigliz framework,
depending on the marginal cost. With a flatter slope than the constant mark-up

setting, this figure provides a simple illustration of the real rigidity embodied in
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4.4. Price-setting under full information

TransLog (and AIDS) preferences. Events that lower a firm’s marginal cost, such
as productivity improvements, will not cause that firm to lower their price so far as
it would under a constant mark-up scheme. Likewise, the best response to inflation
in a firm’s input prices (such as wages) is to raise its output price by less than un-
der a constant mark-up scheme when taking other firms’ prices as given because of
concerns regarding strategic complementarity. Indeed, for firms that receive a very
low fraction of household expenditure, increases in marginal cost in the absence of
increases in competitors’ prices will cause a less than one-for-one increase in prices

OP, (i)
(zaraey < 1)-

10 > 10
P (i) Dixit-Stiglitz (u = 1.5, MC (i) = 2) |~ ~ P (1) Dixit-Stiglitz (u = 1.5, MC (i) = 2)

| —— MC(iy=2 9F a(i)=0.1

MC (i) =6 a(i)=02
8 , sl :

— MC (i) =10 a(i)=0.3
7 L7 7
/
7/
6 ‘ 6
/
7/
5 / 5
/

4 )/ - 4 ==

/

/
3 ; 3

/
20 ) 2 2
// ’ . ////
1 /// 1F ////
/ /
0 : 0
0o 1 2 3 4 5 6 7 8 9 10 0o 1 2 3 4 5 6 7 8 9 10
P (=) P (=)
(a) Cross-section by nominal marginal cost. (b) Cross-section by base market share.

Figure 4.3: Optimal price under full-information by a weighted average of other
firms’ prices.

Next, figure 4.3 shows that optimal prices are concave in other firms’ prices
and quite strongly so when marginal costs are low. Note, for example, that when
MC (i) = 2, a price of 3 (i.e. a mark-up of 1.5) is only achieved when other firms’

prices are roughly 4.

It is worth emphasising again that this strategic complementarity is firm-specific,
with firm i being interested in the weighted-average In (P (—4)) = >_,_; (—7i;/7ii) In (P (4))

175



4.4. Price-setting under full information

of its competitors’ prices.'> This implies a reduced opportunity for policy makers
to assist coordination by publishing aggregate price statistics. With each firm inter-
ested in a different weighted sum, the aggregate price level will, at best, act as an

imperfect signal to each firm’s pricing problem.

10 10
P (i) Dixit-Stiglitz (1 = 1.5, MC (i) = 2) P (i) Dixit-Stiglitz (1 = 1.5, MC (i) = 2)
9| —— mC (i) =2 or P(-i)=2
MC(i)=6 P(-i)=6
al (z') ol ( Z‘)
- - —MC (i) =10 —P(-i)=10
7 i 7
6 -7 6
5 -7 5 I
at -7 """
3 3
2 2
1 1
0 S S 0 e
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09
a (i) a (i)
(a) Cross-section by nominal marginal cost. (b) Cross-section by other firms’ prices.

Figure 4.4: Optimal price under full-information by base market share.

Finally, figure 4.4 shows that a firm’s optimal price increases convexly in its base
market share, but only quite weakly so. This convexity is strongest when marginal
costs are high relative to other firms’ prices, but doing so very quickly approaches
the s; (1) = 0 boundary. In other words, an increasing base market share allows a
firm to raise its price, but it is generally not enough to offset falls in (or failures to

increase) other firms’ prices or its own marginal cost.

12Recall that the I' matrix is symmetric and each row sums to zero, but there is no requirement
that off-diagonal elements be equal. Indeed, such a case would be highly unusual.
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4.4.3 Equilibrium prices under full information

Although each firm’s best response to a common shock to marginal costs is to temper
any price increase by lowering its mark-up, it will typically be the case that the equi-
librium mark-up under full information is independent of the aggregate components

of marginal cost. To see this, rewrite equation (4.50) as

—7ij

1-2) MGy (j) i
Vit = Wle Vii ]I;Il <Wyj,t

Recall that a firm’s nominal marginal cost (4.30) is given by

L Wi st (i) PeY; "
MCy (i) = (1+n) A, (Z')H” ( P, (i) )

Because it is the ratio of firms’ marginal costs that matter for the equilibrium mark-
up, all of the common components — wages, aggregate productivity and aggregate

demand — will necessarily cancel out so that

O () (Y’

MC, (i)
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4.5. Price-setting under uncertainty

4.5 Price-setting under uncertainty

Under uncertainty, firm ¢’s problem is to choose P, (i) to maximise its expected
one-period profit, taking aggregate expenditure and other firms’ prices as given

mas (i) {st (i) N, <1 - %)} (4.51)

where F (i) [] = E[-|Z ()] is the mathematical expectation conditional on informa-
tion available to firm 7 at the start of the period, defined in section 4.3.5. Maintaining
the notation that lower-case letters are the natural log of their upper-case counter-
parts, the corresponding first order condition (a derivation of this and the linear

approximation below is provided in appendix 4.A.3) is

E; (i) [yise™] = Eq (8) [yae™ D70 (¢, (i) — py (i))]

Denoting variables with an asterisk as being that variable in steady-state and vari-
ables with a hat above them to be that variable’s deviation from steady-state — e.g.,
Pi (1) = ps (1) — p ()" — we can construct a first-order Taylor series approximation of
firm ¢’s pricing rule around the no-shock, full-information equilibrium. Unlike the
rule for the canonical Dixit-Stiglitz model — p; (i) = F; (i) [me¢; (i)] — the TransLog

system’s pricing rule is:

puli) = (1= 1 ) B @) e )

T
() B0 [(;1) a0+ 2 (225 <J>] (452)
—e(0)

where pf =1 — 360 s the mark-up employed by firm ¢ in steady-state. A number

of interesting results emerge from this pricing rule.

First, and most obviously, a firm’s price is increasing in both its marginal cost
and its mark-up, with the mark-up contribution being a positive combination of its
base market share and its competitors’ prices. That each firm’s price increases in
its base market share is not surprising. An increase in ay (i) represents a shift in

households’ relative preferences towards good ¢, which grants the producer greater
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4.5. Price-setting under uncertainty

pricing power. Note that this variable is scaled by ~;;, the parameter governing the
price sensitivity of 7’s market share. If ;; is small, an increase in consumer preference

for good ¢ will have a large effect on its price.

Next, we see that for the purposes of setting its mark-up, firm ¢ is interested in
a firm-specific weighted average of competitors” prices and not the aggregate price
level.'® This inclusion of competitors’ prices in the pricing equation is in addition
to those brought in via marginal costs as would be typical in the constant-mark-up

setting.

Finally, since each firm’s steady-state mark-up increases with its market share,
we have that larger firms will, ceteris paribus, place relatively more weight on move-
ments in their marginal costs than on movements in their competitors’ prices or
consumer preferences. Similarly, smaller firms will pay more attention to price com-

petition and consumer preferences, relative to their larger counterparts.

Of course, if a firm’s marginal cost is increasing in the quantity of goods it
produces, this acts as a further source of real rigidity no matter what the model
of demand. Linearising and substituting the expression for firms’ nominal marginal
costs (4.30) into (4.52) and exploiting the transitory nature of idiosyncratic shocks

to demand, we obtain:

P (i)™ = E, (4)

0D+ (1—60)> (i) 7 <j>]

oy Vii

i (li n) Ey (i) [, — (1 + )@ (i) + 3] (4.53)

where @, is the real wage and 7 is the elasticity of marginal cost with respect to

output, while 6, = (M> € (0,1). Each firm will estimate three broad
Tt (14ne;)
objects: the aggregate price level; a firm-specific weighted average of other firms’

prices; and the real components of its marginal cost.

The nominal considerations include a component from the firm’s marginal cost

and a component from its mark-up, thereby clearly delineating firms’ price concerns

13Recall that v;; < 0; ;5 > 0 Vi, j; and > (=i i) = 1.
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with respect to its cost of doing business and with respect to the strategic comple-
mentarity of price competition. Since 6; is increasing in « (7)*, we have that larger
firms will focus more on the real determinants of marginal cost and the aggregate

price level, while smaller firms will place more weight on price competition.

This pricing rule embodies two distinct sources of real rigidity above the standard
Dixit-Stiglitz framework. First, it accounts for curvature in demand and the corres-
ponding variation in firms’ mark-ups. Second, it requires that firms estimate multiple
aggregated price statistics (because of asymmetries in consumer preferences) in an

environment where only one — the aggregate price level — is published.

It is possible to separate these two effects by examining the pricing rule with
complete uniformity in preferences as a part-way point between Dixit-Stiglitz pricing
and the more realistic TransLog environment. Imposing complete uniformity gives

us that p; = Y (7”) Pt (j) = Dy Vi, so that (4.53) may be written as
g

P ()" = B () [P

*

0
+
(1 + p (1 +me¥)

where the superscript “UTL” is used to denote “Uniform TransLog.” By contrast,

) B (i) (B — (1+m)@ (1) + i) (4.54)

the linearised pricing rule under Dixit-Stiglitz preferences is
P ()™ = B ) [l

" <1 —:775) Ey (i) [0 = (L +n) @ (9) + ny] (4.55)

Firms are interested in the same estimating the same objects under both envir-
onments, but attribute less weight to the real components of marginal cost under
<

TransLog preferences ( reflecting the fact that variable mark-ups

1z 1 )
14+p(14ne) 14+ne/?
reduce any response to changes in marginal cost.

4.5.1 Applying near-uniformity in preferences

The pricing rule of equation (4.53) is, in general, intractable when seeking to in-

clude it in a simulated general equilibrium model. This is because when aggregating
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4.5. Price-setting under uncertainty

(substituting 4.53 back into itself), it stipulates that firms consider J + 1 different
compound expectations: one for the aggregate price level plus a different one for
every firm. As shown in chapter 1, the state vector will therefore explode in J (in

addition to in the number of higher-orders).

To progress further, is is therefore necessary now to apply our assumption of near

uniformity in preferences (4.40a) - (4.40c). These simplify the pricing rule (4.53) to
B ()Y = B, () |05+ (1~ )]

e N e ST
+ <1 T 776*)) E, (i) [@ — (L +n) @ (i) + 19 (4.56)

where the superscript “NUTL” is used to denote “Near-Uniform TransLog’; 6 =

<%>, and —;Pt( 4) = Py Vi. In particular, we now have that every

firm is interested in exactly the same two linear combinations of individual firms’
prices. This unfortunately removes the result that large and small firms place differ-
ent weights on supply and demand considerations (equality in steady-state expendit-
ure shares means that the 6;s must be equal). Even so, it remains the case that since
firms are interested in two different aggregate price statistics but observe only one,

their ability to find the optimal price will be impaired relative to the STL case.
We show in appendix 4.A.4 that under near-uniformity, the linearised aggregate
price level (4.5) is given by
~ = 1
Dt =D + ;Ut (4.57)

where

Z a() py (i) and Y = Z a (1) v (4)
which is to say that the aggregate price level is a weighted average of all prices plus

a transitory aggregated preference shock.

We also show in appendix 4.A.4 that linearising the household’s intratemporal
first-order condition (4.22), aggregate production (4.32) and aggregate TFP (4.33),
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and substituting them into (4.56) then gives

P = 6B, ) [P + (1 -6 B ) |7 (4.58)
+ B, (i) [0 (%Iz +%>§t—9 (H%) 624—91)24(2')]

where 0* = 0 (1 + i) Note that an expectation regarding the idiosyncratic pro-

ductivity shock remains here while that of the demand shock does not because it is
something about which the firm can form an expectation. By observing the com-
bined (aggregate plus idiosyncratic) shock to its costs, a firm can and will form an
opinion on what of that is common to all firms and the remainder must, by definition,
be their idiosyncratic component. By contrast, no information available to the firm
allows them to move away from its a prior: expectation of its idiosyncratic demand

shock; namely, that it be zero.

4.5.2 Higher-order expectations

Linearising the household Eular equation (4.23) gives
G = Euliil = o (3 = B B — Bd) (4.59)

We shown in appendix 4.A.5 that substituting (4.59), the central bank’s policy rule
(4.34), and the linearised aggregate price level (4.57) into (4.58), and recognising
that Ey (i) [vf (7)] = 0 Vj, gives

P =N EG) B + X5 B [P
+ A3 Bt (1) [Pes1] + AL B (4) [
+ A E; (4) [etA] + ¢ By (i) [ei‘q
+ AEG, (0) (4.60)
for x € {NUTL,UTL,DS}. The X! coefficients are described in detail in the ap-

pendix, although we note here that under some mild restrictions on the central bank’s

policy function, we have
>\1 S (0,1), /\2 S (0,1), and )\1‘1’)\2 S (0,1)
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4.5. Price-setting under uncertainty

These restrictions are necessary to ensure that decreasing weight is placed against

higher-order expectations and, hence, to ensure that the system is stable.

Equation (4.60) describes each firm’s pricing rule as a linear combination of two
aggregate price statistics: a weighted-average price and a simple-average price.'* We
show in appendix 4.A.5 that if we take the simple average of equation (4.58) and

repeatedly substitute it in for p,, we obtain

pe (1) = By (i)

Z )\’szE ) [)\2]% + AsDet1 + b + (As + MiAr) € + )\661{\4]]
k=0

+ Az ay (i) (4.61)

where ng) [-] is the k-th order simple-average expectation and we use the standard

notation that the 0-th order expectation of an object is the object itself.

For Uniform TransLog and Dixit-Stiglitz preferences, we note that A = 0 and

that the aggregate price level is just the simple-average price, so that
D) = A ¢/ (4.62)
+ i \)FEFY [N5Drt + AiTier + (A5 + XA 6 + Ag €]
k=0
for x € {UTL,DS}.

For Near-Uniform TransLog preferences, on the other hand, we now take the
weighted average of (4.61), repeatedly substitute it back in for p; and then combine

the result with the expression for the aggregate price level (4.57) to arrive at

2Nk * -~ ]‘ ~o
D = A (¢ +97) + S v, (4.63)
+ B, |§EO D11 + Aafern + (A5 + AT+ A0 ¢!
L e
where * = “NUTL”; E\"*[] is the hierarchy of all permutations of the two com-

pound expectations; and § assigns geometrically decreasing weights to each, with A}

“For TransLog preferences, the weighted-average price is for the aggregate price level (through
the nominal marginal cost) and the simple-average price for price competition through the mark-up.
For Symmetric TransLog and Dixit-Stiglitz preferences, only the simple-average is required.
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4.5. Price-setting under uncertainty

raised to the power of the number of orders of E,[-] and A} raised to the power of

the number of orders of E, [].

For example, a weight of (A?) (A3)” is applied to both E, [Et [Et []” and E, [Et [Et []”
as there are two orders of weighted-average expectations and one order of simple-

average expectations in each.

4.5.3 Firms’ learning

We define x; to be the vector of aggregate shocks:

6A
T, = [;J (4.64)

X, = B @] = | B, [X)] (4.65)

In the linearised model, firms receive the following vector of signals each period

(see the definition of firms’ information sets (4.37)):

@—1 + €yt
Di—1+ €ps
Ye1 (7)

ay (i)

Note that there is no need to include the firm’s previous-period price as it must neces-

q: (i) = (4.66)

sarily have been a function of Z;_; (7), meaning that it contains no new information
in period t. The firm’s previous-period quantity is still relevant, though, as firms do
not observe the demand they face each period until after setting their prices. The
period t — 1 individual quantity demanded therefore contains news to a firm when

setting its price in period t.

We show in appendix 4.A.7 that this signal vector may be written as

v (i v (i
q: (i) = C1 Xy + Co Xy 1 + Ry M) RQFM)+m@ (4.67)
v (2 vy (i
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Because of the linearity of the underlying system, the best linear estimator — in the

sense of minimising the mean squared error — will be a Kalman filter:!*'6

E () [Xi] = By (0) [ X + K {qe (i) — By (i) [ ()]} (4.68)

In appendix 4.A.6 we derive expressions for the time-invariant Kalman gain mat-
rix (K) and the corresponding variance-covariance matrix (V'), making use of the
techniques developed by Nimark (2011b) to account for firms’ signal vectors (4.67)
including lagged components without the need to stack the current state on the

previous.

Taking simple and weighted averages of (4.68), we then show that the following

law of motion for the hierarchy of firms’ expectations emerges:

Xt = FXt_l -+ Glut + GQ’Et + Gget (469)
where
A ~A
wu, = [“;4 B = [Eta] e = [epv’f] (4.70)
Uy Ui Cy,t

Note that the Kalman filter is performing two roles here. It both represents the rule
by which firms update their expectations and defines the law of motion for the state

vector of interest.

4.5.4 Solving the model

We now have that in addition to (4.69) describing the law of motion for the hierarchy
of firms’ expectations, the economy is characterised by the following expression for
real GDP:

1 o

Jo=——F ] — ——— ((kr — 1) By [Der1 — Do) + €
Yt 1+ or, ¢ [Yes1] 1+ on, ((/1 ) By [Des1 ]Pt]+€t)

I5Tf all shocks were drawn from Gaussian distributions, it would be the best such estimator,
linear or otherwise.

16The derivation of the standard Kalman filter may be found in most texts on dynamic macroe-
conomics (e.g. Ljungqvist and Sargent, 2004) or timeseries analysis (e.g. Hamilton, 1994).
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and one of (4.62) or (4.63) for the price level, depending on which demand system
is being used. We show in appendix 4.A.7 that this system may be written as

T =X+ 8D, (4.71a)
D; =, Xt + 6,/v; (4.71b)
P =7 X, (4.71c)
0 =~ X, + 8%, (4.71d)

where x € {DS,UTL, NUTL}. Note that under Dixit-Stiglitz and Uniform Trans-
Log preferences, (a) the law of large number ensures that v; = 0 V¢ almost surely,
and (b) the aggregate price level and the simple-average price are the same. The
terms in v; and the distinction between the two aggregated prices only matter when

preferences are not fully uniform across goods in steady-state.
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4.6 Simulations

Table 4.1 lists baseline parameters for the simulation presented below. As in chapter
3, the coefficient against expected next-period inflation is less than unity in order to

ensure the existence of a non-explosive solution.

Parameter | Value | Description
o 0.5 | The elasticity of intertemporal substitution
() 1.5 | The Frisch elasticity of labour supply
€h 3.0 | The steady-state own-price elasticity of demand
¢ 0.063 | The degree of asymmetry in steady-state base market shares
n 0.5 | The elasticity of marginal cost (= 2=, a = 0.333)
Ky 0.5 | The CB’s coefficient against current real GDP
Ko 0.5 | The CB’s coefficient against expected next-period inflation
pA 0.6 | AR(1) coefficient for aggregate TFP shocks
pM 0.6 | AR(1) coefficient for monetary shocks
§—§ 5 Relative volatility of idiosyncratic shocks

Table 4.1: Baseline parameterisation

For the two TransLog demand systems, the steady-state own-price elasticity of
demand ties down the deep parameter 7 that controls cross-price elasticity (ef; = 1+
7). For Near-Uniform TransLog preferences, (* = lim J_m% Z;Ll (Ci)2 characterises
the degree of asymmetry in the distribution of steady-state base market shares. The
value of 0.063 was chosen as this corresponds to a Zeta distribution with a shape
parameter of v = 1.25'7 and Axtell (2001) finds that the size of firms in the USA,

when estimated over a 10 year period, are well characterised by such a distribution.

In everything that follows, period 0 denotes the period immediately prior to any
shock occurring (the economy is invariably assumed to be in steady-state in period

0) and period 1 denotes the “on impact” period.

17See assumption 2 in chapter 2. The same logic applies here, with the p.d.f. ¢y (i) simply
replaced with oy (i)".
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4.6.1 Comparing demand systems

Figure 4.5 plots impulse responses for each of the three demand systems following

one s.d. shocks to each of the two underlying state variables under the baseline

parameterisation.
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(b) Monetary Policy shock

Figure 4.5: IRFs for the three systems of demand

The impulse responses for Dixit-Stiglitz and Uniform TransLog preferences are

very similar for both aggregate shocks. For the shock to productivity, firms on impact

attribute their private observations of productivity increases to idiosyncratic factors

and consequently lower their prices only somewhat. In period 2, they observe the

change in aggregate variables and their private demand that occurred in period 1

and immediately respond fully to the shock. Prices and real GDP then return to

zero as the underlying shock itself dies away. For the shock to monetary policy,
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since firms observe no contemporary signal of household demand before setting their
prices, there is no change in aggregate prices on impact and real GDP absorbs all
of the effect. In period 2, upon observing aggregate signals and their own quantities
from the impact period, firms’ prices adjust fully and real GDP essentially returns to
zero (the slight positive effect in period 2 arises from firms’ average expectation that
there is a slight increase in aggregate TFP as well - see figure 4.6a below). In other
words, with firms having full flexibility in their price-setting, we essentially have the
standard result of money being neutral, with monetary policy shocks having only a

transitory real effect and prices capturing the aggregate effects thereafter.

However, Near-Uniform TransLog preferences induce responses that stand in
marked contrast. For the shock to productivity, the same 1 standard deviation innov-
ation as under Dixit-Stiglitz and Uniform TransLog preferences produces responses
that are more subdued, noticeably more hump-shaped and considerably more per-
sistent than those of UTL or DS (so that relative to their peak response, NUTL
preferences induce very much more persistent responses). The aggregate price level
and the simple-average price move essentially one-for-one. For a monetary shock,
despite the absence of any nominal rigidity and firms having access to the same in-
formation as under UTL or DS preferences, the neutrality of money result is lost:
the subdued price response of NUTL grants the policy shock a considerably more
persistent effect on real GDP.

To appreciate the increased persistence associated with NUTL preferences, we
look at impulse responses for firms’ hierarchies of simple-average expectations re-
garding the two underlying state variables following each of the two shocks. First,
figure 4.6 plots those hierarchies for UTL and NUTL preferences following an ag-
gregate TFP shock.

Under Uniform TransLog preferences, on impact, firms attribute the majority
of their observed increases in productivity to idiosyncratic forces (because of the
latter’s higher variance). In period 2, the public signals regarding aggregate variables
in period 1 increase the average belief considerably, but the measurement errors in
those public signals mean that the average belief is still below the truth. Firms
in period 2 also partially attribute the increase in real GDP to increased demand

following a monetary policy shock, although this belief dies away very quickly over
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(b) Near-Uniform TransLog (NUTL) preferences

Figure 4.6: Hierarchies of simple-average expectations following a TFP shock

the next few periods. The impulse responses for aggregate beliefs under Dixit-Stiglitz

preferences are broadly the same as those shown in figure 4.6a.

Under Near-Uniform TransLog preferences, the responses on impact are identical
to those under UTL preferences, but thereafter differ considerably. Because firms
must estimate both the aggregate price level and the simple-average price, but only
receive public signals regarding the former, they incorrectly attribute some of the
movements in their signals to shocks in both the level and the distribution of de-
mand. This leads average expectations regarding aggregate TFP to be higher and
considerably more persistent than the truth, and those regarding monetary shocks

to also be more persistent (although still quite small).

Figure 4.7 next plots the equivalent graphs following a monetary policy shock.
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(b) Near-Uniform TransLog (NUTL) preferences

Figure 4.7: Hierarchies of simple-average expectations following a monetary policy

shock

For UTL preferences (DS preferences are largely the same), the absence of any
signal of aggregate demand before setting their prices in a given period means that
firms’ beliefs do not move on impact. In period 2, the observed signal of real GDP
from period 1 raises their expectations regarding both underlying variables, but in
period 3 the information they receive in period 2 partially confirms that a monetary
policy shock has occurred and so lowers their estimates of aggregate TFP. Beliefs
regarding the former then follow the truth back to zero, while the latter have returned

to zero after a handful of periods.

For NUTL preferences, there is likewise no on-impact response, but additional

persistence thereafter. Average expectations regarding aggregate TFP rise higher
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and persist throughout, while those regarding the monetary shock fall to zero from
above the truth. Once again, these reflect the more challenging signal extraction

problem faced by firms under NUTL preferences.

4.6.2 Aggregate volatility from idiosyncratic shocks under
NUTL preferences

Under Near-Uniform TransLog preferences, the aggregate price level is comprised of
the weighted-average of individual firms’ prices and the weighted-average of firms’
idiosyncratic shocks in that period, with the weights given by firms’ steady-state
base market shares. Since the weighted-average of idiosyncratic shocks need not
be subject to the law of large numbers, NUTL preferences therefore give rise to

aggregate volatility emerging from firms’ idiosyncratic shocks.

To illustrate this, figures 4.8 and 4.9 plot aggregate impulse responses and the
hierarchies of simple-average expectations following shocks to ;;Z and @ respectively.
That is, following situations in which firms with relatively large steady-state marginal
costs experience positive shocks while firms with relative small steady-state marginal
costs experience negative shocks (recall that in steady-state all firms receive the same

share of household expenditure; see section 4.3.7 for a description of steady-state).

A shock to more expensive firms’ productivity (figure 4.8) induces aggregate
responses that are suggestive of a true aggregate shock to productivity. The aggregate
price (which is a weighted-average) falls on impact, but the simple-average price does
not because the law of large numbers holds for it. Demand rises because of the fall
in the aggregate price level. In period 2, all firms observe that real GDP rose and
the aggregate price level fell in period 1 and consequently, the average firm believes
that an aggregate productivity shock has occurred (although it cannot dismiss the
possibility of a monetary shock being the source of the increased real GDP). As such,
the simple-average firm also reduces its price, leading to a larger movement in real
GDP. Over time, firms quite quickly disregard the likelihood of a monetary policy
shock being the cause but only reduce their expectations of an aggregate TFP shock

gradually.

Under the baseline specification, movements in real GDP and the aggregate price
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Figure 4.8: Responses to a 1 s.d. shock to ;1?

level are roughly half of the magnitude of those following a true aggregate productiv-
ity shock (it remains the case that the magnitude of the price level movement is quite
a bit larger than that of real GDP) and somewhat less persistent. This stands in
contrast to the previous chapter that examined the aggregate effect from network

shocks, in which responses were roughly an order of magnitude smaller.

For a preference distribution shock that favours more expensive firms (figure 4.9),
firms receive no signal of the shocks on impact and so do not adjust their prices, but
real GDP increases mechanically. In period 2, seeing the increase in real GDP and
no movement in the aggregate price from period 1, firms attribute the shock to
both aggregate TFP and monetary policy. Both beliefs contribute to an increase

in firms’ prices in period 2, causing overall demand to fall enough to counteract the
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Figure 4.9: Responses to a 1 s.d. shock to ZJ;&
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mechanical increase in real GDP that emerges from the shock. The drop in real GDP
and increase in the aggregate price in period 2 induces the average firm in period 3

to largely unwind its belief in a monetary policy shock, but remains consistent with

an aggregate TFP shock. Firms’ prices subsequently remain elevated and real GDP

below trend until the shock dissipates.

Relative to an aggregate demand shock (to monetary policy), a shock to the
distribution of demand under the baseline specificiation induces a price level response

of roughly half the magnitude, but a relatively much smaller response in real GDP.
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Variance decomposition

Table 4.2 shows the share of unconditional variance in real GDP and the aggregate
price level that can be attributed to idiosyncratic shocks under NUTL preferences
and the baseline parameterisation for different degrees of asymmetry in steady-state

distribution of firms’ base market shares. For Near-Uniform TransLog preferences

¢* | Real GDP | Aggregate price level
0 0 0

0.02 0.19 1.54

0.04 0.35 3.22

0.06 0.49 5.01

0.08 0.62 6.87

0.10 0.74 8.78

Table 4.2: Share of unconditional variance attributable to idiosyncratic shocks (%)

under the baseline parameterisation (* = 0.063), roughly 0.5% of unconditional
volatility in real GDP and 5.0% unconditional volatility in the aggregate price level
are attributable to idiosyncratic shocks. Recall that the baseline parameterisation

corresponds to a Zeta distribution with a shape parameter of v = 1.25.
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4.7 Conclusion

This chapter has discussed the possibility of making use of TransLog preferences in
a macroeconomic model when household preferences are not uniform across goods
and firms are free to adjust their prices every period (thereby avoiding both the
Lucas critique under purely time-based price setting rules and the complexity of

aggregation under state-based pricing systems) but face incomplete information.

Under TransLog preferences, firms continue to set their price as a mark-up over
their nominal marginal costs, but the mark-up is endogenous. A price rise lowers a
firm’s share of household expenditure, which raises its own-price elasticity of demand
and, hence, lowers its optimal mark-up, thereby dampening any response to a change
in marginal cost. Under full information, we solve for an explicit solution to the firm’s
pricing problem and note that an endogenous market-exit condition arises in response
to sufficiently large shocks to marginal cost (that necessitate prices sufficiently high

as to cause the firm’s expenditure share to be zero).

Under incomplete information, firms’ signal extraction problem implies that (a)
larger firms will place relatively more weight on movements in their marginal costs,
while smaller firms will place more weight on movements in competitors’ prices or
consumer preferences; and (b) when considering competitors’ prices, every firm must
consider two distinct sums: the aggregate price level (as part of its estimation of

nominal marginal cost) and a firm-specific weighted sum of competitors’ prices.

The pricing rule under full TransLog preferences is, in general, intractable to ag-
gregation. This is because each firm, in considering a weighted sum of other firms’
prices, must also consider the weighted-average price specific to each of its compet-
itors. This recursion creates an explosion in the size of the state vector quite apart
from that arising from higher-order expectations (see section 1.2.1 in chapter 1).
To simplify, we suppose that the representative household exhibits TransLog pref-
erences with near-uniformity in steady-state preferences: firms’ steady-state shares
of household expenditure and their mark-ups are all equal, but their marginal costs
and prices are not. With Near-Uniform TransLog (NUTL) preferences, all firms are

interested in estimating the same two sums of individual prices: A weighted-average
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price!® that comprises the aggregate price level and a simple-average price that affects

movements in their mark-ups.

We compare the performance of NUTL preferences in a small DSGE model to
corresponding models with fully Uniform TransLog (UTL) or Dixit-Stiglitz (DS)
preferences. UTL and DS preferences are shown to induce very similar impulse
responses following shocks to aggregate TFP or monetary policy. In contrast, impulse
responses in the NUTL framework were generally more subdued, more hump-shaped
and considerably more persistent. Despite firms experiencing no nominal rigidity
and observing the same signals as under UTL or DS preferences, monetary shocks

are clearly non-neutral beyond the period in which the shock occurs.

The inclusion of weighted-average prices also implies that the law of large num-
bers may not hold, so that firms’ idiosyncratic shocks can have aggregate effects
on the economy. In the context of NUTL preferences, this occurs when firms with
large steady-state marginal costs experience shocks in one direction while firms with
small steady-state marginal costs experience shocks in the other. We show that un-
der parameterisations that match the distribution of firm size in the United States,
idiosyncratic shocks in this sense may contribute 0.5% of unconditional volatility in
real GDP and 5.0% of volatility in the price level.

18With the weights given by firms’ steady-state base market share.
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Appendix 4.A Proofs

This chapter contains derivations and proofs of results in the main paper.

4.A.1 Own-price super-elasticity of demand within the
Almost Ideal Demand System

Taking note of equation (4.4):

ULAY; (?VQ ) _, ) + Z%] In (P (§)) + B; In (g)

and equation (4.9):

gi=1— ﬁ [%i — B; (a (1) + Z%i In (P (k)))]

The super-elasticity of demand is derived as follows, again taking income and other

firms’ prices as given:

. 81n€ii

S amP ()
1 [ O b = Bi (a () + Xy ks In (P (K)))]
T ey __ dln P (i)

)
1| By 1 .
i | 5(3) {m lv — Bi (a (i) + Xk:m In (P(k;)))] } ]

1 [ Bivii 2
ACaR

which is equation (4.17) in the main text.

_ LBy L N T 1 9s()
- S<)+ ()[% @( ()+;’ml (P(k))>] D amP ()

[
|
+

T
VA

4.A.2 Proof of proposition 3: Explicit solution for the

one-period optimal price under full information

Defining lower-case letters to be the (natural) log of their upper-case counterparts —

e.g. x (i) =In(X (7)) — and substituting equation (4.14) in for s (i), we can rewrite
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the monopolist’s one-period profit (4.44) as

II (Z) = ( + 711p + Z 71329 ) (( + ’Y”p —|— Z Vz]p ) n— P(l)>

J#i j#i

Taking all parameters, other firms’ prices and aggregate expenditure as given, the
optimal price for a monopolist when free to adjust their price every period is therefore

found at the point p (i) such that the following first-order condition is satisfied

Yie" — C' (Q(4)) (%z ) — ( )+ vap (1) + Z%JP ) )> =0

J#i

Defining mc (i) = In (C" (Q (i))) as the log of marginal costs, we can rearrange this

to give

Yii (p (Z) + ep(i)—mc(i)) = Yii — Oé Z ’ywp

JFi
or
p (i) + ePd=—meld) = Z %J
N Py J#z

=¢(i)

Denoting the right-hand side by ¢ (i), this in turn rearranges to
P (1)
¢ (Q (i)
Taking the exponential of both sides and then dividing both sides by C” (Q (7)) gives

(P_(i)) o) = L o0
C"(Q(4)) '

The left-hand side is now in the form of the inverse of the Lambert YV function, so

In (P (i) + = 6(i) (4.72)

we can therefore write

P@) e?(®
aQm Y (c' © <z’>>) (4.73)

which is equation (4.46) in the main text.
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First and Second Derivatives

OP (i) e®(1) L et e®(®)
ONC (i) ‘W< <z>> W (Mc*(z'z) Mim
00 W (556t ()
:W<MC<Z~)> - ( (1 +V\(j( o0 ))) MC (i)

MC(i) MC(i)
. 2
6()
W (s )|

1+ W( el )
>0
#p@ W ( M‘gg)) e £90)
OMC (i) _QHW(;;C{@&))W (MC (i)) <_[MC’(z‘)]2)
W ( p ) : s ()
] v i) (i)
W (%) W (%())) s (i)
- (2 1+W< e?()) )) 1+W< e?() >W (MC(@')) <_[M0(i)]2)

B 24+ W (]\f[??@) w (%((l)) W ( (D) ) o®(0)
: 1w () \MCO)) e ()

(vew)
_ 2+W<J\fl¢c(’l)z)> W(A%(l)) 1
o\ () ) e () | MEO)
<0
OPG) (D N\ 06 ()
o) =" (A;C<z>)e¢()ap<;>

() et ()
1+W<e¢“’)>
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O*P (1) 1 MC (i) i\ vy [ €°® e?®  9¢ (1)
0P (7) B [1+W<J\ff¢c(*i()z’)>]2 P(j) ( zu>w (MC(Z)) MC () OP (j)
B w J\f[?l)) MC (i) (_'yw)
1+ W (Mgg)) PGP\
W<J\Z¢2 1)) MC (i) Yij Yij
- <1+w(;gg))) [Pu)}?( %z) 1w ( ())F(%)l
<0

e
>0
2P (1) 1 1 L et e?® ¢ (i)
da (1)2 B +W (quﬁc(()z ) MO <_%) (MC (Z)) MC (i) O0a (i)

W (oo 2
(LY e
>0
2P (i) (2+W<Mﬁ())>> W(&%) )W( () ) RN
MCWIPG) ~ \vew () ) \Tow () MC (i) ) MC (i) 0P (j)
(Hw(Mz;))) RACHREE ()
1+W(6¢())> 1+W(6¢“) PG\
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92P () 24+ W

() A .
W (sict) () 0 oot

(s
OMC (i) 0o (i) 1+W( eq%) 1+W( ew) MC (i) ) MC (i) da (i)
_ 2+W<J\fl¢g(1)) - W(%) 2<i)
1+JM<€WS> 1+VVC$$> Vii
>0
O?P (i) 1 MC (i) i\ vy [ €20 e?® ¢ (i)
OP (j) da (i) _1+W<AZ¢C%>_2 P(j) (_%)W (MC('i)> MC (i) da (i)

I S w( 6‘22)) MC (i) <_w> (_i)

Yii Yii

Existence and uniqueness of an equilibrium

The price-setting equation under full information (4.46) represents a mapping
T:R] - R] (4.74)

and a Nash equilibrium in prices will be a fixed point of this mapping. Clearly P, = 0
will be one such fixed point, but we dismiss this as trivial. In order to demonstrate
the uniqueness of a non-zero vector of prices such that P = T (P)), note that it
is insufficient to make use of the Banach (Contraction) Fixed-Point Theorem and
Blackwell’s sufficient conditions for demonstrating contraction (Blackwell, 1965), as

T is not a contraction: the derivatives are unbounded as prices approach zero.

Instead, we note that as T is concave and satisfies the following:

T(0)=0
i P (o) — o
pim, (i) =00 Vj #i
lim P(i)=0VYj#i
plm (4) j #
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then it meets the requirements laid out by Kennan (2001) for uniqueness. Because
of its concavity and monotonicity, the mapping T (P;) will therefore converge to the

unique P/ for any strictly positive starting vector of prices.

4.A.3 Static pricing rule under incomplete information

As both settings are with static pricing, the first-order condition for the full-information

case must hold in expectation here:

ne¢+mee (1) —pe (2 1 §
71'1'6 t+ ( ) p ( ) (1 - f}/_ ( ( + Vllpt _'_ ’Yszt >>]
“ J#i

We suppose that the I' matrix remains constant and known, while all other variables

By (i) [vue™] = Eq (i)

may vary over time. Denoting variables with an asterisk as being that variable in the
no-shock, full-information equilibrium and variables with a hat above them to be that
variable’s deviation from the no-shock equilibrium — that is, p; (i) = p; (i) —p ()", ete.
— a first-order Taylor series approximation of the left-hand side around the no-shock
equilibrium is simply
Next, note that

1 s¢ () :

l—— ( +7mpt +Z'72jpt =1- ‘ = M (Z)
Yii i Yii

so that a first-order approximation of the right-hand side is given by

RHS ~ %z‘en?—i_mct(i)*_pt(i)*ﬂt (Z)*
+ 7ii€”?+mct(i)*_pt(i)*ﬂt (Z)* E( ) [nt -+ mcy ( ) pe (i ( )]

( + Wnpt + Z 71jpt ]

J#i

Equating these, noting that the first terms on each side must cancel out and rearran-

*

— enitme(d) —pe(D)" g (2)

ging slightly then gives

et O =" B (3) [,] = gy (1) B (i) [ + ey (i) — Py (0)]

iOét +Zhﬁt ]

J#%
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Recognising that e?*()"—me(@™ =, (4)*, we see that the terms in 7, cancel out and

we arrive, finally, at

~ /. Mt <Z>* N [~ . 1 /%j/\
)= ————F, (@) |me ()| — | —— | E —
Pili) = 2 B0 [ ) Q+m@)t<[ YL
which is equation (4.52) in the main text.
The first-order approximation of firm 4’s nominal marginal cost(4.30) around

steady-state is:
mey (i) = @y — (1 4n) @ (1) + 1 (e + Dr — 1 (0))
+ % ( (i) + yiibs (3) + Z YiiPi (7 ) (4.75)
Recall that w; is the (log deviation in the) nominal wage. We can replace it by w; =

@; + Pt, where @; is the real wage and P, is the aggregate price level. Substituting

this expression in for mc, (i) gives us

- e (1) . @i+ De— (L+n)a (@) +n @+ pe — P (1))
= () B0 +ﬁ4@m+%@m+zﬁwam)]

() 20| () a0 2 (32)50)
J#

Gathering like terms produces

i) = (A0 ) B o

1+ 7 (14 ne)

i N o
! (1 + i (1 +n€;2)> B (@) [ = (L)@ (&) + i)

1+ nej; .
+ 2 E i
(1+u2‘ (1+778;2)) '

_Mmel g wi(4m) - : .
ey gy Bl T (A R equation (4.53) in the main text.

which, noting that

4.A.4 Aggregation under near-uniformity in preferences

There are three aggregations to consider in the firm’s pricing problem, two common

and one firm-specific.
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First, we have that individual firms are interested in firm-specific weighted av-

erages of their competitors’ prices

Z %th (7)

A

The assumption of uniformity-in-I" (4.40a) turns this into

—Yij . v 1 )
Z — Dt () = _—Zpt (7)
PR JJ =1 J#i

Assumption (4.40b) then (a) supposes that each firm is sufficiently small that this
expression is the same for everyone
—ij oY 1 N Y
= - = — v
Z B pe (J) JJ—lZpt(j) th v

A i i#i

and (b) applies a normalisation that when in steady-state, this simple average of log
prices is zero (roughly, although not exactly, that the average steady-state price is
unitary)

Z—y‘]p(]) =577 2P0 =G =0Vi

g i
Outside of steady-state, firms will therefore wish to estimate (note the hats to indic-

ate deviations from steady-state)

> =5 () = S vi

A

Second, the linearised aggregate price level (4.5) is

D = Zp (i) @ (i) + Z (a (i) +2)  p (j)*) pe (i)

JFi

With uniformity-in-I" (4.40a), this becomes

b= p()"a () Z (Gi + 29p7) P (4)
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and with the normalisation that p* = 0, we get
De=> pi)a(i)+ ) al

For the sum over prices, it is clear that since « (i)* € (0,1) and >, a(4)" = 1,
this is a weighted average all firms’ prices, which we denote p;. Next, substitute in
the expression for p(i)* — see equation (4.41) in the main text — and noting that

ay (i) = Tuf* — see equation (4.25a) — to get

Pt = pt+z - _Ut()

The last term clearly goes to zero as J — o0, since it is a simple average and
E vy (i)] = 0. We are therefore left with

~

~ 1,
Dt = Di + —0; (4.76)
g
which is equation (4.57) in the main text.

Third, aggregate TFP (4.33) linearises as
~ N~ 1
%=/£40+m@wwn—;®;[< + iipe (i +§: %ﬁt}

Applying the uniformity-in-I" (4.40a) assumption and using the definition of «; (7),

this becomes
~ o~ o~ 1 1., .. Yo, ¥ ~ . .
Zr = /at (Z) —l—pt (Z) — Pt — W [j?)t (Z) — jpt (Z) =+ m Z];ﬁz Pt (]):| dl

Applying uniformity in steady-state expenditure shares (4.40c) and expanding a; (7),
we get

~ N~ A o . 1 BN

= [t et )48 0 =B =0 () 495 ()~ ey X B d

But then the last two terms cancel out and and we arrive at

~

Z=¢ + D~ Do (4.77)
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Finally, we can linearise the household’s intratemporal first-order condition

(4.22) and the aggregate production function (4.32) to express the real wage as

(G (8

Combined with the earlier linearised expressions for aggregate TFP (4.77) and the

. 1 1 - 1 ~

aggregate price level (4.76), we can substitute this into equation (4.56) to give

Bi (3) :9(1+%> E, (i) [ﬁ} + (1—9<1+i)>a<¢) [ﬁ}

1
+ B, (i) [e(ﬁml)@_e(ui) ef—|—9<1+%) %'ﬁf—&v?(i)}

or, since F; (i) [0f] = 0,

5: (3) :9(1+%) E (i) ] + (1—9(1+$))Et(¢) 7

~ %4'77 LY LY 4 A
+Et(l){9(1+n+5>%_8(1+5>6t_evt (z)}

which is equation (4.58) in the main text.

4.A.5 Higher-order expectations

With a linearisation of the household Eular equation, we therefore have the following

system of equations:

:/y\t = Et [:/y\t+1:| — 0 </1\t - Et [@t-l—l - ﬁt])
Uy = Ky + tn By [Pepr — D) + €7
R D+ 202 for NUTL
Pt = =~
D for UTL and DS
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and our three possible price-setting rules:

B (i)™ = 0B, (i) [B] + (1 - 0%) B () |7
2+

+0E, (i) KH2+%)@— (H%) e;“—vz“(z')}
(- e

1 /2 +n 1\ N 4 4.
R (G R (R Bt

Substituting the first three expressions into the individual price equations, recog-

nising that E; (i) [05] = 0 and noting that firms observe @, (i) directly, we have

) =N EG) B + X5 B ) [P
+ A3 Bt (4) [Prar] + AL Ei (0) [Ye41]
+ A5 B (i) [fﬂ + Ag £ (i) [Ei‘q
+ Aray (i)
for x € {NUTL,UTL, DS} and where the \ coefficients are given by:

Near-Uniform TransLog

1 1
ANUTL:1—8(1+—> /\NUTL:0(1+—)
' (8 ? (8
9(§+T’+1 o
I1+n ) 140k,
1 1
=+ 1 =+ 1 1
PUNCEL Y (AR S B A S L ) s
I1+n Y ) 140k, 1+n ¢ ) 140K,
1 Lin 1 o
)\NUTL ——0(1 - ANUTL —_9( < =
> T 6 11y %) T1om,

>\J7VUTL — 0
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Uniform TransLog

1
1 1
A?TL:1—9<U+77+—) O (1-ky) NTL =

1+n ¥ ) 1+0k
1 1
1y 1 14 1 1
)\gTLZG(—" ”+—> T (1 - k) AE{TLZG(—U ”+—)
1+n o) 1+0k I+n ) 1+o0kK,
1 Lin 1 o
ML — g1+ — NTL — (e "7 2
> +w 6 1+n+1/J 1+ ok,
AL — ¢

Dixit-Stiglitz

NS = ¢ NS =0
1 14 1 1 14+ 1 1
DY /R (S R Ry R D Vo iy (-
I+en\1+n o) 1+o0k, I+en\1+n v/ 1+o0k,
1 1 1 14 1
ADS — _ +n <1+_) ADS — _ +n (o’ 77+_> o
14+e¢en P I1+en\14+n o) 1+o0k,
)\DS__1+7]
T 14«
n

1
where £ =1 — llj_rg] <‘{j_r;77 + i) I J:my (1 — K,) is the same as in the previous chapter.

In order to ensure stability in the system, we require that decreasing weight be

applied to higher-order expectations. In other words, we require that
A € (0,1), Ao € (0,1), and A\; + A\ € (0,1)

The first of these requires that v be sufficiently large to ensure that (1 + i) < 1.
For any of the parameterisations chosen here, this requirement is satisfied. Given
the definitions of \; and A, the third will automatically be satisfied so long as the

second is, while the second requires that

1 Lin 1 o
0<f(1+—)—-0(= + — 1—kry) <1
<o(1e5) -0 (7 +5) T 1
Taking the simple average of the pricing equation (4.60), we have
E = /\IEt [ﬁt}

+ E; [Aﬂ/)\t + A3Des1 + M1 + As€p + )\661{\4] + Aref!
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Repeatedly substituting this back into itself gives

D= Z A (Fik) [)\7624 + B, [)\22%; + AaDis1 + MTir1 + Asei + )‘6634} ])
or -
P = Mel + i )\Ifﬁikﬂ) [)\ﬂi + 3Dt + Alesr + (As + Adr) ! + /\6‘5?/1}
k=0
Putting this into (4.60) in place of p;, we have
el
+ ZZio )\]fﬁgkﬂ) [)\2]33 + A3Dit1 + Al + (A5 + A7) 624 + Aeeiw} ]
+ X2 By (i) [
+A3 By (1) [De1] A4 By (4) [Yir1]
N B (i) [6d] 4 By (6) [€M]
+A7ay (i)

or, rearranging,

pi (i) = M\ B (4)

ﬁt (Z) = E; (2)

Z >‘le§ ) [)‘2pt + AsDett + b1 + (As + A7) €' + )\Gei\/f]]
k=0

+ A7 ay (7)

which is equation (4.61) in the main text. Now taking a weighted average of this

(using « (i) as the weights), we obtain

D =X (e +70)

+E,

Z )‘]fEi ) [)\21% + AsDis1 + Al + (As + AiAr) & + )\66?4]]
k=0
Substituting this back into itself gives

Py =Ar (524 + 51%)

Ar (e + 1)

A k) Vo
oo 2 = 0o —(k ~ ~
+ E Z )\kE(k) +E; k=0 )‘]fEt +A3Pit1 + Ml
t
k=0 t + ()\5 + )\1)\7) 624 + )\Gﬁiw

+A3Der1 + MYt
| -+ ()\5 + )\1)\7) 624 + )\661{/\/[
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Repeating this substitution eventually leads to

]/?\t = )\7 (Ef"’ﬁ?)
+ Et |:¢/1E£0200) [)\3]/}\%4-1 + )\4@4_1 + ()\5 —+ ()\1 -+ /\2) )\7) 624 + )\661{\4 + )\2)\7524]]
where ]EEO:OO) -] is the hierarchy of all permutations of the two compound expectations

and ¢ assigns geometrically decreasing weights to each, with A; raised to the power

of the number of orders of E, [-] and ), raised to the power of the number of orders
of B, [1].

For Near-Uniform TransLog preferences, we can plug this into equation (4.76) to

obtain
R 1
b T =M (! ) + =7
+ Et |:¢/]E§0:OO) [AgﬁtJrl + )\4§J\t+1 + ()\5 + ()\1 -+ )\2) )\7) 624 -+ )\667{\4 + )\2)\771\]/;4]]

which is equation (4.63) in the main text.

4.A.6 Firms’ learning
Deriving the Kalman filter

The filter derived here closely follows that developed by Nimark (2011b) as a means
of avoiding the doubling-up of the state vector more typical in the literature, thereby
allowing more accurate simulation results when working with finite computing re-

sources.

Denoting i’s expectation formed with period-¢ information as E; (i) [-] = E [-|Z; (i)],
our goal is to find a mean square error minimising'® formula for E; (i) [X;]. To begin,
we suppose (and verify below) that each firm’s signal vector is given by
vi' (i) vity (i)

won| TR
vi (i) ity (7)

9 And hence, given that all shocks are mean zero, a variance-minimising estimator.

q: (i) =C1 Xy + Co Xy + Ry + Rse; + Ryv;q
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and that the innovation (i.e. the unexpected component) in the firm’s signal vector

may be written as:

Gu1 (1) = @ (0) — Era (1) [@: (9)

_ vA (i v (i
= DXt,1|t,1 (Z) + C’lGl’U,t + Rl ta () + R2 ta ! (
vt (i v (i

+ (Rg + Cng) e; + (R4 + ClG4) ’lAJ/t,1

where D = (C1F + () and m (1) = X4 1 — Ey1 (1) [X;_1] is ¢’s contemporan-
eous error in estimating X;. Derivations of the coefficients in these two expressions
are provided below in appendix 4.A.7. Note that there is no term in v; here, as firms’
only contemporaneous signal is their productivity shock, which does not rely on it.
For the term in v;_;, we note that firms cannot form a prior expectation (strictly,
it is zero) because of the independence of idiosyncratic shocks and the assumption

that we have a continuum of firms.

Since 715 (7) contains only mew information available in period ¢, it must be
orthogonal to any of i’s estimates based on information from earlier periods. We can

therefore use the result that E [w|y, z] = E [w|y] + E [w|z] when y_Lz, so that
E, (i) [X)] = E[X|Ti1 (0)] + B [X[q1 (3)]
= B, (i) [ X + K. g (4) (4.78)

for some projection matrix, K; (the Kalman gain). Note that K; does not require
an agent subscript as the problem is symmetric for all agents. For this to be the
best linear estimator, we require that K; be such that 7,5“_1 (1) is orthogonal to the

corresponding projection error, X; — Kt7t|t_1 (7). That is, we require that

E[(X: — Kiq 1 (D)) o1 ()] =0 (4.79)

Rearranging this gives

K= E[X @1 ()] (B [quppo1 () Doer (0)]) (4.80)

Before evaluating this, note that we can rewrite the law of motion for the hidden

state as

> 7. . ~ ~
Xt =F (thl\tfl (Z) + Et—l (Z) [Xt_1]> + Glut + szt + Gget + G4’Ut_1

212



4.A. Proofs

The first term of equation (4.80) thus expands to:

E[X: @ (

which simplifies to

E[X:q i (

’4),} =EB —_— v (i v 1
Dthl\tfl (Z) + ClGut + Rl t ( ) + R2 =1 (
X vy (2 vy (1

> 7 /. . ~
F (Xt—1|t—1 (Z) —+ Et—l (Z) [Xt_1]> + Glut -+ GQ'vt
+G3€t + G4’l7t,1

+ (R3 + 01G3) e + (R4 + 01G4) 615_1

)] = FVipa D + G S GLC)

+ G3Yee (R3 + C1G3) + G4Yas (Ry + C1Gy)’

— =
where V;; = E [Xt‘t (1) Xye (z)/} is the variance-covariance matrix associated with

FE, (i) [X{] and T have exploited the fact that a (i)" — 0 as J — oo to obtain zero co-

variance between individual idiosyncratic shocks and their aggregated counterparts.

Given the symmetry of the problem across agents, although individual expectations

may differ the variance of each estimate will be common. For the second term, we

have that

E[ @1 () o (0)]

X

which simplifies to

—_— A (; A . 7
DXt*1|t71 (Z) —+ ClGut + Rl Uta (2) + R2 t—1 (7’)]
vit (2) vg (i)
+ (Rs + C1G3) e, + (Ry+ C1Gy) Up4
s A A . /
D&AH@HCﬁw+mUﬁQ+R2%“ﬂ
vy (0) vt (4)
+ (R34 C1Gs) ey + (Ry + C1G4) Ty_y _

E[q 1 (D) qupr (0)] = DViypr D' + C1G12,,GHC

+ RS R, + RoSyo R
+ (Ry + C1Gs) Tee (Ry + C1Gs)’
+ (Ry + C1Ga) Tz (Ry + C1Gy)’
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0.2
where ¥, = [ BA 02 } All together, the Kalman gain is therefore given by

FVi_1p-1 D'+ G12,,GC
t:< t—1t—1L" + G 101 ) (4.81)

+G38 (Rs + C1G3) + G4X55 (Ry + C1G)'

-1

DV 11 D'+ C1G1E,,G1 Y
FR SR + RySou )

4+ (R3 + C1G3) T (R3 + C1G3)’
+ (Ry + C1Gy4) S (Ry + C1Gy)’

Evolution of the gain and variance matricies

First, since we can rewrite the state equation as

Xy — By (1) [Xy] = FXy 1+ Grug + Govy + Gaey + Gavyq — By (1) [X]
=F (Xt—l — Et—l (Z) [Xt—l]) + Gl’U,t + Ggat + Gget + G4§t_1

we have that

Vi—1 = FVio1por F' 4+ G130, G + GoXiiGh + G3Xe Gl 4+ GaXwm G (4.82)
Next, add X to each side of equation (4.78) and rearrange to get

X, — B, () [Xi] + K @ (1) = Xy — By (i) [ X4

Since the innovation is orthogonal to both the prior error, X; — E;_1 (i) [X¢], and the
posterior error, X; — E; (i) [X}], the variance of the right-hand side must equal the

sum of the variances on the left-hand side, so that

Vig = Vijg—1 — KVar (7t\t—1 (Z)) Kg
vt (1)
v (4)
+ (Rg + Cng) e, + (R4 + 01G4) ﬁt_l
DV, 1y 1 D'+ C1G 2, G C
RiY, R + RyXy R, )
RSt S 1 | K (4.83)
+ (R3 + C1G3) 3 (R3 + C1G3)
+ (R4 + C1Gy) S (Ry + C1Gy)’

-
DXt—l\t—l (Z) + ClGut + Rl + RQ

Uzél <Z>
= Vi1 — KiVar o, 0] | K

= Viji—1 — Ky
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Provided that F represents a contraction, then there will exist time-invariant Kalman
gain and Variance matricies, found by iterating equations (4.81), (4.82) and (4.83)

forward until convergence is achieved. The form of these matricies will be:

FVD' + G%.G,C!
+G3Yee (Rs 4+ C1G3) + G4Y4 (Ry + C1Gy)’

-1

[ DVD' + 01G1E0 G, C!

+R SR, + RoX R,

+ (Rs + C1G5) See (Rs + C1Gs)'
|+ (Ry+ C1Gy) S (Ra + C1Gy)

DVD + C1G12,,G\C]

+R1 % Ry 4 RyX IR /
4+ (R3 + C1G3) T (R3 + C1G3)’

+ (Ry + C1Gy) X5 (Ry + ClG4)’

+ G120 G + G2 X Gy + G Gy + Gy YwmGY

V:F V—Kt

The law of motion for the hierarchy of firms’ expectations

First note that the recursive formulation of X,
X = Ego:oo) [x,] = |E, X, ]

allows us to write

Ex] = [0 T 0| X =T.X,
E(X]=0 0 1| X, =T.X,

where T, and T, select the elements from X, with simple- and weighted-average
expectations as their outermost. Next, recalling that the innovation in the firm’s

signal vector is given by

A (s A .
(i) = D(Xiy — By (3) X)) + CiGrug + Ry | O] , g, s (Z.)]
b\ Vi1 0

+ (Rg + Cng) e, + (R4 + 01G4) ;'-;t—l
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4.A. Proofs
we can take the simple average of the Kalman filter (4.78) to obtain
Ft [Xt] = TSXt = {FTS + KD ([ —_— Ts)} thl
+ KClGl’U,t
+ K (Rg -+ Cng) €
+ K (Ry + C1Gy) U1
and the weighted average of the same to obtain
E[X)] =TyX,={FT,+ KD (I —T,)} X;_,
+ KC\Gruy,
+ KRyv,
+ K (Rg -+ Cng) €,
+ K (Ry+ Ry + C1Gy) 0,4
We can therefore write
Xt = FXt,1 + Glut + G2’17t + G3€t + G4’17t,1
where
p2 0 Oixeo 10
P 0 »M 01xeo 1101
FT,+ KD(I —T,) Y KRGG,
FT,+KD((I-1T,) KOGy
[0 0 00 00
00 00 00
GQ = G3 = G4 -
Ooo><2 K (Rg + 01G3) K (R4 + ClG4)
| KRl K (R3 + Ong) K (RQ + R4 + 01G4)

4.A.7 Solving the model

Given the law of motion for the hierarchy of firms’ expectations:

Xy = FXi1 + Ghuy + Govy + Gaey + Guvp
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and the following expression for firms’ signal vectors:
vi' (i) vity (4)
vi* (7) vy (2)

we here demonstrate that the aggregate variables of the economy may then be char-

q: (i) =C1 Xy + Co Xy + Ry + Ry + Rse, + Ryv;4

acterised as:

y; = 7;,Xt + 5;51:

Bl = X1+ 8%
for x € {NUTL,UTL,DS}.

Building an expression for 7;
We start with the expression for output in period ¢

(1+ U“y) U = By [Yiy1]

— 0o (1l — k) Dy
+0 (1 — kr) Et D41
— O’Ei\/l

Substituting in the conjectured solution and recalling that the representative house-

hold and central bank have full information then gives

(1 + O'/'Qy> ’Z/\t = ’)’;/ (FXt + G46t)
— 0 (1= kr) v X

+0 (1= kr) v (FX + Gyvy)

—oeM
Rearranging then gives
Yr = ¥y Xi + 0,0,
where
vy F

* 1
v _1+O'/iy

+o (1 — k) (F—1)
+[0 o olm}

5;’ = ’7;/G4 + o0 (1 — /{W) ’)’;/G4
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or

(1 — k)Y (F—1 1 -1
U (U ED Y

Building an expression for p; (Uniform TransLog and Dixit-Stiglitz

preferences)

We start with the expression for the aggregate price:
D; = A e
k+1 \i .
+ Z 3]Pt+1 + ANUir1 + (A + ATAS ) + N\ }

for x € {UTL, DS}. Substituting in the conjectured solution and noting that firms’

incomplete information implies that F; (i) [v;] = 0 Vi, we have

)‘7 €t
+ (/\’{)kE

k=0

(k+1)

[)\* YEX + N FX 4 (8 + XN e + N €]
or

Bi = % 0 Oie] X

+ (MW F+ 0 F 4 |08+ X008 A O ) f: NP EE (X))
k=0
from which we can read that
=7, Xi

where

b= M 0 Opeoc]

Ay F A Ny F .
(I - )\TTS) T
P05+ AN X Ovee]
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Building an expression for p; (Near-Uniform TransLog preferences)
We start with the expression for the aggregate price level in period ¢
BT = de (e ) + 77
+E, [Cﬁ'Egom) [AsDes1 + Mbies1 + (As + (A1 + A2) M) e + Aoel” + A2A75f]]
Substituting in the conjectured solution and recalling that E; (i) [v;] = 0 Vi, we have
BT = de (e ) + 77
+ E, [¢’1E§°’°°) Yo F Xy + Ay, F X, + (Mg + (A + A2) Ar) et + Agel ]]
or
BT = [N 0 Onee| Xe+ [N 2] B

()\3’7; + >\4’Y;) F
[()\5 + (M +A2) M) A6 Oixoo

To simplify this further, it will be necessary to consider the following object

Yot

E [X)

Recalling the recursive formulation of E{">” [-], we have that

Xt - Et [Xt]

E, [ Xy

Ex] =0 T 0] X =7,

B (X)) = [0 0 I|X,=T,X,

where T, and T, select the elements from X; with simple- and weighted-average

expectations as their outermost. We can therefore write
PET (X)) = X,
+ ME X + M E X))
+NE, [B [X]] + M, [E: [X)]]
W [Et [Xt]] + A2E, [Et [Xt]]
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and then rewrite this as
PET (X = X,
+ MT X+ N1 X,
+ NT? X, + M AT, T X,
+ MM T T, X + NT2X,
4.

But this is then simply an infinite (and convergent) sum of binomials

PE (X)) = (fj T+ AgTw]’“> X

k=0

which may be written as

HE (X)) = (I — MTs+ AT ' X,

Moving back to the expression for the aggregate price level, we can therefore

write
BT = [N 0 O] Xe - Ar 2] B
. ( (A, + M) F )
s+ (i +22)2) s Ot
x (I — [MTs 4+ NoTw)) ' T X;
or, gathering terms,

@iNUTL (,YZ])VUTL) Xt (5NUTL) vt

where

[+ (4 +42) A7) Ore

( NUTL Y ( NUTL) > Ia
< (I = [MTs+ A\Tu) ' T

( NUTL [M leoo
-

-
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The firms’ signal vector

Recall the signal vector observed each period

— -/
Yi—1 + €y

Di—1 + €ps
q; (Z> = Y1 (l)
Wy—1

ay (1)

With the conjectured solution, we can immediately write that

Y1 = ’7;/th1 + 5;/@71

Di1 =7 X1 + 0,04

. vA (i

@ ()= [1 0 O] X [1 0] ;(_)
vt ()

which leaves only ;4 (i) and @w;_; to work out.

Making use of the previous-period quantity (TransLog and Symmetric

TransLog preferences)

To make use of the quantity sold from the previous period, we note again the two
definitions of expenditure share in the TransLog framework:
Pi1 (i) Vi1 (4)

P, .Y, =501 (1) = o1 (4) + Va1 (1) + ;%j’pt—l (7)

Linearising and making use of our near-uniformity assumptions and the definition of

ay (1), this becomes

1 . N~ N~ I - . . .. R ) =
7 (Pr—1 (1) + Yp—1 (1) = D1 — Yp—1) = Sp—1 (1) = jvt—l (i) — %pt—l (i) + lptfl

Further rearranging, we may write this as
Pe-1(8) + i1 (i) = Y1 + De—1 + YD1 + vy (4)

The left-hand side of this expression is made up entirely of objects observed by

the firm. Since the firm’s price is necessarily a linear function of its period ¢ — 1
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information set, observing 7;_; (7) is informationally equivalent to observing p;_1 (7)+

i1 (i). To construct this, we start with the earlier expression for p;:
= - —(k+1 = ~ ~
b=+ MBS [Azpt + AsDest + Ml + (s + MAr) € + /\665/[}
k=0

Substituting the definition of the aggregate price under Near-Uniform TransLog pref-

erences gives
= A w1 N -~ A M
Pt = /\76t + Z /\lEt /\Q]pt - ;Ut + /\3]pt+1 + /\4yt+1 + ()\5 + /\1)\7) €4 + /\6€t
k=0
Substituting in the conjectured solution then gives
=< = —(k+1
D= Ml + Y MET Doyl Xy + Ay F X+ A F X+ (O + e 6!+ Agel]
k=0

Gathering like terms,

= 0 0] X

A2, + AV B+ Ay F i MEE [
t
Qs+ 000) As O] ) 27

or
E = '7]%Xt
where
V=M 0 0]

(I—MNT) T,
[(/\5 + A7) X leOo]

which is to say

~ . ~ N Y !~ 2}24_1 (2)
Pt (3) + it () = (9 + % + 799 Xea + (8, +8,) B + [0 1] vy (i)
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Making use of the previous-period quantity (Dixit-Stiglitz preferences)

Equivalent logic to the above then grants the following for Dixit-Stiglitz preferences:

~ N~ . vl (i
it ()4 it () = (9 2m) X+ [0 1] [ 5 (ﬂ
where ¢ is the elasticity of demand.

Including the wage in the signal vector

Recall from appendix 4.A.4 that

= (i lasn)a-ta+na
Wy = — — —_ — 2
t ) n) Yt ” 1) zt
Z = 624 + E — D
where @; = w; — Py is the real wage. Combining these, we have

ﬁ?t = ’71/UXt + 6;/?)}

Yo =Yp + e+l(1+77)>7y—l(1+77)(7p—7p)

(G (G
0y = (§+%(1+n)>6y+(1—%(1+n))6p

The signal vector

We are therefore able to write

v (i vl (i ~
q; (Z) = ClXt + CgXt,1 + Rl ¢ ( ) + R2 =1 () + Rget + R4’Ut,1
vt (1) v (i
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where
[ 0100 | [ Yy | 0 0]
01x00 Yy 0 0
C, = O1x00 Co= v +%+rvs| Bi=00
01x00 . 00
[ 10 0 0 Opxoo | L 01xo |1 0]
[0 0] [1 0] & ]
0 0 0 1 J,
Ry= 10 1 Ry =10 0 Ry = |4, + 9,
0 0 0 0 .,
10 0] 10 0] | 0 0 |

Innovation in the signal vector
Recall that the optimal linear estimator in this setting is the Kalman filter (4.68):

By (i) [Xe] = FE 1 (1) [Xea] + K {q: (i) — B () [q: (7))}

First note that firm 4’s prior expectation of q; (i) (i.e. that formed in the previous

period) may be written as

v (i
Ei 1) g (7)) = (C1F + Cy) Eyq (3) [Xy—1] + RoEy—q (7) [ it ( )]

vty (4)
where we have dropped the terms in u,, v/ (i) and v® (i) as they cannot be seen
in advance and have unconditional expectations of zero. The term in v;_; is also
dropped as idiosyncratic shocks are fully independent (so that E; (i) [v; (j)] = 0 V) #
i) and in the limit, limy_ a ()" = 0 Vi. It is also the case that E,_ (i) [vf ()] =0
since firms make no observation of household demand at the moment of setting prices.
In principle, we have a complication in that since the firm observes @; (i), it must be

that
B (i) [ofty ()] = oty (i) + 1y = B (0) [614]

However, since nothing in g; (i) depends on E;_; (i) [vi*, (i)] (the left-hand column

of Ry is all zeros), we may ignore this complication and simply write

Ey_1 (i) [ge ()] = (CLF + C3) By (4) [Xii]
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4.A. Proofs

Consequently, we may write the surprise in (i.e. the unexplained portion of) the

firm’s signal vector as

G (1) = q.(6) — Eri (3) g, (3)]

. vt (i) vity (i
= (Ch1F + Cy) (Xim1 — By (1) [Xooa]) + C1Gruy + Ry 0o (i + Ry o (G
t -1

+ (Rg + ClG3) e, + (R4 + 0104) 17,5,1
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