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Abstract. The thermal fluctuation level of the Weibel in- berg and Wiersma&007. The generated fields are (quasi)-
stability is recalculated. It is shown that the divergence of stationary on temporal scales longer than growth and stabili-
the fluctuations at long wavelengths, i.e. the Weibel infraredsation times. Nonlinear effects set on when the waves reach
catastrophe, never occurs. At large wavelengths the thermdhrge amplitudes after amplification. At this stage, quasi-
fluctuation level is terminated by the presence of even thdinear modification of the distribution function limits further
smallest available stable thermal anisotropy. Weibel fieldsgrowth (Pokhotelov and Amariute2011) and wave-wave in-
penetrate only one skin depth into the plasma. When excitederaction causes further nonlinear evolutidtokhotelov et
inside, they cause layers of antiparallel fields of skin depthal., 2010 which distributes particle energy into other modes,
width and vortices which may be subject to reconnection. further limiting the growth of magnetic fields.

Thus, under non-dynamo conditions, the Weibel mecha-
nism is an alternative to the celebrated turbulent magnetic
dynamo mechanism, the latter being believed to be respon-
sible for the generation of magnetic fields in plan&tfiris-

1 Introduction tensen et al.201Q Hulot et al, 2011), stars (e.gJones et

al., 2010, galaxies and on the large scale in the universe.
The Weibel thermal\Weibel 1959 and Weibel filamenta- The Weibel instability may grow in the universe from ther-
tion (Fried 1959 instabilities, two closely related versions mal fluctuations at early times\idrow et al, 201]) either
of the purely electromagnetic zero frequency instability of ain the chromodynamic state or later in the plasma state, and
non-magnetised plasma, have been proposed (se&oeiy.  also after recombination during structure formati®y\( et
and Davidson1987) as fundamental for the generation of al.,, 2011). It is believed to dominate all other mechanisms
quasi-stationary magnetic fieldglédvedev and Logld 999 in magnetic field generation in relativistic shocks (cf., e.g.
in high temperature or high-speed (cf., edghterberg and  Bykov and Treumanr2011). More recently, it has been sug-
Wiersma 2007) plasmas, respectively. The mechanism of gested to play a decisive role in the ignition of magnetic re-
this instability has been elucidatdér{ed 1959 as the spon-  connection in collisionless current shed@amjohann et aj.
taneous microscopic electron (or ion) currents flowing in 201Q Treumann et a]2010.
a plasma which, under unstable conditions, become ampli- These facts, in particular the astrophysical application to
fied and cause a non-vanishing magnetic field to grow in themagnetic field generation in shocks, let the Weibel instabil-
plasma. ity attract considerable interest. Nevertheless, several open

As usual, the field grows up to a maximum amplitude andquestions remain in dealing with it. These refer to the in-
stabilises by some mechanism like exhaust of the availabletability itself, independent of its free energy source, i.e.
free energy, in the case of the thermal Weibel mode quasiwhether thermal or flow driven, and to its thermal level. In
linear depletion of the temperature anisotropy (recent particthe following we very briefly clarify two of these: the nature
ularly complete discussions are givenRokhotelov et a).  of the Weibel mode, and avoiding the infrared catastrophe of
2010 Pokhotelov and AmariuteR01J), in the case of the Weibel thermal fluctuations.

Weibel filamentation mode by self-magnetisation of the ini-
tially non-magnetised streaming particles (cf., edghter-
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1.0 (with 1=6;;, (i,j) =1,2,3 the unit tensor) thus defining
anisotropic temperatures parallel and perpendicular to the
flow, yielding a bi-Maxwellian equilibrium distribution. The
free energy stored in the anisotropy is available for driving
instability. The linear dispersion relation (see, 8gumjo-
06— — hann and Treumanr2012, from which instability can be

0.8 — —

E inferred, becomes
~
2
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02| wheree | (w,k),€)(w, k) are the transverse and longitudinal

response functions. The longitudinal function is of no inter-
est as it does not yield electromagnetic waves. The transverse
0.0 ‘ | | | response function is, using the bi-Maxwellian, given by
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Fig. 1. Dependence of the normalised (to maximum groys) HereZ(¢) is the plasma dispersion function of argumeet
Weibel growth rate: on wavenumber. The domain of growingwave ®/k1vel, andA = Tg/Ter — 1> 0 the thermal anisotropy,
numbers is limited by the skin-dpeth wave numhet we/c. vé = 2T/ me the thermal velocity, an#t = (ksing,0,kco9)
is the wave vector having only two components. At very low
) frequenciesy ~ 0 the unstable solution obtained by putting
2 Weibel mode w (k) =iy (k) purely imaginary, yields for the Weibel growth

In which mode does the Weibel instability propagate? Thisrate

question is non-trivial because, in unmagnetised plasma of . _\/71@1)& L k2 A1) (k)3
d_ensnyN, electromagnetlc wave propagation becomes posJ’W'( = T kole 7 | (A+ ) (ko)
sible only at frequencies above the plasma frequency

V€2N /egme, a condition which immediately follows from With A > 0, the wave will grow as long as, < ko, where
the unmagnetised plasma wave dispersion relatidn=  kohe=+/A limits the unstable range in wavenumber. Max-
k2c2 + w2, with k wavenumber, and velocity of light. Zero  imum growth is obtained atm = ko/+/3, close to the insta-
frequency modes cannot propagate in this case. As a bybility cut-off, This is shown in Fig1 with maximum growth
product this implies that no magnetic fields can be imposedate

into the collisionless plasma. They must have been present .

from the very begmnmg, i.e. they _mu_st have been born with (k) = e lgi (ULL>(A+1) L we (5)
the plasma. Otherwise magnetic fields can enter only a 2t \ ¢

distance of the order of the electron skin (inertial) depth

Ae=c/wein the collisionless case. Suchwaves in the plasmathe unstable waves being of wavelength somewhat larger
are evanescent. than the plasma skin depth.

. As is well knowr_l, the S'“ﬂa‘.“"” changes, when th_e plasma We note in passing that the Weibel filamentation growth
is already magnetic, containing a constant magnetic #ld . .
rate for two equal density counter streaming electron flows

in which case Alfen, whistler, and magnetosonic waves can
. of speedVy, becomes
propagate down to extremely low frequency. Hence, what is
the reason for the Weibel instability to survive and cause real 2 1
. . . 5 _ Cl)be 2Ne ne\ —
magnetic fields in plasma? VRl =kpeVb) 14+ 5 | 1+ —(1+— (6)
In order to understand this point, we briefly repeat the ther- kec No mi
mal Weibel theory giving it a simple representation. Thermalyhere the index “b” refers to the two counter-streaming plas-
Weibel instability requires that the plasma temperature is 1mgas, In the long-wavelength range, if the background density

for some unspecified reason — anisotropic, allowing to de-s |arge N > Np/2, this expression simplifies to
fine two temperature®), 7. in orthogonal directions. For

(4)

ko

'thus justifying the initial assumption of small frequency, but

_1
2

instance, if the plasma streams with veloclfy then the VEI Np N
plasma pressure might become anisotropic, PR Z_Ne(l_ 4_Ne> =khp (7)
2
Pe=nkp [Teﬂ + (TEII - Tel)VV/V ] @ wherekpe = wpe/c = Abjel. This growth rate is small, unless

W is large. The plot of the growth rate is given in Fiy. It
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| /sy tised plasma branches, Aém or whistler. The long wave-
length electron whistler dispersion relation is
5 e of ©
- w? W Wee
~
>—

with wee = ¢ B/ me the electron cyclotron frequency. In order

for the Weibel mode to propagate at such low frequency as

| a whistler (or ultimately electron Al&n) wave, this requires
that the plasma must be weakly magnetised initially and

0 1 ki,

k1Vae/we~+/A/(A+1) (10)

Fig. 2. The growth rate of the Weibel filamentation instability as ) ] i
function of wavenumbetip = kAgpy/Np/2Ne. determines the wave number, withe the electron Alfen
speed. This becomes possible once the Weibel instability has

grown in the above spatial slpt — Ae, x + Ae].
shows, in contrast to the thermal Weibel mode, that the linear However, initially, the plasma is not completely free of
growth rate is not restricted in the first place but formally magnetic fields. Thermal fluctuations provide a weak sponta-
extends to the limif/g / kpeVp = kAp fOr k — co. Of course,  neous magnetic fluctuation background level. This has been
a natural upper bound df < kp is provided by the Debye known for long time Landau and Lifshitz1959 1960 for
wave numbekp. any thermal electrodynamically active medium. The explicit
From this one concludes that, in a strictly non-magnetisedheory of thermal fluctuations in plasmas can be found in
plasma, the Weibel mode, whether thermal or flow driven, Sitenko (1967 and Akhiezer et al.(1979. Application to
is not a bulk plasma mode. Under unstable conditions whemnmagnetic fluctuations has been given Ygyon (2007 and
it is excited in the plasma at some locatignits magnetic ~ Treumann et al(2010.
field will be felt only in an intervalx — Ae, x + A¢] @aroundx, Being a thermal dielectric response property, thermal fluc-
producing magnetic fields in a region of the size~a®\e. tuations can exist in regions, where real waves do not prop-
Therefore, in an extended plasma containing temperaturagate. Otherwise, they provide a pool of initial rms wave
anisotropies, the Weibel mode will necessarily cause fila-amplitudesp = /(b2), from which the instability chooses to
mentary magnetic field structures, even when excited by therexcite a particular range of wave modes which are allowed
mal anisotropies. These structures, because of the zero dig propagate. For the Weibel mode this property has already
vergence requirement are located adjacently carrying Weibeheen exploited{reumann et a]2010).
magnetic fields of opposite direction on transverse scales On the other hand, the weak magnetic fluctuation lexel,
of the electron skin depth. Such structures resemble mug|so provides an average finite weak background magnetic
tually adjacent current layers, as have been observationallfie|d which can be chosen by the unstable wave to propagate.
inferred, for instance in the magnetosheaet{rd et al,  Taking this fluctuation wave field, the background Afwe-
2007). They may become unstable against reconnection|ocity becomegVa) = b/+/omeNe, Which enters the above
form magnetic islands and dissipate part of the free energyyhistler dispersion relation and fixes the wave number of the
by transforming itinto plasma heat, depletion of temperatureynstable modes which then may, indeed, propagate.
anisotropy or kinetic flow energy, and related effects. Since the frequency becomes very low, implying that also
k1 — 0, when interested in the generation of quasi-stationary
magnetic fields, the magnetic fluctuation spectrum must be
calculated slightly more precisely than done in the above
references. There the magnetic fluctuation level depended
on wave number a&?) « (k| 1) 3, leading to an “infrared
catastrophe” for vanishing, and quasi-stationary fields.

0

3 Thermal fluctuation effects

The Weibel instability is not really of zero-frequency. An es-
timate of the small though finite real frequenayis obtained
from the real part of the dispersion relation (formally assum-

ing y > wr) under the simplifying assumption that< we. . Such a ca_tastrophe cannot occur in nature. A more pre-
This yields cise calculation should take into account two facts. First,
the plasma also contains ions (which have been included in

ver\ [1A+me/mi the above transverse response functions but have not yet been
wr~kic (T> 2 A+l (8) used). Second, calculation of thermal fluctuations in the ther-

modynamic equilibrium (or quasi-equilibrium) state for the
Sinceve/c « 1 this shows that the frequency is very small, stable thermal Weibel mode implies
the index of refraction iz > 1, and the wave, if propagating
at all, must propagate on one of the low frequency magneA=71,/T, —1<0 (12)
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The transverse response function can be written as evolve in the range of stable plasma states, fluctuation the-
) ) ory is valid up to infinitely long wavelengths. The magnetic
. Wg Ty . _ .2 w; spectral energy density behaves analytically.
er=1+ E{l_ T, [1_ @) +ivmze ] } w2 (12) Though the weak rms magnetic fluctuation background in-
deed solves the problem of Weibel penetration into a plasma,
wherez = ¢/+/2, and®(z) ~ 272 for z < 1. Then, in the the Weibel magnetic fields are on scales not much longer
very low frequency limit,w — 0, one obtains the correct than the skin depth. Divergence conditions then require that
thermal spectral energy density of magnetic fluctuations inthese fields form vortices of neighbouring antiparallel fields,

the anisotropic-pressure plasma as resembling current layers. These may undergo reconnec-
tion (Sundkvist et al.2007), form islands and thus, in ad-
(b?0)) = po |mTL mec®(A+1)%khe (1) dition to quasilinearRokhotelov et a).201Q and nonlinear
we \| mec? (A+2)[k2/\§—A—me/mi]2 (Pokhotelov and Amariutei2011) limitation, further limit

the Weibel amplitude growth in various ways: by structuring
the field, plasma jetting, and heating the plasma until deple-
tion of the anisotropic temperature, which is the free energy
source of the instability.

For A > 0 we hadk?A3 < A, avoiding catastrophe and pro-
viding a thermal background to chose for the Weibel insta-
bility. For A <0, the stable case, infrared catastrophe is in-
hibited by the presence of ions until/mj < —A and, with wnowled h H ; onal Visi
k— O, for —2 < A. HOWEVEY, whend < _2, the nature of AC noyve. gementsT IS rgsearc was part of an occasional Visit-
. . . . ing Scientist Programme in 2006/2007 at ISSI, Bern.
the fluctuations changes. In this case magnetic fluctuations . . )
bel he fireh hich ludes th ibel d Topical Editor I. A. Daglis thanks one anonymous referee for
elong to the firehose range which excludes the Weibel mode . /1is help in evaluating this paper.

anyway.

The above spectral energy density is a function of
wavenumbek. It can, in principle, be used in order to deter-
mine the wavelength range in which the Weibel mode prop-

agates on the lowest frequency whistler (or &ifiy branch.  achterberg, A. and Wiersma, J.. The Weibel instability in
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