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1 Introduction

In this paper, we consider the initial boundary value problem of the following model:

92 9

5+ (AUl A) + 4" 20+ a / ™ dx ) = fx 1), (0) € Qr,

at> o ot

u=Au=0, (x1t)edQ2x(0,T), (1.1)
du(x,0

u(x, 0) = uo(x), u(axt ) =), x€,

where Q@ C RN (N > 3) is a bounded domain with smooth boundary 02,0 < T < o0 is a
given constant, and Q7 = Q2 x (0, T'). The coefficient a : [0, 00) — (0, 00) and the exponents
p,q: Q2 — (1,00) are given continuous functions and f : Q7 — R. PDEs with variable expo-
nent growth conditions are usually called equations with nonstandard growth conditions.
After Kovéacik and Rékosnik first discussed the variable exponent Lebesgue space L/®
and Sobolev space W*?®) in [1], a lot of research has been done concerning these kinds
of variable exponent spaces; see for example [2, 3] for the properties of such spaces and
[4-13] for the applications of variable exponent spaces on partial differential equations. In
[14] Razicka presented the mathematical theory for the application of variable exponent
spaces in electro-rheological fluids. Problems with variable exponent growth conditions
also appear in the mathematical modeling of stationary thermo-rheological viscous flows
of non-Newtonian fluids [15] and nonlinear elastics [16—18]. Another field of application

of equations with variable exponent growth conditions is image restoration [19].
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We claim that the Young measure solutions of problem (1.1) can be approximated by the
following problem with a viscosity term g A2 ‘3—’: (e>0):

Ou + A(|AulP Au) + [u]TP2y
ot?
ou u
q(x)d . A2_: , L), ,t) € )
va [ ) 2 en B <0, e
u=Au=0, (xt)ecdQ2x(0,T), (1.2)
du(x, 0
u(x’ O) = Z'tO(x)! M(axt ) = Ml(x), X € Q

When p(x) = 2 and the space dimension N = 1, problems of the type (1.2) are a class of
essential fourth-order wave equations appearing in elastoplastic-microstructure models.
They govern the longitudinal motion of an elastoplastic bar and antiplane shearing de-
formation; see [20]. For p(x) = 2 and the multidimensional case, Chen and Yang [21] dis-
cussed the global existence, asymptotic behavior and blow-up of solutions to the initial
boundary problem of the equation with weak damping term %—’:; see also Messaoudi [22]
for wave equations with nonlinear damping. For the analysis of nonlinear second-order hy-
perbolic equations with damping, we refer to the seminal work of Lions and Strauss [23];
see also Friedman and Necas [24], and Emmrich and Thalhammer [25, 26]. In recent years,
hyperbolic equations with variable exponent growth conditions were studied by Antont-
sev in [27], Haehnle and Prohl in [28], Pinasco in [29]; see also Autuori et al. in [30, 31]
for the Kirchhoff equations with p(x)-growth. It is to be noted here that the viscosity term
Azg—'; plays a key role in the proof of the global existence. The global existence results of
weak solutions for second-order wave equations (even if p(x) = constant # 2) without the
viscosity term Azg—’: have been found only in one space dimension; see DiPerna [32] and
Shearer [33]. To the best of our knowledge, the equations without the viscosity term are
studied only in [34—37]. In that work, the concept of Young measure solutions has been
introduced and applied to dynamic problems and wave equations.

Thus motivated, in the present paper, we prove the global existence of Young measure
solutions of problem (1.1), we first construct Young measure solutions as the limit of the
sequence of solutions of problem (1.2). Then we give a decay estimate to the Young mea-
sure solutions of problem (1.1).

Our work is organized as follows. In Section 2, we give some necessary definitions and
properties of variable exponent Lebesgue spaces and Sobolev spaces. In Section 3, we ob-
tain the existence of weak solutions of problem (1.2) by Galerkin’s approximation method.
In Section 4, under some conditions, from the sequence of solutions of problem (1.2) and
some a priori estimates, we get the existence of Young measure solutions by letting ¢ — 0.
In Section 5, we investigate the decay property of Young measure solutions and get a decay

rate estimate by using Nakao’s lemma.

2 Preliminaries
In this section, we first recall some necessary properties of variable exponent Lebesgue
spaces and Sobolev spaces; see [1-3] for the details.

Let & C RN be a domain. A measurable function p : 2 — [1,00) is called a variable

exponent and we define p~ = essinfycq p(x) and p* = esssup, ., p(x). If p* is finite, then the
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exponent p is said to be bounded. The variable exponent Lebesgue space is
IP9(Q) = {u : Q — Ris a measurable function; pp) () = / |u(x) |p(x) dx < oo}
Q
with the Luxemburg norm

”u“Lp(x)(Q) = inf{)» >0: pp(x)(k_lu) < 1},

then LF®(Q) is a Banach space, and when p is bounded, we have the following relations:

: I’ pr* P pr*
min 112y 00 1412y} = P ) < max {1l o 1061 -

That is, if p is bounded, then norm convergence is equivalent to convergence with respect

to the modular p,(). For a bounded exponent the dual space (LP¥(2)) can be identified

p)

PG foreachx € Q.

with L' ®(Q), where the conjugate exponent p/(x) is defined by p/ (x) =
If1<p~ <p* < oo, then LPW(Q) is separable and reflexive.

In the variable exponent Lebesgue space, Holder’s inequality is still valid; see [1], Theo-
rem 2.1. For all u € I?9(Q), v € LF'¥(2) with p(x) € (1,00) the following inequality holds:

1 1
luv|dx < <— + >||M||Lp(x) oVl w ) < 21l @ @) VIl e -

If 0 < |2 < o0 and p, g are variable exponents such that p(x) < g(x) for each x € 2, then
there exists a continuous embedding LP¥(Q) < L1¥(Q).

Definition 2.1 (see [2]) We say that a bounded exponent p : 2 — R is log-Holder contin-

uous if there is a constant C > 0 such that

Ip(y) - p(2)|logly -2l < C
for all points y,z € Q.

The variable exponent Sobolev space W*?¥(Q) is defined as
WP (Q) = {u € IP(Q) : D"u € P (Q), || < k}

and equipped with the norm

M2l wipe () = Z ||Da”||u7<x>(sz)’

|or| <k

then the space W*#™(Q) is a Banach space. The space Wg » (x)(Q) is defined as the closure
of C3°(R2) with the above norm. If 1 < p~ < p* < 0o, then the space W**®)(Q) is separable
and reflexive; If p : 2 — (1, 00) is a bounded log-Hélder continuous function, then C5°(£2)
is dense in Wg’P(x)(Q).
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Theorem 2.1 (see [2]) Let Q C RN be a bounded domain and assume thatp : RN — (1, 00)
is a bounded log-Hélder continuous exponent such that p~ > 1, then for any u € Wé'p (x)(Q)
we have

lull o @) <l Vil o) )

where the constant c only depends on the dimension N, || and the log-Holder constant

of p.

Theorem 2.2 (see [2]) Let 2 be a bounded domain with smooth boundary. Assume that
p: Q2 — (1,00) is a bounded log-Holder continuous function with p* < % andq: Q2 — (1,00)
is a bounded measurable function with q(x) < p* = 22

= N+ Then there is a continuous em-
—kp(x)
bedding

Wk,P(x)(Q) N Lq(x)(Q),

where the embedding constant depends on |Q2|, N, q* and the log-Holder constant of p.

Theorem 2.3 (see [38]) Let 2 C RN bea bounded domain with smooth boundary. Suppose
that p is a bounded log-Holder continuous functions in 2, with p~ > 1. Then there exists a
constant C > 0 depending only on N, Q and the log-Hoélder constant of p such that for each
ue Wj”’(’“)(sz), the following inequality holds:

il y2000gy < Cll AUy ey

Proposition 2.1 (see [29, 39]) Let Q be a bounded domain in RN and let {w; < be an

orthogonal basis in L*(Q). Then for any € > 0, there exists a positive number N, such that
1
Ng 2\ 2
el 29 < (Z ( fﬂ uo; dx) ) +ellull i)
i=1
forallue Wé‘p(Q) where 2 < p < 0.

The following theorem gives a relation between almost everywhere convergence and

weak convergence.

Theorem 2.4 (see [7]) Let p: Q2 — R be a bounded log-Holder continuous function with
p~ > LIf{u,)%, is bounded in [P®)(Qr) and u,, — u a.e.in Qr asn — 0o, then there exists
a subsequence of {u,} still denoted by {u,} such that u,, — u weakly in L’ (Qr) as n — oo.

Denote by Co(RN) (N > 1) the closure of continuous functions in R with compact

support. The dual of Cy(RN) can be identified with the space M(RY) of signed Radon
measures with finite mass via the pairing

(.f) = /R .
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Amap u: E— M@RYN) (E c RY)is called weak * measurable if the functions x — (u(x),f)
are measurable for all f € Co(RY). We write u, instead of ().

Theorem 2.5 (see [40], Theorem 3.1) Let E C RN be a measurable set of finite measure
and let z; : E — R be a sequence of measurable functions. Then there exist a subsequence
zj, and a weak * measurable map v : E — MMRN) such that

(i) ve =0, el pqgny = fpa dve <1, fora.e. x € E.

(i) For all f € Co(RYN)

f(z;,) = (v.f)  weakly x in L°(E).
(iii) Let K C RN be compact. Then
suppv, C K if dist(z,, K) — 0 in measure.
(iv) Furthermore one has
(i) vl ey =1 foraexecE
if and only if the sequence does not escape to infinity, i.e. if

lim sup|{x € E: |z; | > L}| = 0. (2.1)
L—oo k

(v) If (') holds, if A C E is measurable and f € C(RN) and if f (z;,) is relatively weakly
compact in L'(A), then f (zj,) — (vy,f) weakly in L'(A).
(vi) If (') holds, then in (iii) one can replace ‘if’ by ‘if and only if’

Remark 2.1 If for somes>0andalljeN

/ lziI° < C
E

then (2.1) holds.

3 Existence of weak solutions of problem (1.2)
In this section, let ¢ € (0,1) fixed, we prove the existence of weak solutions for problem
(1.2). Our main hypotheses are the following:

(H1) p,q:Q — (1,00) are two log-Hélder continuous functions satisfying

1 2N - —inf ( ) <t ( ) N
maxqy L, — ¢ < =1n X =Supp\x)< —
N +4 p ntp =p p )

and

Np(x)

— | forxeQ.
N —2p(x)

1<q =infq(x) <q(x) <
Q

Here Q denotes the closure of .
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(H2) a € C([0,00)) and there exists a constant @y > 0 such that
a(s) >ay >0, forse[0,00).
(H3) up € W*W(Q) N W(RQ), my € LA(Q), f € LX(Qr).
Definition 3.1 A function u, : Q7 — R is called a weak solution of (1.2), if

ue € L0, T; WoP®(Q)) N L(0, T; L19(Q)) N C(0, T; W22(R)),
e e 1°(0, T; LX(R)) N L*(0, T; Wo (),

and

. (x, e D
—/ M(p(x,r)dx—/ us—(pdxdt+/ | At P92 Au, A
o ot oy Ot O or

Ou, Oue
+8ALA<pdxdt+/ a(/ |u5|q(“)dx>lgodxdt
ot or g ot

= fgodxdt+/ u1p(x, 0) dx,
Qr Q

for all p € C}(0, T; C(2)) and 7 € (0, T1.
5 C(Q) .
We choose a sequence {w;}%; C C5°(€2) such that C5°(2) C U, Vi and {w;}7%) is a
complete orthogonal basis in L2(2), where V,, = span{w;, @, ..., w,}; see [7, 39].
Since [ J22, V,, is dense in C2(Q2), we have the following lemma.

Lemma 3.1 (see [41]) For the function uy € W>’®(Q) N Wg’z(Q), there exists a sequence
W With W, € V,, such that W, — ug in W>**W(Q) N W (Q) as n — oo.

Proof For uy € W**®(Q)N WOZ'Z(Q), there exists a sequence {v,} in C§°(€2) such that v, —
———CXQ)

ug in W2r@(Q) N Wg'Z(Q). Since {v,} C C5°(Q) C Uss; Vin , we can find a sequence

{&} € Un1 Vin such that, for each n € N, we have v& — u, in C*(Q) as k — oo. For 5,

there exists k, > 1 such that [|vf — 4, 2@ =< 2% Thus

||Vﬁn —Uo H w2r@(@)nwE2 () = C“Vﬁ" ~Vn ”cz(ﬁ) + [V = ”0||W2:p(x)(sz)mwgv2(sz)'

That is, vﬁ" — ug in WO (Q)N Wg’Z(Q) as n — oo. Denote u,, = v’;”. Since u,, € U;’;:I Vs
there exists V,,,, such that u, € V,,,; without loss of generality, we assume that V,,,, C V,,,,
as m; < m,. We assume that m; > 1 and define ¥, as follows: ¥,(x) =0, n =1,...,m; — 1;
Yy=u, n=m,...,my —1; ¥, = up, n=my,...,m3 — 1;..., then we obtain the sequence
(¥} and ¥, — uo in W (Q) N W*(Q2) as n — oo. O

The existence of weak solutions of problem (1.1) is proved by Galerkin’s approximation.
We shall find the sequence of approximate solutions in the form

n

(o, 0) = Y (ma(0)) 0y (®).

j-1
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The unknown functions (1,(t)); are determined by ordinary differential equations in the
following.
We first define a vector-valued function P, (¢, u,v) : [0, T] x R” x R” — R” as follows:

(Pn(t’ M, V))l»

n qx)-2 s 5
:/ Z“/Awf (Z,ujij)Aa)idx
Q|5
j=1

j=1

px)-2 ;
<Z [LjAC()j) Aa)i +

j=1

n
+ [ € v»Aa)'Aa)'+a/
[ e vamac (

n
2 : Vj@j
j=1 j=1

n
> A,
j=1

q(x)
dx)a)idx, i=1...,n,

where 1 = (uq,...,uy) and v = (vy,...,v,). Now we consider the following Cauchy problem

of second-order ordinary differential equations:

n"(t) + Py(t,n(£),n'(2)) = F,(2),
’7(0) = UOnr 77,(0) = ulm

(3.1)

where (UOVI)L' = fQ anidx, (Uln)i = fQ ¢nwidx’ F, = /‘Qf;?widx) Yn € Vi, ¢ € anﬁl €
C°(Qr), and ¥, — uy strongly in W2r&)(Q) N Wé’z(Q) (¥, from Lemma 3.1), ¢, > u
strongly in L*(RQ), f,, — f strongly in L?(Qr) (since C°(Qr) is dense in L*(Qr)).

Let /() = X(¢), Y(¢) = (n(¢), X(¢)), and H,(¢,Y) = (X, F, — P,(t,n,X)). Then the problem

(3.1) is transformed into the following problem:

Y/(t) = Hn (t) Y(t))r

(3.2)
Y(O) = (UOVH Uln)'
The assumption (H2) implies
Py (t,, X)X =Py (t,m,n' )0
0 0 0 0
= / [ Au, 972 Au, A U + |1y |19 2y, o dx+£f PN
o dt dt o ot " ot
Su 2
+/a(/ |u,,|‘7(")dx) Zn dx

2

0
o dx.

A2
at

2 ou
dx + ay / i
al ot

Au, [P®) q(x)
21/' Wl g |
dt Jo  p) q(x) Q

From (3.2) and Young’s inequality, we obtain

2

dx

ouy,
ot

a
A

d Au, |PW |79
Y'Y+ — At +|M| dx+s/ dx+a—of
dt Jo  p(x) q(x) Q 2 Ja

p(x)
5C(1|Y|2+/ Mdm/fjdx). (33)
2 o p) Q
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Thus,

d /1 Ay, |P@ q(x) 1 Au, [P®
<|Y|2+ | A + 4| dx)§C<|Y|2+/|de+/ﬁdx>.
dt\ 2 o px) q(x) 2 o p&) Q

Gronwall’s inequality and f;, — f strongly in L2(Qr) imply

Au, |PW
Y2+ f Al <, (3.4)
o plx)

where C is a constant independent of 7 and ¢. Thus, |Y — Y(0)| < 2+/C. We denote

L,= max ‘H,,(t, Y)|,
(£,Y)€[0,T]xB(Y(0),24/C)

2/ C
Ty =min{T, f},

n

where B(Y(0),2+/C) is the ball of radius 2+/C with center at the point Y(0) in R*”. From
the definition of H(t,Y), H(¢,Y) is continuous with respect to (¢, Y). By Peano’s theorem,
we know that (3.2) admits a C* solution on [0, 7,,], that is, (3.1) has a C? solution on [0, T,,]
denoted by nl(¢). Let n(z,), 8" T” be the initial value of problem (3.1), then we can repeat
the above process and get a C2 solution n2(¢) on [t,,27,]. Without loss of generahty, we
assume that 7' = [~ L ]Tn + ( )‘L’n, 0< ( ) <1, where [ T] is the integer part of = (—) is the
decimal part of -~ r’ We can d1v1de [0, T] into [(i — l)rn, it,,i=1,...,L,and [Lt,,, ] T] where
L= [Tn] then there exists a C? solution 7’ (¢) in [(i — l)rn,n,,] i= 1,...,L, and nL*(¢) in
[Lt,, T]. Therefore, we get a solution 1,,(t) € C2([0, T]) defined by

ni@), iftel0,7l
na@), ifte (t,21,
u(t) =
nk@, ifte (L -1, Lt
nk(e), ifte(Lt, T

Lemma 3.2 (A priori estimates) The estimates

™

Vte[0,T],

I,

hold uniformly with respect to n.

ouy, (x, £) 2

‘Au,,(x,t)’p |u,,(x,t)’q(x) dx+8/ |Aun(x,t)’2dx§ C,
Q

2

ou, 2
dxdt <C

at

dxdt+/ | Aug, |PX) + |u,,|‘1(x)dxdt+8/
Qr Q

T

Proof By (3.4), we have

/ |u,,(x, t)’2 +
Q

fort € [0, T].

du,(x, ) |*
a

d +/ |Au,,(x,t)|p(x> + |u,,(x,t)|q(x) dx <C,
Q
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Further, integrating the inequality (3.3) with respect to ¢ over [0, T], we obtain

/8
Qr

Moreover, for each t € [0, T,

T
/|Aun(x,t)|2dx§2T/f A
Q QJO

Thus, this lemma is proved O

u, 2
ot

ou,, 2
ot

A dxdt <C.

2 C
dxdt+2/|Aun(x,0)|2dx§ =
Q &

n
at

By Lemma 3.2, we have the following.

Lemma 3.3 The estimate

+ || | Auty P92 Au, ||Lp/(x)(QT)

)

holds uniformly with respect to n and ¢.

et oo 0, 7,022

<C
L2(Qr)

+ ” |14, 142 ”LP

Proof By Theorem 2.3, we have

et 1l 2000
n WOP

(@) =< C”A”n”[}ﬂ(x)(g) <C.

Thus, ||z, || < C. By Lemma 3.2, we obtain

1200, T;W2P ¥ (@)

/ HAM,,’p(x)fZVuV,’p(x)dxdt5/ Vi, PW dxdt < C.
Qr

Qr

Thus,

“ |Au, |P(x)fzvun “ oo

p -1 pt-1
p* +
< max{ (f | A, [PP) dx) ,(/ | Aug,, [P®) dx) g } <C.
Q Q

Similarly, |||un|q(x)_2un||Lq'(”)(QT) < C. Since a € C([0,00)) and fQ |, (%, )19 dx < C, we

have
(/ 1|7 dix )3””

This lemma is proved. 0

<C.
12(Qr)

Theorem 3.1 Assume (H1)-(H3). Then for each ¢ € (0,1) problem (1.2) has a weak solu-
tion.
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Proof By Lemma 3.2 and Lemma 3.3, there exist a subsequence of {u,} (still denoted by
{14,)), te, &, 1, and ¢ such that

aait” — %‘ weakly * in L>(0, T; L2(R2)),

Uy — U, weakly % in L®(0, T; Wo "™ (Q) N L19(Q))
NL®(0, T; W (R2)),

Gin . Bte weakly in L?(0, T; Wo*(R2)),

| Ay P2 A, — £ weakly in L' ®(Qr),

|24, |19)=2y,, —~ 1 weakly in L70(Qr),

a(/, |24, ]9 dx)%" — ¢ weakly in L2(Qr).

Since u,, € L*(0, T; W(}'Z(Q)) and "ait” € L*(Qr), by the Lions-Aubin lemma, there exists a
subsequence of {u,} still denoted by {un} such that u, — u, strongly in L>(Qr) and a.e.
on Qr. Further, |u,|9% 2y, — |u,|9%24, a.e. on Qr. In view of Theorem 2.4, we obtain
N = |ue |19 2u,

Next, we prove that there exists a subsequence of {u,} (still denoted by {u,}) such that
35‘;4 — "”s strongly in L*(Qr).

Since (nn(t))} o 3(;‘!” w;dx, by Lemma 3.2, (,,(¢)); is uniformly bounded on [0, T]. For

V0 < # < t, < T, integrating (3.1) with respect to ¢ from ¢; to ¢,, we have

du,(x, t du,(x, t b
/7"( l)w/dx—/ 771( 2)a)jdac+/ /|Aun|”(")_2Aunij+|un|q(x)‘2u,,wj
o Ot o Ot n Ja

ouy f2
+eA— Aa),+¢z /|un| ) dx a),dxdt f /f,,w,»dxdt.
ot ot n Ja

Holder’s inequality, Lemma 3.2, and Lemma 3.3 imply

| (7)), = (na(®2)) ]

(x)-2 (x)-2
= 2(” |Aun |17 * Aun ”Lp’(x)(QT) ” Aa)j”[}:(x)(Q?) + ” |u!’l|q ¥ Un ”Lq/(’f)(QT) ||wj||Lq(x)(QZ)
ouy, 8u,,
+ Aw; t 1,79 d w; ‘
3t |, By </|| 2 T
= C(”Aa)]”Lp(x)(Qt%) + ”Aw]”Lz(Qif) + ”a)/”Lz(Qif) + ”w}”Lq(x)(Qg))

L L 1 L 1
<max{|t — 6|7, | - |77, |6 - 6|2, |0 - 6T, |6 - 6|7 )

1 1
pt 2
x ((/ | Aw;[P® dx) </ | Aawy[P* dx> (/ |Aw,|2dx>
Q Q
1 1 1
T q* 9 2
Q Q

; 1 1 1
§C(1)max{|t1—t2|17 NI |t1—t2|2,|t1—t2|q =]},

where Qt1 Q x (t1,t3). Thus, the sequence {(,(t));}e; is uniformly bounded and equi-
continuous for fixed j and arbitrary # > j. By the Ascoli-Arzela theorem and the usual
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diagonal procedure, there exists a subsequence of {(n,);} still denoted by {(n,);} such that
(n4(2)); converges uniformly on [0, T] to some continuous function Af(t) for each fixed
j=12,....

For r < n with r € N, by Lemma 3.2, we have

2
dx<C, Vtel0,T].

: , ouy
Ylowo)f < [ |5

Letting n — o0, we get
r
Y @)’ <c, veelo, T

j=1

Then letting » — 00, we obtain

AP <c, veelo,T).
]

j=1
Set u.(x,t) = ;.fl A;?(t)wj(x), then supy,7 l[4e (%, £) [l 12() < C(T) and, for each j € N, we
have
duy _
lim 4 wjdx = / U wj dx (3.5)
n—oo [o dt Q

uniformly on [0, T]. For each §; > 0 and ¢ € L*(Q2), by the completeness of {w;}, there exists
amog > 0 such that [|[¢ — Y70 ([, pw; dx)w;|;2(q) < 81. Thus,

ou, _ o
/n< ot —u8>¢dx . ¢>—i21:(/ﬂ¢w,-dx>wi
o _\ X
/§2<¥ - I/tg) FZI(‘[Q ¢widx)a)idx
/Q(a:tn - ﬁe) ;(/Q ‘»bwidx)a)idx

For 81 > 0, by (3.5), there exists a M > 0 such that

d
/ <ﬂ - L_t8>wi dx
o\ ot

By (3.6) and the Holder inequality, we have

ou, _
/;(W - u8>¢dx

u, _
PR

=

12(Q)

+

<Cé +

. (3.6)

81
<—, foru>Mandi=1,...,mq.
mo

ou _

n
< — —Uu
— at &

mo
¢ — Z(/ ¢>a),-dx>a)i
LX(Q) =1 W2

+ L(?}—Z—ﬁg>;</ﬂ¢widx)widx

12(Q)
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il ou
<Cé + /q)a)idx /(—"—ﬁg)widx
< (C+ ||¢||Lz(m)81, for n > M. (3.7)

It follows from (3.7) and the arbitrariness of §; that

ouy,
ot

— 1%, weaklyin L*(R). (3.8)

uniformly on [0, T] as n — oo. For each ¢ € Ci°(Qr), by Lebesgue’s dominated conver-

gence theorem, we obtain

ouy,
lim ( “ —m)godxdt:o.
n—00 Jo.. ot

Hence,

d

lim ﬂ<p dxdt = Ucpdxdt.
d

n=o0 Jor 0t Qr

On the other hand, by integration by parts, we get

duy, a
/ " godxdt:—/ u,,—(pdxdt.
or 0t or Ot

Letting n — oo in above equality, we have

d
/ U@ dxdt = —/ ug—gp dxdt, for ¢ € C5°(Qr).
Qr Qr at

Thus, we obtain u = "di; Moreover, for each j € N, Lemma 3.2, and Lebesgue’s dominated
convergence theorem vyield

T 2
ou, d
lim ( i (L_&)w,.dx) dt = 0.
n—oo Jq o\ ot at

Thus, for § > 0, by Proposition 2.1, there exists a positive number N independent of n

such that
‘aun ou,
a3t g
Ns T 2 T 2
ou, 0 ou, 0u,
522/ </( Un _ us)aydx) dt+282f Un _ e dt.
1 0 Q 8t Bt 0 8L‘ at Wé'z(Q)

A similar discussion to (3.7) shows that there is a M (8) > 0 such that

u, Jdu,

at ot

<Cs§%, fornm> ]N\/I(S).
L2(Qr)
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Thus, aﬂ — "”‘9 strongly in L2(Qr). Further, there exists a subsequence of {u,} still de-

noted by {u,} such that 8”” 35‘; a.e. on Qr.

For Vo € C(0, T; C(‘)’O(Q)), we can choose a sequence ¢, € C1(0, T; Vi) such that ¢ — ¢

in C**(Qr). Here for v € C**(Qr) equipped with the norm [|v|| = sup <y . neay {1D*VI,
| 7|}. For YVt € (0, T], we have

9%u,
lim lim au Qi dx dt

k— 00 n—>00 Q: t2

8 n ) a n )

_ lim lim ( / 7)oV / n®,0) 0 0)dx

k— o0 n—00 Q ot Q ot

_/ au”%d dt

. dt ot

. oug(x, 1) ou, QP
-1 BT e, ) dx— 0) dx -

kg};(/;z 2 or(x, ) dx /Qulw(x 0)dx /Qf YTy dx dt)

Oug(x, du, 0
:/ Mq)(x,r)dx—/ uup(x,O)dx—/ “ —q)d dt
Q ot Q Q: ot ot

2
= lim o pdxdt,

n—o0 Jo. t2

where Q; = Q x (0, 7). Replacing w; in (3.1) by ¢k, we obtain

0%u Aty
/ —oedxdt+ [ | Au PO Auy A + (1| " gp + eAT Ay
Q. 0t Qr at

a
+a( /|u,,| x)dx>%gokdxdt=/ fuprdxdt.
Q 1

Thus, we have

2

U ad
lim Z"godxdt: fo—&EAp - |u8|q(x)_2u,3<p—SAﬁAw—gwdxdt‘ (3.9)
n=>o0 Jo, 0t o ot

Furthermore, for any v/ (x) € C5°(£2), we get

oug(x,T)
/Q<78t - u1>¢dx

ou,(x,t) Jduy(x,0)
Q ot ot

92 ,,
= lim/ / " x) dx dt
n— 00 8t2

= | fo-&Ag—|u "™ 2up
Qr

= lim
n— 00

)w(x) dx

as T — 0. Similarly, for £, € [0, T], we have

=0

. oug(x,t) Oug(x, to)
lim -
Q ot ot

>1//dx: 0, fory e CR(R2).
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Furthermore, we obtain W = uy;. Since u, € L*(0,T; Wg’z(Q)) and "dif e L*(0, T;
ngz(sz)), we can assume that u, € C(0,T; WOZ’Z(Q)). Lemma 3.3 and the embedding
Wé’2(Q) < L*(Q2) imply that fQ u%(x, T)dx < C(T). Thus, there exist a subsequence of
{u,} still denoted by {u,} and a function % such that u,(x, T) — % weakly in L*(Q2). For

each ¢ € C5°(Q) and 5 € C'([0, T]), we have

duy,
/ " w;dxdt:/ u,(x, T)(pn(T)—u,,(x,O)(pn(O)dx—/ uon' (t) dx dt.
Qr 0t Q Qr

Letting n — oo, we get

dute ~
/ “ wndxdt:/ u(pn(T)—uogon(O)dx—/ u.on'(t) dxdt.
or 9t Q Qr

By integration by parts, we have

f(ug(x, T)-%)on(T) dx = / (246 (%, 0) — 1) 1 (0) dx.

Q Q

Choosing n(T) =1, n(0) = 0 or n(T) = 0, n(0) = 1, we obtain % = u.(x, T) and u,(x,0) =
uo(x) for x € Q. Similarly, we can prove that Au.(x,0) = Auy, Au,(x, T) = Au.(x,T)
weakly in L2(€2) (up to a subsequence) and

/ | A, (x, T)|* dx < liminf / | Aty (x, T)|” dx. (3.10)
Q n—00 Q

Further, by the compact embedding Wé’Z(Q) < LX(Q), we get u,(x,T) — uy(x, T)
strongly in L(<2).
Taking ¢ = u in (3.9) and letting k — o0, we get

oug(x, T du,
/wug(x,T)dx—/ uluodx—/ 4
Q at Q Qr ot

2
dxdt + £ Au, + |up| 7%
Qr

Ou,
+eA ot Aug + Cu dxdt = fu. dxdt. (3.11)
ot or

Multiplying (3.1) by (1,,); and summing up j from 1 to #, then integrating with respect to
t over [0, T'], we have

T 2 T
0“u ou

f /—;undxdt+/ /|Aunlp(x)+|un|q(x)+8A "~ Au,
0o Ja Ot 0o Ja ot

P T
+a(f |u,,|q(x)dx> unundxdt:/ /ﬂ,undxdt. (3.12)
Q ot 0o Ja

Thus,

T
0 5/ / (|Aunlp(")_2Aun — |Au, |p(x)_2Au5)(Aun — Aug)dxdt
0o Ja

T ouy, uy,
:/ /fnu,,—|un|q(x)—a /|un|p(x)dx “ U, — N “ Au, dxdt
o Jo o at ot
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2
dxdt

Un

a
ot

Auy(x, T A, (x,0 T
—/ Mu,,(x, T)dx+/ Mu,,(x,O)dx+/ /
Q Ot o Ot 0 Ja

T
—/ / | A P92 Auy Aute + | At P72 A (Ausy, — Ausy) dix dit.
0o Ja

By (3.10) and (3.11), we get

T
limsupf /(|Aun|p(x)_2Au,,— |Au P72 Aw, ) (Auy, — Au,) dxdt
0 Q

n—00

! ® W g ) dUe
< Sue — |u P —a lug |7 dx U, —EAu, dxdt
0o Ja Q Jat

£ 2 € 2 ug(x, T)
_E/Q{Aug(x,Tﬂ dx+§/Q|Au£(x,0)| dx—/Q

T
+/u1u0dx+/ /
Q 0 Ja

=0.

ug(x, T) dx

oug
ot

2
dxdt

It follows that

T
lim/ /(|Au,,|1’(x)‘2Au,,—|Au€|p(x)_2Au8)(Au,,—Aue)dxdt:O.
0 Q

n—00

Following the ideas of [4], we set Q; = {(%,£) € Q7 : p(x) > 2} and Qy = {(#,£) € Qr:1<
p(x) <2}, then, as n — oo,

| Aty — Aue |P™) dx dt
Q

< C/ (180, P2 Ausyy — | Aue P72 Au ) (Aw, — Aue) dix dt
Q
—0
and

|Au, — Aup |P¥ dx dt
Q

JE3
2

< C|[(12au, P Awy = | Aute P07 At ) (A = Aue)] 2 |

2
LP®) Qo)
2-p(x)

< || (1 AunP® + | Augg|P) 2 LT ()
2

— 0.

Therefore, we obtain Au, — Au, strongly in L”®(Q;). Thus, there exists a subsequence
of {u,} still denoted by {u,} such that Au, — Au, a.e. on Qr. Further,

| AU, P92 Auyy — | Aup P92 Au,,  forace. (x,t) € Qr.
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In view of Theorem 2.4, we get £ = | Au, [P®=2 Au,. Similarly, we can prove that u, — u,
strongly in L7®)(Qr). Thus, there exists a subsequence of {u,,} still denoted {u,} such that

liII(l)/ fu,,(x, t) — ug(x, t)|q(x) dx =0, forae.te[0,T].
n— Q
Furthermore, we have

lim/ ’u,,(x, t)|q(x) dx = / }ug(x, t)‘q(x) dx, forae.tel0,T].
Q Q

n—0

Thus, a( [, 4,7 dx)aait” — a(f, |ue |1 cix)aait8 a.e. on Qr. By Theorem 2.4, we obtain

’= a(fQ 14, |19 dx) %* It follows from (3.9) that the theorem is proved. O

Remark 3.1 Obviously, in this section, the two inequalities in (H2) can be replaced by
l<p  <p*<ooandl<q <g" <oo,respectively.

4 Existence of Young measure solutions for problem (1.2)
In this section, from the sequence of approximate solutions {u, }¢.c1 of problem (1.2), we
shall prove that the limit of #, (as ¢ — 0*) is a Young measure solution of problem (1.1).

Definition 4.1 A pair (u,v) is called a Young measure solution of problem (1.1) if

u e L0, T; Wo P () N L®(0, T; L19(R)) N W (0, T;L3(R2)),

V = {Vy}x: is @ probability measure,

and

aulx, ou o
/ “oT) g / (i, 0) dx — / 0409 edy+ / / AP24 dv(4) Ag
Q ot Q Qr 3t ot Qr JR

d
+ |79 2 ug dx dt + / a(/ |24)® dx) —ugo dxdt= | fedxdt,
or \Je dt Qr

for all p € C}(0, T; C(2)) and 7 € (0, T1.
Theorem 4.1 Under conditions (H1)-(H3), problem (1.1) has a Young measure solution.

Proof For each T € (0, T] and ¢ € C}(0, T; C3°(2)), we have by (3.9)

9 ) oug 0
/7%(96 t)f/)(x,r)dx—/ uﬂ/)(x,O)dx—/ us—(pdxdt+/ | A P97 Aug A

0 d
+ e |79 20,0 + a(f |1 | 1) dx) e @ +eA e Agpdxdt= | fodxdt. (4.1)
Q ot ot o,

Since the constant in Lemma 3.2 is independent of # and ¢, by the convergence of , and
duy

52 in Section 3, we have

J.

2
%‘ dx+/|Au5(x,t)|p(x)+|u8(x,t)|q(x)dx+s/|Au€(x,t)|2dx§C
Q Q
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fora.ete[0,T] and

J,

Similarly, by Lemma 3.3, we have

o
ot

oug

2
A dxdt <C.

2
dxdt +/ | A [P + |1, |79 dix dt + 8/
Qr Qr

” 170 (Qr)

zz(/ |14, |7 dx> ou
o ot

Thus, there exists a subsequence of {u,}o..<1 still denoted by {u,}o.<1 such that

p(x)-2
”Mé‘ ”LDQ(O’T;WS:P(%)(Q)) + || |Aug| Aus

12(Q7)

+ ” |ue 1092, || LWy

S+ <C. (4.2)

Uy — U weakly * in L>(0, T; W/g'p(x)(Q) N LI%)(Q)),
Au, — Au weakly in ¥ (Q7),

Uy — U weakly in L7¥(Qr),

% — g—’: weakly * in L>(0, T; L%(Q2)),

|t 9921y, —~ & weakly inL? @ (Qy),

a(fo 1ue 19 dx) % —~ B weakly inL*(Q7).

Since p~ > max{l, -}, the embedding Wg’p(x)(Q) <> L*(R) is compact. Further, as u, €
L0, T; W, "™ () and % € L(0, T;L*(2)), by the Lions-Aubin lemma, there exists a

subsequence of {1 }g< still denoted by {u, }o<e<1 such that u#, — u strongly in L2(Qr) and

a.e.on Qr. Thus, |u, |79 "2y, — |u|?®-2

ua.e.on Q. Inview of Theorem 2.4, we obtain o =
Nplx)
N-2p(x)

subset U C Qr with |U| <1, by Holder’s inequality, Theorem 2.2, and Theorem 2.3, we
obtain

|u]7¥-24, By assumption (H1), we have u = infg( q(x)) > 0. For each measurable

n(N-2p*)
ol <2t g e <clu| v
Q L

N=-22Dg®) 11y L NPW-Na(o+2p(%)q() (1)

Thus, the sequence {|u, — u|?¥}(.,., is equi-integrable on L'(Qr). The Vitali convergence
theorem implies that |, or |ue — u|?® dxdt — 0, that is to say, we obtain u, — u strongly in
L1%)(Qr). Thus, there exists a subsequence of {1 }..<1 still labeled by {u,}o.c1 such that

lim / g — u|"™ dx =0, forae. tel0,T].
Q

e—0

Furthermore,
lim/ ||u5|q(") - |u|q(")| dx =0, forae.te[0,T].
e—0 Q

Hence, we find by the continuity of @ that a(;, [1.|7"™ dx) — a(/, |u|1™ dx) for a.e. t €
[0, T]. Since fQ |u:|1%) dx < C fora.e. t € [0, T] and a € C([0, 00)), for each ¢ € L*(Qr), by
Lebesgue’s dominated convergence theorem, we have

a(/ |14, | 1) dx)go — a(/ |19 dx)ga strongly in L*(Qr).
Q Q
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Further, by the weak convergence of = "”5 in L2(Qr), we get

u, 0
lim a(/ |1 | 1) dx) L pdxdt =lim e (a (f |1 |1 dx)go) dxdt
£—0 Qr Q ot £—0 Qr ot Q
0
=/ a</ Iulq(x)dx)—ugodxdt.
or Q ot

Thus, a( /g, |u:|1™ dx) %= due _\ a( [, lu1® dx)% weakly in L2(Qr). The uniqueness of the
limit implies that 8 = a( fQ ||1%) dx) 3.

Finally, we prove that the sequence {Au,}o...; generates a Young measure {v,,},, such
that

|Au, |P(x)72Aug — |A|p(’c)’2A dv,;(A) weakly in Ll(QT). (4.3)
) y
R

Following Theorem 2.5, we first verify that the Young measure v, generated by the se-
quence {Au,}o<e<1 is a probability measure for a.e. (x,¢) € Qr. Indeed, for s < p~, we have

/|Au8|sdx§|Q|T+/ [Au, PW dx < C.
Qr Qr

It follows from (iv) in Theorem 2.5 that v, is a probability measure. Set H(x,A) =
|A|PW=2A. Next, we prove that the sequence {H(x, Au,)}, is weakly relatively compact in
LY(Qr). Itis clear that {H (x, Au,)}, will be weakly relatively compact in L}(Qr), if we prove
that {H(x, Au,)}. is uniformly bounded and equi-integrable on L}(Qr); see [42], Proposi-
tion 1.3. Indeed, for each measurable subset U C Qr with |U| <1, by (4.2) and Hoélder’s
inequality, we have

1
/|H(x,Aus)|dxdt—/ | A, [P Tdxdt < 20| A e ) 11 oo 1y < CIUNPT

Thus, the sequence {H(x, Au,)}. is equi-integrable. Similarly, the sequence {H(x, Au,)}.
is uniformly bounded on L}(Qr). Therefore, the convergence property (4.3) holds.
The estimate (4.2) implies

0
aAaitE — 0 strongly in L*(Qr).

From the same procedures as in Section 3, we can prove there exists a subsequence of

8ug(x N Bu(x t)

{uc}o<e« still denoted by {u,}o<c<1 such that weakly in L2(£2) uniformly on

[0, T']. Taking ¢ — 0 in Definition 4.1, we obtam

dulx, 9 d
/ ulx T)go(x,t)dx—/ ulw(x,O)dx—/ %% gxdr
o ot o o, Of Ot

u
+/ / AP 2A dv, (A Ag + || T 2up + a(/ |17 dx) —odxdt
Qr /R Q ot

fodxdt,
Qr

for all p € C1(0, T; C(£2)) and 7 € (0, T1. O
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By Theorem 4.1, we have the following corollary.

Corollary 4.1 Suppose that f(x,t) = 0 and (H1) and (H2) are satisfied. Then for a given
Uy € WH@(Q)N Wg’Z(Q), there exist a function u : Q x (0,00) — R and a Young measure
Vy Such that for VT > 0,

u e L%(0, T; W™ () N L=(0, T; L19(R)) N W (0, T;L3(R))

and

dul(x,t) du(x,0) / du dg
,T) dx — ,0) dx — — —dxdt
/Q oy YwTdx /Q oy Y@ 0)dx oy Ot 0t

ou
+ / / JAPD2 Adv, ,(A) A + 1|79 2 g + a(/ |19 dx> —o@dxdt =0,
Qr JR Q ot

forall p € CH0, T; C(R2)) and T € (0, T].

5 Energy decay of Young measure solutions
In this section, we give the decay estimates of weak solutions obtained by Corollary 4.1.
First we give a lemma by Nakao [43]

Lemma 5.1 (see [43]) Let W : (0,00) — R be a bounded nonnegative function. If there exist
two constants a > 0 and 8 > 0 such that

sup WHh(s) < a(\ll(t) - W(t+ 1)), forvt >0,

t<s<t+1

then there exist positive constants C and y such that

W() <Ce", Vi>0,as8=0,
1
V() <C(t+1)F, Vt=0,asp>0.

Theorem 5.1 Let p~ > 2. Then there exist constants C,y > 0 such that the weak solutions
obtained by Corollary 4.1 have the following estimates: If p* = 2, then

J

Ifp* > 2, then

J

Proof We define

am=§£

The definition of I,,(¢) and equality (3.1) imply 7,,(¢) is nonnegative and uniformly bounded.
We assume that I,,(t) < M, M > 0 is a constant. For V¢ > 0 fixed, it follows from (3.9) and

ou(x, t)
ot

2
‘dx+/meﬂdexSC€”»Aﬁr%&fZO
Q

ou

2 +
ot _r
é)t )‘ dx+/|u(x,t)|q(x)dx§C(t+1) r=2, forae t=0.
Q

u,
ot

2
Au, [P®) q(x)
dx+/| t + [ dx.
o p) q(x)
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(H2) that

d uty |°
Eln(t)ﬂsfﬂ dx+a0/;2

This implies Z,(£) is a nonincreasing function. Putting J2(¢) = 1,,(¢) - I,,(¢ + 1) and integrating
(5.1) over (¢,t + 1), we get

2

dx < 0. (5.1)

t+1

A, (x,7) |
ot

ouy,
s, T dxdt

+ dg

JA(t) > ¢
t

Q
t+1
= do / /
t Q

By the mean value theorem and (5.2), there exist £; € [t,¢ + 3 ] and £, € [t + ,t +1] such

that
I,

From (3.1), we have

2
0un ) e (5.2)

N2
aun(x,tl)‘ J Sai]g(t), i=1,2. (5.3)
0

/ | At ") + |1, |7 dlx
Q

/ UTIRYLIIN / J14,,| 7 d (5.4)
=—| —u,+¢ U, +a u x x. .
o 02 " ar " Bt
Integrating (5.4) from ¢; to £,, we obtain
15} @) 17}
/ /|Aun(x,t)|px dxdt+/ /|u,,|q(x)dxdt
51 Q t Q

:_/QWW(&L‘Z)LM /au,,(x,tl) n(x,t])dx+/ _/

1) a
—s/ / AMAun(x,r)dxdr
s Ja dat

2 ou,
—/ /d(/ |u,,|q(")dx)—undxdr. (5.5)
n Jo Q ot

The Holder inequality, (5.3), Theorem 2.2, Theorem 2.3, and 1,,(¢) being decreasing imply

/ Mun(% t;) dx
Q

aun(x, r) dedr

8”}1 (x’ tl)

< ||unlx, 1) ||L2(Q) ot

at

L2()

=< Cl || AMn(x’ ti) ”Lp(x)(Q)]n(t)

NTZC) Fa
_cz( /Q 7'A“”;’(Z§l)'p dx) 0

<G (L)), =12 (5.6)
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Here the third inequality in (5.6) is obtained by

1 | Au, (x, ;)P "
| A, ) o gy = () ma"{( an(—x;dx) ’

( | Aty (6, 1) [P dx)z%}
Q P(x)

) [p&)
< (p+)1%‘ maX{M’MPLpL*}< de) . i=1,2.
Q p(x)

‘m+| —

Similarly,

t 8
e/ /A u”Au,,dxdr
n Jo Ot

7]
< /
5]

1
tz aun(x;‘[) 2
SCs(S/ /Adedr> sup ||Aun(x,r)||W2‘p(x)m)df
t Q

t<t<t+l

ou,(x, )
ot

eA

sup ”Au,,(x,r)HLz(Q)dr
12(Q) t<T=<t+l

< C4/n(t)(1n(t))f* . (5.7)

From the assumption (H2), Holder’s inequality, the second inequality in (5.2), Theo-
rem 2.2, Theorem 2.3, and the boundedness of I,,, we have

ty a
/ /ﬂ</ |Mn|q(x)dx>mun(x,t)dxdt
n JQ Q ot
t
§C5f2 ou
5}

ot

1
2

lttnll 2 () dT < CoJu(8) (1u(2)) 7T . (5.8)
)

n

L2(Q

Gathering (5.5) with (5.6)-(5.8), we obtain

1
=

15
/2/ | Aty e, ) + [, 7)™ dxedr < ai/,f(t) +(2Cy + Cy + Co)l () (1(8)) 7" .
151 Q 0

Thus,

1
2

/ “L(r)dr < %]ﬁ(t) +(2C, + Ca + CO(1n(0) 7"

5]

By L,(t+1) < 3/;? I,(t)dt and I,(t + 1) = I,,(¢) —]3(t), we have

1
2

L(t) < (1 + ;)13(0 +(6Cy +3C4 + 3Ce )] (t) (In(2)) 77 .
0

Further, Young’s inequality yields

+

L() < CJ(0) + Ca (Ju(0) 1. (5.9)
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Now we divide the proof in two cases: p* = 2 and p* > 2. We consider the case p* =2
first. By the boundedness of J,(¢), we have I,(£) < CoJ2(t). Since I,() is nonincreasing, by
Lemma 5.1, there exist constants C > 0 and y > 0 such that

I,(t) < Ce”', Vt=>0.

Letting n — oo in the above inequality, we arrive at

du, |
/ “| dx+ / |AU PP + |1, |79 dx < Ce ™!, ae.t> 0.
ol ot Q
Thus,
oug 2 ® ¢
dx+ | |u|"dx<Ce™", ae.t>0.
ol 0t Q
dug (x,t) du(x,t)

Since =57 — =7~ weakly in L%(R) uniformly on [0, T] (VT > 0) and u, — u strongly

in L19(Q) for a.e. ¢ € [0, T], we obtain

J

Al
It remains to consider the case p* > 2. It follows from (5.9) that I,(¢) < Cyo(J,,(¢))7" 1.
Employing Lemma 5.1, we obtain

ou

2
dx+/ |u|7® dx < Ce™”t, fora.e.t> 0.
ot o

+

I,(6) < C(t+1) 7.

Then letting n — oo, we deduce

J

Finally, letting ¢ — 0, we conclude

/Bu
Q

+

du | _r
. dx+/ 11" dx < C(t+1) 72, ae.t>0.
Q

at

2 +

__p
— dx+/ [ulf® dx < C(t +1) 72, ae.t>0.
at o

Hence the theorem is proved. d
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