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1 Introduction

In an ecosystem, species does not exist alone while it spreads the disease: it competes with
the other species for space or food or is predated by other species. Therefore, it is essential
to consider the effect of interacting species when we study the dynamical behaviors of epi-
demiological models. Recently, epidemiological dynamics have been extensively applied
in population biology. Some researchers have made some achievements (see [1-11]).

The authors in [2] proposed and analyzed a predator-prey system in which some of the
susceptible phytoplankton cells were infected by viral contamination and formed a new
group (infected). The role of viral disease in recurrent phytoplankton blooms was dis-
cussed. They considered that the contact rate follows the law of proportional mixing rate.
They did not take into account in their model that the infected phytoplankton cells be-
come susceptible again. The author in [6] studied an SI or SIS model with disease spread
among the prey when there is logistic growth of the predator and prey populations and
when the predators eat infected prey only. They have not regarded that infected popula-
tions contribute to the susceptible population toward its carrying capacity. The authors in
[9] modified the model equations of [2] and also the model of [6]. They assumed that the
contact rate follows the law of mass action rate. A portion of infected phytoplankter was
being recovered and became susceptible. The authors in [10] assumed that pelicans feed
not only on infected fish but on susceptible fish also. Feeding on infected fish enhances
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the death rate of pelicans and is considered to contribute negative growth, whereas feed-
ing on susceptible fish enhances their growth rate and is considered to contribute positive
growth. In their model they did not consider that the portion of infected fish recovered and
became susceptible. On the basis of this model, the authors in [11] studied and compared
the dynamics of the proposed ecoepidemiological model to explore the crucial system
parameters and their ranges in order to obtain different theoretical behaviors predicted
from the interactions between susceptible prey, infected prey, and their predators. For
linear mass-action functional response function, the ecoepidemiological model takes the
following form:

=rS(t)(1 - 224O) _AS@)I(t) - aS(E)P(2),
= AS(0)I(t) - BI()P(t) — pd(2), (11)
dP“ = —0BI(t)P(t) - 8P(t) + HaS(£)P(2),

where S(2), I(¢), P(t) are the population densities of susceptible prey, infected prey, and
predator, respectively, at time ¢, K is the carrying capacity, r is the growth rate of sus-
ceptible prey, A is the force of infection, 6 is the conversion efficiency, @ and B are the
attack rates on susceptible and infected prey, respectively, i and § are the death rates of
the infected prey and predators, respectively.

The authors in [11] detail that system (1.1) has the following equilibria: Ey = (0,0,0),
l_i

El = (I<;0)0)) EZ = (317;0) = (& +)L ’O) E3 - (S 0 P) - (Q(L 0 r(l - (‘)O(K)) and E -
(S*,I*, P*), where
r ) o
e +A)@+7"’ pofaS =8 a8

&+ (F+20% 0B B
System (1.1) is unstable around Eo for all parametric values, globally asymptotically sta-

ble around E; if A < % and « < globally asymptotically stable around E, if A > & and

%’
a< #[SA + M] globally asymptotically stable around E3 if A > & and « > 9, and
unstable around E, for all parametric values.

However, in this case, the effects due to environmental noise have been neglected. In
fact, because of the existence of environmental noise, the parameters involved in system
(1.1) are not absolute constants, and they fluctuate around some average values owing to
continuous fluctuations in the environment. Therefore, the parameters in the model ex-
hibit continuous oscillation around some average values but do not attain fixed values with
the advancement of time. Consequently, the equilibrium population distribution fluctu-
ates randomly around some average values. So many authors introduce stochastic pertur-
bation into deterministic models to reveal the effect of environmental variability on the
ecology and epidemiology system (see [12-16]). Keeping this in mind, we have modified
the model (1.1) proposed by [11] and taken into account the effect of randomly fluctuating
and stochastically perturbed force of infection A in each equation of system (1.1):

A—>k+oBt.

Consequently, Adt — Adt + o dB;, where B, is a standard Brownian motion, 02 >0 is the
intensity of environmental white noise. Then system (1.1) becomes
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ds(t) = [rS()(1 - 2219 _x5()I(t) - aSE)P(H)] dt — o S(£)I(t) dB(¢),
dl(t) = WSOI(t) - BI()P(t) — nl(8)) dt + o S(OI(t) dB(2), (1.2)
dP(t) = (~0BI(t)P(t) - 8P(¢) + OaS(H)P(t)) dt.

In this paper, we study the dynamics of the ecoepidemiological model with linear mass-
action functional response perturbed by white noise to explore the crucial system param-
eters and their ranges in order to obtain different theoretical behaviors predicted from the
interactions between susceptible prey, infected prey, and their predators.

This paper is organized as follows. The existence and uniqueness of a positive solution
are given in Section 2. In Section 3, we show that the equilibrium E, of system (1.2) is
stochastically unstable. In Section 4, we discuss that the equilibrium E; of system (1.2) is
stochastically asymptotically stable in the large under some conditions and investigate the
convergence rate of the solution. In Section 5, we study the fluctuations of system (1.2)
about its equilibrium E; under some conditions. In Section 6, we carry out an analysis of
stochastically asymptotically stability around the equilibrium Ej3 of system (1.2). Numer-
ical results are obtained by varying the parameters of the ecoepidemiological model in
Section 7.

Throughout this paper, we let (2, %, {%:}:>0,P) be a complete probability space with
filtration {.%,},>¢ satisfying the usual conditions (i.e., it is increasing and right continuous
with %, containing all P-null sets), and we let B(¢) be a scalar Brownian motion defined
on the probability space.

2 Existence and uniqueness of a positive solution
In this section, we show that there is a unique globally positive solution of system (1.2).

Theorem 2.1 There is a unique positive solution (S(t),1(t), P(t)) of system (1.2) a.s. for any
initial value (5(0),1(0), P(0)) € R?, and S(0) + 1(0) < K.

Proof Obviously, the coefficients of equation (1.2) satisfy the local Lipschitz condition.
Therefore, there is a unique local solution (S(¢),1(¢), P(¢)) on ¢t € [0, t.), where 7, is the
explosion time. Moreover, if S(0) + I(0) < K, then S(¢) + I(¢) < K for ¢ € [0, 7.) a.s. In fact,
note that

dlS+1) S+1
=rS{1- ——
dt K

< max{O,r(S+1)(1— ﬂ)}
K

)—asp—ﬁlp—m

Therefore,

-1
S +1(t) < max{S(O) +1(0), [% + <m - %)e"”] } <K.

Let W(¢) = S(¢) + I(t) + $P(t). Then

dw (t)
dt

S+1 1) 1
+nW(t)=rS 1—7 —2,31P—po1—5P+n S+I+5P

S ]
55[77"'”(1—1—()]—(,“«—77)1—71)
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r Kr+n)1* K@r+n)? 5—1
-_Ils- —u-pi-"1p
K|: 2r ]+ 4r (b —=m) 0

2
SK(r+n)

4r

by choosing = min{x, 8} such that 4 —n > 0 and § — n > 0. Hence, by the comparison
theorem we get

W) < e"'”[W(O) + %(n +r)? (e - 1)}
< max{ w(0), ﬁ(ﬂ i r)2}
4rn
and

K B
limsup W(t) < —(n+r)?:= = (B =
4rn n

t—00

K@ +r)?
4r ’

which is independent of the initial values.

Now, we are going to show that this solution is global, that is, that 7, = co a.s. Let kp > 0
be sufficiently large so that S(0), 7(0), and P(0) all lie within the interval [%, ko). For each
integer k > ko, define the stopping time

T = inf{t €[0,t.) :min{S(t),I(t),P(t)} < !

<z or max{S(t),I(t),P(t)} > k},

where we set inf{J = oo (as usual, ¥ denotes the empty set). Clearly, 7 is increasing as
k — 00. Set Ty = limg_, o Tk, whence 7o, < 7, a.s. If we can show that 7o, = 00 a.s., then
7, = 00 and (5(0),1(0), P(0)) € R® a.s. for all £ > 0. In other words, to complete the proof,
all we need to show is that 7o, = 0o a.s. If this statement is false, then there is a pair of
constants 7' > 0 and ¢ € (0,1) such that

Pl < T} >e.
Hence, there is an integer k1 > ko such that
P{ty < T} >¢ forall k> k. (2.1)

Define the C2-function V : R — R, by
1
V(S,[,P)=S—-1-logS+I-1-logl+ g(P— 1-logP).

The nonnegativity of this function can be seen from the inequality u —/—/log 7 > 0 (/> 0)
for all u# > 0. Using Itd’s formula, we get

dv = [(s- 1)<r(1 - %) -u-ap) + #} dt - o1(S-1)dB(t)

%82

+ [(1 -1)(AS-BP—pu)+ i| dt+oS(I-1)dB(t)
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+ %(p ~1)(-6BI - § + 6aS) dt

= LV dt + o (I - S)dB(?),

where

8 )
LV:/L+§—r+(r+%—)\—a>S+(1%+A+ﬁ—u>1+(a+ﬂ—§)P

2
— L Lsr-opip+ T (s2+ 1)
K> K 2
<l "\s rkﬁl(ﬁ)Poz(Szlz)
t—+|r+=|)S+(=+21+ +(a+B)P+—(S*+
=HTY K K “ 2

8 B
<pu+ g +max{r+11<,£ +)»+,3,9(a+/3)}; + K202,

By a similar proof as in Li and Mao [16], Theorem 2.1, we can obtain the desired assertion;

see Appendix 2. g

Remark 2.1 From this theorem we know that the region
s 1. B
F=3(SLP)eR,:S+I<K,S+I+ §P§ -
n

is a positively invariant set of system (1.2), where B and 1 are determined in the proof of
Theorem 2.1. From now on we always assume that the initial value (5(0),1(0), P(0)) € I'.

3 Stochastic instability around the equilibrium E, = (0, 0,0)

System (1.1) is unstable around E; for all parametric values. It is obvious that Ej is still
an equilibrium of system (1.2). In this section, we show that the equilibrium E, of system
(1.2) is stochastically unstable.

Theorem 3.1 Let (S(¢),1(¢), P(t)) be the solution of system (1.2) with initial value (S(0),1(0),
P(0)) € . Then the equilibrium Ey = (0,0, 0) of system (1.2) is stochastically unstable.

Proof If not, there must be Q¢ and Ty > 0 such that P{Q} > 0 and S(¢) < %(, I(t) <

Ki
m, and P(t) < ﬁ for t > T(), w e QO, Hence,

2
dlogs = [r— Ts- <1 + A)I—aP— %12] dt — o 1dB(2)

K K
K 2
Z V—LS— 1+}\+i I—(IP dt—O'IdB(t)
K K 2

> 2 dt — o 1dB(t).

Then

t

log S(t) - log S(To) > i(t— To) -0 / 1(s)dB(s).

To
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Let M(¢) = f;o I(s) dB(s), which is a real-valued continuous local martingale, M(Ty) = 0,
and
( ) [1. P(s)ds

lim sup — = limsup - <K?’<o00 as.

t—00 t—0o0

Then by the strong law of large numbers we have

M@ 1, 1(9)dBGs)
lim = lim

t—>oo [ t—00

=0 a.s.

Therefore,

log S(¢
liming 225 -

r
t—00 t 4’

which is a contradiction, and the proof of this theorem is completed. 0

4 Global asymptotic stability around the equilibrium E; = (K, 0, 0)

System (1.1) is globally asymptotically stable around E; if » < % and « < Ki@. It is obvious
that E; is still an equilibrium of system (1.2). In this section, we first show that it is stochas-
tically asymptotically stable in the large under some conditions. Then we investigate the

convergence rate of the solution.

Theorem 4.1 Let (S(t),1(2), P(t)) be the solution of system (1.2) with initial value (S(0),1(0),
P0)el. IfKh<p— ;fj;; and o < Kie' then the equilibrium E; = (K,0,0) of system (1.2)
is stochastically asymptotically stable in the large.

Proof Define the function V : R® — R, by

z+A 1
K I+ -P.
0

S
V(S,I,P)=S-K-Klog— +
K
Let L be the generating operator of system (1.2). Then
S+1 Ko% , ©+A
LV =(S=K)|r( 1= "= ) =M —aP | + == + K= (18T = IP - uI)

1
+ 5 (-0BIP — 5P+ 0arSP)

Z+ A Z+A 3
= Lok K[ Zon) - B - (E2L ) pip-2p
K K y Y 0

Ko? 9
+ TI +aSP

T +A Ko?
ST S LI Vg IR B SN ] )
K K

A 2

+(aS—§—(%+k+l)ﬁl>P
0 A

r 5 r z+h  K?0? b)
< ——S-K)+|K|=+Ar)-"—nu+ I+|aK-- )P,
K K A 2 0




Zhang et al. Advances in Difference Equations (2016) 2016:54 Page 7 of 24

. . . . . Ly 2 2
which is negative-definite according to K( + 1) — % + KT" <0 and aK - % < 0, that
K352 5

is, KA — [ + ik < 0 and & < ;. Therefore, by Lemma A.2 (Mao [17]) the equilibrium

E; = (K,0,0) of system (1.2) is stochastically asymptotically stable in the large. O
In the remainder of this section, we compute the convergence rate of 1(¢), P(t), and S(¢).

Theorem 4.2 Let (S(¢),1(t), P(¢)) be the solution of system (1.2) with initial value (S(0),1(0),
P(0)) e I'. Assume that

(@) %> max{%, %}, or

(b) max{0, 23L&y (52 < 2 o

K2 — K
(c) a< %.
Then
log I(t A2
lim sup 0g () <— —-u<0 as. if(a) holds;
t—o00 t 20’2
) logI(2) o2K? )
limsup ——— < AK —u — <0 a.s. if (b) holds;
t—00 t 2
log P(t
lim sup og P(t) <—(6-60aK)<0 a.s.if(c)holds.
t—00
Moreover,

1 t
lim —/ S(s)ds=K a.s.
0

t—oo f

Proof By Ito’s formula we have
o? o?
dlogl = (xs —-BP— - 752> dt +0SdB(¢t) < (xs —pn- 752> dt + 0 SdB(¢).
Let
o’ ,
f(&)=AS-pu- 75 , s€(0,K].

We will analyze the following two cases.
(1) :—2 < K. Then we have

£5) 5f<$> I,

202

Therefore,
2

A
dlogl < (F - po) dt + 0 SdB(t)
o

and

2 t
e 0) _ loe 0) <% - u> o [ st (0
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Let M (¢) = fot S(x) dB(x), which is a real-valued continuous local martingale, A;(0) = 0,
and

i (My, M) .
imsup ———— = limsup
t—00 t t—00

t
S2(x) d.
fo (x) dx <K?’<00 as.

Then by the strong law of large numbers we have

t
M S(x)dB
Jim ;(t) - lim Jo (x))f ® _o

which by (4.1) implies that

lim su

t—00 t ~ 202

By condition (a) it is easy to see that

logI()  A*
limsupL() <

msu . ST n<0 as., (4.2)

that is, I(¢) tends to zero exponentially almost surely. In other words, the infected prey
population dies out with probability one.
(ii) ;—2 > K. Then we have

2](2
FS) <fUK) =rK - -7
Therefore,
21(2
dlogl < (AK—M—G )dt+anB(t).
Similarly, as in (i), we get
. log I(¢) o?K?
limsup —— <AK - pu - a.s.
=00 t 2

Using condition (b), we then obtain that

logI(2) o’K?
t

<AK - -

lim sup <0 as., (4.3)

t—00

that is, I(¢) tends to zero exponentially almost surely. In other words, the infected prey
population dies out with probability one.

In the same way, by Ito’s formula we have

dP = (—OBIP — 8P + OaSP) dt = P(~0BI — § + 6aS) dt

<P(-6B1 -6 +0aK)dt <-P(§ — aK)dt.
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Therefore,

. log P(¢)
lim su

t—00

<—(§-0aK) as.

Condition (c) implies

log P(¢)

lim su <—(6-0aK)<0 as., (4.4)

t—00

thats is, P(¢) tends to zero exponentially almost surely. In other words, the predator pop-
ulation dies out with probability one.

By It6’s formula we have

r r O'2
dlogS=|r——=S—| =+xr|I-aP- =—I*|dt-oldB(t).
K K 2

Therefore,

log S(¢) —log S(0) = rt — % /tS(s)ds— (IL( +A> /Otl(s)ds—a/OtP(s)ds

0

o2

t t
—7/0 1 (s)ds—o/0 1(s) dB(s)

and

ri ¢ _ logS(t) —1log S(0) r 1/t a [*
E;/o S(S)ds_r_f_(l?-'—)\‘)z/(; I(s)ds—?/.o P(s)ds
t 1 t
—_— 2 p— —
- /(;I (s)ds Utfo 1(s) dB(s)

logK —log S(0 1 [t t
s, logK-logS©) (r / ,(S)ds_z/ P(s) ds
t K tJo tJo
This, together with (4.2), (4.3), and (4.4), implies that
1 t
liminf—f S(s)ds > K a.s.
t—>oo 0

Due to

t—>oo t—00

1 [t 1t
K< liminf—/ S(s)ds <limsup E,/ S(s)ds <K as,,
0 0
we obtain

1 t
lim - [ S(s)ds=K a.s. 0
t—oo [ 0
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5 Asymptotic behavior around the equilibrium E, = (5,1, 0) of system (1.1)
The equilibrium E, = (S,1,0) of system (1.1) exists if ALK > u, but it is not an equilibrium of
system (1.2). In this section, we first compute the convergence rate of P(t). Then we study

the fluctuations of system (1.2) about its equilibrium E; under some conditions.

Theorem 5.1 Let (S(t),1(2), P(t)) be the solution of system (1.2) with initial value (5(0),1(0),
P(0)) eT.IfAK > pand o < KH’ then

log P(t
lim sup og P(t) <-(6-6aK)<0 as. (5.1)
t—00
and
— L - 2
1 [t _ - o2K2(S + £2] 4
lim sup - / [(S(S) - 5)2 + (I(s) - 1)2] ds < 2 22 a.s.,
t-o00 Lt Jo 2m

where Ey = (S,1,0) is the boundary equilibrium of system (1.1), m = min{ g%, £ ( K;)‘)z},

rHh T ’1(5 %11
I+ om 1.

andn = Fe[r— £S+ £ 5
Proof By Ito’s formula, we can easily show that, for ¢ > 0,

dP = (—0BIP — 8P + 0aSP) dt = P(-0BI — § + OaS) dt

< P(-0BI - § + BaK) dt < —P(5 — 0aK) dt.

Therefore,

t
lim sup gt()< —(6 —0aK) a.s.

t—00
It then follows from the condition « < % that

log P(¢)

lim su <—(6-0aK)<0 as.,

t—00

that is, P(t) tends to zero exponentially almost surely. In other words, the predator popu-
lation dies out with probability one. That is to say, we can see that lim;_,, P(¢) = 0.
Since (S,1,0) is the boundary equilibrium of system (1.1), we have

_ _ S IL4ix Y | _ L4+ _7?
V(S,I,P)=S-S—-Slog =+ & [-T-Tlog= )+ D|s-5+ K )
S A ) 2 A

=Vi+mVa,
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is a positive constant, which is determined later. By It6’s formula and (1.2) we

where n; i
compute
S+1 22 _
dv1={ [r(1—L>—u—ap]+" S}dt—a(S—S)IdB()
{[(1—1)(AS—ﬂP—M)+ ]dt+o(1-1)5d3(t)}
zt+A _ _
=LV dt + . o(l-1S—-0(S-S8)I|dB(t)
where
— S+1 22
LVI:(S—S)[r(l——Jr )—)J—aP]+—a S
K 2
LAy _ 252_
+ [(1—1)(A5-,3P-p,)+”2 1]
r =2 212
=——(5-5?%-( = I-T)—aP -
<=9 <K+A)(S I -1)-aP(S-3)+ S
Ly _ _ 252_
K—[ (S-S -1)-BPUI-1) 1]
A 2
_ r _ 212_ L_|_)L 252_
- - l(5-52-aP(s-3) -D+ S+ K27 25
2 A2
Let Y =S-S5+ X2(7-T). Then
LAY r
d =(rs-152- sp- K gp_ K )dt+£SldB(t),
K A KX
_ _ z LA}
dV2=[5—5+K (1-1)][(r5-152-asp-1<+ kY )dt
K A A
1% sras(t 5212dt
s ()} 21(2 2
=LVodt+|S-S I-1)|—SIdB(t
2 +[ + ( )LQ ),
LAY} LA}
pIP — & ;u)

where
LV, = [S S+ KMl 1)] (;«s - %SZ —aSP-

N r2o? 2p2
21<ZA2
9 2r—
=|S-3§ (1 ) ——S S)? + r—FS (S-38)-aSP
£ L+ A LA r2g?
PI-T)- X —pu-1)-X IP &
’3( )= A wil=1) - A p } 2K2)2
r _ F— re=+A T+
- —8(5-9)? Y S S-35)% - PS-S)I-1
1<( )+<r1<+1<,\)( ) ﬂ( SHUI-1)
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Z+A
K

5
A (r ®

—aSP(S—E)—E)L IP(S-3) +
r 2
K2 0sp-T) - (—; '\) BP(I -1)*

}"

r %"—)\' (S 5)2 K
K A

—(1”) IPU~T) - u( )(—)2 "~ sp

2](2A2

K
A
r—FS u)(S ST -1)

r——S+ )(s S+ x (
K"K & A
)(1 17 - Kt ﬁP(S S)I-1)-aSP(S-9)

r2o?

RN U -T)
p YD

r
( rs 11<+

r
52 12

K

’+k
Iy X __oaSPI-1)- <

r

K

L A% -
<_A >(1_1)

By the Cauchy inequality we can easily show that
_ Ao (r—%S-p)? _
PP LA s s o W5
KK 2u 2
A — - e -
- TﬂP(S =S -1)—aSP(S-S) - TﬂIP(S -95)
rtA
_ K TSP -T) - (
)»

(r-FS-p)?

A\ _
IPU -1
>ﬂ =D+ 5

>)

= 5z thatis, 1 = 3¢ [

By choosing 7, such that ;[
r %HL— (r—fS w?
i+ om , we see that

I

A _
BP(I-T)

LV =LV, + mLVs
_ A\ 2 _ _ T+
g-—(s—sf-@( ) (-1 -aP(5-3)- K
2K 2 A A
r A
aSP(s—S) - K2 pIp(s - )

‘? BP(S—S)I-T1) -
212_

r—

L
K 1

+771|:
_ %+)» 2 _ o
aSP(I l)—(—A )ﬂIP(I—I)]+ SRR

I

+ nlrzoz 2 2.
2K2)2

Notice that
X (I -1DSdB(t)—o(S—S)IdB(t)

dv = Lth+

£+ 7)] dB(t)

+ st S-S
KA
oSU-T)-oI(S-3) + W 5s1(5-3)
KA

=Lth+[F

Z 4 -
KA orr - 1)] dB(?).
x KA

2SS+
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Integrating both sides of from 0 to ¢ yields

2 ot
A) [ o-17as
0

V(t)-V(0)
‘ 2 Hm
<—i O(S(S)—S) dS—T( 3

- / taP(s)(S(s) —E) ds
0
K ,BP(s) (S(s) = S) (I(s) = 1)

Kt ﬁP(s I(s) I ds+m[

ﬁIP(s) (S(s) = S) ds

)

-5
—/tOlS(S)P(S)(S(S) S) ds — /t
0 0
LX) - LrZ 4 A\ -
—/0 KTaS(s) ()(I(s)—])ds—/0 (KT> ﬁIP(s)( (s) I)ds]
+ LS (S K +)L7 %)t+ /()to[%;kS(s)(I(s) -1 —1(5)(S(s) —§)
. T+ _
+ 2 SOIE(S() - ) + K= 22 S (165) —1)} dB(s) (5.2)
Let
- _ p S)d Tkt P 1)d
£ /a(s)(u S)ds— [ £ pp (1) -1)ds
+ n1|: K ,BP(S) (S(s) = S)(I(s) - 1) ds - / aS(s)P(s)(S(s) - S) ds
0
f Pt K22 BTP(s)(S(s) - 5) ds f P X aS(5)2(5)(1(5) ~T) ds
0 0
- fo t<ﬂ) BIP(s)(I(s) - 1) ]
By the boundedness of S(¢) and I(£) and by (5.1) we can show that
lim supjL =0
tsoo L
Let
ETZ+ - =
My(t) = /0 U[KTS(S)(I(S)—I(S)) —1(s)(S(s) = S(s)) + K_AS( $)1(s)(S(s) - S(s))
+ k KA (I(s) - I(S))] dB(s),
which is a real-valued continuous local martingale, M,(0) = 0, and
li (MZrM2>t
imsup ———
:limsupz/‘taz[ § S(s)([(s) ) I(s)(S(S) S) + —S(s)[(s)(S(s) S)
0

t—00
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}"nl % +)\.
Ki A

L N 2.2 a2
516K402[(KT> +1+%(1+<KT) )}<oo a.s.

Then by the strong law of large numbers we have

2
S(s)I(s) (I (s) - 7):| ds

. My (¢)
im

t—00 t

=0 as.

It then follows from (5.2) that
. 1 (T r -2 umgt+r 2 -2
1 - —(S(s) =S — =) U(s)=-1)" | d
l?li‘jptfo [21<( ©=8)+ 5\ 5 ) (©-1) s
— L, r2
o2K(S + KT 4 1)

<
- 2

a.s.

Then we obtain

t
lim sup 1 / [(S(S) _ §)2 + (I(S) —7)2] ds
t—>o0 L 0
o2K2(S + KT 4
< 2 X a.s.,
2m

rooun K2
k2 ()
Hence, the proof of this theorem is completed. d

where m = min{

6 Stochastic asymptotic stability around the equilibrium E; = ('5, 0, 5)

Since (3,0, D) is the boundary equilibrium of system (1.1), we have
S ~ ~
rlf1-—=)=ab, §=6asS.
K
The stochastic system (1.2) can be centered at its equilibrium E5 = (S,0,P) by the change
of variables
u=S8- §, w=P_D.
We obtain the following system:
2r'e D r T T r r
du=[(r-%S —gP)u —(g +M)SI—aSw— fuz — (g + Mul —auw] dt
—(oul + oSI)dB(t),

dl = [(\S — BP — w)I + Aul — BIw] dt + (cul + oSI) dB(¢),
dw = (0o Pu — 0BPI — OBIw + Oouw) dt.

(6.1)

It is easy to see that the stability of the equilibrium of system (1.2) is equivalent to the
stability of the zero solution of system (6.1).



Zhang et al. Advances in Difference Equations (2016) 2016:54 Page 15 of 24

Theorem 6.1 Let (S(¢),1(t), P(t)) be the solution of system (1.2) with initial value (S(0),1(0),

P0) eTl.If
S m ,  2(BP+u—1S)
o> —, A>—, o' ————,
uo K S?

then Es = (S,0,P) is stochastically asymptotically stable.

Proof It is easy to see that we only need to prove that the zero solution of (6.1) is stochas-
tically asymptotically stable.
Let x = (u, I, w). Define the Lyapunov function V(x) as follows:

1 1\ 1 1 1
V) =m=(u+I+-w) +=(u+D?>+np=w?+n3=I>
() n22<u 7 ) S DT+ mow + 1o

=mVi+ Va+mVe+n3Vs,

where 11, 12, 3 are positive constants, which are determined later. By Itd’s formula we

compute

avi=(u+1+ 23 "5 2BP+ )l
1=\u+ +8W r—K u-— Ve +2BP+ 1

~ r r
—aSw— —u? - —ul - 2ﬂlw] dt,

K K
where
1 2r~ T~ ~ ~ ro, o r
WVi=\u+l+-w r——=S|lu-|=S+2B8P+u|l-aSw—- —u"— —ul —2BIw
0 K K K K
=\r 2r§ u? ’ S+ 2,Bl~)+ I ) wher 3r§ Z,BIN) ul
Uk K ) 2 K o

1 27~

1 ~ ~
+—\r—-—8-6 Juw- - LS+2,3P+M+8 Iw
0 K 0\ K

1 ro, r
+\u+l+-—w)|l-——u" - —ul-28Iw).
0 K K
Since (§, O,ﬁ) is the boundary equilibrium of system (1.1), we get

2r~ ~ I~ ~
r——S8S=aP-—=S<uaP.
K K

Moreover, using the Cauchy inequality, we obtain

- - 5 3.~
LV, < oPu? - <£S+2ﬂP+ M)ﬂ - W (r— I—(rS—Z,BP—,u>uI

1 ~ ~
+—r——=8-6 |Juw—-— LS+2ﬂP+pL+8 Iw
0 K 0\ K
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faBel(r-Z3s) + L(r- %3 28D (13 28D e
+~(r-=S- —(r-=S- - - +
=19 T2\ Xk AVl )

1(r~ ~ 22 5
+§ ES+2;3P+;L+8 I _27?214/

1 ro, T
+l\u+l+-—w)l-——u"——ul-28Iw).
0 K K
Further,
dVy = (u+1) 2% _oP S BB ) —aSw— L2
=(u+ r——S8-— - =S+B8P+ - - —
H=(u X oP |u X u aSw Ku
r
- —ul —auw - Blw | dt,
K
where

27~ ~ 7~ ~ ~ T
LVo=(u+D||r—-—=S-aP|lu-|=S+BP+u |l-aSw—- —u"— —ul
K K K K

—auw—ﬂlwi|
il B VE N (U S T VI (RO S B I
=(r-=S-aP|u" -~ r——S-aP—-BP-pu |u
K K " K ’

8 ) ro, r
——uw——-Iw+ u+D)| ——u" - —ul —auw - Blw
0 0 K K

7~

=——Su’ - L§+ﬂﬁ+ I+ r—gg—aﬁ—ﬁﬁ— ul
- K # K #
8 8 ro, T
——uw——Iw+w+I)| ——u" - —ul —oauw - Blw |;
0 0 K K
dVs = {[(AS = BP — ) + Aul — BIw)dt + (oul + oSI)dB(?))

1 -
+ E(aul +o0SI)?dt,
where
~ ~ 1 ~
LV3 = I[(AS = BP — )] + Aul — BIw] + E(a ul + o SI)?

~ o~ 1 .~ 1 ~
= (AS -BP -+ 50252>12 + (Au -Bw+ 502142 + ozSu)Iz.

By the condition o2 < z(ﬂg{’—“ we get that AS — P — u + 10282 < 0.
We further have

AV, = w(OaPu — 0PI — 0BIw + Hauw) dt,
where

LV, = w(0aPuy — Q,BIN)I - 0B8Iw + Oauw) = 0o Puw — G/SIN’IW + w(=0B1Iw + Oauw).
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Then we obtain
LV2 + T]lLV4
= Lguz L§+ﬂ7)+ P+lr ﬁ’g ob ,37) ul é+ 9/37’ Iw
K K ’ K " g M
~ 0
+ (m@aP— §)MW+M1(M,I,W), (6.2)

where

Mi(u,I,w) = (u+1)<—Eu - Eul oUW — ,BIW) + mw(=0BIw + Oauw).

In (6.2), we choose 1, = ET§(9_2 such that nIQaT’ - g =0.

Moreover, using the Cauchy inequality, we obtain

S P-BP- 1< S o, K s P-BP- 21 (6.3)
r—— o Uu. — U + —= - — o .
K R =ok" T3\« *

Substituting (6.3) into (6.2) yields

LV2+771LV4
rS , K 3r~ ~ o~ 22 F~ o~ )
< Py 2 (T aPo P ) P (LR P )i
=Tk +2rS<r gS-P-p “) KPP m

8 ~
_ <5 + ;719/3[)>1W + My (u, I, w),
and so we have

T)zLVl + LV2 + T)lLV4

ol (- 2505) L (o s apBou) (LS aapBen) |
aP+-|r-— +—|r—-=S- - —S+ + u
5 a\"TK ) \k H
1(r~ ..~ 2,8, 1
+ = =S+2BP+u+d8 ) IF—=—w"+|u+l+-w ——u ——uI 281w
S\ K 202 0 K K

S, K ([ 3 ? T 2
S D (S aPo P ) P (L3 P )i
2K +2r5< KSeP=F “) (K +h +“>

s ~
_ <5 + n19ﬁP)]w+M1(u,1,W)
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L§+ﬁl~’+ r
K a
b 8 >
_ %wz - (5 + n19/3P>1W+M1(”’I’W)

[+2 "2 - L opr
tmlu+i+-w||-—=u" - —ul -28Iw).
2 6 " T K

Let

ST ~ 1 21 ~
n=—|aP+—-|[r—-—8-§
4K 8 K

2 2 —19-1
1 3r§ 28D r§ 28D
+—\r—-—=58- - =S5+ + ,
4 K ” K ’

so that

B Lo 25 s) s L3S B ) (L3 apBan) |22
+=(r-=8-8) +-(r-=S- - —S+ +
RIS\ T K "« H)\k ’

e
Then we get

T]zLVl + LV2 + T)lLV4

- rSu2 128

2 [ K (35 B pBop) 4 (L5 2pBapss)
_—R —@W + ﬁ V—E - —‘3 - M +? E + ﬂ +u+

02(% + 1,6pD)? ~
+M_<%S+ﬂp+ﬂ)]12+M1(u,Lw)

8n

I+) " - L opr
mlu+I+>w)-—u* - —ul -28Iw ).
2 0 'K

Finally, we obtain

LV = 1’]2LV1 + LV2 + )’]1LV4. + 7]3LV3
S s K 3~ o~ o~ 2
S—r—u2—niw2+ — r——rS—ozP—ﬁP—M
4K 462 2rS K

2
+ %(%§+2ﬁﬁ+u+8)

. 6%(2 + m0pD)? B < r~

- e 1
—S+8P - P+pu—-AS— =028 |2
5 % +B +M) m(ﬁ + 1 ¢ )]
+ My (u, I, w)
+1 u+l+lw L Y T AT )Lu—,3w+502u2+02§u I’
2 ) K K 3 2 :
Put

K 3re o~ o~ N\ mre o~ 2025 + mopD)*

| o (r- 25— aP-pP-p) + 2(S+28P+p+s) +— 7

s [2rs(r KoTHP-P “‘) 5 <1< PP+ ) 8 }
~ ~ 1 ,~\7!

X (5P+M—AS— 50252) ,
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so that

K W~ o~ o~ 2 o~ ~ 2622 + m6BP)?
2 (r-23-aP-pP- (S 2fPrpss) + —o
2rS(r K> P=p “>+5(1< +25 ””)* 512

> 2 1w
- N3 ﬁP+/L—AS—§aS =0.
Then we get

LV = 7]2L‘/1 + LV2 + 771LV4 + 773LV3

rS 9 re o~ 5 M0
< —-—u"—-|=S+BP+u|l*-—==w +MulLw
="K <1< p “) 402 1w L,w)

+ 1 u+1+lw —Luz—iul—Zﬂlw + 13 Au—ﬂw+lozu2+02§u I
6 K K 2 )

Let . = min{4’7§<, %§+ ﬂ7’+ W, Z;%}. Then

LV < %)x@]* + o(|x(®)|*).

Hence, LV (x) is negative-definite in a sufficiently small neighborhood of x = 0 for ¢ > 0.
From Lemma A.3 of Mao [17] we therefore conclude that the zero solution of (6.1) is

stochastically asymptotically stable. O

7 Numerical simulations

In this section, we make numerical simulations to illustrate our results by using Milstein’s
higher-order method [18]. Variables and parameters used in the models of susceptible
prey-infected prey-predator population interaction are given by Chattopadhyay et al. [11],
Table 2, where

r=3, K =45, B =0.05, u=0.24, 6 =04, 8 =0.09.

First, we take o = 0.004, A = 0.003, o = 0.045. In this case,

2(r + KA)(u — KA)

K3 =0.002408.

)
o =0.004 < — =0.005, % =0.002025 <
K6

We can therefore conclude by Theorem 4.1 that the equilibrium E; = (45,0, 0) of system
(1.2) is stochastically asymptotically stable in the large. The numerical simulations in Fig-
ure 1 support these results clearly.

Noting that

A A2
02 =0.002025 > max{ - 0.000067, T 0.00001875} =0.000067
"

and

8
o =0.004 < — =0.005,
Ko
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Figure 1 Numerical simulation of the solution of soll 0
system (1.2) and its corresponding deterministic ~ * N %
system (1.1) with & = 0.004, A = 0.003, o = 0.045 40 aof
and with the initial values S(0) = 30, /(0) = 10, 35 35
P(0)=15. 30 30
25 25
20 20
15 15
10 10
5 i 5‘
% 50 100 150 200 250 o 50 100 150 200 250

we see that conditions (a) and (c) of Theorem 4.2 are satisfied. Therefore, by Theorem 4.2,
for the initial values S(0) = 30, 1(0) = 10, and P(0) = 15, the solution of system (1.2) obeys

logI(t
lim sup g1(t) <-0.2378<0 as.,,
t—00 t
. log P(¢)
limsuyp —— <-0.018<0 as,,
t—00 t

1 t
lim - | S(s)ds=45 as.

t—oo 0

The numerical simulations in Figure 1 support these results clearly, illustrating extinction
of the infected prey and the predator.
Next, we choose o = 0.004 and A = 0.015. Then

_ rl—g
=16, Iz-f———ﬁl::2367,

g:
A

>|=

and the conditions
§
n=0.24<AK =0.675, o =0.004< T 0.005

are satisfied. Therefore, by Theorem 5.1, P(t) tends to zero exponentially with probability
one. We see that the difference between the solution of system (1.2) and E; = (16,23.67,0)
in time average is related to the intensity of the white noise. The weaker the white noise, the
smaller the difference. The numerical simulations in Figure 2 support these results clearly,
illustrating that the solution of system (1.2) is surrounding E; randomly oscillating, and
the extent vibrating enhances gradually with gradual increase of o.

Finally, we take & = 0.3, A = 0.008, ¢ = 0.2. In this case, we compute

~ ) ~ T §
S=—=0.75, P=—(1-—]=9.833,
O o K

SA w
— =0.0075<a =0.3, — =0.0053 <1 =0.008,
uo K

2(BP + . — AS)

02=0.04< =2.58.
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Figure 2 Numerical simulation of the solution of ~ , * betermmstomodel oo Srochastiomode
system (1.2) and its corresponding deterministic R I
system (1.1) with initial value $(0) =30, 1(0) =10,  “]\ POl % F0

P(0) = 15: (a) is with & = 0.004, A = 0.015; (b) with | - —-—-—-— -1 ”
o =0.004, A =0.015, ¢ = 0.002; (c) with
=0.004, A =0.015, o = 0.004; (d) with o = 0.004,
1 =0.015, ¢ = 0.006.

VRTINS P PV

307 30

Figure 3 Numerical simulation of the solution of
system (1.2) and its corresponding deterministic | oo oo
system (1.1) with & = 0.3, A = 0.008, 0 =0.2 and
with initial values S(0) = 30, /(0) = 10, P(0) = 15.

200

[ 200 400 600 [ 200 400 600

We can therefore conclude, by Theorem 6.1, that the equilibrium E3 = (0.75,0,9.833) of
system (1.2) is stochastically asymptotically stable. The numerical simulations in Figure 3
support these results clearly.

8 Conclusion
In this paper, we have proposed and analyzed an ecoepidemiological model with linear
mass-action functional response perturbed by white noise. Based on this model, we mainly
have showed that system (1.2) has a unique positive global solution and investigated how
the four equilibria Ey, E;, E;, and E3 of system (1.1) will be under stochastic perturbation.
The key parameters are one ecological parameter «, predators’ attack rate on susceptible
prey, and one epidemiological parameter A, the rate of infection.

(i) System (1.1) is unstable around E, for all parametric values. We show that the equi-
librium Ej of system (1.2) is stochastically unstable in Theorem 3.1.

(ii) If A < % and & < %, then system (1.1) is globally asymptotically stable around the

equilibrium E;. Theorem 4.1 shows that if KA < u — M2 and a < %, then the equilib-

2(r+KA
rium E; of system (1.2) is stochastically asymptoticaliy st;ble in the large. Theorem 4.2
shows that, under some conditions, the disease will die out, the predator population will
go into extinction, and the prey population will approach the carrying capacity K. Bio-
logically, it implies that if both the infection rate and the search rate of susceptible prey
are low, then the infected prey and predator population cannot survive, and the system
converges to the equilibrium where only healthy prey exists.
(iii) If A > %, then the equilibrium E, of system (1.1) exists. Theorem 5.1 shows that the
difference between the solution of system (1.2) and E, in time average is only relation with

the intensity of the white noise. The weaker the white noise, the smaller the difference.
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So there is approximate stability, provided that o is sufficiently small. Biologically, this
implies that if the infection rate is too high and the search rate of susceptible population
is moderate, then the predator population cannot survive, and the system converges to
the equilibrium where susceptible prey and infected prey coexist in the form of a stable
equilibrium.

(iv) If A > & and o > %, then system (1.1) is globally asymptotically stable around the
equilibrium E;. We also show (Theorem 6.1) that if A > % and o > %, then, under cer-
tain conditions, the equilibrium Ej of system (1.2) is stochastically asymptotically stable.
Biologically, it implies that in case of higher infection rate and higher predation rate, all
trajectories with the default values converge to the disease-free equilibrium E3, where sus-
ceptible prey and predator population coexist in the form of a stable equilibrium.

Appendix 1
In this section, we list some definitions and theory used in the previous sections.
In general, consider a d-dimensional stochastic differential equation

dx(t) = f (x(2),t) dt + g(x(t), £) dB(t) for ¢ > to. (A1)

Assume that f(0, ) = 0 and g(0, ) = 0 for all £ > ty. So x(¢) = 0 is a solution of equation
(A.1), called the trivial solution or equilibrium position.

Definition A.1 ([17]) (i) The trivial solution of system (A.1) is said to be stochastically sta-
ble or stable in probability if for every pair of ¢ € (0,1) and r > 0, there exists § = 8(e, 1, to) >
0 such that

P{|a(t;to, x0)| <rforallt >t} >1-¢

whenever |xy| < . Otherwise, it is said to be stochastically unstable.
(ii) The trivial solution is said to be stochastically asymptotically stable if it is stochasti-
cally stable; moreover, for every ¢ € (0,1), there exists 8o = §o(€, %) > 0 such that

P{ lim x(¢; to,%0) = 0} >1-¢
t—00

whenever |x]| < 8.
(iii) The trivial solution is said to be stochastically asymptotically stable in the large if it
is stochastically asymptotically stable; moreover, for all xy € R4,

p{ lim x(t; to, %) = o} -1
t—00

Lemma A.1 (Strong law of large numbers [17]) Let M = {M,};>¢ be a real-valued contin-
uous local martingale vanishing at t = 0. Then

tl_l)rgo(M,M)t:oo as. = tl_1)rg10 LA, =0 as
and also

. (M, M), .M,
hmsupf«)o as. = hm7=0 a.s.

t—00



Zhang et al. Advances in Difference Equations (2016) 2016:54 Page 23 of 24

Lemma A.2 ([17]) If there exists a positive-definite decreasing radially unbounded func-
tion V(x,t) € C*H(R? x [ty, 00);R,) such that LV (x, t) is negative-definite, then the trivial
solution of equation (A.1) is stochastically asymptotically stable in the large.

Lemma A.3 ([17]) If there exists a positive-definite decreasing function V(x,t) € C*1(S), x
[t0, 00]; R,) such that LV (x,t) is negative-definite, then the trivial solution of system (A.1)
is stochastically asymptotically stable.

Appendix 2: The rest of the proof of Theorem 2.1
Let K = ju + S+max{r+ g, % +A+B,0(a+ ,3)}% +K?%02. Then

AT

Tk/\T Tk/\T
f av (S@t),1(t),P(t)) < / Kdt+ / o (I() - S(2)) dB(2).
0 0 0
Taking expectations yields

E[V(S(‘(k AT),I(tx AT),P(ti A T))]

AT -
< V(5(0),10), P(0)) + E / Kdt
0

< V(5(0),1(0), P(0)) + K T. (2.2)

Set Qi = {tx < T} for k > ky. Then, by (2.1), P(€2) > €. Note that, for every w € €, at least
one of S(tx, w), I(t, w), and P(t, w) equals either k or %, and hence V(S(tx A T),I(tx A
T),P(ty A T)) is no less than either

k—-1-logk
or
1 1 1
——-1-log—=—--1+logk.
X 0g L =5 ~1+logk
Consequently,

1
V(S(ti AT), It A T), P(ti A T)) = (k—1—logk) A (% -1+ logk).
It then follows from (2.1) and (2.2) that

V(8(0),1(0), P(0)) + KT

> E[loye) V(S(tk A T), It A T), P(ti A T)) ]
> £|:(k— 1-logk) A (% -1+ logk):|,

where 1o, () is the indicator function of € (w). Letting k — oo leads to the contradiction
o0 > V(5(0),1(0), P(0)) + KT = 0o. So we have 7o = 0o a.s. This completes the proof of
Theorem 2.1.
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