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1 Introduction

The Euler equation is one of the most important fundamental equations in inviscid fluid
dynamics, which describes the motion of a fluid in R, The existence, uniqueness, and
the regularity of solutions of Euler equations are three popular research topics. In the
case of periodic boundary conditions and for arbitrary dimension d > 2, there exist in-
finitely many global weak solutions for the incompressible Euler equation with initial data
[1]. Zhang and Zheng [2] constructed a two parameter family of self-similar solutions to
both the compressible and the incompressible 2D Euler equations with axisymmetry. They
also provided the vortical and self-similar solutions for 2D compressible Euler equations
using a separation method [3]. The stationary classical solutions of the incompressible
Euler equation approximating singular stationary solutions of this equation have been
constructed in [4]. The global existence and uniqueness of the classical solutions to the
initial boundary value problem for the 3D damped compressible Euler equation have been
proved on a bounded domain with slip boundary condition when the initial data is near
its equilibrium [5]. A smooth solution of the 2D Euler equation on a bounded domain
exists and is unique in a natural class locally in time, but it blows up in finite time in the
sense of its vorticity losing continuity [6]. There are also some exact blowup solutions to
the pressureless Euler equations [7]. If the domain and the initial data are smooth, results
on the global smooth solutions of the 2D Euler equation go back to the 1930s. Marin [8]
studied the temporal behavior of the solutions of some equations which are applied in our
daily life. The global existence of regular solutions for Cauchy and initial boundary value
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problem of one dimensional quasilinear hyperbolic systems has been extensively inves-
tigated (see [2, 3, 8-18]). There exist global smooth solutions for the 2D Euler equation
with symmetry [19]. The 3D inviscid model with an appropriate Neumann-Robin bound-
ary condition was developed with a finite time singularity in an axisymmetric domain and
this model has global smooth solutions for a class of a large smooth initial data with some
appropriate boundary condition [20].

The contribution of our work is a study of the second order smooth solutions for the
2D compressible isentropic Euler equation with axial symmetry and damping outside a
core region. We mainly use characteristic methods. Some appropriate conditions are given
which guarantee the existence of second order smooth solutions. The study is based on
the technical estimation of the C? norm of the solution.

The rest of the paper is organized as follows. Section 2 introduces the 2D Euler equation
with axial symmetry and damping and gives the conclusion that there exists one order
smooth solutions for Euler equation with symmetry [19]. In Section 3, the boundedness
of C? norm of solutions is obtained under some assumptions. In Section 4, we get the
existence of second order smooth solutions for 2D Euler equation with symmetry outside

a core region.

2 2D Euler equation with axial symmetry and damping
Consider the 2D compressible and polytropic Euler equation with damping

Pt + (pu)x + (pv), = 0,
(pu)e + (pu* + Py + (puv)y = -2pau, (1)
(0v)s + (Ouv), + (ﬁv2 + P)y =-2pav,

where P = K257 and the friction a > 0 is a constant. Here p, (u,v), P(p) are the density,
velocity, and pressure, respectively. We consider (1) with axisymmetry, i.e., we look for the
solutions satisfying

p(r,0) = p(r, 0),

u(r,0)\  [cos@ —sin@\ {u(r,0) (2)
w(r,0)]  \sin® cose w(r,0))’
where (r,0) are the polar coordinates. Under (2), (1) can be written as

Py + (Pu), + 7 =0,
2

U + utdy + h, = -20u + —, (3)
r

uv
Ve + UV, = =2V — —,
r

where h, = K2y 57725, is the entropy.

In this section, we are going to study system (3) outside a core region, i.e. 1 <r < 00,
with initial and boundary data given by

p(r,0)=po(r),  (u,v)(r,0) = (uo,vo)(r),  u(l,£)=0. (4)
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According to a series of transformations (refer to [19]), we obtain

O't—uxZO,

K? 1 Klyolr v
u+| — | —="2a0u+ ——+—,
ov ) rvt rv r

u
Ve = =200V — —,
r
wherer =1+ fox o(s,t)ds and x > 0. In order to symmetrize the system (5), we introduce

the Riemann invariants

2k - -
w=u-+ —ﬁr_yTlg_VTl,
y—1
2% /7 (©)
-1 -1
Z=U— —)l/r_yTo'_yT,

hence (5) can be written as
-1 V2
Wi+ uwy = —a(w +z) — J/—(w—z)(w+z) +—,
8r r
2
(7)

_l(w—z)(w+z)+ V7,

Zi+hzy=—a(w+2z) +
Ve = —<2oz + W+Z>V,
2r

I(\/%"JT_1 o7 and n= I(\/7r’VT_1 o7 are two characteristics for (6). The

where A = —
corresponding initial and boundary conditions for (7) are

w(x, 0) = wo(x), z(x,0) = zo(x), v(x,0) = vo(x),

and
w(0,8) +2z(0,t) = 0. (8)

In this section, we always assume the initial and boundary conditions satisfy

wo(x), 2o (x), vo (%) € C}[0,00),

wo (%) — zo(x) > 6, )

wo (%) +20(%) =0, 1o(0)wox(0) = 10(0)z0x(0) = v*(0),

where § is a positive constant and 1o (x) and X (x) are the two given characteristics at ¢ = 0.
Lemma 2.1 gives the C° norm estimate for solutions inside the region of smooth solu-

tions.

Lemma 2.1 [19] Under the conditions (8) and (9), if

|vo(x)| <My, |wo ()| < Mo, |20(x)| < Mo,
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(y=DMa+/ (y-1)M3 +16(y -1)M?

then when o > s , we have

|wx, t)| < Ms, |2(x,8)| < M3, [vix, )| < Mie™, (10)
and

|w(x, £) — z(x,8)| > 0, (11)

2
where (x,t) is in the region of smooth solutions and M3 = %} + M.

The M; (i > 3) appearing in the rest of this paper are positive constants depending on
M, M5, and §.

Next we estimate the derivatives of w(x, £), z(x, t) and v(x, t) with respect to .

Let P(x, t) = wy(x, 1), Qx, £) = z,(x, £), R(x, t) = vx(x, t). We have the following system for
P, Q,and R:

Py + uPy = —a(P+Q) - f Ar(w z)V I(P-Q)P

-1 20R  V?
Y —(w- z)P+L—E—y
4r r r2

—wr2(P-Q)

_—(w z)(P+Q)+yr31(4);(\/l_)_ Tw-Fwea, (2

Ar(w Z)Vl(P QP

Qt+ka:—a(P+Q)+I(\/_

2WR Vo

T—r—z——(w"'z)(P Q)

w

(P+Q) - Y- 1()/ 1>_y](w—z)1y’_(w+z), (13)

1 1 1
= - 2 - - P ~ 9 ’ 14
Ry { o+ 2r(w+z)}R 2r( + Qv+ 2r2(w+z)av (14)
and let
"_p a(w-2)" - —2(w ) @(W -2)"(w+2),
(w-2) r
r b b 15)
G=——Q-biw-2)" - = (w-2)"" + =(w-2)"(w+2),
(w—2z2) r r
+1
where A = (4k:F y_l, [= —%, m= (V 1) We have the following lemma.

Lemma 2.2 [19] Under the conditions of Lemma 2.1, if 1< y < g or % <y <3, and « being
sufficiently large, there exists a constant My such that if

F(x) O) = M4’

G(x: O) = Méb
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we have

My < F(x,t) < sup{F(x,0), G(x,0)},

M, < G(x,t) < sup{F(x,0), G(x,0)}.
Combining Lemma 2.1 and (15), we know that
|P(x,0)| <Ms,  |QWxt)| <Ms,  |R(x1t)| <Ry,
where Ry is a positive constant depending only on M3, ||R(x,0)||co.

Remark 1 According to Lemma 2.2 and (6), we obtain u, = TQ, and p, = % 2%

Y= y-1
1 (2 3=y
(4112\15) v I(w—-2z)71(P - Q)r. Then

|| u(xr t) || cl = MS;
”,0(?0, t) ” cl = M6r

and the C! norm estimate for solutions inside the region of smooth solutions is proved.

So we get the existence of one order global smooth solution for (3) and (4).

3 The boundedness of C2 norm of solutions for 2D Euler equation with
symmetry outside a core region
For convenience, we list some equations which will be used later:

M = —2I(ﬁAr(w—z)%Qx +A, (16)
dyt
AP - Q) 2K /v Ar(w - z)V 1P +A, (17)
dkt
AP+Q) _ 2K\/7Ar(w—z)%Qx +B, (18)
dyt
WP+ Q ok frarw-21p, +B, (19)
dt
where we have used the notation d =t ,u%, di“ = % + A%, and
——Kf Arw 7P Q)(P+Q)——(W+Z)(P Q
YL@ @+ 2 (2L ) T o g B e (20)
-5 w-2z)(P+Q)+ o (4I<f> w—z w +2),
2
B=-20(P+Q)+ % - 2V26
r r
—K\/— Ar (w — z)Ll(P Q)?- 4—r1(w z)(P - Q). (21)

Now we estimate the derivatives of w,(x, ), z,(x, £) and v, (x, t) with respect to x.
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Let H(x, £) = wye(x,8), Ix, t) = zyx(x, ), L(x, £) = vex(x, £). We have the following system
for H, I, and LL:

H, + wH, = —a(H + 1) - Z—j[(ﬁAr(W _ TP Q)(H +1)

1y+1
2

K\/_Ar(w z)Vl(P+Q)(H )

3(y -1
+ —_—
8r
10K%y [y -1
4Ky
2vL +2R*>  2vRo +Vv?o, Vvio?
- +

r r2 r3

(P-QUE-D- Y2+ QE-1)

) (w—2) 71 (B - ]1)—

+C, (22)

]It+)»]Ix=—a(]HI+]I)+ )%(P—Q)(H‘FH)

ly+
i

: -2 1P+ QE-D)
-

+ 6V—jz<ﬁAr(w—z)%(p_ Q)H —T)

(y 1)

(P-QEH-I) + —(P+Q)(H I

10K? 1
i (w 27 (H - 11)—
- 41<f
2WL + 2R*>  2vRo + V%o, Vo?
+ - + -C, (23)
r r2 r3

1 1 1 1
Li=—{20+ —(w+2z){L--P+QR- —H+Dv+—w+2)oR
2r r 2r 2r2

(P+Q
+

1 1 1
2 Vo + ﬁ(P +Q)oR + ﬁ(P + Q)voy, — 2—’3(w +2)0%v, (24)

wherel<y<%or%<y<3,and

C-- (;” K 7Artw =27 (- QP{(P+ Q) + 4P~ Q) - L2~ Q(P+ Q)
TS qp LY ( 42;17) F - o
+":;1<\/?<4);(:/17)¥_3( )’_7(%2);”(2)
+%1<\/7(47;<:/17>53( o WP+ Q) Z)r(P+Q)
() a0
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2(r-2)
15(y -1 15 -1 -1 2y-2)
+ L(W—Z)(P— Q) + =K%y Rk I (w-2) =
8r3 rd 4Ky
y=5
3(5y -3)K -1 \rT r=5
36y 3KV (v v (W_Z);_l(wm). (25)
4 N 5
Under the a priori estimate of H and [, using the property of P, Q, R, w, z, v and (24), we
have
|L(x,£)| < Lo,

where Ly is a positive constant depending only on Ms, ||L(x,0)|co. We estimate the
boundedness of H and I as follows. Let

H=H+ C—rl(a) — 2P - Q) + 2(P - Q)*(w - 2) + c3(P + Q)*(w — 2)*
+ A P- Q-2 + 2P+ QA -2 + 2(P- Qw-2)*, (26)
r r r
I=T+ %(a) — 2P - Q) +dy(P - Q) (w —2)2 + d3(P + Q)*(w — 2)®
d
—(

d d
+ r—j(P ~ Q-2+ (P Q-2+ 75“) - Qw-2)%, (27)

1
where s; = 54 = 85 :—% <0,y =83 =-1,55 =0, and let

1
8(7’, —,W,Z,P,Q)
r

y+1 2 (15 13 y -1
=LK yAr(w-2)71( =P - = I _—(P-2
KA =2)7 (2 2Q)+ o (P-2Q)

2y

10K? —1\ 71 ye1 1

_Rr (Y (w—z)7 1=, 28)
y -1 \4K/y r

According to (26), (27), we know that if we deduced the boundedness of H and I, the
boundedness of H and I is apparent. Comparing (26) with (22), and together with (28),
we have

ﬁt + Mﬁx

+1)

14
1 )(P—Q)H

1 5
= {—a + e(r, -, W,z P, Q> }H +I(ﬁAr<4C2 +
r

+ (2K /7 Act - )l - I<WA7<4C3 - 22”)/—*_11)) P+ QI

+ (41<ﬁAc4 - 3(V8_ l)) %(p — Q)+ (”T_l - 4I(ﬁAc5) %(P + QI
10K%y [y -1 = 1
+ ( v <4f<ﬁ) +21<ﬁAc6>;(w—z)H

- {C—l(w 1 4 26(P - Q-2 + (P - Q-2 + L (-2 }A
r r r



Wu et al. Boundary Value Problems (2015) 2015:192 Page 8 of 13

- {2C3(P+ Qw-2)"+ %(P+ Q)(w —z)SS}IB +C+D

2L +2R?>  2vRo + Vo, vio?
+ - + , (29)

r r2 r3

and also combining (27), (23), and (28), we can obtain

E + )jx
_ {—a p (r, % w,2, P, Q) }11 ‘ 1<ﬁAr<4d2 - 5()/y_+11)>(1> _QH
+ (2K /yAd, —a)H + I(ﬁAr(zLdS _ 2(?’)/‘:11) > (P+QH

+ <4I<ﬁAd4 + 3(’/8_ 1)) %(p _QH+ (y ; L, 4I(ﬁAd5> ;(P +QH

2y
=

10K%y [y -1 \71 1
B < y -1 <41<J7> _ZKWA%) A
_ { %(w — 2 4 2dy(P - Q)(w —2) + 2%(’)" Qlew -2 + %(‘” ) }A

- {2d3(P+ Q)w—-2)" + 2r_6§5([)+ Q)(w —z)s5}IEB -C+E

2vL +2R?>  2vRo +V?o, Vio?
+ (30)

- )

r r2 r3

where

b= _{ %Sl(w — 21U P - Q) + 252(P - QP (0 —2)?"

+383(P + Q)*(w — 2)% 7
+ 2P - Q-2+ Zss(P+ Q0 -2
r r

d(w-2)
.t

C

+i%m—wﬂw—@}

72

H @21 (P- Q4 2P - Qw2 + L (P + QA —2)"
r r r

26q W)
+ 5 (P-Q0-2) }dﬂt, (31)

and
E= _{ %ﬁ(a} -2 HP - Q) + das2(P~ Q*(w - 2)2 7" + d3s3(P + Q*(w - 2)% 7

+ d—:sz;(P -Qw-2"" + d—sz(P + QP (@-2)""
r r

d(w - 2)
i

)
r
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Ao P-+ 22 -2 + 22 P+ Q-2
r 73 73
2ds o | ar
+ r—g(P—Q)(CU—Z) }d—ut (32)

In order to get the relationship between H, + uH, and H and the relationship between

I, + AL and I, we must choose the proper ¢;, d;, i = 1,...,6, such that

5(y +1
W TAe—a=0, de+ +1 ) o,
y p—
y+1 3(y -1)
420, 4K yAcs— -0,
2 -1 3 VYA
1 10K 1\
— — y-1
Yo 4K yAcs =0, (X + 2Ky Acs = 0,
8 y—1 \aK jy
5(y +1
WK YYAd =0,  ddy— 2V +1 ) o,
y+1 3(y-1)
—4d3=0, 4K /yAd -0,
2 -1) 3 JYAdy + 3
1 10K? 1\7
— — y—
Y 4Ky Ads =0, Y (L _2K./yAds = 0.
y -1 \4K jy
This implies
o 5(y +1)
clzdlz—’ Cy=—dy =~ ,
2K T A y -1
y+1 3(y-1)
C3 = = , Ca = — =—)
SR TP T T 3K A (33)

un

+

<

|

y -1 5 y—1\7"
65=—d5=7, 66:—6[6:—— .
32K /YA 4A\ 4K Sy

Thus, the coefficient of T in (29) and the coefficient of H in (30) become zero. We can now

proceed to obtain

H, + puH, = {—oz + 8<I’, %,w,z,P, Q) }H— {C7l(w—z)s1 +26,(P - Q)(w - 2)®

22 P Q-2 + C—i(a)-z)%}A
r r

- {263(P+ Q)w-2)" + %(P+ Q)(a)—z)SS}IB% +C+D

2vL +2R*>  2vRo + V%o, Vio?
+ - + , (34)
r r2 r3
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T, + AL = {—oz —8<r, %,w,z,P, Q) }]I— {%(w—z)s1 +2d>(P - Q)(w — 2)*™

+ 2—6§A’(P—Q)(a)—z)s4 + d—;(a)—z)sﬁ}A
r r

- {2d3(P+ Q)w—-2)" + 2r—625(P+ Q)(w - 2)% }]B -C+E

2vL +2R*>  2vRo +Vv?o, Vio?
+ - +

r r? B
Substituting (26) and (27) into (34) and (35), respectively, we can deduce that

ﬁt + Mﬁx

= {—a +s<r, ;,w,z,P, Q> }ﬁ+ {—a +8(V, %,w,z,P, Q)“—%(a)—z)“(P—Q)

- P - QP (@-2)" - i3(P+ Q*(w-2)" - i—:(P - Qw-2)"

- j—i(m Qw-2)% - j—i(P— Q)(w—Z)SG} - {%(w—z)ﬂ +26,(P - Q) - 2)

2 2L +2R*  2vRo +Vv?o, Vio?
AP Q-2)* + S (w—g) Ay e SOV O VO
r? r? r r? r3
2
- {ZC3(P+ Q-2 + 2P+ Q)(w —z)SS}IB +C+D, (36)
r
E+AL

= {—a —e(r,%,w,z,P,Q) }E+ {—a —8<r,%,w,z,P,Q)}{—%(a)—z)sl(P—Q)

d
(P QP02 ~ds(P+ Q-2 ~ B (P QP 2"
B Q-2 - - Q)(w—z)%}
T T

- {%(w —2)" +2d(P - Q)(w — 2)™

2 2 2 2
.\ %(P—Q)(a)—z)s‘* .\ %(w—z)% As 2vIL + 2R B 2VRo + v-oy . ates
r2 r2 r r2 rs
2ds
—12d3(P + Q)(w — 2)* + r—z(P +Q)(w-2)%B-C+E. (37)

In order to simplify (36) and (37), we let
1
X1 :Xl(r,_,W—Z,W+Z,P—Q,P+ Q)
r

- {—a + s(r, %,w,z,P, Q) } {—c—:(a)—z)sl(P— Q) - (P = Q*(w — 2)

—e3(P+ QXw—2)" - j—‘;(P— Qw - 2)" - j—i(P + QXw-2)

- %(P ~Qw- z)%} - { L w—2" +26(P - Qo — 22 + %(P —Qw-2)"

r
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2vL +2R?>  2vRo +V?o, Vo?
+ - +

r r r2 rd

+ c—g(a)—z)sﬁ}A
- {263(P+ Q)w—2)" + %(P+ Q)(a)—z)s5}B +C+D, (38)

and

X2 =X2<r,%,w—z,w+z,P—Q,P+Q)
1 dy 5 2 s
= {—a—8<r,;,W,z,P,Q>}{—7(w—z)1(P—Q)—d2(P—Q) (w —2)*
2 53 dy 2 4 ds 2 s
—-d3(P+ Q) (w~-72) ‘,_z(P‘Q) (w-2) —r—z(P+Q) (w—-2)*

d d
- 5P~ Q)(w—Z)SG} - {f(w—z)ﬂ +2d(P~ Q2"

2 2 2 2
s %(P—Q)(a)—z)s‘* s %((U_Z)Sé A+ 2vIL + 2R B 2VRo + voo, s Vo
r2 r2 r r2 r3
2ds
—12d3(P + Q)(w —2) + 7(P+ Q(w-2)%B-C+E. (39)

Using the definition of ﬁ and %, (36) and (37) become

dH 1 — 1

—=—ta-¢lr,-,w,z,P,Q ) {H+ x| r,-~,w—2z,w+2z,P-Q,P+Q), (40)
d,t r r

dl 1 - 1

—=—3a+e(r,—-,w,z,P,Q ) {1+ ol r, -, w—-2z,w+2,P-Q,P+Q |, (41)
d,t r r

where &(r, %, w,z, P, Q) denotes the function depending on 7, %, w, z, P, Q, and yx;(r, %, w—
zZ,w+z,P—Q,P+ Q) (i = 1,2) denotes the function depending on r, %,w—z,w+z,P—Q,
P+ Q, then [e] < My, [x1| < Ms, |x2| < Ms.

The following theorem gives the boundedness of H and I, which is defined in (26) and
(27).

Theorem 3.1 Under the conditions |P(x,t)| < My, |Q(x, )| < My, |R(x,t)| < Ry, |w(x, )| <
Ms, |z(x, 8)| < M3, |v(x, t)| < Mye ™, then when a is sufficiently large, we have

| <Mor  [Tx0)] < Ms.

Proof Multiplying (40) by H and using the Young inequality, we obtain

2

1dH 1 1 1 5
———==a-¢e|r,-w,z,P, Q|- =x1|lrn- w—2z,w+2z,P-Q,P+ Q) tH
2 d,t r 2 r

1

1
+5X1(r,—,w—z,w+z,P—Q,P+Q). (42)
r

Referring to the proof of Theorem 2.2 in [19], we know that

w(x, t) — z(x,t) > 61 > 0.
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Due to the boundedness of ¢ and when « is sufficiently large, we can see that

1 1 1 1
a-¢|lr,-w,z,P,Q|—=xilr,-, w—2,w+2,P-Q,P+Q | > -a>0,
r 2 r 2

which implies the following:
2

—2
—— =-aH +x,

i

and using the Gronwall inequality, we have
[Hx,0)|” < M.
In a similar way,
T(x,0)[* < M.
We have completed the proof. g

4 The existence of the second order smooth solutions of Euler equation with
axial symmetry outside a core region

The main result of this paper, which is the existence of the second order smooth solutions

of this equation, is in the following theorem.

Theorem 4.1 Under the assumptions of 1 < y < % or % <y < 3 and o being sufficiently
large, there exists second order smooth solutions of (3) and (4).

Proof According to Theorem 3.1 and (26), (27), we have |H| < My, |I| < Myo. Using (6),
we obtain

H+1I
2

Uyy =

and

2

(XY T AL 2 e
pa(ai) -G - 0=

2(3—)/)( y -1
(y -2 \4K /¥

1
r

2

= 202y)
) (w-2) 71 (P-Q°r

+

=

|

2 y -1 % 3
+ﬁ<41<\/7> (w—2)7T(H-1Dr, (43)

because of the boundedness of P, Q, R, w, z, v, we know that

lzll c2 < Mo,

lollc2 < M.
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So we get the existence of the second order smooth solution of (3) and (4). We have com-
pleted the proof. O

5 Conclusion

In this paper, we have derived the existence of the second order smooth solutions for the
2D compressible isentropic Euler equation with axial symmetry and damping outside a
core region. Compared to the transformation about (1), the proof seems much more sim-
ple. Based on the results of Lemma 2.1 and Lemma 2.2, we have obtained the boundedness
of C? norm of the solutions. These are the improvement and innovation for the existing
result in [19].
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