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1 Introduction

As is well known, various problems arising in heat conduction [1, 2], chemical engineer-
ing [3], underground water flow [4], thermo-elasticity [5], and plasma physics [6] can be
reduced to the nonlocal problems with integral boundary conditions.

Boundary value problems for second-order differential equations with integral bound-
ary conditions constitute a very interesting and important class of problems. They include
as special cases two-, three-, multi-point and nonlocal boundary value problems [7-13] as
special cases. For such problems and comments on their importance, we refer the reader
to [14—19] and [20], and the references therein.

The theory of boundary value problems on the whole line for differential equations or
integral equations arises in different areas on applied mathematics and physics. Since an
infinite interval is noncompact, the study of boundary value problems on the whole line
is more complicated, especially for boundary value problems with integral boundary con-
ditions on the whole line, not many work was done in the literature (see [21-30] and the
references therein). Furthermore, most of the results above are in the scalar case.

Differential equations governed by nonlinear differential operators have been widely
studied. In this setting the most investigated operator is the classical p-Laplacian, that
is, @,(x) = |x|P~2x with p > 1, which, in recent years, has been generalized to other types
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of differential operators that preserve the monotonicity of the p-Laplacian but are not ho-
mogeneous. These more general operators, which are usually referred to as ®-Laplacians
(or quasi-Laplacians or quasi-Laplacian operators), are involved in some models, e.g. in
non-Newtonian fluid theory, diffusion of flows in porous media, nonlinear elasticity and
theory of capillary surfaces. The related nonlinear differential equation has the form

[@(®)] =f(6:%4), ¢ e (-00,+00),

where ® : R — R is an increasing homeomorphism such that ®(0) = 0. More recently,
equations involving other types of differential operators have been studied from a differ-
ent point of view arising from other types of models, e.g. reaction diffusion equations with
non-constant diffusivity and porous media equations. This leads to consider nonlinear dif-
ferential operators of the type [a(¢,x,x)®(x')]’, where a is a positive continuous function.
For a comprehensive bibliography on this subject, see e.g. [8, 31] and [11, 32].

The systems of second-order ordinary differential equations arise from many fields in
physics and chemistry. For example in the theory of nonlinear diffusion generated by non-
linear sources, in thermal ignition of gases and in concentration in chemical or biological
problems; see [33—36] and the references therein.

In [12, 13], the authors studied the existence, nonexistence, and multiplicity of positive
solutions of two-point boundary value problems on finite intervals for second-order or-
dinary differential p-Laplacian systems with parameters. To get the solutions, the upper
and lower solution method, the fundamental properties of the fixed point index, and the
fixed point index theorem were used.

The asymptotic theory of ordinary differential equations is an area in which there is
great activity among a large number of investigators. In this theory, it is of great interest to
investigate, in particular, the existence of solutions with prescribed asymptotic behavior,
which are global in the sense that they are solutions on the whole line (half line). The
existence of global solutions with prescribed asymptotic behavior is usually formulated as
the existence of solutions of boundary value problems on the whole line (half line).

In [37], authors studied the solvability of the resonant second-order boundary value

problems with the one-dimensional p-Laplacian at resonance on a half line

(c®)y (2 (1)) =f(t,x(), 2 (t)), 0<t<oo,

20)=) uix(&), N c()y(x'(0) =0

i=1

and

(c(t)qbp(x/(t)))/ +g@Oh(t,x(t),x'(£)) =0, 0<t<+o0,
+00
x(0) = / g(s)x(s) ds, lim c(t)p, (x/(t)) =0,
0 t—>+00
with multi-point and integral boundary conditions, respectively, where ¢,(s) = |s|"~s,

p>1L Y0 ux&) =1, f0+°°g(s) ds = 1. The arguments are based upon an extension of
Mawhin’s continuation theorem due to Ge and Ren [38]. In [39-42], authors studied
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the existence of solutions or positive solutions of boundary value problems of differen-
tial equations with p-Laplacian on half lines.
In recent paper [29], the author considered the existence of solutions of the following

boundary value problem for a second-order singular differential equation on the whole
line:

[@(p(D)a(tx(2), % (£))x'( )] +f(6x(),%' (1)) =0, teR,

+00

hm ,o(t)a(t x(t), %' (£))x'( )—/ a(s)x(s)ds:/ g(s,x(s),4/(s)) ds,
tganoop(t)a(t,x(t),x/(t))x/(t) + /+oo,3(s)x/(s) ds = /woh(s,x(s),x/(s)) ds,

where p € C°(R, [0, +00)) with p(£) > 0 for all ¢ # 0 satisfies

/l%ds— /0+w$ds—+oo,

a:R x R x R— (0,+00) is continuous, and there exist constants 7 > 0, M > 0 such that
m§a< (1+‘L’(t)) ()><M, teRxeRyeR

and for each r>0, x|, |y| <rimply that a(t, (1 + T(t))x, ) — a1 uniformlyas ¢t — o0,

where 7(¢) = | f bds. | a,B:R— [0,+00) are contmuous functlons satisfying

/+°0 (s)ds >0, / s)/ mds<+oo,

/ oc(s)/ —ds<+oo, +w%ds<+oo,

f, g h defined on R® are nonnegative Carathéodory functions, ® € C}(R) is continuous
and strictly increasing on R, ®(0) = 0 and its inverse function denoted by ®~! is contin-
uous too, moreover, for ! there exist constants L > 0 and L, > 0 such that ®~(x;x,) <

LO (%) P (xy) and

O %) S Ly [P )+ + DTN )], % >0(i=1,2,...,n).

In [43], the authors investigated the existence and multiplicity of nonnegative solutions
for the following integral boundary value problem on the whole line:

(p()x (1)) + rq(e)f (£,x(6), %' (1)) =0, teR,

a lim x(t) b1 lim p(t / v (s)gi (s, x(s), %/ (s)) ds,

as tl}{fn x(t) +b2 hm p(t)x (¥) —/ w(s)gz(s,x(s),x/(s)) ds,
where A > 0 is a parameter, f,g1,2 € C(R x [0,00) x R,[0,00)), ¢,¥ € C(R,(0,00)), and

p € C(R,(0,00)) N CX(R). Here, the values of [ gi(s,x(s),4'(s))ds (i = 1,2), [* }%,
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and sup,p ¥ (s) are finite and a; + ap > 0, b; > 0 (i = 1,2) satisfying D = axb; + a1by +

+00 ds
a\ay f—oo m > 0.

On the one hand, to the best of our knowledge, there have been no papers concerned
with the existence of unbounded solutions of boundary value problems of singular second-
order differential systems with quasi-Laplacian operators [32] on the whole lines.

On the other hand, in all above mentioned papers, the boundary conditions are posed at
the two end points 0 and +o0o (or —oo and +00) and the solutions obtained are defined on
[0, +00) (or R). An interesting question occurs: when one subjects the boundary conditions
on one end point —oco and a intermediate point 0, how could one get solutions defined on
R of a boundary value problem of differential equations on the whole line?

Motivated by [12, 13, 29] and the reason mentioned above, we consider the following
boundary value problem for the singular second-order differential system on the whole
line with quasi-Laplacian operators:

[@ (ot x(0),x ()« (2)] +£ (), 5 (£)
[W(e®b(t,y0),y 1)y (®)] +g(t.x(t),x (1)) =0, teR,

0, teR,

(11)

subject to the integral boundary conditions

x(§) = / o (s,(5),5(s)) ds,

tEr_noo,o(t)x’(t)= / @(s,5(5),5'(s)) ds,

—00

y(n) = / x (s, %(s),'(s)) ds,
tEr_noo o)y (t) = / v (s, x(s),x’(s)) ds,

—00

where
(@) p,0 € C°R,(0,00)) are continuous on R and satisfy

0 1 +00 1
/ ——ds=+00, / ——ds=+00,
—o0 P(8) o p)

/0 1 d (%) /+Oo 1 ds = +00
——ds = +00, ——ds= ;
—o0 0(8) o ol

(b) a,b:R x R x R— (0,+00) are continuous and satisfy

t—+o0

lim a(t, (1 + t(t))u, %) =a+ >0,

tgimoob<t, (1+0(8)u, ﬁ) =bs>0

uniformly for u, v in each bounded interval, there exist constants m; > 0, M; > 0
such that

my < a(t, (1 + t(t))u, ﬁ) < M;,

my < b(t, (1 +a(t))u,%> <My, teRu,veR,
Q



Yang and Liu Boundary Value Problems (2015) 2015:42 Page 5 of 39

and both

v %
(u,v)—>a(t,(1+r(t))u,m> and (u,v)—>b<t,(1+o(t))u,m)

are uniformly continuous for ¢ € R, where 7(¢) = | f; % ds|and o (t) = | fnt ﬁ ds|;
(c) @, W are quasi-Laplacian operators (Definition 2.1 in Section 2), the inverse
operators of ®, ¥ are denoted by ®~! and W1, respectively, the supporting
functions (Definition 2.1 in Section 2) of ® and ®! are denoted by w; and vy,
respectively, the supporting functions of ¥ and W™ by w, and vy;
(d) f defined on R? is a o -Carathéodory function, g defined on R? is a 7-Carathéodory
functions (Definitions 2.2 and 2.3 in Section 2);
(e) ¢, ¢ defined on R? are o -Carathéodory functions, x, ¥ defined on R®
7-Carathéodory functions;
(f) &,7n € R are fixed constants.
The purpose of this paper is to establish sufficient conditions for the existence of at least
one unbounded solution of BVP (1.1)-(1.2).
This paper may be the first one to establish existence results for such a kind of problems.
Compared to previous results, our work has the following new features.
Firstly, our study is on singular nonlinear differential systems (f, g, ¢, ¢, p, 0, x, and ¥
may be singular). The nonnegative functions p, ¢ satisfy the assumption (a), however, the

assumptions [~ % <+ooand [ % < +oo are made in [1, 8, 24—27, 29-31].

Secondly, this paper generalizes the boundary value problems on finite intervals dis-
cussed in [12, 13] to ones on the whole lines, the main tools used in this paper is the
well-known Schauder fixed point theorem (not the upper and lower solution method, the
fundamental properties of the fixed point index, and the fixed point index theorem used
in [12, 13]).

Thirdly, a completely continuous operator is constructed, and a special Banach space has
been developed to overcome the difficulties due to the singularity and to the application
of the fixed point theorem.

Fourthly, we generalize the boundary value problems of differential equations on finite
interval discussed in [12, 13] to one in whole lines. By comparing with [29], the nonlinear
differential operators [®(p(£)a(z, x(2), %' (£))x'(£))]’ and [W(0(2)b(¢, y(t), y'(£))y'(£))]’ are more
general. In [22], the authors studied the boundary value problem

x=f(t,x, %), x(—00) = x(+00), x(—00) = x(+00).

Under adequate hypotheses and using the Bohnenblust-Karlin fixed point theorem for
multivalued mappings, the existence of solutions was established. However, the Banach
space

X:={x e C*(R): @x(F00), @)i(£o0)}

was used in [22]. In our paper, the Banach space

and lim p(¢)x'(¢) exist

X=1{x:x4cCR), lim ———
t—>xo00 1 + T(¢) t—+o00

is used; see Claim 2.1 and Claim 2.2 in Section 2.
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Finally, we discuss the boundary value problem with integral boundary conditions,
that is, system (1.1) including three-point, multi-point and nonlocal boundary value
problems as special cases and the quasi-Laplacian terms [®(p(¢f)a(t,x(¢))x'(¢))]’ and
[W(o(®)b(t,y(t))y'(¢))] are involved. In (1.1)-(1.2), the boundary conditions are posed at
the points &, n, and —oo and the solution obtained are defined on R.

By an unbounded solution of BVP (1.1)-(1.2) we mean a pair of functions (x,y) € C}(R)
such that

[®(o@)a(t, ()« 1) ®)],
[w(o®)b(t,y(t),y )y )]

[CD(pax’)]/ it —
[\I»’(Qby/)], it
belong to L}(R), and «, y satisfy the prescribed asymptotic behavior, i.e., the following lim-

its:

R0

im , i ,
t—%o0 1+ 7(t) t—+o0 1+ 0(t)

Jim p(6)x'(0), Jim o(8)y'(®)

exist and all equations in (1.1)-(1.2) are satisfied.
The remainder of this paper is organized as follows: the preliminary results are given
in Section 2, the main results are presented in Section 3. Three examples to illustrate the

main theorem are given in Section 4.

2 Preliminary results
In this section, we present some background definitions in Banach spaces and state an
important fixed point theorem. The preliminary results are given too.

Definition 2.1 [32] An odd homeomorphism & of the real line R onto itself is called a
quasi-Laplacian operator if there exists a homeomorphism w of [0, +00) onto itself which
supports ® in the sense that for all vy, v, > 0 we have

S (vivy) > (V1) D(12). (2.1)
o is called the supporting function of ®.

Remark 2.1 Note that any function of the form
k
DO(u):= Zcﬂul’u, UER,
j=0

is a quasi-Laplacian operator, provided that ¢; > 0. Here a supporting function is defined
by @(u) := min{u**!, u}, u > 0.

Remark 2.2 It is clear that a quasi-Laplacian operator ® and any corresponding support-
ing function w are increasing functions vanishing at zero; moreover, their inverses ®!
and v, respectively, are increasing and such that

O (wiwa) < v(wy) D (wy) (2.2)

for all wy, w, > 0, and v is called the supporting function of P,



Yang and Liu Boundary Value Problems (2015) 2015:42 Page 7 of 39

Remark 2.3 It is well known that ®(s) = |s|?~2s with p > 1 is called p-Laplacian. One sees
that a quasi-Laplacian operator contains a p-Laplacian as a special case.

Definition 2.2 G:R x R x R — R is called a 7-Carathéodory function if it satisfies:
(i) t— G, A+ 1)y, ﬁv) is measurable for any u,v € R;
(ii) (u,v) = G(t, A + 7())u, ﬁv) is continuous for a.e. t € R;
(iii) for each r > 0, there exists a nonnegative function ¢, € L'(R) such that |u|, |v| < r

implies

1
‘G(t, (1 + t(t))u, mv)

Definition 2.3 H :R x R x R — R s called a o -Carathédory function if it satisfies:
(i) t—> H(t, A+ 0@)u, ﬁv) is measurable for any u,v € R;

<¢,(t), aeteR

(ii) (u,v) = H(t, (1 + o (2))u, ﬁv) is continuous for a.e. t € R;

(iii) for each r > 0, there exists a nonnegative function ¢, € L}(R) such that |u|,|v| <7

implies

<¢.(t), aeteR.

1
‘H(t, (1 + o(t))u, @v)

Let C°(R) be the set of all continuous functions on R. Define

t
X= {x:R—>R:x,x/eCO(R), lim ()

1 / .
t>=k00 1+ 7(£) and lim p()x'(2) eXlSt}.

For x € X, define

)l = llxllx = maX{stlel]g 1|f(:)(|t),stlellgp(t){x/(t)| } xeX.

Claim 2.1 X is a Banach space with the norm | - || defined.

Proof In fact, we see easily that X is a normed linear space. Let {x,} be a Cauchy sequence
in X. Then it follows that

ull . / .
%4, x, € C°(R), lim 1:6. i()t), tl'rinoop(t)x”(t) exist,u € N,
(1) - x,(2) 23
o, — || = max{sup M, sup p(t)|x;(t) - xi,(t)| } —0, u,v— +00.
teR 1+17(t) teR
Thus there exist two functions x( and y, defined on R such that
% () . ,

im ———— =xq(2), lim p(t)x,(t) =y0(t), teR (2.4)

u—+00 1 + 7(t) U—>+00

Denote zo(t) = (1 + 7(£))xo(£) and wy(t) = ypoT(f)) for t € R. This means that the functions
Zo : R — R are well defined.
Step 1. Prove that z, wy € C°(R).
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For any ¢ € R, we find that

|20() — z0(t0)| = |(1+ 7())x0(2) — (1 + T(t0))xo (ko)
|(1 +T t))xo () — x,(2) | + ‘xu(t) —xu(to)‘
+ |%u(to) — (1 + T(t0))x0(t0)|

u(t)
- (1+r(t))lltr(t)

Xy (tO)

7(to)

+ |xu(t) _xu(t0)|

+(1+ (%)) I —x0(to)|.

From (2.3) and (2.4) we see that lim,_,,, zo(£) = zo(fo). Then z, is continuous at £ = £,. So
2o € CO(R). Similarly we can prove that wy € C°(R).
Step 2. Prove that the limits lim;_, 1o, = i (f) and lim,_, 1o, p(£)wo () exist.

From (2.3), we get

xu(t) o x%(2)
im - lim ———
tmFoo 1+ T() t>Fool+T(F)

‘—)0, U,v— 400,

. ’ . /
LLIE]OO o(t)x,(t) — tEimw p(t)xv(t)‘ — 0, u,v— +oo.

It follows that {llrrlt_&o0 1+1: } and {lim;_, 1o p(£)x, ()} are Cauchy sequences. So both
limy,_, yoo limyy 1 oo 2 m(t) and llmu_),roo limy_, 4o p(t)x),(¢) exist. Then (2.3) implies that

2o () . %, () : . x()
im = lim xg(t) = lim lim im lim
t—to0 1+ T(f) t—>*o0 t—+oo u—+00 1 + ‘[(t) u—+o0t—>+00 1 + T(t)

exists. Similarly we can prove that lim;_, 1+ p(t)wo(t) exists.
Step 3. Prove that wy(¢) = z,(t) for all t € R.
For t € R, there exists a constant ¢, € R such that

walt) = cu - / “wo(s)ds
0

= / [#),(s) — wo(s)] ds
0

|| =5 1p9) - oot s

/otp()

So limy, ;o0 %, () —C, = fot wo(s) ds. Then there exists ¢y € R such that (1 + 7(£))x0(£) —¢o =
Jo wo(s) ds. So wj(£) = zo(t).

Step 4. Prove that x;,, — xo as u — +00 in X.

We have by (2.3) and (2.4)

IA

IA

sup|,o(t)x (R t)| — 0 asu— +oo.

t)— t
1%, — %0l = max{sup M, sup ,o(t)’x;(t) - xé)(t)| } — 0 asu— +o0.
teR 1+1() teR

From the above discussion, we see that xy € X with x,, — xg as u — +00. It follows that X
is a Banach space. d
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Claim 2.2 Let M be a subset of X. Then M is relatively compact if and only if the following
conditions are satisfied:

(i) both {t — lfg()t) 1x € M} and {t — p()x'(t) : x € M} are uniformly bounded,;

(ii) both {t — 11%) cx € M) and {t — p()x'(t) : x € M} are equicontinuous in any

subinterval [a,b] C R;

(iii) both {t — lf(:()[) :x € M} and {t — p(t)x'(t) : x € M} are equiconvergent as s — 00.

Proof < From Claim 2.1, we know X is a Banach space. In order to prove that the subset
M is relatively compact in X, we only need to show M is totally bounded in X, that is, for
all € > 0, M has a finite e-net.

For any given € > 0, by (i)-(iii), there exist constants A > 0, § > 0, an integer N > 0, we
have

xt)  x(6)
1+7(t1) 1+1(tr)

o (@)x (1) - plta)x' (82)| < =,

W[ m

ti,th <—-Nort,t, >N,xeM,

x|l = max{sup 1+ ,sup ,o(t)|x/(t)|} <A, xeM,
ter L+ T(E) ter
x(t1) x(t2)

’

/ / €
Tre@)  Tro | [P@¥@ - @R @) <5,

t1, b € [—N,N],|t1 —t2| <8,xe M.

Define X|_yn) = {*|(-n,n7 : ¥ € X}. For x € X|[_n,n7, define

[ET15N; :max{ sup ———, sup p(t)|x/(t)|}.
tel-NNT 1+ T(8) ref-n

Similarly to Claim 2.1, we can prove that X|_y,nj is a Banach space with the norm || - ||5.

Let M|_naq = {t = x(£),t € [-N,N] : x € M}. Then M|_y ) is a subset of X]|_y . By
Ascoli-Arzela theorem, we can know that M|[_x,nq is relatively compact in X|[_x 7. Thus,
there exist x,%5,...,xx € M such that, for any x € M, we find that there exists some i =
1,2,...,k such that

t) —x;(t
Il — xillx = max{ sup M, sup p(t)’x’(t) - x;(t)| } < <
teleNN] L+ T() el 3

Therefore, for x € M, we find that

”x_xl”X = max{sup M
teR 1+T(t)

< max{ sup M, sup p(8)]'(£) - (£)
t<-n  1+7T(t) <N

oo(2) — x;(£)| , ,
gen 14T mg?v'o(t)‘x (t) - x(t)

|x(t) - xi(t)| / /
sup D500 sup (010 - 50| }

sup (1) |/ (£) — %(2))| }

’

)
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<m4wumwm
S P R

oc(t) — x;(2)]
>N l+t(t)

s sup (O (1) - %(0)].
t<-N

ssup p(B)]«' (1) = x;(0)| }
t>N

We find that

wp PO-x@OL ’ x(t)  x(=N)
tﬁ,% 1+7(t) — tf,% 1+7() 1+71(=N)
x(=N) x/(=N)
1+7(=N) 1+7(-N)
x/(-N) x;(¢)

+ ‘

+ su -
ts—% 1+17(=N) 1+1(t)
€ € €
<—-+-+-=¢.
3 3 3

OOl _

Similarly we can prove that sup,._n p(H)[x'(t) — x(£)] < €, sup.y e =

sup,s y o(8)]x'(£) - x;()| < e.
So, for any € > 0, M has a finite e-net {U,,, U,,,..., Uy}, that is, M is totally bounded
in X. Hence M is relatively compact in X.

= Assume that M is relatively compact, then for any € > 0, there exists a finite e-net
of M. Let the finite e-net be {U,,, U,,,..., Uy} with x; C M. Then for any x € M, there
exists Uy, such that x € U,, and

[[]l < [l = + |lx: ]l <€ +max{||xi|| ti= 1,2,...,k}.

It follows that {||x|| : x € M} is uniformly bounded. Then (i) holds.
Let [-N, N] be any subinterval in R. Then there exists § > 0 such that

xi(t)  xi(t)
1+7(t1) 1+1(tr)

for all £1,¢, € [-N,N] with |f; — | <d and i = 1,2,...,k. For x € M, there exists an i such
that x € U,,. Then we have for £, £, € [-N,N] with |f; — ] < § that

xt)  x(t) xt)  xi(n) xi(t)  xi(f)
1+7(t) 1+t()| ~ |1+7(t) 1+ 7t(h) 1+7(t) 1+71t(8r)
xi(t2) x(t2)

1+ 1t(8) 1+ 7(t2)

< 3e.

{t > % :x € M} is equicontinuous in [-N,N]. Similarly we can prove that {t —
p(£)x'(t) : x € M} is equicontinuous in [-N, N1]. It follows that (ii) holds.

Now we prove that (iii) holds. It is easily seen that there exists N > 0 such that

xi(t)  xilt)
1+7(t1) 1+71(t)
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forall 1,20 <-N,i=1,2,...,k For x € M, there exists i such that x € U;,. So

x(t1) B x(t2) x(t1) B xi(t1) x;(t1) : xi(t2)
1+t(h) 1+7t(k)|  |1+t(h) 1+7t(h) 1+1(t) 1+71(8n)
xi(ty)  x(ts)

1+1() 1+1(t)
=< 36: tlr t2 < —-N.

Then lim;_, o 1+5() ) exists. Similarly we can prove that lim;_, ;oo 7= 1+r llmt_> —o0 P(B)X (2),

and lim;_, , p(£)x'(¢) exist. Hence (iii) holds. Consequently, the clalm is proved. a

Define

L/R—»R %yecﬁm)gggly(z)

and lim o(2)y'(¢) exist}.
t—+o0
For y € Y, define the norm of y by

ly(®)]
ot) :

llyll = HyHy>—InaX{sup ,SupQ ﬂky(t|}

One can prove that Y is a Banach space with the norm ||y fory € Y.
Define E = X x Y with the norm

e, 9)|| = max{[lxl, Iy} for (x,y) € E.

One can prove that E is a Banach space.
Define the linear operator T by (T(x,¥))(¢) = (T1(x, ))(£), (T (x, ¥))(£)) with

+00

(nwamn=f 6 (5,767 () ds

—00

+/t<I>‘1(<I>(tl_ff;oso(w,y(W),y/(W))a’W)-—fsoof(w,y(W),y’(W))(JIW)a,s
£ p(s)a(s,x(s), x'(s)) ’

(x,y) €E,
()@= [ x(55(6)59) ds
+/"W_%W@'fﬁfwﬁ%xW%xTWDdwraﬁwghmxwmx%w»dw%#
n 0(s)b(s, y(s),y'(s)) ’
(x,9) e E.

Lemma 2.1 Suppose that (a)-(f) hold. Then T : E — E is well defined, (x,y) € E is a solution
of BVP (1.1)-(1.2) if and only if (x,y) € E is a fixed point of T and is completely continuous.

Proof We divide the proof into three steps:
Step 1. Prove that T': E — E is well defined.
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For (x,7) € E, we know that there is constant r > 0 such that ||x|| < r. By (d) and (e), we
know that there is ¢, € L'(R) such that

F(ea0y0)| = (80 00) 205 —owyo)| <o,
ele:x05'0)]| - g5, 1+« 1ff’ o0 | <o)
6(620,/ @) = o (5,040 ly(;)(t) % 0y o)| =00,
(2.5)
lo (50,5 ®)] = w(t, (1+0(0); (t) (t)g(t)y ® )| < .0,
|x (£:%(8), %' ()] ‘X<t, pzt)p(t)x (t)>‘§¢r(t)¢
v (6,50, =‘w(t, lx(j)(t) o (t)) <4(t).
By (b), we get
a(t,x(0),2 () = a(t, (1+r(t))1f(tt)(t) % ®) x(t) € [, Mi],
b(t,y(t),y’(t))=‘b(t,( (t)) (t)g(t)y (t)) € [my, My],
2.6
tiiimooa(t,x(t),x/(t)) = t_l)i&n@a(t, (1+ r(t))%r)(t), %p(t)x/(t)) =ay >
i 0(650)5/0) = Tim b((1+0(0) 70 00 (0) < b

Hence the following integrals are convergent:

+00

/ P (s,x(5),5'(s)) ds, / x (s,%(s), ' (s)) ds,

—0Q

/ o (w,y(w),y (w)) dw, / v (w,y(w), ¥ (w)) dw,

—00

s

/ f(w,y(w),y/(w)) aw, / g(w,x(w),x/(w)) dw

So (T1(x,9)) € C°(R) and we get by using L'Hopital’s rule

(T1(x, 9))(2)
t—too 1+ 7(f)

(5,5(5),5/'(s)) ds + t—l>ioo 1+1(2)

X/“D f+°°</>wy(W)y(w aw) - [°fw,y(w),y (w)) dw)
£ p(s)a(s,x(s), x'(s))

= lim
t—>o0 1+ T(t) J_

ds

1
= lim
t—>+o0 1 + T(2)
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5 ] LN D(a [T p(w,y(w),y W) dw) — [°_f(w,y(w),y (w)) dw) 5
g

p(s)a(s, x(s), x'(s))
O (Pa [T plwyw),y W) dw) = [£_fw,y(w),y (w)) dw)
a(t,x(t),x'(t))

=[5 p(w, y(w),y (W) dw,

OV (@(a— [ plwy(w)y (W) dw)= [T Fwy(w)y (w)) dw)
a; :

==

One sees that

p®(T(x,9)) () =

O (D(a [ p(w,y(w),y W) dw) = [*_f(w,y(w),y () dw)

alt, x(t), x'(£))

Similarly we can prove that ¢t — p(£)(T1(x,y)) (¢) is continuous on R and

i , 22 0w, y(w), ¥ (w)) dw,
Tim p()(T29)) () = 3 ot a0 122 gty o) [ oyt o))

ay

Page 13 of 39

Hence Ti(x,y) € X. Similarly we can show that T (x,y) € Y. Then T : E — E is well defined.
Step 2. It is easy to show that (x,y) € E is a solution of BVP (1.1)-(1.2) if and only if

(x,) € E is a fixed point of T. We omit the details.
Step 3. Prove that T is completely continuous.

Firstly, we prove that T is continuous, i.e., both 77 and T are continuous. Let (x,,,) € E

(n=0,1,2,...) and (x,, y,) = (x0,%0) as n — co. We have

lim sup —— \xn(t) xo(t)|

n—>00 e 1+ (t)
lim sup p t)’x xg(t)’ =0,

n—>oot

lim sup W) = yo(t)| = 0,
e en 1+ uW’ yo(0)] =0
lim sup o(£)]y,,(£) - yo(®)| =
n—0o0 tGR
We will prove that

(T2 (%> yn)s Ta s 7)) = (T1(%0,%0)> T2 (%0,0)), 1 — 00.

It is easy to see that there exists r > 0 such that

a(0)] , 0
Te o R PO Ol sup 700

,supo(®)|y,(t)| <r, teR
teR

(2.7)

(2.8)

By (b), (d), and (e), we know that there is ¢, € L(R) such that (2.3) and (2.4) hold with

X=Xy

Denote

M= GJ‘I(@(a_/wO ¢,(W)dw) + /+OO qS,(w)dw).
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Now we get by using (2.3) and (2.4)

p(t)|(Tl(xmyn))/(t) - (Tl(xodlo)),(t”

_ ‘ 7 (Pla- [T 9w, yu(w), y, (W) dw) — [ f(w, yu(w), 3, (w)) dw)
= a(t, x,(t),x,(t))

DU D(a [ p(w,yo(w), vy (W) dw) — [ (w,yo(w), yo(w)) dw) '
a(t, xo(t), x4 (£))

=

i o1 (@ (d/ (w,yn(W) y;l(w)) dW) —/ f(W;yn(W)xy/n(W)) dW)

nmy —00

( (a / <p w, yo(w )) dw) [ f(w,yo(w),yz,(w)) dw)‘
( <u / @ (w,70w), ¥, (W) dw) / S (wy0(w), y5(w)) dw)’

o]

) a(t,x,,(t) @) ﬂ(t,xo(i)»xf)(t))’

< mil d>1<d> (a /_ :ow(w,yn(W),y;(W)) dW) - /_ ;f (W, ya (W), y,(w)) dW)
~o (o [ omratmsom)an) - [ fmrom o))
ool o) [ o)

X % ’a(t,x,,(t),x’n(t)) - a(t,xo(t),xé)(t)ﬂ

1

<o (@(a [ otmmoarm)an) - [ st m)a)
_cp‘l(cp(a_/ o (W, 70(w), ¥y (W) dw) —[ F(w,20(w), 55(w)) dw)‘

+ % |(l(t, x4(t), x;,(t)) - ﬂ(t, x0(t), x() (t)) |

1

For each € > 0, we will prove that there exists N > 0 such that

sup p(8)|(T1 (% y)) (8) = (T1(%0,%0)) (&) <€, n>N. (2.9)

teR

From (b), there exists § > 0 such that

1 1 1 1

holds for all uy, uy, v1, v, satisfying |u; — u2| < § and |v; — 2| < 8. From (2.6), there exists
Nj > 0 such that

m1 €
2M

%‘E(t) ‘x,,(t) —xo(t)} <8, p(t)‘x’n(t) —x()(t)| <8, n>Np,teR
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Hence for n > Nj, we have

|a(t,%0(8), %, (8)) - (t»xO(t)rx/o(tm
= ‘a(t M ——p(t)x), (t))

1+1(8) (t)

(L+ z(#)xo(t)
—a(t,w m p(t)x ())‘
mie

<——, tekR.
2M

Since ®~! is uniformly continuous on [-M, M], there exists &; > 0 such that

mie -
|(D_1(Wl) - q)_l(w2)| < Tl) |W1 - W2| < 811W1; Wy € [_M;M]'

We can prove that there exists N, > 0 such that

&1
<=, n>N,.

‘/ (130, 9)) — (9,30 ),y ) |

In fact, by

[ 1 (30,5, 0)) = £ (9, 70 ), i )| o < 2 / 6,(w) dw < +00,

o0

there exists M; > 0 such that

3t

*Ml
/ [ (W 3n ), 9, 0)) = f (w30 (W), 7 (W) [ dw <

o0

/ (0 7000, 00)) = £ (w7000, 55 00) | o < .

M
By the Lebesgue dominant convergence theorem, we have

Ml Ml

im [ f(wya(w),y,(w))dw = f _

n—00 7M1 7M1

S (w,y0(w), y,(w)) dw,

then there exists N, > 0 such that for #n > N, we have

My

My
V_ F (W, yu(w), 5, (w)) dW—/_ F(wyo(w), yo(w)) dw
-M; -My

< —,

Hence

+00

‘ f (w3, () o — f F (30,75 0)) dw‘

o0

My
= [ 03200.,00) = 3000, 7500)|

_Ml

n> Njs.
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(2.10)

(2.11)

(2.12)
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e
. / 17 (13 (9,5, 9)) = £ (70 (0), Yo ()| o

(o]

. /_ I (30,5, (9)) = (30 (9), ¥ )|
M

1

81 &1
<3—=—, n>N,.
6 2

Since & is uniformly continuous on [-M, M], then there exists 8, > 0 such that
8 _
| (wy) — D(ws)]| < bX |w1 —wa| < 83, w1, wy € [-M, M].

Similarly we find that there exists N3 > 0 such that

+00 , +00 , 6
V @ (w,y,(w), 5, (W) dW—/ o (w,50(w), 5o (w)) dw| < ==, 1> Ns.
-0 —00 a_
It follows that
+00 +00
a,/ @ (W, yn(w), y, (W) dw — a,/ o(w,y0w),yo(w)) dw| <85, n>Ns.
—00 —00

One sees that

a-/ w(w,yn(w),y;(w))dw‘si\_/[, n=0,12,....

{o¢]

Then for n > N3, (2.11) implies that

‘@(a_ / :o (7001, (0)) dw) - <1><a_ [ :° 0 (7009, 75 (0)) dw) =
Together with (2.10), we get
’¢<a_ [ :o 0 (7000, ,(0)) a'w) -[ ;f(w,yn(wxy;(w)) dw
- (d> (a_ [ et dw) - ;f(w,yo(»v),yg(w)) dw) ‘
< ‘CD (a_ /_ :o @ (W, yu(w), 5, (W) dW) - (ﬂ- /_ :o @ (W, 70(w), ¥, (W) dW> ‘

(W»yn(W),y/n(W)) _f(WryO(W)))/o(W)) | dw

+
i®
SN

< ‘CD (u_ +00 (p(w,yn(w),y;(w)) dw) -® (a_ /+<>0 ¢(w,y0(w),y6(w)) dw) ‘

—00

. / F (30,5, 0)) = (30 (9), ¥ )|

<=+ — =38, n>max{Ny,Nz}.

Page 16 of 39

(2.13)
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Together with (2.9), we have

‘@—1 <<I> <a_ / o (w,y,(w), 5, (W) dw) - / Sw,y.(w), 5, (w)) dw)

¢! (d) (a/ @ (W, y0(w), ¥, (w)) dw) - / S (w.y0(w), 75(w)) dw) ‘
< %, n > max{N,, N3}. (2.14)

Thus (2.8) and (2.12) imply that

PO (T1(n 1)) (8) = (T1(x0,30)) (8)|

1 me M mle
<——F—+——-=¢, n>max{N;,Ny, N3}, €R.
m 2 m’ oM
Then (2.7) holds.
Similarly we can prove that there exists Ny > 0 such that

| / & (5, yn(5),3,,(s)) ds — / d(s,70(5), yo(s)) ds

(o¢]

€
< X n>Nj. (2.15)
So for n > N, we get

1
T(t)\(Tl(xmyn))(f) — (T1(x0,0)) (8]

=

1+r(t)‘/ B (s, yu(s ds_[w ®(5,0(8),75(5)) ds| + T+ 20

5 ‘/t O D(a [T o,y (W), y, (W) dw) — [ f(w,y.(w), yuwhaw)
p(s)al(s,x,(s), x),(s))

_/ N@a- [ ow,y0w), 7o w)) dw) = [°f (w,y0(w), yo(W))dW) ’
§

p(s)als,xo(s),x4(s))

€ 1
5 1+1(2)
‘/“D Y@ [T p(w, 3, (W), y,(w) dw) = [ f(w,yu(w), ¥, (w)) dw) 5
p(s)al(s,x,(s), x],(s))
_/ YD [73 pw, yow), yow) dw) — [ f(w,y0(w), yo(W))dW)
£ p(s)a(s,xo(s),x,(s))

<

We know from (2.8) and (2.12) that

} / Y@ [77 p(w, y,(w), y,(w) dw) = [ f(w,y.(w), yn(W))dW)
1+ r(t) p(s)a(s, x,(s), x,,(s))

_/ W Da [ ow,yo(w),yo(w) dw) = [°__f(w,y0(w), yo(W))dW)
p(s)a(s, xo(s), xo(S))

V Y@ [77 oW, yuw), y,(w) dw) = [ f (W, y,(w), (W) dw)
1+r(t)

d
p(s)a(s %0(5),%,(5)) ’
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/ LN D(a [T o, yow), vy (W) dw) — [°_f(w,y0(w), ¥, (w)) dw) 4
- S
£ p(s)a(s, x,(s), x),(s))
1
* 1+1(2)
/ (@l [T ow,yow), yo(w) dw) = [ f(w,50(w), y,(w)) dw)
& ,o(s)a(s,xn(s) X, (S))

X ds

_/tfb Y@ [72 p(w, yow), yow) dw) — [ f(w,y0(w), Yowhaw) | ’

p(s)als, xo(s), x4 (s))
1 1 £
Sﬂln(t)‘/s o(s)

@‘1(q>(a_ [ @ (W, yu(w), 5, (W) dW)
aw

_ /s S (W yu(w), 5, (w)) ) — ¢l <<I> (a_ /wogo(w,yo(w),y()(w)) dw>

oo

—/ S (wy0(w), 75 (w)) dw) ds

1 tM
+1+t t)‘/ —s)

/ 1 I’Vllé
m11+r () p(s 2

11 M , ,
M_%Tf(t)’/g %M(s,xn(s),xn(s)) —a(s,xo(s),xo(s))|ds

1 1

G ®) b mhmn®)|

€ €
<gtg=e6 n> max{Ny, Ny, N3}.

So for n > max{Nj, Na, N3, N4}, we get

3
1+ (t) i(Tl(x”’y”))(t) - (Tl(xO»yo))(t)| < EE, teR.

Hence

| (T3 y)) (8) = (T1(%0,20)) (8)] = 0

lim su
S ST (t)

From the above discussion, we get T1(x,, ) = T1(x0,¥0) as n — 00.
Similarly we can prove that T (x,,y,) — T2(%0,%0) as n — o0o. Then (2.6) is proved. So
T is continuous.
Secondly we prove that 7" maps bounded sets into relatively compact sets. Let 2 € E be
a bounded set. We will prove that
(i) T(R)isbounded in E;
(i) {t— ”;f‘j D (x,9) € Q}, {t > Tij © . (x,y) € Q},
{t = p(O(T1(x,9)) () : (x,y) € 2}, and {t = 0())(T2(x,9)) (¢) : (x,y) € Q} are
equicontinuous on each sub-closed interval [a, b] of R;
(iii) {t — % () €}, {t— % :(x,9) € 2},

{t = p(&O)(T1(x,9)) (2) : (x,y) € @}, and {t = 0(t)(T2(x,9)) (¢) : (x,7) € Q} are
equiconvergent at ¢ = 00.
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Since Q € E is bounded, then there exists » > 0 such that ||(x,y)|| < r for all (x,y) € Q.
By (d) and (e), we know that there ¢, € L'(R) and for all (x,y) € @ such that (2.3) and (2.4)
hold.

(i) Prove that T(2) is bounded in E.

It is easy to show for all (x,y) € Q that

1
1+r(t)‘(

1 +00 , 1
= 1+ 7(2) /_oo |q§(s,y(s),y (s))|ds 1y ()

+00

. /t OV D(a [T low,y(w),y W) dw) + [ If (w,y(w),y (W))| dw) ds‘
£ p(s)a(s, x(s), x/(s))

oo 1 Lo D(a [ pr(w)dw) + [ () dw)
= /_oo orw)dw s (t) '/g p(s)m; ds‘

SN D(a [T g w)dw) + [ ¢ (w) dw)
m

T1(x,9))(®)]

< / B, (w)dw +
and

p(®)](T1(x, ) (@)
_ @ [1T 1w, yw),y W)l dw) + 1, If(w,y(w),y (w))] dw)
- alt, x(t), x'(£))
_ O (@la I3 gy dw) + |15 ¢, (w) dw)

m

Hence T7(£2) is bounded.
Similarly we can show that T5(2) is bounded. Thus 7'(€2) is bounded.
(ii) Prove that

(T )@ (T )@
{t—)Tr(t).(x,y)eQ}, {t—)m.(x,y)eﬂ},

{t=p@®)(Tiw) O : @y e},  {t— 0B (T2) ®): xy) € Q)

are equicontinuous on each sub-closed interval [a, b] of R.
For #1,1; € [a,b] with t; < t; and (x,y) € Q, we have

1

ooy 1@ - s (T ) (&)
1 1 +00 , 1
=< 1+ t(f) 1+ 7(ty) /_oo |¢(Wr}’(W),J’ (W))|dw + T

8 /“ SN D(a [T pw,y(w),y W) dw) — [ f(w,y(w),y (W) dw) s
£ p(s)a(s,x(s),x'(s))
1
1+ 7(ty)

" /tz DN @(a_ [ (w,yw),y W) dw) = [°_f(w,y(w),y' (W) dw)
§

d
p()als,x(s), % (s)) *
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1
1+1(t) 1+ 7(t2)

=< |T(f1) - T(t2)| / ¢ (w)dw +

8 ‘/“ SN @(a- [ lpw,yw),y W)l dw) + [27 If w,y(w),y' (w))| dw) s
§
1

p(s)m
i 1+1(8)
5 /” DN D(a [T 1o(w,y(w),y W) dw) + [ |f (w,y(w), ¥ (w))| dw) 5
t ,O(S)ml

< |e(t) - ()| / ¢, (w) dw

b -1 +00 +00
© e -0 / % O (Dla [ g, (w)dw) + [ ¢,(w)dw)

nn

+/t2 ﬁdfl(d)(a_ 22 g w)ydw) + [T ¢, (w) dw)
n P(s) my

— 0 uniformlyas t; — .

Furthermore, we have

|p(&)(T1(x,9)) (1) - p(&2) (Ta(x,9)) ()]

- ‘ SN (D(a- [T p(w, y(w),y (W) dw) - f_téof(w,y(w),y/(w))dw)
- a(ty, x(t),x' (t1))
B O (P(a- f:r;o p(w, y(w),y' (w)) dw) — f_[zoof(w,y(w),y’(w))dw) ’
a(ty,x(t), ' (t2))

+ @ <<I> (a_ /+OO ¢ (w) dw) + /+00 ¢ —r(w) dw)
1

1
N alt, x0),x (1)~ alty,x(t), % (1))

1 cp—1<q>(a/ o (w,y(w),y' (w)) dw) _/1f(w,y(w),;/(w)) dw)

n 00 —00
- (cb (a_ [ olmstmyw) dw) - [ fstnyw) dw)‘
M| (, (Gere)s) 1
m_f“(l’ liet)  pln)
_a<t A+ t(L)at) 1

YT 1t p(t)

=

+

P(h)x/(tl))

,O(tz)x/(tz)> ‘

From (b), there exists 8; > 0 such that

2
mie

a<t1, (1 + t(tl))u, ﬁ) — a<t2, (1 + t(tz))u, ﬁ)‘ < T

for all 1,1, € [a,b] with |f; — £] < 8; and u,v € [-r,r].
We see that

|<D <a_ / ga(w,y(w),y/(w)) dw) - / f(w,y(w),y/(w)) dw| <M

(o¢] —00
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and

‘d) (a_ / go(w,y(w),y/(w)) dw) - / 1f(w,y(w),y/(w)) aw
- <d> (a_/ o (w,y(w),y (w)) dw) —/ 1f(w,y(w),y/(w)) dw)‘

= / ZV (W y(w),y (W) | dw < / 2¢r(w)dw

Since ®! is uniformly continuous on [-M, M), then there exists 8, > 0 such that

’@"1 <d> (a/ q)(w,y(w),y’(w)) dw) —/ 1f(w,y(w),y/(w)) dw)

(o] (o]

s (cb (a_ [ olwrt.yon) dw) - [ rwsmyw) dw)

for 1, ty € [a, b] with |t; — 5] < 85. Then

< my€

|p(t)(T1(x,)) (81) - p(82) (To(x,9)) (82)| < 376 t1,t2 € [a,b], |ty — t2| < min{8, 6,)}.

So {t —> Ti(fty(i 1 (x,y) € Q} and {t — p(£)(T1(x,9)) (2) : (x,y) € R} are equicontinuous on
[a,b].
Similarly we can show that {t — (Tf:;y G :(x,9) € Q) and {t — o(t)(Ta2(x,9)) (2) : (x,9) €

Q} are equicontinuous on [a, b]. Then T(2) is equicontinuous on [4, b].
(iii) Prove that

{t (T1(x,))(2)

1+1(8)

(y)eQ} {t (T2 (%, 7))(2)

oo e}

[t— p@)(Tix9)) @) : ) e ), |t— o®)(Taxy) @): (xy) € Q)

are equiconvergent at ¢ = £00.
We have for ¢ < £ by using (2.1) and (2.2)

1 +00
e ()0 - [ " olmatny o) i

% f 16(5, ()5 (s)) | ds

1+t

/5 SN D(a- [ o(w,y(w),y (W) dw) + [°_ f(w,y(w), ywydw)
1+1(2) p(s)a(s,x(s), x'(s))

(t) +00 /
1+ 7(¢) [oo ‘p(W’y(W),y (w)) dw

1 +00
D) f_m 6 o0) dw

a_ [ ow,y(w),y W) dw) + [°__ f(w,y(w),y (W) dw)
p(s)a(s,x(s), x'(s))

1 +00 ,
t 1o | oo,y ) dw

—00

ds
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ORI p(wy(w),y (w) dw))
p(s)

2 +00
= 1+1(¢) /_oo ¢r(w) dw

1 &
+1+t(t)/t

O g, (), (W) )
p(s)
2 +00
) f_oo . 0) dw

ff DL (D(a— [*F p(wyw),y W) dw)+ [ fwy(w),y (W) dw)- &L (D(a— [*5 p(w,y(w),y (W) dw))| d
7 S
t p(s)a(s,x(s),x'(s))

* 1+1(¢)
L1 /f DN (@a 73 p(w,y(w),y (w)) dw))
1+(t) J, p(s)a(s, x(s),x'(s))
IS ew,yw),y' (w) dw
o(s)
2 e i o ~ gl [+
< T @ /_oo o (w)dw + Tre(0) /_oo or(w) dw

fé [0~ (@(a- [*5 pwy(w)y W) dw)+ [° fwy(w)y (w) dw)-® 1 (@[ p(w,y(w)y (W) dw))]| ds
¢ p(s)

m 1+1(8)

1 +00 /
‘ds+ 1+2(0) /_oo lo(w,y(w),y' (w))| dw

DY (D(a- [T pw,y(w),y W) dw) + [°__f(w,y(w),y (w)) dw) 4
S
p(s)a(s,x(s),x'(s))

‘ds

‘ds

One sees that

’<D<a_ / go(w,y(w),y/(w)) dw) + / f(w,y(w),y’(w)) dw| <M.

(o ¢] —00

Since ®~! is uniformly continuous on [-M, M], there exists 8y > 0 such that
|07 () - @7 ()| <€, w1 up € [-M, M], |y — 2| < .

It is easy to see that there exists S; < € such that

|<I> (a_ / go(w,y(w),y/(w)) dw) + / f(w,y(w),y’(w)) dw

o0 —00

- ® (a / o (w,y(w),y' (w)) dw) ’

(o]

< / I (w0, () | dw

o0

t
< / ¢, (Wdw<so, (<Th. 2.16)

On the other hand, there exists S; < & such that

x(£)

a(t, (1 + r(t)) T+’ L,o(t)x’(t)) —a.

<€, t<Ty
p(t)

|a(t,x(t),x’(t)) - a_| =
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and
1
!/;,‘ p(s)als,x(s)x’( _m|ds
1+r(t)
§ 1 _
¢ 76| aeowm 14
- 1+17(8)
§ 1 _ Ty 1 _
<fT2m asx(‘;xs 1|ds+</;‘ Tasx(o.:xs 1|dS
- 1+7(¢)
T
sz % +1|ds + _f: 2 |a(s, (s),%'(s)) —a_|ds
1+t(t)
(& +1) f;, ds = [P ds (% +1]f; b ds
< lm Ty p@ 77 ¢ < m T ol 77 €
- 1+t(t) 1+‘L’(t) 1+7(t) my
There exists S3 < & such that
2 OGO TE) |ds a._ €
<€, ft s“x(“”» p(s) <|—+1le+ —, t<S8;s.
1+1(¢) 1+1(2) m my

Hence for ¢ < min{Si, S, S3} we have

+00

1
‘m(n(x,y))(t)— f

+00 a. 1 ijdS
<e[oo q),(w)a'w+[(m—1 )e+—]/ o (w)dw + o 1+r()
<6/:;m¢,(w)dw+[<:ln—l )e+—]/ ¢,(w)dw+—

It follows that {t — % (x,y) € Q} is equiconvergent at ¢ = —o0.
Furthermore, we have

o (w,y(w),y (w)) dW‘

+00

‘p(t)(n(x,y))’(t) - f

—00

o (w,y(w),y (w)) dW‘

’ D [*2 o(w,yw),y W) dw) — [*__flw,y(w),y (w)) dw)
- alt,x(t), ' (t))

[ oy ) aw
< ‘qu <q> (a_ / :oso(w,y(w),y/(w» dw) -/ ;f(w,y(w),y/(w)) dw)
-9 (¢ (a- /_ :Osv(w,y(W),y/(W)) dW>> Ja(t,x(2),%(£))
LSt~
< mil <I>‘1(<I>(a_ /_ :ow(W»y(W),y’(W)) dW> - /_ ;f (w,y(w),y' (w)) dW)

Page 23 of 39

(2.17)

(2.18)
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— ! (qb (a / @ (w, y(w),y (w)) dw)) '
+ /+00 o (w) dw

Similarly we can show that there exists S < £ such that

a_ 1‘
alt,x(@t), (1) |

+00

lp(t)(Tl(x,y))’(t) - / o (w,y(w),y' (w)) dw

—00

We see that {t — p(t)(T1(x,9)) (¢) : (x y) € Q} is equiconvergent at £ = —00.
Now we show that {t — & ”) :(x,y) € Q) and {t — p(&)(T1(x,9)) (¢) : (x,y) € Q} are

1+7(t

equiconvergent at ¢ = +oo. In fact for t > £, we have

‘ (T1(x, 9))(t)
1+1(2)
_/ SN D(a [T p(w,y(w),y W) dw) — [ f(w,y(w), ¥ (w)) dw)
£ o(s) a,
- 22 1¢(s,(5), 5 ()| ds
- 1+1(8)
N / LN D(a- [T p(w,y(w),y W) dw) — [°_f(w,y(w),y (w)) dw) 5
1+(t) Jg o(s)a(s,x(s),x'(s))
_/ SN (D(a [T p(w,y(w),y W) dw) — [ f(w,y(w),y (w)) dw)
£ P(S) a,

2 ¢ (w) dw 1
< +
1+1(¢) 1+1(¢)
y /t SN D(a_ [T p(w,y(w),y W) dw) — [°__f(w,y(w),y' (w)) dw)
£ p(s)a(s, x(s),x'(s))
SN D(a [73 p(w,y(w),y (W) dw) — [77 f(w,y(w),y (w)) dw) ' 4
S
p(s)a(s,x(s),x'(s))
1 ‘ /t SN D(a_ [T pw,yw),y W) dw) — [ f(w, y(w), ¥ (w)) dw) 5
1+7(2) p(s)a(s,x(s),x'(s))
_/ DN D(a [T p(w,y(w),y W) dw) — [ f(w,y(w),y (w)) dw)
£ P(S)

ay

f:';o o-wydw 1 1
< + —
1+1(8) my 1+ 7(t)

y / Lo Da [17 p(w,y(w),y W) dw) — [°__f(w,y(w),y (w)) dw)
§

p(s)
Q@ [T w,yw), 5 (0) dw) = [T Flo, )y ) ) |
p(s)
1
1+r(t)/ o(s) a(sxs) o) |
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and

1 +00 , _[too ,
’p(t)(Tl(x,y))’(t)— (Dla_ [°) p(w,y(w),y' (w)) dw) f_oof(w,y(W),y(W))dW)}

a.

- ‘ O D(a [T o(w,yw),y (W) dw) — [*_f(w,y(w),y (w)) dw)
- a(t, x(t) x'(t))

SN D(a [T pw,y(w),y W) dw) - [ f(w, y(w),y (W))dW))
a,

- ‘ ®(@la [1T plw,yw),y W) dw) = [ f(w,y(w),y' (W) dw)
- a(t, x(t),x ()
O P(a f+°°<p w,y(w),y (w)) dw) — f+°°f w,y(w),y' (w)) dw)
a(t, x(t), %' (t))

‘ D (a- [ o(w,y(w),y W) dw) — [ f(w,y(w),y' (w)) dw)
.
a(t,x(t),x'(t))

DN D(a [T pw,y(w),y W) dw) — [T f(w,y(w), ¥ (w)) dw)

a,
1 +00 L
< pon o1 (CD (a_ /:Oo (p(w,y(w),y'(w)) dw) - /_oof(w,y(w),y'(w)) dw)
- (d) (zz / @ (w,y(w),y' (w)) dw) - / f(wy(w),y (w)) dw> ‘
i 1 1
alt,x(),¥(©)  a.|
Similarly we can prove that
(T1(x, ))(2)
1+1(2)
~ /t DN D(a [T p(w,y(w),y' (W) dw) — [ f(w,y(w), ¥ (w)) aw)|
p(s) a,
lp(t)(Tl(x,y))/(t)

O @(a- [ p(w,y(w),y W) dw) — [ f(w,y(w),y (w)) dw) o

a,

uniformly as £ — +00. Then {t — L0 ; (x,3) € Q) and {£ > p(E)(T1(x,7)) (®) : (x,5) €

2} are equiconvergent as ¢ — +00.
Similarly we can prove that {t — (TZ(”) (x y) € Q}and {t > o(&)(To(x, %)) (£) : (x,y) €

1+o (¢

Q} are equiconvergent as ¢t — $00.
From the above discussion, we know from Claim 2.2 that T(2) is relatively compact.
Then T is completely continuous. The proof is complete. O

3 Main theorem
In this section, the main results on the existence of solutions of BVP (1.1)-(1.2) are estab-
lished. For & € L'(R), denote ||&||; = f_foo | (s)| ds. We need the following assumption:
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(B) there exist constants a; >0 (i=1,2,3,4,7=1,2,3),A; >0 (i=1,2,j=1,2,3),
w; > 0 (i =1,2), nonnegative functions ¥; € L(R) (i = 1,2) and w; € L}(R)
(i=1,2,3,4) such that

qb(t, (1+0@)u, ﬁ) <o (®)]anlul™ + apV" +ai3], tE€Ru,veR,
<p< (L+o(®)u, (t))‘ Swz(t)[aglluV“ +ag v +a23], teRu,veR,
(60 o) )| < 004N () + An®() + A,

teR u,veR,

14
X <t, (1+7®))u, _t)) ‘ < w3(t)[as|ul"® + an v +ass], teRu,veR,
0

v
¥ (t, (1+1(@)u, m)

g(t, 1+7@®)u ﬁ) ‘ < D2 (O)[An W (|ul*2) + AW (Iv]*2) + Ans],

teR u,veR.
Denote

1
Ao = (ny'a_ags + asn + an) |1,

+(A1+A12) |19 w1 (1/Ao)
Ay = ars||o |y + (@ (n0Ao) + Azl 9]l + * w1(17Ag) ®(no))

m

Pmodo)+A13lI%11h 1+(A11+A12)H191II1w1(1/Ao))

5 D(np) w1(1/Ap)

By = (an1 + ap)|o1 L + P ,
1

1
By = (ny'b-aus + ag + ag)|@al,

+(A21+A B
_ W (W (19 Bo) + Ass |9l + HA2+A2NTNe2WEO) g (1))
Ay = ass||ws]ly + ,

my

W(n0Bo)+Aa3l1921l1 + 1+(A21+A22)H132II1w2(1/Bo))
W(no) wy(1/Bp)

my

Byo = (az1 + ap)l@sll +

(i) mipa <1
(if) pipo =1 with EIIBZEQO <1lor EQFZ% <1
(ili) papo > 1 with ng being a positive integer and

1 A —
- > By
papa =1 [Agg + BlOAzo( W 25 )KL ]H2
or
1 Ao . B .

Hits =1 [Agg + BygAyg (L2827 )m]im

< @y(O)an|ul"® + an|v|"* +asz], teRu,veRr,

Page 26 of 39

Theorem 3.1 Suppose that (a)-(f) hold. Then BVP (1.1)-(1.2) has at least one solution if
one of the following items holds:
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Proof Let T be defined as in Section 2. By Lemma 2.1, T is completely continuous and
(,y) € E is a solution of BVP (1.1)-(1.2) if and only if (x,y) € E is a fixed point of T. We
should define an open bounded subset 2 of E centered at zero such that T(@) € Q. Then
the fixed points of T are obtained by using the Schauder fixed point theorem.

For (x,) € E, by definition of T3, we have

[®(p(®)a(t,x®),% ) (T1(x9) )] +f (632, Y () =0, teR,

(T36,9))(€) = / 6 (5,%(5),7/(5)) ds,

Jim p©(7i) 0= [ 0(s650) ds

(o ¢]

Then

(TGO _ (T y)@E) 1(Talx9))(#) = (T1(x,9))(6)]
1+7z() —  1+71() 1+7(¢)

<

/+oo | ST @9)) () dw)

_ 19659 @)[ds+ 1+1(0)

e , [ L pI(Ti(x,9)) (5)] ds|
S/:oo |p(s,7(5),/(9)) | ds + § rl e

+00 y(S) 1 )
< / ) ‘¢<s,(1+a(s))1+0(s),@g(s)y (s))

+ suIE)p(t)|(T1(x,y))/(f)|

+00 H“1
S/ @1(s) ﬂu( ) ) +ﬂ12[Q(S)|}/(S)|]/L1+d13i| ds

o 1+0(s)

ds

+ sulpe)p(t)|(T1(x,y))/(f)|

< / @1(s) ds[(an + an) 1" + aiz] + Sulgp(t)|(T1(x,y))/(t)|

(o]

= a1l + (an + aw) @l y]*“ + sulgp(t)l(n(x,y))/(t)|.
te

On the other hand, we have from (2.1) and (2.2) that

p®O(Ti(x9)) @]

O Da- [ o(w,yw),y W) dw) — [ f(w,y(w),y (w)) dw) ‘
a(t,x(t),x'(t))

_ (P S low,yw),y W)l dw) + [277 |f (w,y(w),y' (w))| dw)

=

m

< (D’I ((D (ﬂ_ /+OO w—z(S) dS[(ﬂzl + 6122)”)/”#1 + a23]>

oo

+ / 91(s) ds[(An + A) @ (lly[*) +A13])/Wl1

o0
= (D (a_axllmalli + (@n + az)llw: hllyI*)

+ Al 911 + (A + Ap) 10 1 P (Ilyl1*1) ) /.
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It is easy to see that

D (a_asllmally + (a2 + az) @l y1*)
D(a_ass||@s i + (@2 + az)ll@2lli10), lyll*t < no,
O((ngta_azsllms |l + (ax + ax)llw2 1)IyI1™), Iyl > no

S (lly1")

< ®(npAo) + w(l/A) "

Hence

(@ (roAo) + TWIL 4 A9y [ly + (Au + Ar) 191 1 (IlyII*))

/ 1(1/A0)
p®)|(T1(x,9) (¢)| S o
m
(A1 +A 1) |19 A)
D (@(t0Ag) + Ay |l + HALHARIAL D oy )
my
1+(A11+A12) 191 [l1 w1 (1/A9)
_ D (moAo) + Al [l + =TS 1U40) (1))
< s
-1 <1>(n0A0)+A13H191II1 L+(An+Ap) [0 1w (1/Ag) 1
I 7 2 enUA0) gy 1))
mp
+(A11+A12) 191 101 (1/Ap)
_ O @(r0A0) + Al 91y + HALALAN) ¢ )
< s
v (‘:P(nvo)+A13II01H1 Lr(Ap +A1) 191 101 (1/Ag)
1 @(ng) w1(1/Ag) i
+ o [yl
1
So
|(T1(x, ) (8] /
= <ags|mlh + (an +a) @ L ly1" + sup p(@)|(T1(x, 7)) (0)]
1+1(2) teR
< aill@ill + (an + a2) @1yl
-1 1+(A11+A12) |91 101 (1/AQ)
N O(D(moAo) + Azl Il + =2 Do)
my
vi( (’TOAO)(*'A?”Z?lHl + (A11+A121||}2H§w1(1/140)
1 _ _
+ 2 RO lyll** = A1o + BuollyllI**.
m
It follows that
| Ty, 9)|| < Aso + Buollyll™. (3.1)
Similarly, we can show that
| T2(x %) | <Az +Baollx]|*2. 3.2)

For r; >0, r, > 0, denote

Q={y €E: x|l <yl <r2}.
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We will choose suitable positive constants 71, 7, such that T(Q) € Q. In fact, for (x,y) € Q,
we have from (3.1) and (3.2)

|71, 9)| < Awo + Buory
and

| T2(x,9) || < Azo + Baorl?.
So one needs to seek 1,7y > 0 such that

Ao +Biorht <r, Az +Byory? <1y (3.3)
To satisfy (3.3), we firstly prove that there r1,7; > 0 such that either

(Ao +Bory )2 1 (Ago + Byory2)™1 1
- = p— Or - = = =

ra — Ao By r—A Bio
(i) mapa < 1. It is easy to see that we can choose r; > 0 sufficiently large such that

(A1 + Biory ') 1

ry — Az

Then we choose r; > 0 such that

— 1
) —A20> 12

A +Bioryt <n < (
By

Hence there exist 11, 7, > 0 such that (3.3) holds. Let Q¢ = {(x,y) € E: ||x|| <7y, |ly]l < 2}. So
TQo C Q. Thus the Schauder fixed point theorem [44] implies that the operator T has
at least one fixed point in Q. So BVP (1.1)-(1.2) has at least one solution.

(ii) papp = 1. If Eﬁ)zgzo <1, we choose a positive integer # such that Efzﬁz <1. It is easy

to see that we can choose r, > 0 sufficiently large such that

(Ao + Bioryt)2 - 1
rz—zzo B §20.

Then we choose r; > 0 such that

— 1
ry — Ao ) "2

Ao +Bioryt < < (
By

Hence there exist r1,r, > 0 such that (3.3) holds. Let Q¢ = {(x,y) € E: ||x|| <7y, ||ly]| < 12}
Ifgloﬁgé <1, we choose a positive integer # such that EZIE < 1. It is easy to see that we

can choose r; > 0 sufficiently large such that

(Ayo + Byor}2)M 1

rn —Ap
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Then we choose r; > 0 such that

— 1

— —_ — A\

Ao +Byori? <y < (rl— 10) g

By

Hence there exist 71, r, > 0 such that (3.3) holds. Let Q¢ = {(x,y) € E: ||x|| <7y, ||ly]l < 2}
So TQo C Q. Thus the Schauder fixed point theorem [44] implies that the oper-

ator T has at least one fixed point in Qy. So BVP (1.1)-(1.2) has at least one solu-

tion.

(111) Ui > 1.If

1 A

12— 1 [Agy + BroAls (L2 s = P
142 — + 1
10 104320\ g pp 1
A s
we choose rp = £1L2720, and it is easy to see that
ry — Agg -
> Bao.

(Ao + Biory)r2

So there exists r; > 0 such that

— L
ry — Az ) )

Ag +Byory! < < (
By

Hence there exist 71,7, > 0 such that (3.3) holds. Let Q¢ = {(x,y) € E : |x|| < r1, Iyl <

7'2}.

If

1 Ao

K1tz =1 [Agg + BygAy (L2827 )m]im

> By,

pamAlo

we choose r; = ,
uipo-1

and it is easily seen that

rn—Ap

_ = EIO'
(A2 + Byory )

So there exists r, > 0 such that

— 1
_ _ r—A n
Ago +Byor(? <ry < ( L 10) .
Bio
Hence there exist 1,7, > 0 such that (3.3) holds. Let Q¢ = {(x,y) € E: ||x]| < r1, [[y|| < r2}.
So TQy C Qo. Thus the Schauder fixed point theorem [44] implies that the operator T
has at least one fixed point in Qy. So BVP (1.1)-(1.2) has at least one solution. O

4 Three examples
To show the application of Theorem 3.1, we give three examples.
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Example 4.1 Consider the following boundary value problem of a second-order differen-

tial system:

’/(t)+e_t2A YO N ALy )" + A | -0, teR
x T 1 1+ 12121y 13(=Y, ’

1 2
y”(t) + 7'[(1 A t2) |:A21<19:_(t|)t|) +A22(|t|x/(t))#2 +A32i| = 0, te R,

(4.1)

x(0) = ay, tli{n X' (t) = by,
¥(0) = ay, lim y'(¢) = by,
t——00

where a1, b1,a5,b9,A;; (i,j =1,2) € R, 1,y > 0 are constants. Then BVP (4.1) has at least
one solution if one of the following items holds:
(1) mipa <L
(i) p1po =1 for sufficiently small |Aqn|, |A12], |A21], and |Ag|;
(ili) p1po > 1 with ng being a positive integer and

1 Z20 B
111 B AN e\ w = Bao
Mata =LAy + BioAy, (71 4 )1]H2
or
1 ZIO B
—1[Aon + Bon A 2 (1112 _Yuo p = Buo,
Mat2 =1 [Agg + BaoAyg (1%4)2 1M
where

Z]() =da3 + 2A0 +A13 +A11 +A12 =d; + 2b1 +A13 +A11 +A12,
EIO =dy; +dp+ 2A0 +A13 +A11 +A12 = 2191 +A13 +A11 +A12,
Zz() =ds33 + 230 + Azg +A21 +A22 =dy + 2h2 +A23 +A21 +A22,

Ez() =ds3] +d3p + ZB() +A23 +A21 +A22 = 2b2 +A23 +A21 +A22.
Proof Corresponding to BVP (1.1)-(1.2), we choose § =1 = 0 and

o(t)=o0(t) =1, D(s) = W (s) =s, a(t,u,v) = b(t,u,v) =1,

—t2 b
d)(tru; V) = u—j; ’ </J(t; Z/I,V) = \/_;?e_tz’
b
x(t,u,v) = %e’tz, Yt u,v) = \/—%e’tz

and

2

I
f(tu,v) = eﬁ[&l(%m) +1‘112(|15|V)#1 +A13],

1 u \"
tLu,v)= —— | Any| —— +Ax (1tv)" + As |.
g(t,u,v) 77(1+t2)|: 21<1+ |t|> 2(|2lv) 32:|
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One sees that T(t) =o(t) = |t|, my =My =my =My =a_=a, =b_=b, =1, d7(x) =

W (x) = %, w1(x) = v (%) = wa(x) = v2(x) = x, and we choose

an=ap =0, a3 = di, an =d =0, as = by,
az =az =0, ass = dy, ayg =ag =0, a3 = by
and
=)= s - = s D= ()=
w1 (t) = oo (t) = o3(t) = wa(t) = —, =—, =—;
1 2 3 4 N 1 N 2 T+ )

we have

‘ <o ()[anlu™ +ap|v|" + @3], teRu,veR,
‘ < @y(t)[an|ul" + an|v|" +ax], teRuveR,

f<t’ 1+o®)u, L)‘ < @)[|Aullul™ + |AnlvI™ +|Asl], t€Ru,veR,

< w3(t)[an|ul"? + azn|v|"* +ass], teRuveR,

< wu(t)[an|ul"® + an|v|"® + ass], teRu,veR,

g(t, (1 + t(t))”’ th)‘ < 172(t)[|A21||M|“2 + |Agp||v|*? + |A23|], teRu,veR.

So (a)-(f) mentioned in Section 1, and assumption (B) in Theorem 3.1 are satisfied. By

direct computation, choosing ny = 1, we have

w1l = w2l = loslh = llwalli = 1910l = D20 =1,

Ag = am +ay +axn = by,

A =a1s + 240 + A1z + A + A1 = ay + 2by + A1z + A + Ara,
Bio=an +an + 240 +Ais + Al + A1y = 2b1 + Az + A1 + A,
By = aq3 + aq + as = by,

Ago = ass + 2By + Aos + Ao + Ay = iy + 2by + Ags + Ay + Ao,

Ez(] =ds3] +d3 + ZB() + A23 +A21 +A22 = 2b2 +A23 +A21 +A22.

It follows from Theorem 3.1 that
(i) pipmo <1; BVP (4.1) has at least one solution;
(i) p1p9 =1 with Bly Byg < 1 or BigByg < 1; BVP (4.1) has at least one solution;

(ili) papma >1 with ng being a positive integer and

1 A

Hats =1 [Ayg + BioAyg (127 ) w2

> By
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or
1 A _
a2 =1 Ay + B Z"zl? F1B2 Yz i = b
12 20 + B20Ayo 7 0T
BVP (4.1) has at least one solution.
The proof is completed. d
Let
t, |t <1,
O =W -, xeR  p@=o@-] Y1 =
It], It] > 1,

L te[-1,0U(0,1], <+, te[-1,0)U(0,1],
po=] 77 [-1,0) U (0,1] 40 = ? [(-1,0) U (0,1]
5, > L s

One can see by direct computation that

Example 4.2 Consider the following boundary value problem of a second-order differ-

t(t)=o(t) =

) {2¢|t|, ] <1,

2+Inlt|, |t]>1.

ential system:

[(o(0)x®)] +p t)[Au<1 f(;(t)) +A12(Q(t))/(t))3m+A13}:07 teRr,
3u
[y )’ +q(t>[A21(1"“ ) + A (0O () +A23} _0, teR,
+00 H1
x0- [ p(s>[au( ? (S)( )> + an(o(s)y (5)" +a13]ds,
e . (4.2)
Jim p(6)x'(2) = / p(s) am(%) +az(0(s)y'(9))" +a23] ds,

1+1(s

+00 M2
(0) = / q(s) [@1(%) +az(p(s)x' ()" + ass] ds,

. 7 oo x(s) - / M2
lim o(t)y () = q)|an| ——= ) +awn(o@)x'(s)" +as | ds,
t——00 o 1+7(s)
where a; (i = 1,2,3,4,j=1,2,3), A; (i = 1,2, j = 1,2,3) are nonnegative constants. Then
BVP (4.2) has at least one solution if one of the following items holds:
(1) mipa <1
(ii) p1po =1 for sufficiently small a; (i = 1,2,3,4,j=1,2,3), A; (i=1,2,j=1,2);
(ili) p1po > 1 with ng being a positive integer and

1 Ao =
1A 4 B AM (a2 = Bao
M1t — [Al() + BlOAZO(M,UQfl )”1]“2
or
1 A _
10 > By,

M1 — 1 [Zzo +§202ﬁ)2( H1142 )”2]“1

mipa-1



Yang and Liu Boundary Value Problems (2015) 2015:42 Page 34 of 39

where

A = 6ar3 + v/432(ag + azy + az3)3 + 6413 + 6(Ay + Ap),

Bio = 6(an + ary) + +v/432(ag + as + az3)3 + 6A13 + 6(A1 + Ar),

Ay = dazs + v/ 64(am + asy + auz)’ + 4Ag3 + 4(Ag + Ap),

Bo = 4(az + asy) + +v/64(au + asy + aqz)d + 4Ags + 4(Ag + Ag).

Proof Corresponding to BVP (1.1)-(1.2), we find that:
() p,0 € C°(R, (0,00)) are continuous on R and satisfy

/0 —1 ds = +00 /.m —1 d o0
s = , S =400,
o P(8) o ps)
0 1 +00 1
f ——ds = +00, / ——ds=+00.
0 0(8) o ol

(b) a(t,x,y) = b(t,x,y) =1 satisfies

t_l)nin a( , (1 +7(8))u, ﬁ)

=1=ay uniformly for &, v in each bounded interval,

v
tl}lm{)@b( (1 + o(t))u, @>

=1=>by uniformly for «,v in each bounded interval,

6Z<t, (1+t(t))u,$> El, mi =M1 :1,

b( L+ o), m)

(u,v) —> a(t, (1 + r(t))u, %) is uniformly continuous for ¢ € R,
0

1, teRu,veR,m,

(u,v) — b( (1 + cr(t)) o )) is uniformly continuous for ¢ € R.

(c) ®, ¥ are quasi-Laplacian operators, the inverse operators of ®, ¥ are ®(x) =
W l(x) = x%, respectively, the supporting functions of ® and ®* are denoted by w; (x) =
and v (x) = X3, respectively, the supporting functions of ¥ and W™ by w,(x) = x> and
Va(x) = x3.

(d) f and g satisfy

}j(t, (1 +0(t))u, ﬁ)‘ < |p(t)|[Au<I>(|u|’”) +A12<I>(|V|’”) +A13],

F( (1 r@) (ﬂ)

one finds that f is a o -Carathéodory function, and g is a T-Carathéodory function.

< |q(@)|[A¥ (jul2) + AW (1v]2) + Ans],
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(e) ¢, ¢, x, ¥ satisfy

¢>(t; (1+0(®)u, %) < |p(®)|[an|ul"t + ap|v|"* + a13),
90(15, (1+0@®)u é) < |p@®)|[anlul™ + an v + ass),
X(ty 1+(0)u, ﬁ) < |q(®)|[as|ul"> + as|v|** + ass),
w(t, 1+10)u, ﬁ)‘ < |g@®)|[an|ul"® + awn|v|"> + ass),

and ¢, ¢ are o -Carathéodory functions, x, ¥ are 7-Carathéodory functions.
(f)§=n=0.
So (a)-(f) mentioned in Section 1 and assumption (B) in Theorem 3.1 are satisfied. By
direct computation we know that ||t]j; = 6, |21 = 4, |1l = 2]l = 6, and @3] =

|lall1 = 4. By direct computation, we have

Ag = 6(as + ay + ax),

ZIO = 6(113 + \3/2148 + 6A13 + 6(A11 +A12),

Bio = 6(an + ap) + +\3/2A(3) + 6413 + 6(A1 + Ap),

Bg = 4(a43 + aa1 + da),

Zz() = 4-6133 + \?/ZBS + 4A23 + 4-(A21 +A22),

Ezo = 4(6131 + ﬂgz) + +\3/2B?6 + 4A23 + 4(A21 +A22).

It follows from Theorem 3.1 that
(i) p1pa <1 implies that BVP (4.2) has at least one solution;
(if) pipo =1 with Eﬁfﬁzo <lor EOE% <1 implies that BVP (4.2) has at least one
solution. One finds that Eﬁfﬁzo <lor Eloggé < 1holds if a;, Aj are sufficiently
small. Then BVP (4.2) has at least one solution if a;;, A;; are sufficiently small;

(iii) pipo > 1 with g =1 and

1 Ay —
—114 B, AM_mpe " = Bao
M2 [AIO +BloA20(M1#2_1 )”1]/ 2
or
1 Ao =
174 B AN _mip = Buo
155729 [A20 + BZOAIO (M1M2—1 )“2]”'1

implies that BVP (4.2) has at least one solution.
The proof is completed. O
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Example 4.3 Consider the following boundary value problem:
1 /
(\/m<1 s (arctan(£® + x*(t) + x’(t)4))2)x/(t))

e—t2 t M1 .

+ ﬁ |:A11 (%) +A12(\/Hy’(t))’ ! +A13i| =0,

1 2 2 TN AW /
<\/H<1 s (arctan(£” + 2% () + 4/ ()*)) )y (t)) 43)

71 X(t) " / n2 _
+ 7-[(1 + t2) |:A21 (m) +A22( |t|x (t)) +A23:| =0,
x0)=0,  lim /el (6) =0,

»0)=0,  lim /jely/(®) = 0.

Corresponding to BVP (1.1)-(1.2), we have

D) =W =x,  p()=0(t) =,

a(t,u,v) =b(t,u,v)=1+ N +1t2 (arctan(t2 +x2(8) + x’(t)4))2,
¢(t) = p(t) = x(6) =¥ () =0, §=n=0,
et

1
H(t) = 7 Vo(t) = A+ 0)

One sees that

D7 (x) = U (%) = 01 (x) = wa(x) = V(%) = 1a(x) = x,

.7'[2
ﬂiZbiZI, Wllzl’}’Iz:L M1:M2=1+—,

4
t 1 \/>
—ds| =2./|t],
|7

[y [ e [ yie [ e

t(t)=0o(t) =

On the other hand, suppose that f, g are continuous functions and there exist constants

A;>0(i=12,j=1,2,3), u; > 0 (i = 1,2), and nonnegative functions ; € LY(R) (i=1,2)
such that

v v
¢<t, (1+o(®)u, ’ t)) =0, go(t, (1+0(®)u, %> -0,

X (t, (1+o(®)u, Q‘(’t ) -0, w(t, (1+o(®)u, ﬁ) -0,
}f(t, (1+o(®)u, QVt))‘ <H@)[Anlul" + Aplv" +A], teRuveR,
|g<t, 1+ 1), p(vt ) < 05(8)[Antlul™ + Ap|v" + As], teRuveR.
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It is easy to see that (a)-(f) hold with a;; = 0 (i = 1,2,3,4, j = 1,2,3), @;(t) = 0 (i = 1,2,
3,4).
For ease of expression, choose 1y = 1, by direct computation, we have
w1l = w2l = lwslh = sl =0, 19111 = 11920 =1,
Ao = (a3 + ax +an)|w,ll =0,
Ay = agsllo |l + 240 + Assl|91]l1 + (An + Ap) 19111 = A1z + An + A,
By = (an + ap)|mi 1 + 240 + A1 + (A + Ap) |11l = A1z + An + A,
By = (a43 + ag + as)||lwall1 = 0,
Asg = azsl|lms |1 + 2Bo + Aoz [|92ll1 + (Ao + A) 19211 = Aas + Agy + An,
B = (as1 + az) |31 + 2By + Ags[|92]l1 + (a1 + Al D2l = Azs + Agy + Asa.
Then Theorem 3.1 implies that BVP (4.3) has at least one solution if one of the following

items holds:

(1) mipa <1
(if) mipo =1 with Eﬁfgzo <lor E’;&Em <1
(iii) wipo > 1 with

1 A -
1A o B AM(_ino " = Bao
Hi12 [AIO +BloA20(M1M2—1 )”1]/ 2
or
1 Ao =
1714 B a2 = By.
M2 [A20 + BZOAlo (Mlﬂz—l )“2]”1

Remark 4.1 In the above examples, f, g, ¢, ¢, p, 0, X, and ¥ are singular at 0. It is easily
seen that the results in [1, 8, 24—27, 29-31] cannot be applied to solve BVP (4.1), BVP
(4.2), and BVP (4.3).
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