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1 Introduction

In this paper, we consider the fully parabolic chemotaxis system:

u=V-DW)Vu) =V - (ux(v)Vv) + uf (u), x€Q,t>0,
vi=Av—ug(v), x€Q,t>0,

%:%:0, x€0RQ,t>0,

u(x,0) = up(x), v(x,0) = vo(x), x€,

(1.1)

where ¢ R isabounded domain with smooth boundary 9€2,and a% denotes the deriva-
tive with respect to the outer normal of d€2. Equations (1.1) are a generalized version of the
classical Keller-Segel model [1] and describe the directed movement of cells as a response
to gradients of the concentration of a chemical signal substance (e.g., oxygen) in the envi-
ronment, where the chemical signal substance is consumed rather than produced by the
cells themselves. In this case, u = u(x, t) denotes the density of the cells, and v = v(x, t) de-
notes the concentration of the oxygen, the function D(x) describes the density-dependent
motility of the cells, and the logistic source uf(#) models proliferation and death of the
cells, x(v) and g(v) denote a chemotactic sensitivity function and consumption rate of
the oxygen by the cells, respectively. From a physical point of view, migration of the cells
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should be regarded as movement in a porous medium, and so we are led to consider the
cell motility as a nonlinear function D(u) of the cell density. Precisely, we will assume that
the diffusion coefficient D satisfies

D(s) € C*([0,00)),  D(0)>0, 12)

D(s) > cps™!  on (0, +00) '
with m > 1 and ¢p > 0. Moreover, we assume that

x (s) € C3([0, +00)) is nonnegative and x’(s) >0 on [0, +00), (1.3)

g(s) € C*([0, +00)) satisfies g(0) =0 and g(s) >0 on (0, +o0). '
As to the source term f we require that

f € C'([0,00)), (1.4)

f(s) <k —ps* withe >0, >0,7>1o0n [0,+00). ’
The initial data u, vo are supposed throughout this paper to satisfy

up € WH(Q) forsome8 >N,uy>0,x€ R, (15)

vy € Wo(Q), >0, xeQ. '

To motivate our study, let us first recall the following related models to (1.1):
ur=V-DW)Vu) — xV - (uVv) +uf(u), xe€Q,t>0, (1.6)
vi=Av—ongv+ Bu, x€Q,t>0, ’

where the chemical signal substance is produced by the cells themselves. This system has
been widely studied during the past decades. It was known that in the linear diffusion case
D =1 and f(4) = 0, solutions may blow up in finite time when N > 2 [2—4]; however, in
the case f(#) < a — bu, arbitrarily small b > 0 guarantee the global existence and bound-
edness of solutions when N = 2 [5], and that appropriately large g preclude blow-up in
the case N > 3 [6]. In the nonlinear case [7, 8] provide uniform-in-time boundedness of
solutions in (1.6) under the condition that the logistic term f () vanishes, and that in this
respect the condition m > 2 — % found in work [7] is optimal, because in [9] it has been
shown that if D(4) = (u + 1)2‘%‘8 for some ¢ > 0, f(#) = 0, and Q is a ball, then (1.7) pos-
sesses some unbounded solutions. Moreover, in [10], the authors consider a more general
version of (1.6). For more related work one can refer to [11, 12]. Next we mention some re-
sults about the signal is consumed by the cells. The following chemotaxis-(Navier)-Stokes
model which is a generalized version of the model proposed in[13], describes the motion
of oxygen-driven swimming cells in an incompressible fluid, which is closely related to
(1.1)

uy+w-Vu=V - (Dw)Vu) -V - (ux(v)Vv), x€Q,t>0,
vi+w-Vv=Av—-ug(v), x€Q,t>0,
we+k(w-Vw)=nAw-VP+uVep, x€Q,t>0,
V.w=0.

1.7)
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Here, w denotes the velocity field of the fluid subject to an incompressible Navier-Stokes
equation with pressure P and viscosity 7, and a gravitational force V¢. In (1.7), both cells
and oxygen are transported with the fluid. There are many results about the mathematical
analysis on (1.7). See [14-19] etc. If the flow of the fluid is ignored (i.e., w = 0) or the fluid

is stationary, then w is decoupled from (1.7), which yields

ur =V - (Dw)Vu) -V - (ux()Vv), xe€Q,t>0, (18)
ve=Av—ug(v), xe€Q,t>0.
When D(u) = 1, the model (1.8) is originally proposed by Keller and Segel with g(v) =
v and x(v) = % > 0 to describe the bacterial wave propagation, where the chemical is
consumed by bacterial. For this model, many progresses are made in recent years, e.g., see
a review paper [20] and references therein. Moreover, when g(v) = v and x (v) = const. :=
x >0, Tao [21] proved that if [|vo || z>o(g) is sufficiently small, then the corresponding initial
boundary value problem possesses a unique global solution that is uniformly bounded.
Moreover, the same result was obtained in [22] for the model with logistic source. For
large initial data, Tao and Winkler [23] showed that the problem has a global weak solution
which is eventually bounded and smooth under the assumptions that x (v) = 1and Q C R3
is a bounded convex domain. When D(u) > cp(u + 1) with m > 2 — %, Wang et al. [24]
showed that the corresponding initial boundary value problem possesses a unique global
classical solution that is uniformly bounded provided that & C R¥ is a bounded convex
domain and some other technical conditions are fulfilled. Recently, the result on global

existence is relaxed to m > 2 — ni

7 in [25], and the result on uniformly boundedness is

relaxed to m > 2 — % in [26].

The aim of this paper is to study the global existence and boundedness of the solutions
for the parabolic-parabolic chemotaxis system with linear or nonlinear diffusion and lo-
gistic source (1.1). Moreover, when « = 0, i.e., cells are a priori unable to reproduce them-
selves, such as broadcast spawning phenomena discussed in [27, 28], the decay property

of the solution component # is also obtained. Our main result is stated as follows.

Theorem 1.1 Let m > 1, t > 1, Q@ C R? be a bounded domain with smooth boundary.
Suppose that D(s), x(s),f(s), and g(s) satisfy (1.2)-(1.4). Then for each (uy, vo) fulfilling (1.5),
the problem (1.1) possesses a unique classical solution which is global in time and uniformly
bounded in Q x (0,00). Furthermore, if k = 0, then the component u of global classical
solution has the following decay property:

||u(-,t) ||LOO(Q) —0 ast /oo (1.9)

Remark 1.1 In Theorem 1.1, the smallness of ||vg]|1(q) is canceled, which is vital in [22]
and [21]. Moreover, the convexity of the domain 2 is also canceled, which is needed in
[23, 24] etc.

2 Preliminaries
We first state the local existence of classical solutions of (1.1). The proof is based on an

appropriate fixed point argument. One can refer to [18, 22, 29] etc. for more details.
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Lemma 2.1 Let Q C RN (N > 1) be a bounded domain with smooth boundary. Suppose
that D(s), x(s), f(s), and g(s) satisfy (1.2)-(1.4), and assume that the initial data (uy,vo) €
(WY (Q))? (for some 6 > N). Then the model (1.1) has a unique local-in-time nonnegative
classical solution (u,v) € (C([0, T*); WY (Q)) N C*1(Q x (0, T*)))>. Here, T* denotes the

maximal existence time. Moreover, if T* < 0o, then
||u(-,t) ||LOO(Q) —o00 ast /T (2.1)
The following L! estimate can easily be checked.

Lemma 2.2 Assume that vo € WY°(Q). Then the solution (u,v) of (1.1) satisfies the fol-

lowing properties:
1
K T
|l 0)] gy < Mi = max{ N4l 11(c2)» (;> |Q|} forallt €[0,T*) (2.2)
and
IV 0) oo @ = IVollz=@) forallte [0, T%). (2.3)

Proof Integrating the first equation in (1.1) over €2, and utilizing the Holder inequality,
yields

d
— udxflc/udx—u/ul”dx
dt Jg Q Q

1+t
5/(/ udx — K (] udx) forallte(O,T*).
Q 1217 \Jq

Then y(t) := [, udx satisfies

Y0 < xy() - &y(t)“” forall ¢ € (0, 77).

Thus, a standard ODE argument implies that y(¢) < max{||uo|l.1q), (i)% |R2]}, for all ¢ €
(0, T*). Since g > 0, (2.3) immediately results from the parabolic maximum principle ap-
plied to the second equation in (1.1). d

Next we establish an elementary inequality, which will be used in Lemma 3.2.

Lemma 2.3 Let £ >0,7>1,k >0, and A > 0. Then there exists a positive constant C* :=
Cl(x, i, A) such that

AZ +k(1+2)In(1+2) —puz " In(l+2) + 1+ 2)In(l+2) -z < C* forallz>0. (2.4)
Proof Define

0(2):=AZ + k1 +2)In(0 +2) — uz"* " In(1 +2) + 1 + 2) In(1 + 2) — z.
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Then it satisfies

. »(2)
0)=0 and Ilim ———— =—
¢(0) z—00 Z47 In(1 + 2)
Thus for some zy > 0 we have ¢ < 0 on (zp,00). In view of the continuity of ¢ on [0, 00),

we have

¢(z) < max ¢(z) forallz>0,
z€[0,z9]

which implies (2.4). O

3 Proof of Theorem 1.1

3.1 Proof of global existence

In this section, we focus on proof of global existence in Theorem 1.1. Inspired by [30], we
will first establish estimate on [, u”*' dx + [, [Vv|* dx to obtain estimate on [, u” dx for

any p > 1. To achieve this purpose, we need a series of a priori estimates.

Lemma 3.1 Let the same assumptions as in Theorem 1.1 hold. Then the solution of (1.1)

satisfies
d -1
4 / P dy 4 P DD f 3Vl dx
dt Q 2 Q
-1 200
Sp(p )”X”L )

2CD

+Kpf u”dx—up/ uP*t dx (3.1)
Q Q

/ wP™" L V)2 dx
Q

for any p > m and each t € (0, T*). Particularly, we have

d m(m +1)c
— um+1dx+%/ w2 |\ Vul? dx
Q

dt Jo
m(m +1)]| x ||
< i ) / u?|Vv|* dx
2CD Q
+ Kk (m + 1)/ W Vdx — p(m + 1)/ u"T gy, (3.2)
Q Q

Proof Multiplying (1.1); by ##~! and integrating the resulted equation over Q, we obtain

i% updx+(p—1)fup’zD(u)|Vu|2dx
Q Q
:(p—l)/ u”‘lx(v)Vu~Vvdx+/ uPf (u) dx. (3.3)
Q Q

We now estimate the last three terms of the above equality. Indeed, by (1.2) we have

(p—l)/ u"_zD(u)|Vu|2dxz(p—1)cD/ w3\ Vu|? dx,
Q Q

Page 5 of 17



Li Boundary Value Problems (2015) 2015:107 Page 6 of 17

and by the Young inequality, we get

p- 1)/S2up_lx(v)Vu -Vvdx

<@-Dlxl=e f V| V| dx
Q

(p - l)HX ”ioc(g)
ZCD

-1
SL )CD/u”+m’3|Vu|2dx+
Q

/ W V) da.
2 Q

For the last term, in view of (1.5), we have

/upf(u)dng/ u"dx—M/ P
Q Q o

Summarily, we obtain

d -1
_f updeM/ up+m—3|vu|2dx
dt Q 2 Q

< p(p - 1)”X ”]%oo(g)
- 26D

+K[J/ updx—up/ uP*t dx.
Q Q

Taking p = m + 1, one can easily deduce (3.2). This completes the proof of Lemma 3.1. O

/ w2 dx
Q

We then establish a coupled estimate on [, [(1 + ) In(1 + u) — uldx + [, [Vv|* dx.

Lemma 3.2 Let the same assumptions as in Theorem 1.1 hold. Then there exists a positive

constant C such that

/Q[(l +u)In(l +u) - u] dx<C forallte (0, T*) (3.4)
and

/Q |Vv[*dx < C forallte (0,T%). (3.5)

Proof We shall divide the proof into three steps.
Step 1. First testing (1.1); against In(1 + u), we have

%/g[(l+u)ln(l+u)—u]dx+/ﬂ%M;Wulzdx
- / %X(v)w.wdm / uf () In(L + u) dx (3.6)
Q Q

for all £ € (0, T*). To estimate each term on the right side of (3.6), we first note that

Inl+u)<u forallu>0.
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Then utilizing the Young inequality and integration by parts, we get

/ Lx(v)Vu -Vvdx
ol+u

=/[ln(1+u)—u]x(v)Avdx+/[ln(1+u)—u]x’(v)|Vv|2dx
Q

Q
200 1
Sﬂ‘/[ln(l+u)—u]2dx+—/ |AV|? dx
2 Ja 2 Ja
Il X 1170 2 1 2 .
5—/ u dx+—/ |Av|” dx forallte(O,T ), (3.7)
2 Ja 2 Ja

where we have used x’(v) > 0. For the last term on the right of (3.6), according to (1.4),
we obtain

/uf(u)ln(1+u)dx
Q
—uu®) In(1 d
§/Qu(/c ,uu)n( +u)dx
:/[/culn(1+u)—,uuprr 1n(1+u)] dx forallte (0, T*). (3.8)
Q

Then combining (3.7) and (3.8) along with (3.6), we have

7 / [ +u)In(l + u) — u]dx + /—|V | dx

”X”Loc/ /|AV| dx
2

+ / [kuln(l +u) — pu' " In(1 + u)|dx forallze (0,T7). (3.9)
Q

Step 2. In order to cancel % fQ |Av|? dx on the right of (3.9), we first test (1.1), against
—Av to find that

/|Vv| dx_—/ |Av|2dx+/ug(v)Avdx+/vAvdx

—/ vAvdx forallt € (0,T%).
Q

Then by integration by parts and the Young inequality, we have

1 d/
V|2 dx < — /lAv|2dx+|| I oo/uIAV|dx
2dt gl |
Av|?d.
—f |VV|2dx+M+/ |2 dx
Q 4 Q

Av|*d
_—WHIgII%w/uzdx—/ (Vv dx
Q Q

+ Vol (|2l forall £ € (0, T%), (3.10)

where (2.3) has been used.

Page 7 of 17
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Step 3. Adding (3.10) to (3.9) yields

%{/Q[(l+u)ln(l+u)—u]dx+%/ |Vv|2dx}

+/ —|Vu| dx+/ |Vv|? dx
ol+

< CZ/ uwdx + / [Kuln(l +u) — pu T In(l + u)] dx
Q Q
+ Vol 7o (2l forallz € (0,T%)

X700 () *2l1g 1700 (g

with C, = 5 , which is a positive constant according to (1.3) and (2.3).

Adding fQ [(1 + %) In(1 + u) — u] dx to both sides of this and dropping the nonnegative term
Jo ?5’;) |Vu|? dx on the left, we obtain

dit{/Q[(1+u)ln(1+u)—u]dx+%‘/QWvlzdx}

+/s;|Vv|2dx+/Q[(1+u)ln(1+u)—u]dx

< C2/§2u2dx+/s;[(1+u)ln(1+u)—u]dx
+ /Q [cun(l + u) = pae" In(1 + 1) | dox + [|vo || foo |21 (3.11)
for all £ € (0, T*). In view of Lemma 2.3, there exists a positive constant C* such that
/Q{Czu2 +ouln(l+u)—pu " Ind+u)+ A +0)In@d +u) - u} dx < C*|Q|.

Thus y(2) := [o[(1+ u)In(1 + u) — uldx + § [, |Vv|* dx satisfies

d
d—z +y < CHQL + Vol 2|2l forall £ (0, T%).

By standard ODE argument, we can derive
y(¢) < max{y(0), C*|Q| + ||vo||§w<9)|9|} forallz € (0,T%),
which implies (3.4) and (3.5). O

In order to obtain the coupled estimate on fQ u"dx + fQ |Vv|* dx, we then derive the
following energy estimate on [, |Vv|* dx.

Lemma 3.3 Let the same assumptions as in Theorem 1.1 hold. Then there exists a positive
constant C; such that the solution of (1.1) satisfies

d 1
—/ |Vv|4dx+—/|V|Vv|2’2dx
dt Q 2 Q

< (4+N)||g||§oom)/ W|Vv)Pdx+ Cy forallt € (0,T). (3.12)
Q

Page 8 of 17
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Proof Differentiating equation (1.1);, we obtain
(IVv]?), =2Vv- VAv-2Vv- V(ug(v)),
which, together with the point-wise identity 2Vv - VAv = A|Vv|? = 2|D?v|?, yields
(IVv]?), = AlVY)* - 2|D2V|2 —2Vv- V(ug(v)). (3.13)
Multiplying both sides of (3.13) by 2|Vv|? and integrating over 2, we have

d
—/ |Vv|4dx+2/|V|vV|2|2dx+4/ |Vv2| D?v|” dx
dt Q Q Q

A Vv|?
:—4/|Vv|2Vv~V(ug(v))dx+2/ |Vvlz%dx forallte (0,7%). (3.14)
Q B v

02

For the first term on the right-hand side of (3.14), we can use integration by parts and the
Young inequality to obtain

—4/ |Vv|2Vv-V(ug(v))dx
Q
:4/ ug(v)|Vv|2Avdx+4/ ug(v)Vv - V|Vv|? dx
Q Q
4
< —/ |Vv|2|AV|2dx+/|V|Vv|2|2dx+(4+N)/ u*g*(v)| V| dx
N Jq Q Q

54/ |VV|2|D2V|2dx+/|V|VV|2|2dx+(4 +N)||g||%w(9)f W |V dx,  (3.15)
Q Q Q

where we have used the fact |Av|? < N|D?v|%. For the second term on the right-hand side
of (3.14), thanks to the boundedness of fQ |Vv|% dx, by the same procedure as (3.7)-(3.10)
in [31], we deduce that there exists a positive constant C; such that

, |V 1 512 "
2| IVP——dx<— | |VIV]| dx+C; forallte (0,T). (3.16)
I aU 2 Q

Combining (3.15) and (3.16) with (3.14), we obtain (3.12) immediately. O

Corollary 3.1 Let the same assumptions as in Theorem 1.1 hold. Then for the same con-

stant Cy as in Lemma 3.3, the solution of (1.1) carries the property

d
—{/ um+1dx+f |VV|4dx}+{/ um+1dx+/ |Vv|4dx}
dt | Jo Q Q Q

1 1
M/ umzwzm_/|V|W|2|zdx
2 Q 2 Q

m(m +1)| x ”%00(9
2CD

IA

Q

+(1+/c(m+1))/

W Vdx — pw(m + 1)/ W g+ / IVv[*dx+ Cr.  (3.17)
Q Q Q
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Proof Adding (3.12) to (3.2) yields

d
—{/ um+1dx+/ |Vv|4dx}

+1 1
+w/ u2m—2|vu|2dx+_/’VIVVHde
2 Q 2 Q

m(m + D)X 1700
S( ( )+(4 +N)||g||%oo(9)>/ u2|VV|2dx
Q

2CD
+Kk(m+ 1)/ WV dx — p(m + 1)/ W dx + G (3.18)
Q Q
Adding [, u™'dx + [, |Vv|* dx to both sides of this, then yields (3.17). O

Now we are ready to establish the estimate on [, u”*'dx + [, |Vv|* dx.

4

Lemma3.4 Letm>2— N > 1. Then there exists a positive constant C such that

N1z
‘/Qum” dx<C forallte (0,T%) (3.19)
and
/Q |Vv|*dx < C forallte (0,T%). (3.20)

Proof In order to obtain the estimate on the couple of [, u"dx + Jo |Vv|* dx, we need
to estimate the integrals on the right of inequality (3.17). We first utilize the Gagliardo-
Nirenberg inequality and (3.5) to estimate [, |Vv|* dx:

/Q|Vv|4dx= |||Vv|2||§2m)

< a| VIV o 197 ey + a9V i

)
Q)
<cy ||V|VV|2 HEQ(Q) +Co

1
<3 |VIVV o +es forallze (0,T%). (3.21)

Here in the last inequality we have used the Young inequality, because A = 2%\1 € (0,1).

Similarly, invoking the Young inequality with €, > 0 to estimate [, u*|Vv|* dx, we have

m(m + D)X 1300
9)) Q

2N+2

2N+2 m(m + 1)||X||2c>c N2
<ar [[(99) s ( B Nl )
Q

2CD

y efN—Afz / w3 dx forallte (0,7 (3.22)
2 ’ ' |
Q
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Further utilize the Gagliardo-Nirenberg inequality and (3.5) to estimate

gy 2NF2 o 22
e [ () dx- a1 K
Q L N (@
22 2| % 2 B2
S‘52C1”V|Vv| ||L2(Q)|||VV| ||L1(Q)+C1“|VV| ”LI(Q)
<€ H V|Vy|? ”iZ(Q) +¢y forallte (0, T*). (3.23)

4N+4

Sincem+7t+1> SR

utilizing the Young inequality we have

IN+2
N 4N+4

N+2 _ _N_
+(4 +N)||g||%oom)> ;¥ / w5 dx
Q

m(m + Dl x g
ZCD

1
< @ / W dx + c(ey) (3.24)
Q

for all ¢ € (0, T*). Taking €, = t, then from (3.22)-(3.24), we have

(WI(WI +1Dlix ”%OO(Q

)
2o +(4+ N)IIgII%OO(Q)) /Q u?|Vv|* dx

1 2 w(m +1)
= IVIVVI? o + T/Q”WM dx+ C, (3.25)

forall ¢ € (0, T*). For the third term [k (m2 +1) +1] fQ u"*! dx, utilizing the Young inequality

we have

[K(Wl+1)+1]/

1
u™tdx < @ / w" T dx + C; forallte (O, T*). (3.26)
Q Q

Since % Jo u?"2|Vu|* dx is nonnegative, combining (3.24), (3.25), and (3.26) with
(3.17) yields

d
—{/ um+1dx+/ |VV|4dx} + {/ um+1dx+/ |Vv|4dx} <C4 (3.27)
dt Q Q Q Q

for all ¢ € (0, T*), where C4 = C; + C, + C3. Thus an ODE comparison shows that y(¢) :=
Jou™hdx + [, |Vv|* dx satisfies

y(t) < max{y(O), C4} forall ¢t € (0, T*), (3.28)
which implies (3.19) and (3.20). a

We note m >1if N =2 in Lemma 3.4. However,if m=1,N=2,andt =1,ie, m+1+1=

4N +4
N+2

following generalization of the Gagliardo-Nirenberg inequality for the general case when

= 3, the Young inequality will fail to lead to (3.24). In this case, we need to utilize the

r >0 (¢f [32], Lemma A.5, for a detailed proof), which extends the standard case when
r>1in [33], to build a bound for [, u*dx.

Page 11 of 17
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Lemma 3.5 Let Q C R? be a bounded domain with smooth boundary, and let p € (1,00)
and r € (0,p). Then there exists C > 0 such that for each n > 0 one can pick C, > 0 with the
property that

oy < nlVull}sg, |

)+ C||u||’Z,(Q) +C, (3.29)
holds for all u € W(Q).
Lemma 3.6 Let m =1, N = 2. Then there exists a positive constant C such that

/Quz dx<C forallte (0, T*) (3.30)
and

/;2 |Vv|*dx <C forallte (0,T%). (3.31)

Proof By the same procedure as Lemma 3.4, we only need to handle

2N+2

N+2 __N_ 4N+4
+ (4 +N)||g||%oo(m> €, V7 / uNe dx
Q

m(m + Dl x |7 q
ZCD

in (3.22). Invoking Lemma 3.5 along with (3.4) and Lemma 2.2, we deduce

ZJGHZZ N

+ — N AN +4

+(4 +N)||g||%oo(9)> &N | uRE dx
Q

(WI(WZ +DlIx ”%OC(Q)

2CD

3
1 1700 2 1
= (—() +6||g||%oo(9)) 622 / I,[de
D Q

3
[P LA
= <—()+6”g”ioc(9)) 622/(u+1)3dx
¢p Q

lx ”200(9) 3
L 2
<|———+6 0

_< c ”g“L (Q))

X €, [62||Vu||L2 )|| (#+1)In(u+1) ||L1(Q) +Cllu+ 1||21(Q) + Cez]

< Vel Vull g +cale) forallte (0,T7). (3.32)

2
Taking €; < min{t, :%}, from (3.22), (3.23), and (3.32) we then deduce
3

m(m + 1) x |17
2CD

llx 1170

( D 6llgl2eiq )/u2|VV|2dx
Q

1

=3

||V|VV| HLZ(Q %D ||Vu||i2m) +c¢s forallte (0, T*). (3.33)

Q
)+(4 +N)||g||%oo(m>/ uW? | Vv dx
Q

Page 12 of 17
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Combing (3.21), (3.26), (3.33), with (3.17) yields

i{/ 2dx+/ |Vv|4dx}+{/u2dx+f |VV|4dx}§C5 (3.34)
dt | Jo Q Q Q

for all ¢ € (0, T*), which implies (3.30) and (3.31). O

Lemma 3.4 and Lemma 3.6 result in the following useful corollary that will be used in
the proof of Lemma 3.7 below.

Corollary 3.2 Let N =2, m > 1, and assume that the initial data (uy,vo) satisfies (1.5).
Then there exists a positive constant C such that for any constant k > 1 there exists C(k) > 0
such that

/ |V < C(k) forallte (0,T). (3.35)
Q

Proof Since m+1> N =2, then by (3.19), (3.20), (3.30), (3.31), and the standard parabolic
regularity theory (¢f [12], Lemma 4.1 or [34], Lemma 1), we can immediately obtain
(3.35). 0

Lemma 3.7 Let the same assumptions as in Theorem 1.1 hold. Then for any p > 1 there
exists a positive constant C(p) such that

/ wdx <C(p) forallte (0, T*). (3.36)
Q

Proof Let us recall to (3.1) once again. Adding fQ u? dx to the both sides of (3.1) and ne-
glecting the nonnegative term p(p;ﬂ Jo w3V u|* dx on the left, we arrive at

d
—/updx+/updx
=Dlixll7ee
Sp(p Xllzoo(@) / up—m+1|vv|2dx
2¢p Q
+ (kp + 1)/ u? dx — up/ u?* " dx (3.37)
Q Q

for any p > m and each ¢ € (0, T*). Utilizing (3.35) and the Young inequality we have

—1)y2
plp-Vx / Wy dx
2¢cp Q
(p+7)
< %/ u””dx+c4/ |V1/|$+mf1
2 Jo Q
2
< Kp / W dx + ¢, C ﬂ forallt e (O, T"), (3.38)
2 Ja T+m-1
with some ¢; > 0 and C(%) defined by Corollary 3.2, as well as

[kp +1] / uf dx < %p / W Tdx+C, forallte (0, T*). (3.39)
Q Q
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Collecting (3.37)-(3.39), we thus deduce that y(¢) := fQ u? dx satisfies the differential in-

equality

d s

—/ updx+/ wWdx <Cg forallte (O,T ), (3.40)
with Cg = ¢y C( f(f,;fi) + C1. Upon an ODE comparison, this implies

y(2) < max{y(O), C6} forall t e (O, T*).

Thus (3.36) holds for any p > m. Since [, udx < M, utilizing the interpolation inequality,
(3.36) holds also for any 1 < p < m. This completes the proof of Lemma 3.7. O

Once the uniform estimate of ||u(-, £) || () has been established, we can use the classical
Alikakos iteration method to obtain the uniform bound of ||u(:, £) | 1o(g).

Lemma 3.8 Let the same assumptions as in Theorem 1.1 hold. Then there exists a positive
constant C such that the solution component u of (1.1) satisfies

|u,0)]| ooy <€ foralit e (0,T7). (3.41)
We are now in the position to prove the global existence in Theorem 1.1.

Proof of global existence The existence of global classical solution to equations (1.1) is an
immediate consequence of Lemma 3.8 and the extensibility criterion (2.1). O

3.2 Proof of decay property in Theorem 1.1
In this short subsection, we discuss the decay property in the limit case « = 0. Our ap-
proach is inspired by that in [35].

Lemma 3.9 Suppose that f(s) satisfies (1.4) with k = 0. Then
x T+1 1
u™dxdt < —|uollpg) (3.42)
0 Q 128
and

_1
T

f u(x, ) dx < llutoll (| RA(QI + prtluollfy ) *  forallt>0. (3.43)
Q

Proof Integrating (1.1) in space we obtain under the assumption « = 0,

d w 1+7
— udx:/u (u)dx < - /u”ldxf— </ udx) forall £ >0,
dt Jq " " la 2 \Jq

which implies both (3.42) and (3.43). a

Lemma 3.10 Letk =0, u > 0 ol )

——2 and assume that
T+1)HV0”L1(Q)

/ / ( t)r+1 ! lvoll - 71 llzoll ( )
x,t) T dx< v u . 3.44
; 4 0llLL(Q) T+1) ollz (@)
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Then there exists a positive constant C appropriately small such that
/ v(x,t)dx > C forallt>O0. (3.45)
Q

Proof Integrating the second equation in (1.1) in space and applying the Young inequality,
yield

d 1 1 T T+l
— -- —— | Wdx- — = dx. 4
dt/Qde /ng(v)dxz T+1/s~2u dx T+1/Qg(v) dx (3.46)

In view of (3.42), (3.46) implies

1 o T+
/ vdx > |[vollp g — ———lluoll g - L / / g(v)Tl dx forallt>0. (3.47)
Q T+1 0 Q

(T+Du
Therefore, (3.44) asserts the positivity of the right-hand side of (3.47). We thus obtain the
desired result (3.45). O

Lemma 3.11 There exist a € (0,1) and C > 0 such that

1| ) <C forallt>0. (3.48)

a2 =
C72 (Qx[tt+1]

Proof Rewriting the first equation of (1.1) in the form
u =V - (DW)Vu—ux(vV)Vv) + uf (u), x€Q,t>0. (3.49)

Utilizing the Young inequality we can estimate

D(u)

2,20, Vyl2
(D(u)Vu— ux(v)Vv) -Vu> T|Vu|2 - M

2D(u)

and evidently
’D(u)Vu - ux(v)Vv‘ <DW)|Vu| +uyx()|Vv|

in € x (0,00). As Lemma 3.8 and Corollary 3.2 imply # and Vv are bounded in
L>((0,00); L¥(2)) for any k € (1,00), and that u is a bounded solution of (3.49), the Holder
continuity of , i.e., (3.48), immediately results from a known result on parabolic Holder
regularity ([36], Theorem 1.3). O

Proof of decay property in Theorem 1.1 In view of the Holder continuity of 4, i.e., (3.48),
Arzela-Ascoli theorem asserts (u(-,£));1 is relatively compact in C°(Q2). Thus, the decay
property (3.43) implies that ||u(-, £) || zoo(q) — 0 as t — oo. a

Remark 3.1 The decay property in Theorem 1.1 reveals the fact that if the proliferation
of cells is ignored, then the cells will not survive. However, Lemma 3.10 shows that if the
death rate of the cells is large and the consumption rate of oxygen is small enough, then
there is always oxygen remaining.



Li Boundary Value Problems (2015) 2015:107

Since the global existence and decay property both have been proved, we then have

completed the proof of Theorem 1.1.
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