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1 Introduction
Let C and Q be nonempty closed convex subsets of real Hilbert spaces H; and H,, respec-
tively. The split feasibility problem (SFP) is formulated as

to find x* € C and Ax* € Q, (1.1)

where A : H; — H, is abounded linear operator. In 1994, Censor and Elfving [1] first intro-
duced the SFP in finite-dimensional Hilbert spaces for modeling inverse problems which
arise from phase retrievals and in medical image reconstruction [2]. It has been found that
the SFP can also be used in various disciplines such as image restoration, computer tomog-
raphy and radiation therapy treatment planning [3—5]. The SFP in an infinite-dimensional
real Hilbert space can be found in [2, 4, 6-10]. For comprehensive literature, bibliography
and a survey on SFP, we refer to [11].

Assuming that the SFP is consistent, it is not hard to see that x* € C solves SFP if and

only if it solves the fixed point equation
x* =Pc(I - yA*(I - Po)A)x",
where P¢ and P are the metric projection from H; onto C and from H, onto Q, respec-

tively, y > 0 is a positive constant, and A* is the adjoint of A.
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A popular algorithm to be used to solves the SFP (1.1) is due to Byrne’s CQ-algorithm
(2]:

xka1 = Po(l = A (I = P)A)xr, k=1,

where yx € (0,2/1) with A being the spectral radius of the operator A*A.

On the other hand, let H be a real Hilbert space, and B be a set-valued mapping with
domain D(B) := {x € H : B(x) # #}. Recall that B is called monotone, if (u —v,x,x —y) >0
for any u € Bx and v € By; B is maximal monotone, if its graph {(x,y) : x € D(B),y € Bx}
is not properly contained in the graph of any other monotone mapping. An important
problem for set-valued monotone mappings is to find x* € H such that 0 € B(x*). Here,
x* is called a zero point of B. A well-known method for approximating a zero point of
a maximal monotone mapping defined in a real Hilbert space H is the proximal point
algorithm first introduced by Martinet [12] and generated by Rockafellar [13]. This is an
iterative procedure, which generates {x,} by x; =x € H and

Kn+l :]gﬂxm n= 1, (12)

where {8,} C (0,00), B is a maximal monotone mapping in a real Hilbert space, and /2 is
the resolvent mapping of B defined by J2 = (I + rB)™! for each r > 0. Rockafellar [13] proved
that if the solution set B71(0) is nonempty and liminf,_ ., 8, > 0, then the sequence {x,}
in (1.2) converges weakly to an element of B~1(0). In particular, if B is the sub-differential
df of a proper convex and lower semicontinuous function f : H — R, then (1.2) is reduced
to

1
2B

X4 = argmin { f(y) +

lly _xn”Z}, Vn>1 (1.3)
yeH

In this case, {x,} converges weakly to a minimizer of f. Later, many researchers have stud-
ied the convergence problems of the proximal point algorithm in Hilbert spaces (see [14—
21] and the references therein).

Motivated by the works in [14-17] and related literature, the purpose of this paper is to
introduce and consider the following general split variational inclusion problem.

Let H; and H; be two real Hilbert spaces, B;: Hy — Hy and K; : Hy, — H,,i=1,2,...
be two families of set-valued maximal monotone mappings, A : H; — H, be a linear and
bounded operator, and A* be the adjoint of A. The so-called general split variational in-
clusion problem is

oo o0
to find x* € H; such that 0 € ﬂBi(x*) and 0 € ﬂKi(Ax*). (1.4)

i=1 i=1

The following examples are special cases of (GSVIP) (1.4).

Classical split variational inclusion problem. Let B: H; — H; and K : Hy — H, be set-
valued maximal monotone mappings. The so-called classical split variational inclusion
problem (CSVIP) is

to find " € Hy such that 0 € B(x*) and 0 € K (Ax"), (1.5)
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which was introduced by Moudafi [17]. It is obvious that problem (1.5) is a special case of
(GSVIP) (1.4). In [17], Moudafi proved that the iteration process

KXl :]f(xy, +yA*( K —1)Axy,)

converges weakly to a solution of problem (1.5), where A and y are given positive numbers.
Split optimization problem. Let f : H) — R, g : H, — R be two proper convex and lower

semicontinuous functions. The so-called split optimization problem (SOP) is

to find x* € H such thatf(x*) = mli{nf(y) and g(Ax*) = min g(z). (1.6)
yeH;

zeHy

Denote by B = 3(f) and K = d(g), then Band K both are maximal monotone mappings, and
problem (1.6) is equivalent to the following classical split variational inclusion problem,

ie.:
to find x* € H; such that 0 € B(f(x*)) and 0 € 8(g(Ax*)). (1.7)

Split feasibility problem. As in (1.1), let C and Q be two nonempty closed convex sub-
sets of real Hilbert spaces H; and H, respectively and A be the same as above. The split
feasibility problem is

to find x* € C such Ax™ € Q. (1.8)

It is well known that this kind of problems was first introduced by Censor and Elfving [1]
for modeling inverse problems arising from phase retrievals and in medical image recon-
struction [2]. Also it can be used in various disciplines such as image restoration, computer
tomography and radiation therapy treatment planning.

Let ic (ig) be the indicator function of C (Q), i.e.,

. 0, ifxeC, . 0, ifxeQ,
ic(x) = iglx) =

. = . 1.9)
+00, ifx ¢ C; +oo, ifxé¢ Q.

Then ic and i both are proper convex and lower semicontinuous functions, and its sub-
differentials dic and di, are maximal monotone operators. Consequently problem (1.8)
is equivalent to the following ‘split optimization problem’” and ‘Moudafi’s classical split

variational inclusion problem, i.e.,

to find x* € H; such that ic(x*) = ;Iel}{r} ic(y) and iQ(Ax*) = g}{r; iq(z)

& tofind x* € H; such that 0 € 8(ic(x*)) and 0 € a(iQ(Ax*)). (1.10)

For solving (GSVIP) (1.4), in our paper we propose the following iterative algorithms:

[}
Xp+l = OpXy + gnf(xn) + Z yn,i]gii [xn - )Vn,iA* (1 _]‘Ig?)Axn]; Vn 2 0: (111)
i=1
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where f : H; — H; is a contraction mapping with a contractive constant k € (0,1), {«,},
{£,} and {y,,;} are sequence in [0, 1] satisfying some conditions. Under suitable conditions,
some strong convergence theorems for the sequence proposed by (1.11) to a solution for
(GSVIP) (1.4) in Hilbert spaces are proved. As a particular case, we consider the algorithms
for a split feasibility problem and a split optimization problem and give some strong con-
vergence theorems for these problems in Hilbert spaces. Our results extend and improve
the related results of Censor and Elfving [1], Byrne [2], Censor et al. [3-5], Rockafellar
[13], Moudafi [14, 17], Eslamian and Latif [15], Eslamian [21], and Chuang [22].

2 Preliminaries

Throughout the paper, we denote by H a real Hilbert space, C be a nonempty closed and
convex subset of H. F(T) denote by the set of fixed points of a mapping 7. Let {x,} be a
sequence in H and x € H. Strong convergence of {x,} to x is denoted by x,, — x, and weak
convergence of {x,} to x is denoted by x,, — x. For every point x € H, there exists a unique
nearest point in C, denoted by Pcx. This point satisfies.

lx—Pex|l < llx—yll, VyeC.

The operator P¢ is called the metric projection. The metric projection P¢ is characterized
by the fact that Pcx € C and

(x—Pcx,Pcx—y) >0, VxeH,yeC.

Recall that a mapping T': C — H is said to be nonexpansive, if || Tx — Ty|| < ||x — y|| for
every x,y € C. T is said to be quasi-nonexpansive, if F(T) # (¥ and || Tx — p|| < ||x — p|| for
everyx € C and p € F(T). It is easy to see that F(T) is a closed convex subset of C if T is a

quasi-nonexpansive mapping. Besides, T is said to be a firmly nonexpansive, if

| Tx - Ty|? < (x—y, Tx - Ty) Vx,y€C;
2
& ITx-DIP<lx-yI*-||U-Tx-U-T)y|" VxyeC.
Lemma 2.1 (demi-closed principle) Let C be a nonempty closed convex subset of a real

Hilbert space H. Let T : C — H be a nonexpansive mapping, and let {x,} be a sequence

in C.Ifx, =~ wand lim,_, « ||x, — Tx,|| = 0, then Tw = w.

Lemma 2.2 [23] Let H be a (real) Hilbert space. Then for all x,y € H,
lloe + yII* < %1% + 2(p,% + ). 2.1)

Lemma 2.3 [24] Let H be a Hilbert space and let {x,} be a sequence in H. Then, for any
given sequence {A,} C (0,1) with Y ., A, = 1 and for any positive integers i, j with i < j,

2 o0
<D hallall® = Aidjllsi — 711 (22)
n=1

[o¢]
E AnXy
n=1
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Lemma 2.4 Let {a,} be a sequence of nonnegative real numbers, {b,} be a sequence of real
numbers in (0,1) with ) 2, b, = 00, {u,} be a sequence of nonnegative real numbers with
Y o2 tn < 00, {t,} be a real numbers with limsup,,_, . t, <0.If

ann <1 ->by)a, +but, +u,, foreachn=>1,
then lim,_, o a, = 0.

Lemma 2.5 [25] Let {a,} be a sequence of real numbers such that there exists a subsequence
{n;} of {n} such that a,, < a,,. for all i € N. Then there exists a nondecreasing sequence
{mi} C N such that my — 00, @y < A1 and ay < a1 are satisfied by all (sufficiently
large) numbers k € N. In fact, my = max{j < k:a; < aj.1}.

Lemma 2.6 [22] Let H be a real Hilbert space, B : H — 2! be a set-valued maximal mono-
tone mapping, g > 0, and let]ﬁ be the resolvent mapping of B.
(i) Foreach >0, ]g is a single-valued and firmly nonexpansive mapping,
(i) DUF) = H and F(J§) = B™(0) := {x € D(B) : 0 € Bx};
(iti) ( —/'g) is a firmly nonexpansive mapping for each § > 0;
(iv) suppose that B™1(0) # @, then for each x € H, each x* € B1(0) and each > 0

2

’

=Tl + Vg = 2] < "

(v) suppose that B1(0) #0. Then (x —]gx,]gx —w) > 0 for each x € H and each
w e B(0), and each 8 > 0.

Lemma 2.7 Let Hy, H, be two real Hilbert spaces, A : Hy — H, be a linear bounded op-
erator and A* be the adjoint of A. Let B : Hy — 24 be a set-valued maximal monotone
mapping, B >0, and let][gB be the resolvent mapping of B, then
() 10~ J3)Ax (I~ J)AYI® < (1 ~JHAx ~ (1 - J)Ay, Ax — Ay);
(i) 4% ~ T A% ~ A ~TDAYI> < IAIP (1~ JH)Ax ~ (I - T Ay, Ax — Ay);
(iii) if p € (0, W), then (I — pA*(I —]g)A) is a nonexpansive mapping.

Proof By Lemma 2.6(iii), the mapping (I — ]g) is firmly nonexpansive, hence the conclu-
sions (i) and (ii) are obvious.

Now we prove the conclusion (iii).

In fact, for any x, y € Hj, it follows from the conclusions (i) and (ii) that

[ (1= pa* (1 =J§)A)x - (1 - pA™ (1~ J})A)y|”
= Il = y11” = 2p{x = 3, A (I - J) Ax - A* (I - J§) Ay)
+ 0?4 (1-T5)Ax - A (1 - Ty
< llx = ylI> = 2p(Ax - Ay, (1 - J5) Ax — (1 - JE) Ay)
+ P2 AP (1 - Tf)Ax ~ (1= )y |
<l =yl? = p(2 - pIAIP) | (1 - TB)Ax - (1 - T5) Ay

<lle=yI* (since p(2 - pllAl*) = 0).

This completes the proof of Lemma 2.7. d
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3 Main results
The following lemma will be used in proving our main results.

Lemma 3.1 Let Hy and H, be two real Hilbert spaces, A : H — H, be a linear and bounded
operator, and A* be the adjoint of A. Let B; : Hy — 2", and K; : Hy — 22, i=1,2,..., be
two families of set-valued maximal monotone mappings, and let B >0 and y >0.If Q #
(the solution set of (GSVIP) (1.4)), then x* € H; is a solution of (GSVIP) (1.4) if and only if
foreach i > 1, for each y > 0 and for each >0

=] (" — y AT (1-]4)Ax®). (3.1)
Proof Indeed, if x* is a solution of (GSVIP) (1.4), then for eachi>1,y >0and 8 >0,

x*€B10) and Ax* € K7'(0), ie,x* :]gix* and Ax* :]giAx*.

This implies that x* = ]gi (x* — yAx*(I - ][1;,- YAX*).
Conversely, if x* solves (3.1), by Lemma 2.6(v), we have

(" = (6 —yA (1 —]‘{;")Ax*),y -x*)>0, VyeB;'(0).
Hence we have

((1-75)Ax*, Ay~ Ax*) > 0, ¥y e B\ (0). (3.2)
On the other hand, by Lemma 2.6(v) again

((Ax* —J5iAx", J§ Ax* —v) > 0, Vv e K7(0). (3.3)
Adding up (3.2) and (3.3), we have

(Ax* —]g"Ax*,lgiAx* +Ay — Ax* — v) >0, Vye B;I(O), andv e Ki’l(O).
Simplifying it, we have

|Ax* — )5 Ax* |* < (Ax* - J5Ax*, Ay—v) >0, V¥yeB;'(0), andve K'(0).  (3.4)

By the assumption that Q # (. Taking w € Q, hence for each i > 1 w € B;'(0) and Aw €
K:71(0). In (3.4), taking y = w and v = Aw, then we have

||Ax* —]giAx* ||2 =0.
This implies that Ax* = ]?Ax*, and so Ax* € K;(0) for each i > 1. Hence from (3.1), x* =

Jg'x*, i.e., x* € B;1(0). Hence x* is a solution of (GSVIP)(1.4).
This completes the proof of Lemma 3.1. d
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We are now in a position to prove the following main result.

Theorem 3.2 Let Hy, Hy, A, A*, {B;}, {K;}, 2 be the same as in Lemma 3.1. Let f : H — H
be a contractive mapping with contractive constant k € (0,1). Let {a,}, {€4}, {yui} be the
sequences in (0,1) with a, + &, + Yoo Yni = 1, for each n > 0. Let {B;} be a sequence in
(0,00), and {A,;} be a sequence in (0, W). Let {x,} be the sequence defined by (1.11). If
Q # ) and the following conditions are satisfied:
(i) limy—oo &, =0,and Y ooy &, = 00;

(i) liminf,_ oo 0y ¥u; > 0 foreach i >1;

(iif) 0 <liminf,_ o Ay <limsup,_, o An; < W,
then x, — x* € Q where x* = Pqf (x*), where Pq, is the metric projection from H; onto Q.

Proof (1) First we prove that {x,} is bounded.
In fact, letting z € 2, by Lemma 3.1, for each i > 1,

z=J5 [z hniA*(I-]5')Az).

Hence it follows from Lemma 2.7(iii) that for each i > 1 and each # > 1 we have

[
OpXy + gr(f(xn) + Z )/n,i]g; [xn - )"n,iA*(I _]gi)Axn] -z

i=1

”xn+l - Z|| =

< ulln =zl + Ea[f @) = 2] + D Vi [T [0 = Rni* (I = T3 ) A - 2|
i=1

S an”xn - Z” + éi’l “f(xn) - Z” + Z yn,i H]g[l [xn - )\n,iA* (1 _][Isii)Axn] - Z”

i=1

oo
< aylly = zll + & |[f () = 2] + D viilln 2l
i=1

=1 =&)llwn —zll + & Hf(xn) - Z”
< (L=&)llwn — 2l + & |[f &) —f @) + & | f (2) - 2|

,(1-k
< (-6 -R) 2l + 2D o) g

< max{ lx, — 2]l ﬁ |Lf(z) _ZH }

By induction, we can prove that

1
1% — 2l < rnaX{ ko = 2ll, T If (2) - 2]

}, Vi > 0. (3.5)

This implies that {x,} is bounded, so is {f(x,)}.
(II) Now we prove that for each j > 1

R PO PP (O VOO [

2
< % =201 = %1 = 201> + || f () — 2

, foreachi>1. (3.6)
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Indeed, it follows from Lemma 2.3 that for any positive j > 1

o] 2
OyXy + Snf(xn) + Z yn,i]g; [xn - )\n,iA* (1 _]é?)Axn] -z

i=1

2
”xn+1 - Z” =

< ayllxy - Z||2 + &y Hf(xn) - Z”2
o0
3 Vil [ = domgA* (L= T ) A ] ~ 2|
i=1

— Vg [0 = T [ = dngA™ (1 = T ) A ]|
< (L= ElI%n — 2l + & f () — 2

= 0¥ |%n —]51," [0 = XA (1 = T3 ) A, ”2

Simplifying it, (3.6) is proved.

By the assumption that  # @, and it is easy to prove that € is closed and convex. This
implies that P is well defined. Again since Pqof : H; — 2 is a contraction mapping with
contractive constant k € (0,1), there exists a unique x* € Q such that x* = Pofx*. Since
x* € Q, it solves (GSVIP) (1.4). By Lemma 3.1,

¥ =] (6~ A A (I -] )AxY),  Vj=1n>0. 3.7)

(III) Now we prove that x,, — x*.

In order to prove that x,, — x* (as # — 00), we consider two cases.

Case 1. Assume that {||x, — x*||} is a monotone sequence. In other words, for n, large
enough, {||x, — x*||}4>4, is either nondecreasing or non-increasing. Since {|x, — x*||} is
bounded, {||x, — x*||} is convergence. Again since lim,_, - &, = 0, and {f(x,)} is bounded,

from (3.6) we get
lim Vg || % —]gl_i [0 — AniA*(1 —]g_i)Axn] ”2 =0.
By condition (ii), we obtain
Tim [, = ! [ = honiA" (I = ] ) A ]| = 0. (3.8)
Now we prove that

lim sup(f(x*) A - x*) <0. (3.9)

n—o0

To show this inequality, we choose a subsequence {x,, } of {x,} such that x,, — w, A, ; —

A€ (0, ﬁ) for each i > 1, and

limsup(f (x*) —x%,x, —x*) = lim (f(x*) — &%, —x%). (3.10)

Hn— 00 Hj—> 00
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It follows from (3.8) that

15 [0 = 2 (1 = T ) At ] = 5
< B [0 = hiA* (1= T5) A ] = T3 [0 = diA* (I =T A |
+ 5 [ = doniA* (1= T ) At ] = |
< [t = R (1 = T3 ) A = [0 = A" (I = T3 ) A |
+ g [ = dniA* (1= T ) Ak ] = |
< i = Aol | A (1 = 5 Ass|

+ H]g; [#n — AmiA*(I —fflg(l,i)Axn] ~xu| >0 (asn— o0).

Foreachi>1, ]g; (- 1A* 1 —]gi)A] is a nonexpansive mapping. Thus from Lemma 2.1,

w= ]5; - MA T —]g")A]w. By Lemma 3.1 w € Q, i.e., w is a solution of (GSVIP) (1.4).

Consequently we have
lim sup(f(x*) —x, %, — x*) = lim (f(x*) =X Ky, — x*)
Hn— 00 Hf—> 00

=({f(x*) —a*, w-x*) <0.

(IV) Finally, we prove that x,, — Pqf(x*).
In fact, from Lemma 2.2 we have

w2
2

=

o0
o, (x,, - x*) + Z )/n,i]g’.i [xn — A A" (1 _],.{3?)‘4""] -x"
i-1

+ 26,(f () — &% X1 — )
< U=+ 2607050 -6, =) 26 0) 51—
<@-&)*|x,—a* ||2 + 28, k|20, — & | [|nan = x*|| + 28 (6*) — &%, 20001 — &%)
< @& o= + kv =" |+ = ")

+ Zén(f(x*) — X X1 — x*)

Simplifying it, we have

2
AoBlt ok o s 2 ) — s - )

%112
[ =" <

l—fnk l_énk
1-2&,+ &,k w12 53 )
51—4&%”"_ ” +1_§nk||xn—x ||
2&’1 * * *
+ I—Enk(f(x ) — X Kyl — X )

< @= )| =" + b, VR 20,
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where §, = % + ﬁ(f(x*) — X", X1 — X), M = sup,-q |, —x*||%, and n, = % It is
easy to see that n, — 0, > -, 1, = 00, and limsup,_, .. §, < 0. Hence by Lemma 2.4, the
sequence {x,} converges strongly to x* = Pof (x*).

Case 2. Assume that {||x, — x*||} is not a monotone sequence. Then, by Lemma 2.3, we

can define a sequence of positive integers: {t(n)}, n > ny (where ng large enough) by
t(n) = max{k <n: ||xk —x* || < kaﬂ —x* “ } (3.11)

Clearly {t(n)} is a nondecreasing sequence such that t(n) — oo as n — 00, and for all

n=>ng
”xr(n) -x* ” = ||xr(n)+1 -x* ” (3.12)
Therefore {||x;() — «*||} is a nondecreasing sequence. According to Case (1),

limy,—, o0 %z (n) —%* || = 0 and lim,—, o |%7(s)+1 — **|| = 0. Hence we have

0< ||x,, —x* || < max{ Hx,, —x* H, Kr(n) — & H} < ||x,(,,)+1 —x* || — 0, asn— .
This implies that x, — x* and x* = Pof (x*) is a solution of (GSVIP) (1.4).
This completes the proof of Theorem 3.2. d

In Theorem 3.2,if B; = Band K; = K, for each i > 1, where B: H; — 2/ and K : H, — 22
are two set-valued maximal monotone mappings, then from Theorem 3.2 we have the
following.

Theorem 3.3 Let Hy, Hy, A, A*, B, K, Q, f be the same as in Theorem 3.2. Let {a,}, {£,},
{yn} be the sequence in (0,1) with o, + &, + Y, =1 for each n > 0. Let B > 0 be any given
positive number, and {),,} be a sequence in (0, W). Let {x,} be the sequence defined by

X+l = Xy + Snf(xn) + yn]g[xn - )\'VIA*( _]‘_{3<)Axn]; Vl’l Z 0 (313)

If Q # 0 and the following conditions are satisfied:
() limy—oo &, =0,and Y ooy &, = 00;
(ii) liminf,_ o oty ¥y, > 0;
(iii) 0 <liminf,_o A, <limsup,_, . A, < W,
then x, — x* € Q where x* = Pof (x*).

4 Applications
In this section we shall utilize the results presented in Theorem 3.2 and Theorem 3.3 to
study some problems.

4.1 Application to split optimization problem

Let H; and H; be two real Hilbert spaces. Let #: H; — R and g: H, — R be two proper,
convex and lower semicontinuous functions, and A : H; — H, be a linear and bounded
operators. The so-called split optimization problem (SOP) is

to find x* € Hy such that s (x*) = m}i;l h(y) and g(Ax*) = mli{ng(z). (4.1)
yeH] Z€r1)
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Denote by 34 = B and dg = K. It is know that B: H; — 21 (resp. K : Hy — 2/2) is a maxi-
mal monotone mapping, so we can define the resolvent ]g =({+pB)"and ]{f =(+BK),
where g > 0. Since x* and Ax* is a minimum of /7 on H; and g on Hj, respectively, for any
given 8 > 0, we have

x*€B(0)=F(J§), and Ax*eK(0)=F(J§). (4.2)

This implies that the (SOP) (4.1) is equivalent to the split variational inclusion problem
(SVIP) (4.2). From Theorem 3.3 we have the following.

Theorem 4.1 Let Hy, Hy, A, B, K, h, g be the same as above. Let f, {0}, {4}, {vu) be the
same as in Theorem 3.3. Let B > 0 be any given positive number, and {},} be a sequence in
(0, W). Let {x,} be a sequence generated by xo € H;

Y = atgmin, g, {g(2) + 552 — Axall},

Zy =Xy — )LnA*(Axn _yn): (4 3)

w,, = argmin,p; {h(y) + ﬁ ly =z},

Xn+l = OpXy + éjnf(xn) + YuWn, n>0.

If Q1 # 0, the solution set of the split optimization problem (4.1), and the following condi-
tions are satisfied:
(i) limy o€, =0,and Yy oo &y = 00;
(i) liminf,_ o oty ¥y, > 0;
(iii) 0 <liminf,_ oA, <limsup,_ . A, < W,
then x, — x* € Q1 where x* = Pq, f (x*).

Proof Since dh = B, g := K, and y,, = argmin,;, {g(2) + ﬁ llz — Ax,]1?}, we have
1 .
0e |:I((z) + —(z—Axn)] , e, Ax, € (BK + I)(yy).
'3 2=Yn
This implies that
_ K
Vn =Jg (Axy). (4.4)

Similarly, from (4.3), we have
W =I5 (2n). (4.5)
From (4.3)-(4.5), we have
Wi = J§ (%0 = MaA™ (I = T ) Ax). (4.6)
Therefore (4.3) can be rewritten as
Xt = o + Enf () + VT (%0 = MaA* (1 = T )Ax), m>0. (4.7)

The conclusion of Theorem 4.1 can be obtained from Theorem 3.3 immediately. O
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4.2 Application to split feasibility problem

Let C C H; and Q C H; be two nonempty closed convex subsets and A : H; — H; be a
bounded linear operator. Now we consider the following split feasibility problem, i.e.: to
find

x* € C such that Ax™ € Q. (4.8)

Let ic and ig be the indicator functions of C and Q defined by (1.9). Let N¢(u) be the
normal cone at u € H, defined by

Nc(u) = {z eHy : (z,v—u)<0,Vve C}.
Since i¢ and ig both are proper convex and lower semicontinuous functions on H; and

H,, respectively, and the subdifferential dic of ic (resp. dig of i) is a maximal monotone
o , Y ‘
operator, we can define the resolvents ]glc of dic and ]ﬁlQ of dig by

J5€() = (I + Boic) ™ (x), Va e Hy,

3i -
Jp ) = (I + BAig) " (x), VxeH,,
where § > 0. By definition, we know that

dicx) = {z e Hytic(x) + (z,y —x) <ic(y),Vy € H;}

={zeH:(zy-x) <0,Vye C} =Nc(x), x€eC.
Hence, for each 8 > 0, we have

u:]/gic(x) &  x—-u€ BNc(u)

& (x—uy-u)<0, VyeC < u=DPc(x).

This implies that]gic =Pc. Similarly]giQ = Pg. Taking h(x) = ic(x) and g(x) = ig(x) in (4.1),
then the (SFP) (4.8) is equivalent to the following split optimization problem:

to find x* € H; such that ic(x*) = mli}l ic(y) and iQ(Ax*) = m}ln io(z). (4.9)
yEH Z€EM

Hence, the following result can be obtained from Theorem 4.1 immediately.

Theorem 4.2 Let Hy, H,, A, A%, ic, iq be the same as above. Let f, {a,}, {4}, {vu} De the

same as in Theorem 4.1. Let {),,} be a sequence in (0, W). Let {x,} be the sequence defined
by

Kpsl = Xy + Enf (%) + y,,Pc[x,, — A AR - PQ)Ax,,], Vn=>0. (4.10)

If the solution set of the split optimization problem (4.4) Q2 # 0, and the following condi-
tions are satisfied:

Page 12 of 14
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(i) limy—oo &, =0,and y_ ooy &, = 00;
(i) liminf,— o oty Yy > 0;
(iii) 0 <liminf,_ oA, <limsup,_ . A, < W,
then x, — x* € Qy where x* = Pg, f (x*).

Remark 4.3 Theorem 4.2 extends and improves the main results in Censor and Elfving
[1] and Byrne [2].
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