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1 Introduction

Let  C R3 be an open, bounded and connected set. We consider the following prob-
lem for three-dimensional Navier-Stokes-Voigt (NSV) equations with delays in continu-
ous and sub-linear operators:

s —vAu—a?Auy + (- Vu+ Vp =gt ult-pt)), in(r,+00) x 2,

divu =0, in (7, +00) x €,

u(x,t) =0, on (7,+00) x €2, (1.1)
u(t,x) = uo(x), xeQ,

u(t + £,x) = (¢, %), te(-h,0),x€ Q.

Here u = (141 (¢, %), ua(t, x), us(t, x)) is the velocity vector field, v is a positive constant, « is
a characterizing parameter of the elasticity of the fluid, p is the pressure, g is the external
force term which contains memory effects during a fixed interval of time of length % > 0,
p(t) is an adequate given delay function, uy is the initial velocity field at the initial time
T € R, ¢ is the initial datum on the interval (-/, 0).

Equation (1.1) with « = 0 becomes the classical three-dimensional Navier-Stokes (NS)
equation. In the past decades, many authors [1-6] investigated intensively the classical
three-dimensional incompressible NS equation. For the sake of direct numerical simu-
lations for NS equations, the NSV model of viscoelastic incompressible fluid has been
proposed as a regularization of NS equations.

Equation (1.1) governs the motion of a Klein-Voigt viscoelastic incompressible fluid. Os-
kolkov [7] was the first to introduce the system which gives an approximate description
of the Kelvin-Voigt fluid (see, e.g, [8, 9]). In 2010, Levant et al. [10] investigated numeri-
cally the statistical properties of the Navier-Stokes-Voigt model. Kalantarov and Titi [11]
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studied a global attractor of a semigroup generated by equation (1.1) for the autonomous
case. Recently, Luengo et al. [12] obtained asymptotic compactness by using the energy
method, and they further got the existence of pullback attractors for three-dimensional
non-autonomous NSV equations.

Let us recall some related results in the literature. Yue and Zhong [13] studied the long
time behavior of the three-dimensional NSV model of viscoelastic incompressible fluid
for system (1.1) by using a useful decomposition method. The authors in [12, 14] deduced
the existence of D-pullback attractors for 3D non-autonomous NSV equations using the
energy method. As we know from [15], delay terms appear naturally. In recent years, Cara-
ballo and Real [16—18] developed a fruitful theory of existence, uniqueness, stability of
solutions and global attractors for Navier-Stokes models including some hereditary char-
acteristics such as constant, variable delay, distributed delay, etc. However, our present
problem has no uniqueness of solutions. To overcome the difficulty, we may cite the results
by Ball [19] and by Marin-Rubio and Real [20]. Gal and Medjo [21] proved the existence of
uniform global attractors for a Navier-Stokes-Voigt model with memory. As commented
before, in comparison with three-dimensional Navier-Stokes equations, there is no regu-
larizing effect. Our result of this paper is to establish the existence of pullback attractors
for three-dimensional NSV equations in H} when the external forcing term g(¢,u) € H
and the function g(¢, #) is continuous with respect to #. Another difficulty is to obtain that
the multi-valued processes are asymptotically compact. In 2007, Kapustyan and Valero
[22] presented a method suitable for verifying the asymptotic compactness. The authors
[20] applied this method to 2D Navier-Stokes equations with delays in continuous and
sub-linear operators. We shall apply the energy method to prove that our multi-valued
processes are asymptotically compact by making some minor modifications caused by the
term —a?Auy in (1.1).

This paper is organized as follows. In Section 2, we recall briefly some results on the
abstract theory of pullback attractors. In Section 3, we introduce some abstract spaces
necessary for the variational statement of the problem and give the proof of the global

existence of solutions. In Section 4, we consider the asymptotic behavior of problem (1.1).

2 Basic theory of pullback attractors
By using the framework of evolution processes, thanks to [20, 23, 24], we now briefly recall
some theories of pullback attractors and the related results. On the one hand, we have to
overcome some difficulties caused by multi-valued processes. On the other hand, since
our model is non-autonomous, we should use the related results for classical multi-valued
processes in [23, 24], but which are not completely adapted to our model.

Let (X, d) be a metric space, and let P(X) be the class of nonempty subsets of X. As usual,
we denote by disty(B;, By) the Hausdorff semi-distance in X between B; C X and B, C X,

ie.,

disty (B, By) = sup inf dx(x,y) for B;,B, C X,

xeBy y€By

where dx(x, y) denotes the distance between two points x and y in X.
We now formulate an abstract result in order to establish the existence of pullback at-

tractors for the multi-valued dynamical system associated with (1.1).
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Definition 2.1 A multi-valued process U is a family of mappings U(¢,7) : X — P(X) for
any pair t <t of real numbers such that

Uutg,txcui,n(r,t)x, ¥YxeX,Vr<r<t.

If the above relation is not only an inclusion but also an equality, we say that the multi-
valued process is strict. For example, the relation generalized by 3D non-autonomous NSV
equation (see, e.g., [12]) is an equality, while the relation generalized by 3D NS equations
(see, e.g, [22]) is strict.

Definition 2.2 Suppose that Dy = {Do(t)};er C P(X) is a family of sets. A multi-valued
process U is said to be 130—asympt0tically compact if for any ¢ € R, any sequences {t,,}50;
with 1, - —00, x, € Do(7,), and &, € U(t, t,)x,, the sequence {§,} is relatively compact
in X.

Lemma 2.1 If a multi-valued process U is 5o—asymptotically compact, then the sets
A(ﬁo, t) are nonempty compact subsets of X, where

Aoty =Y uc, ODolr) , VieR.

S<t T<s

Furthermore, A(ﬁo, t) attracts in a pullback sense to ﬁo at time t, i.e.,
lim dist(L[(t, 7)Do(7), A(Dy, L‘)) =0.
T—>—00
Indeed, it is the minimal closed set with this property.

Definition 2.3 The family of subsets 50 ={Dy(t)}¢cr is said to be pullback-absorbing with
respect to a multi-valued process U if for every ¢ € R and all bounded subset B of X, there
exists a time (¢, B) < t such that

U(t,t)B C Dy(t), V1 <1(tB).

Lemma 2.2 Let the family of sets BO = {Dy(t)}icr be pullback-absorbing for the multi-
valued process U, and let U be ﬁo-asymptotically compact. Then, for any bounded sets
Bof X, it holds that

lim dist(U(t, 7)B, A(Dy,1)) = 0.
T—>—00
Definition 2.4 Suppose that U/ is a multi-valued process. A family A = {A(£)};er C P(X)
is said to be a pullback attractor for a multi-valued process U if the set A(¢) is compact for
any ¢ € R and attracts at time ¢ to any bounded set B C X in a pullback sense, i.e.,

lim dist(L[(t, 7)B, A(t)) =0.

T—>—-00

We can see obviously that a pullback attractor does not need to be unique. However,
it can be considered unique in the sense of minimal, that is, the minimal closed family
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with such a property. In this sense, we obtain the following property and the existence of
pullback attractors.

Lemma 2.3 [25] Assume that U is a multi-valued process, and U is 50—asymptotically
compact and a family Dy is pullback-absorbing for U. Then, for any t € R and any bounded
subset B of X, the set

A =(Jut DB, VieR

S<t T<s

is a nonempty compact subset contained in A (Do, t), which attractsto B in a pullback sense.
In fact, A(Dy, t) defined above is the minimal closed set with this property.

Furthermore, for any bounded set B, the set A(t) = m}( is a pullback attractor.
From Definitions 2.3 and 2.4, it is easy to see that A(t) C ADy,t).

If there exists a time T € R such that | J,_ Do(t) is bounded, for bounded B, then

A(t) = U A(B, t)X =ADy,t), Vt<T.
B

As we know, for the single-valued processes, the continuity of processes provides in-
variance; while in the multi-valued processes, the upper semi-continuity (defined below)
provides negatively invariance of the omega limit sets A(B,t) and the attractor. The fol-
lowing is the definition of the upper semi-continuity of the multi-valued processes (see in
(22]).

Definition 2.5 Let U be a multi-valued process on X. It is said to be upper semi-
continuous if for all ¢ > t, the mapping U(¢, t) is upper semi-continuous from X into
P, that is to say, given a converging sequence x, — x, for some sequence {y,} such that
¥y, € U(¢, T)x, for all n, there exists a subsequence of {y,} converging in X to an element of
U(t, t)x.

Lemma 2.4 [22] Assume that a multi-valued process U and a family Dy. If; in addi-
tion, U(t,7) is ﬁo-asymptotically compact and upper semi-continuous, then the family
{A(ﬁo, £)}ier is negatively invariant, i.e.,

A(Dy,t) C U(t,T)A(Dy,7), Vt=>T,

where B is a bounded set B of X. The family {A(B, t)}:cr is also negatively invariant and
the family A(t) defined in Lemma 2.3 is also negatively invariant.

Lemma 2.5 [22] Given a universe D, if a multi-valued process U is D-asymptotically com-
pact, then, for any t € R and for any De D, the omega limit set AD,t)isa nonempty com-
pact set of X that attracts to Dattimetina pullback sense. Indeed, it is the minimal closed
set with this property. If, in addition, the multi-valued process U is upper semi-continuous,
then {A(ﬁ, )}icr is negatively invariant.

From the above lemmas, we obtain the following results which are rather similar to The-
orem 3 in [20]. We only sketch it here.
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Lemma 2.6 Suppose that D is a universe and Dy is pullback D-absorbing for a multi-
valued process U, which is also Do -asymptotically compact. Then the results in Lemma 2.5
hold. Furthermore, the family Ap = {Ap(£)}ier, where Ap(t) = A(Do, t), and the following
results hold:

(1) Foreacht € R, the set Ap(t) defined above is compact.

(2) Ap attracts pullback to any DeD.

(3) Suppose U is upper semi-continuous, then Ap is negatively invariant.

(4) Ap(6) = ADo,2) = Upep AD;1).

(5) Assume Dy € D, the minimal family of closed sets Ap attracts pullback to elements
of D.

(6) Assume 50 € D, each Dy(t) is closed and the universe D is inclusion-closed, then
Ap €D and it is the only family of D which satisfies the above properties (1), (2) and
3).

(7) If D contains the families of fixed bounded sets, then A = { A(t)}:cr defined in
Lemma 2.3 is the minimal pullback attractor of bounded sets, and A(t) C Ap,) for
each t € R. In addition, if there exists some T € R such that | J,. Do(t) is bounded,
then A(t) = Ap(t) forallt <T.

3 Introduction to some abstract spaces and the existence of solutions
We first recall some notations about the function spaces which will be used later to discuss

the regularity of pullback attracting sets. Let us consider the following abstract space:
V={ue(CFQ)’:divu=0).

The symbols H, V denote the closures of V in L2(2)3, H} ()3, respectively. In other words,
H = the closure of V in (L2(£2))® with the norm | - | and the inner product (-, -), where for
u,v e (L3(R))3,

2
(u,v) = ;/S?ui(x)vi(x) dx.

V = the closure of V in (H3(2))® with the norm associated to the inner product ((-,)),
where for u,v € (H}(2))3,

2
Bu, V]‘

(wv)=>"[| - Lax

ox; 0x;
ij=1 Q 0X; 0X;

We shall use ||v||ys to denote the norm of V’. The value of a functional from V' on an
element from V is denoted by brackets (-,-). It follows that V ¢ H = H C V’, and the
injections are dense and compact.

Define Au = —PAu for all u € D(A), where P is the ortho-projector from (L%(2))® onto H.

Considering the properties of the operator A, we have A: V' — V' as

(Au,v) := ((u, V)), Yu,veV.
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We define

3
v

b(u,v,w) = E fuia—zw/dx,
Q i

ij=1
for every function u, v, w: Q — R?, and the operator B: V x V — V' as
(B(u, V), w) =b(u,v,w), Vu,v,welV.
Obviously, b(u, v, w) is a continuous trilinear form such that
b, v, w)| < Cillullviliwl, Vu,v,weV,
which yields

| B v)|

v = Gillulllivl,  Yu,veV.
Moreover, b and B satisfy the following:

b(u,v,w) = =b(u,w,v), Vu,v,weV,

b(u,v,v)=0, Vu,v,weV.

Now, we make some assumptions. The given delay function p satisfies p € C([0, +00);
[0, K]), and there is a constant po independent of ¢ satisfying

o't)<po<l Vt>0, (3.1)

where p’ = ‘;—‘t’.

Moreover, we assume that g : [7,+00) x H — H satisfies the following assumptions:

(H1) g(-,u):[r,+00) — H is measurable forall u € V.

(H2) Forall¢t>17,g(¢,-): H— H is continuous.

(H3) There exist two functions y, 8 : [t, +00) = [0, +00). The above y € L?(z, T) and
BeL'r,T)forall T > 7, for 1 <p < +00, such that [|g(t, u)|I3, <y (®)|lul®+ B(),
Vt>rt,VueV.

As to the initial datum, we assume

(H4) uy € V,and ¢ € L*1(-h,0; V), where 117 + é =1

Next, we shall consider the solution of (1.1).

u(t) + a®Au(t) + f;(vAu(s) + B(u(s))) ds
=uy + a?Aug + f:g(s, u(s—p(s)))ds, Vt>r, (3.2)
u(t +t) =), ae.te(-h0).

Definition 3.1 It is said that u is a weak solution to (1.1) if u belongs to u € L% (t —
h,T; V)N L®(t,T;V) for all £t > t such that u(t + £) coincides with ¢(£) in (-/,0) and

satisfies equation (3.2) in V' for all £ > 7.
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If u is a solution of (3.2), then it is easy to get u(t) + «?Au(t) € L*(z,T;V’), and
%(u(t) + a?Au(t)) € L}z, T; V') for all T > . From the property of the operator A, we
have u(t) + «?Au(t) € C(r,+00; V'). On the other hand, reasoning as in [12], we have
u € C([t,+00); V).

Now, we define a functional ¥ (¢) = y o £ 71(¢), where ¢ : [t, +00) — [p(T), +00) is a differ-

entiable and nonnegative strictly increasing function given by ¢(s) =s — p(s). We have

2
 dt

[ leteue- pio))|
T T
< [ yOlu(e-p@)ars [ prar

1
=
1-po

T T
= 1_1p0 (/:m 17(t+r)||<p||%hr+/r )7(t)||u(t)H2dt) +fr B(b) dt. (3.3)

T—p(T) T
[ el [ poa
—p(7) T

From the above analysis, taking into account y(¢) € L (-p(t), T) for all T > 7, we obtain
that g(¢, u(t — p(t))) € L*(t, T; V'). Hence, it is clear that u is a weak solution to (1.1) if
ue C([t,+o00); V), ' € L*(z, T; V) for all T > 7, and satisfies the energy equality

| &

(’u(l,‘)|2 +o? Hu(t) ||2) + vHu(t) ||2 = (g(t, u(t - ,o(t))), u(t)), aet>t

1
2

QL

t

in the distributional sense on (t, +00).
Theorem 3.1 Suppose that (H1)-(H4) hold. Then there exists a global solution u to (3.2).

Proof We shall prove the result by the Faedo-Galerkin scheme and compactness method.
For convenience and without loss of generality, we set the initial time t = 0. As to different
value 7, we only proceed by translation.

Consider the Hilbert basis of H formed by the eigenfunctions {v,} of the above operator
A, i.e., Avi = hivg. In fact, these elements allow to define the operator P,,v = Z,V(":l(vk, V)Vk,
which is the orthogonal projection of H and V in V,, := span[vy,...,v,,] with their respec-
tive norms.

Denote u"(t) = > 1", Nk (£)vk, where 0, (2) = (™ (£),vk), k = 1,2,...,m, are unknown

real functions satisfying the finite-dimensional problem

W™, vi) + &2 (Au™ (1), vie) + v [y (Au"™(s), ve) ds + [ (B (s), ™ (s)), vi) ds
= (uo, vi) + 2 (Aug, vi) + fot(g(s, u™(s— p(s),vi)ds, t>0,V1<k<m, (3.4)
u™(t) = ¢"(t), ae.te(-h0),

with ¢"(t) = P,,¢(t). From [12], we can obtain the local well-posedness of this finite-
dimensional delay problem. The following provides estimates which imply that the so-

lutions are well defined in the whole [0, +00).

Page 7 of 17
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By (3.4), we obtain

d
R ((um, vk) + az(Aum(t), vk)) + v(Aum(t), Vk> + B(u”’(t), u'"(t)), Vi)
=(g(t,u”(t-p®)),vk), t>0,VI<k<m. (3.5)
(gt u™( ))>vi)

Multiplying (3.5) by (& (¢), vk), summing from k = 1 to k = m, and using the properties of
the operator b, we easily get

d

SO v @) + 20w )]

=2(g(t,u” (t - p(0))), ™ (1)) (3.6)

Observing (H3) and using the Young inequality, we have

2g(t,u” (¢ - p(2))), u™(2))
<2|g(tu(t-p®))],, |u" @]
=2(y2@O)w" (e - p®)] + B2 ) w"®)]
=2y%<nHMM(t—ﬁwﬂ)HHumunl+2ﬂ%<wnum<nn

<ol (e p) + LI 0]+ )+ o)

=v(1 - po) | (- p(8)) ] +<1+ ”() )|| W@ + B 3.7)

v(1-

Considering the above inequality in (3.6) and observing that

[l -sotas = [ ol a

2 t m 2
sl_m([ﬂwﬂnm+ﬁnuuwdQ, 68

we easily get
t
@) + o[ @) + 20 / [ (s)] ds
0
T 0 3
<l + @Ol + [ podsev [ o) as
0 _

‘ y(t) N
+/0 <1+v+v(1_po))||u (S)|| ds. (3.9)

From the above inequality and the Gronwall inequality, one has that {#™} is bounded in
L2(0, T; V), also in L>°(0, T; V), for any T > 0. Observing (3.5), we know that the sequence
{%}mzl is bounded in L%(0, T; V') for all T > 0. The reason is the same as in [12].

By the compactness of the injection of V into H, using the above estimates and the

Ascoli-Arzela theorem, we deduce that there exist a subsequence {#"},,>; (we relabel the
same) and u € W2(0, T; V) N L*(~h, T; V) for any T > 0 with u = ¢ in (=/,0). Recalling
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(3.9) and the above analysis, we have

Sy weakly-star in L*°(0, T; V), (3.10)
u™ — u strongly in C(0, T; H) for all T > 0, and

u™(t) > u(t), aet>0inV. (3.11)
By the properties of operator A and (3.10), we deduce that Au™ — Au weakly in
L%(0,T;V’). Reasoning as in [26] on page 76, we deduce that B(u™) — B(u) weakly in
L2(0, T; V') forany T > 0.

On the other hand, observing that by (3.11), (H2) and the hypothesis on p in (3.1), for

any time t, we conclude for any 7' > 0

g(t, u™ (t - ,o(t))) — g(t, u(t - p(t))) inVaeO<t<T (3.12)

and as {#} is bounded in the space L>°(0, T’; V') obtained from (3.9), by (H3), we deduce

m 2 B(t) + v (1), t> p(t),
) - , < 3.13
et =0 O = 50+ y@llote - o)1, 1< 00, G139
where C = sup,,...; ||t [|1%¢(0,7;v)- Thus we can easily derive from (3.12) and (3.13)
gtu”(t-p®)) —> g(t,u(t- p@®)) inL*(0,T; V). (3.14)

From the above discussion, passing to the limit, we prove that u is a global solution of (3.2)
in the sense of Definition 3.1. d

Remark 3.1 We can obtain the uniqueness if there are additional assumptions on the
forcing term g. For example, if we suppose that g satisfies (H1), (H3), for an arbitrary T > t
and Cr = Cy maxe[r,71(||u(?)|, [[v(t)]]) > O, then for the solutions u, v,

”g(t; M) —g(t;V)‘ v/ < (V + CT)HM_V”:

then we obtain the uniqueness of solutions.

4 Existence of pullback attractors

In this section, we discuss the existence of pullback attractors for the 3D Navier-Stokes-
Voight equations with delays in continuous and sub-linear operators. At first, we propose
the assumptions for g given in Section 3:

(H1') Forallu eV, g(-,u): R — H is measurable.

(H2') ForallteR,g(t,-) : H— H is continuous.

(H3') There are two nonnegative functions y (¢), 8(¢) : R — [0, +00) with y(¢) € L} _
some 1 < p < +oo and B(t) € L} (R) such that for anyueV,

loc

(R) for

2 <y@®lull®+B(t) foranyteR.

et
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To construct a multi-valued process, we introduce symbols Cy = C([-/4,0]; V) and S%/q =
V x L*(-h,0; V), where }7 + é =1 as two phase spaces. Let D(t, 1, ¢) denote the set of
global solutions of (1.1) in [7, +00) and the initial datum (uo, ) € S%,q.

By Theorem 3.1, we know there exists a solution to problem (3.2) although we have
no discussion on the uniqueness of solutions to problem (3.2). We may define two strict

processes, (Cy, (U(-,)}) as
U(t,7)p = {ult) : u € D(t,0(0),¢)} forany ¢ € Cy,

and (77, {U(.,-)}) as
U(t, T)(uo, ¢) = {u(t) :u € D(z,u’,9)}  for any (uo,¢) € Sy/.

Considering the regularity of the problem, the asymptotic behavior of the two processes
shall be the same, as we shall see in what follows.
In order to simplify the calculation form, we introduce a function «,. For any ¢ > 0, we

set

o+d e t
B )(t—S)—m‘/s )/(r)dr, Vt,SER. (41)

Ko (t,8) = <d -
From (4.1), we can find that
Ko (£,8) =k (0,8) —k5(0,5), Vit seR, (4.2)

and for any 0: 0 < 0 < a?d — d, then

K (0,7) < i (0, £) + (d— g +2d>h, Vrelt-ht], (4.3)
o

where d = vmin{A;, a%}'

Lemma 4.1 Suppose that (H1')-(H3') hold, for any initial datum (uo,¢) € S‘z,q and any
u € D(t,ug, @), it holds

1 1 t
() H2 < —Ce* ot — g1 [ 0@ g(5)ds, (4.4)
a? a? .

0
where C. = d [*, e™|lo(r)||* dr + |uo|* + o ||uo]|*.

Proof Let u be a solution of (3.2), so u € D(t, ug, ¢). Multiplying (1.1) by u(¢) and using the

energy equality and the Poincaré inequality, we have

d
2 (" + @) + (@) + o* |ue)])

u(t)|

<2|g(tu(t-p@))]

1% &
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where d = v min{A;, al—z}. Thus

e (O + @ o))

<26 g(t,u(t - p(0)) |, |,

<2 (y 2(0)|u(t - p) | + B2 (1)) | u(0)|
<26y 2 (0)[u®)][u(t - p0) ] + 26" 82 (0)| (o)

< CgledtHu(t - p(®) ||2 +(Coy () +0)e™ us(2) Hz +o e B(2),

where we have denoted

edh

T dd-po)

Co

Considering

t dh t
ds 2 e dr
‘/Te (s - p(5))| dsfl_po(/r_he ||u(r)||dr)

e o [° 2 Lo 2
(e [ ol ars [ e ju) ar),
- Po h v

and integrating (4.5) from 7 to ¢, we deduce

edt|u(1f)|2 + azedt”u(t) ||2

<t /tedSHu(s— p(s)) ||2ds+ /t(Coy(s) +0)e™ | u(s) ||2ds + UI/tﬁ(s) ds

+ e g |* + e [|ug |

dh 0
¢ x e / ed’”(p(r) ”Zdr + Cal x
= 0o —h 1

dh ¢
dr 2
—,Oo/; e Hu(r)” dr

t
+/ (Coy(s)+o)ed5”u(s)”2ds+a_1/ e“B(s)ds + ¥ uo|? + a2 || uo |

t
T

<C61><1

0 t

= de’ / e o) | dr+ / ¢ (Coy (s) + o +d)|uls)| ds

—h T
t
+ 0’1/ e B(r)dr + e lug|* + e |uo ||%,
where we set
0 2
C, = d/ b ||<p(s) ” ds + |uo|? + o ||uo >
—h

Observing the above estimates, we easily deduce

2

e |u(t) ’2

+ole® @)

<e’'C, +/ (Coy(s)+a +d)ed’||u(r)H2dr+a_1/ e B(r)dr.

T

(4.5)

(4.6)

(4.8)
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Applying the Poincaré inequality and the Gronwall inequality to (4.8), we deduce that (4.4)
holds. This finishes the proof of this lemma. g

Next, we shall prove that the processes (Cy, {U(-,-)}) and (S?,q, {U(-,-)}) defined above
are pullback-absorbing. To obtain this, we propose the assumptions

(H4')
t——-00

1 t
lim sup Z,/ y(s)ds =y € [0, +00),
0

and the relation among constants o > 0, d defined above, and « in (1.1) satisfies
(H5')

a2 a? >0,
and B(t) satisfies
(He')

0
/ e O B(r) dr < +o0,

o0
where the function «, (¢, s) is given by (4.1).

Before proving that the two multi-valued processes possess pullback-absorbing sets, we
introduce the definition of the two natural tempered universes which shall play the key

role for our main purpose.

Definition 4.1 Suppose that R, (t) is the collection of the sets of all functions r : R —
[0, +00) such that

tEr_noo e 0D2(¢) = 0.

Let DS‘Z/q be the class of all families D = {D(¢) : t € R} C P(S‘z/q) such that D(t) C
BS%/q(O,rD(t)) for some rp € R,. In the same way, let D‘év denote the class of all families
D ={D(t): t e R} C P(Cy) satistying D(t) C B¢, (0,rp(t)) for some ry € R,.

Let By be any fixed bounded subset of S%,q. Observing that D¢, C DS%/q, which is
inclusion-closed, by (H4’) and (H5’), we deduce that the family B={B(t) =By, t € R} is
contained in D;%/q. With regard to Dc,,, we use the same method and obtain a similar con-
clusion if By is included in Cy.

The following lemma provides that there exist pullback-absorbing sets for the two pro-
cesses mentioned above.

Lemma 4.2 Suppose that (H1')-(H6') hold and the constants «, d, Cy, y satisfy d — %‘i -

5—8]7 >0andy <1.
(1) Then, for any t € R and any family B= {B(t) : t € R}, there exits 'C(/B, t) <t such that
any initial datum (uy, ) € S‘z/q and any u € D(t,uy, @) forany T < r(ﬁ, t) satisfy that

Page 12 of 17
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lee(t)|| < Ry (2), where the positive continuous function Ry (-) is given by
1 t
R%,(t) =1+ Eo’l/‘ e B(s)ds, VteR.
T

(2) Let Do = {Do(2) : t € R} be included P(Cy) which is given by

Do(t) =B, (0,Ry(8))  and Tev(t):tmax Ry(r), VteR.

—h<r<t

Then the set Dy € D¢, and is D;’zq -pullback absorbing for the process (S%,q, u).
~ |4
Therefore, Dy is D¢, -pullback absorbing for the process (Cy, U).

Proof Since the proof is a consequence of the definition of D24, we only sketch it here.
|4
From Lemma 4.1, (H5') and (H6’) , we have

1 1 t
Ju)]* < —Cee™e )+ o7 / e B(s)ds

T
1 ko (0,6) _—«(0,7) 1 -1 ‘ —ko (£,8)
= G e —o e B(s)ds
o o ‘

o+d

_o+dy, o 7 1 t
= GO0 M F L0y / e p(s) ds
o o .

C _o+d_Co 1 ¢
< ZE o (08) =TT =T | 5l / e B(s)ds
T

a? a?
1 t
<1+ —20_1/ e o) B(s) ds. (4.9)
o —00
We complete the proof of (1). Estimate (2) is a consequence of (1). |

For the two processes (S%,q, U) and (Cy, U), they possess pullback-absorbing sets. In or-
der to apply Lemma 2.3 to obtain the existence of pullback attractors, it is necessary to
prove that the two multi-valued processes are asymptotically compact. This will be done

in the following lemma.

Lemma 4.3 Suppose that the assumptions in Lemma 4.2 hold. The two processes (Cy, U)
and (S%,q, U) are Dy -asymptotically compact.

Proof For any t; € R, a sequence {t,} C (-00,% — 2k] with t, — —oo and a sequence
{u"} with u" € D(ty, 9(0), @) with @, € Do(7,), we shall prove that the sequence {uy } is
relatively compact in Cy. By the properties concerning operator » mentioned in Section 3,

we deduce that

[ Ly @) = vl + [0, )+ e (e (2= p(0)]

1%

It is easy to get the above estimate which is independent of n. The sequences of {#"} and

{(u")'} possess their subsequence, relabeled the same in suitable spaces such that there
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exist u € L®(ty — 2/; V) and u’ € L2(ty — h, to; V') satisfying

w2y weakly-star in L®(¢y — 24, to; V),
u—u weakly in L2(ty — 2h,t; V), (4.10)
Lyn —~ 4y weaklyin L2(to — h, to; V'), '

u"(r) — u(r) stronglyin V a.e.r € (to — 2k, ).

According to the assumptions on a function g and analogously as in Theorem 3.1, we
deduce that g(r, u”(r — p(r))) — g(r,u(r — p(r))) strongly in V a.e. r € (o — h, ty).

By the Lebesgue theorem and the uniform estimate of u” in L* (¢, — 24, %; V), we de-
duce that the function g(r, u” (r — p(r))) converges to the function g(r, u(r — p(r))) strongly.
Therefore, for any t € [ty — &, %], we have u € C([¢p — 11, t0]; V) and

u(t) + o> Au(t) + /t (vAu(r) + B(u(r))) dr

to—h

=u(ty — h) + ?Aulty — h) + /t g(r,u(r - ,o(r))) dr. (4.11)

to—h

The uniform estimate of {(«")'} in L?(ty — h,tp; V') implies that the sequence {u"} is
equicontinuous in V' for any £y — & <t < £;. In addition, the sequence {#"} is bounded,
which is independent of # in C([ty — /&, £0]; V). Using the Ascoli-Arzela theorem, we can
obtain

u" — u strongly in C([to —h,to); V’). (4.12)

From the uniform boundedness of the sequence {#"} in C([to — &, £]; V), for any r € [£y —
h,to], we can also obtain u”(r) — u(r), weakly in V.

By the analogous argument, for any compact sequence {r,} C [£o — &, %] and {r,} —
r € [ty — h, L], we obtain that the sequence {u"(r,)} is convergent to u(r) weakly in V. To
achieve our result in Lemma 4.3, we only need to prove

u" —u stronglyin C([to — b, to]; V).

The proof is slightly different from Proposition 6 in [20] or in [22]. We only sketch it
here. We use a contradiction argument. Suppose that it is not true, then there would exist
avalue ¢, a sequence (relabeled the same) {r,,} C [r, — /1, %], and ¥’ € [ty — h, tp] withr, — ¥
satisfying ||u"(r,,) — u(r)|| > ¢ for all n > 1. We shall see u"(r,) = u(r’) in V. In order to
achieve the last claim, because the sequence {u"(r,)} is weakly convergent to u(r) in V,
we only need the convergence of the norms above. In other words, ||u"(r,,)|| = |lu(+')| as
n—> oo.

From the weak convergence of u"(r,,) in V, we get

Ju()] = tim_inta" ()]

n—+00

Therefore we have to check that

lim sup”u”(r,,)” < ”u(r’) H (4.13)

n—+00
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From the energy equality, for any £y — 7 <r <t < tj, we obtain
1 2 1 2 ¢ 2
S + S =) + v / J2(s)|> s

- %|z(r)|2 + %”z(r) I* + / (g(s.2(s - p(s)))) ds, (4.14)

where z = u or z = u”. For any ¢t € [t — , ], define the continuous functions J(¢) and J,,(¢)
as

J(t) = %’u(t)|2 + %Hu(t)”2 — / (g(s,u(s— ,o(s))),u(s)) ds,

to—h
1 n 2 1 n 2 ! n n
Jn@) = S| O + S [ @) = | (elsu"(s = p()),u"(s)) ds.
2 2 to—h
By (4.14), it is clear that J and J,, are non-increasing functions. By the convergence (4.10),

for any t € (ty — &, ty), we have that J,(¢£) — J(£). Using the same analysis method as in [22],
we can deduce that for n > n(«;), J,(r,) — J(r') < &, which gives (4.13) as desired. O

We can apply the technical method for any family in D;’zq in Lemma 4.3. Suppose that
\4

the assumptions in Lemma 4.3 hold. We can deduce that the processes (Cy, U) and (S%,q, u)
are D¢ -asymptotically compact and ’D;%/q—asymptotically compact.

Lemma 4.4 Suppose that (H1')-(H6') hold. The two processes (Cy,U) and (S%,q, U) are
semi-continuous and that U(t, T) :S%,q — P(S%,q) and U(t, t) : Cy — P(Cy) have compact
values in their respective topologies.

Proof In fact, the upper semi-continuity of the process (S%,q, U) can be obtained by similar
arguments to those used for the Galerkin sequence in Theorem 3.1.

As to the process (Cy, U), applying the same energy-procedure in Lemma 4.3, we shall
obtain thatin [z, ] any set of solutions possesses a converging subsequence in this process,
whence the assertion in Lemma 4.4 follows. O

According to the results in Section 2, the following two theorems shall be obtained,
which are our result in this paper. Observing Lemmas 4.3 and 4.4, and applying Lem-
ma 2.6, we obtain the following theorem.

Theorem 4.1 Suppose that (H1')-(H6') hold. For anyt € R, then there exist global pullback
attractors Ac, = {Ac, (t)} and AD%V = {Apgv(t)} for the process (Cy, U) in the universe
of fixed bounded sets and in D¢, , respectively. Moreover, they are unique in the sense of
Lemma 2.5 and negatively and strictly invariant for U respectively, and the following holds:

Ac, (t) C Apgv (2).
The above theorem proves that there exist pullback attractors in the Cy framework,

while we shall prove that there exist pullback attractors in the S‘z,q framework in the fol-
lowing theorem.
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Theorem 4.2 Suppose that the assumptions in Theorem 4.1 hold. For any t € R, there exist
global pullback attractors ASZq = {Aszq(t)} and Apazq = {Apazq (¢)} for the process (S%,q, u)
S S

\4 14
in the universes of fixed bounded sets and in D ;- They are unique in the sense of Lemma 2.5

and negatively and strictly invariant for U, respectzvely, and we have A 2q(t) C ADa (t)

Moreover, the relationship between the attractors for (SV ,U) and for (Cy,U) is as follows.

Aga(t) = (Ac, (0) and  Aps, (1) =f(Ag, (1), (4.15)

wheref : Cy — S%,q is the continuous mapping defined by f(¢) = (¢(0), ¢).

Proof The proof is rather similar to that of Theorem 5 in [20]. Since the regularity is dif-
ferent from [20], we only sketch the proof of (4.15) here.

By Theorem 3.1, we can conclude that U(¢, 7) maps S%,q into bounded sets in Cy if £ >
T + h, and also maps bounded sets from S%,q into bounded sets of Cy .

Noting that AS%/q (¢) is the minimal closed set, and using Lemma 2.5 and the above ar-

guments, we deduce that f(Ac, () also attracts bounded sets in S%,q in a pullback sense.
Therefore the inclusion A zq(t) C f(Ac, (£)) holds.

As to the opposite 1nclu51on of the first identification in (4.15), for any bounded set

B, it follows from the continuous injection f(Cv) C Sv and the attractor Ac, () =
m . Thus f(Ac, (¢)) m , whence the opposite inclusion of
the first identification in (4.15) holds.

Analogously, it is obvious that the second relation in (4.15) holds. d
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