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1 Introduction

Let X be a complete metric space, and E a nonempty subset of X. We will denote by 2&
the family of nonempty subsets of E and by FB(E) the family of nonempty bounded closed
subsets of E. Let H(:,-) be theHausdor{ff distance on FB(X), that is,

H(A,B) = max{sup dist(a, B), sup dist(b,A)}, A, B € FB(X),
acA beB
where dist(a, B) = inf{d(a, b) : b € B} is the distance from the point a to the subset B.
A mapping ¢ : E — E and a multivalued mapping T : E — FB(X) are said to be nonex-
pansive if for each x,y € E,

d(tx,ty) <d(x,y), and
H(Tx, Ty) < d(x,y),

respectively. If tx = x, we call x a fixed point of a single-valued mapping ¢. Moreover, if
x € Tx, we call x a fixed point of a multivalued mapping 7. We use the notation Fix(S) to
stand for the set of fixed points of a mapping S. Thus Fix(¢) N Fix(T) is the set of common
fixed points of t and T, i.e., x € Fix(t) N Fix(T) if and only if x = tx € Tx.

Following [8], a bounded closed and convex subset E of a Banach space X has the fixed
point property for nonexpansive mappings (FPP) (respectively, for multivalued nonex-
pansive mappings (MFPP)) if every nonexpansive mapping of E into E has a fixed point
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(respectively, every nonexpansive mapping of E into 2¢ with compact convex values has a
fixed point). For a bounded closed and convex subset E of a Banach space X, a mapping
t: E — X issaid to satisfy the conditional fixed point property (CFP) if either ¢ has no fixed
points, or ¢ has a fixed point in each nonempty bounded closed convex set that leaves ¢
invariant. A set E is said to have the conditional fixed point property for nonexpansive
mappings (CFPP) if every nonexpansive ¢ : E — E satisfies (CFP). For commuting family
of nonexpansive mappings, the following is a remarkable common fixed point property
due to Bruck [6].

Theorem 1.1 ([6]) Let X be a Banach space and E a nonempty closed convex subset of X. If
E has both the (FPP) and the (CFPP) for nonexpansive mappings, then for any commuting
family S of nonexpansive mappings of E into E, there is a common fixed point for S.

Theorem 1.1 was proved by Belluce and Kirk [1] when S is finite and E is weakly compact
and has a normal structure; by Belluce and Kirk [2] when E is weakly compact and has a
complete normal structure; by Browder [4] when X is uniformly convex and E is bounded;
by Lau and Holmes [11] when S is left reversible and E is compact; and finally, by Lim [14]
when S is left reversible and E is weakly compact and has a normal structure.

Open Problem (Bruck [6]). Can commutativity of S be replaced by left reversibility?

The answer to this Problem is not known even when the semigroup is left amenable (see
[13] for more details).

In 2011, Sokhuma and Kaewkhao [17] introduced a new iteration method for approxi-
mating a common fixed point of a pair of a single-valued and a multivalued nonexpansive
mappings and proved the following strong convergence theorem:

Theorem 1.2 ([17, Theorem 3.5]) Let E be a nonempty compact convex subset of a uni-
formly convex Banach space X, and let t : E — E and T : E — FB(E) be a single-valued
and a multivalued nonexpansive mappings respectively, and Fix(t) N Fix(T) # 9 satisfy-
ing Tw = {w} for all w € Fix(¢) N Fix(T). Let {x,} be the sequence of the modified Ishikawa
iteration defined by

Yn = (L= Bu)xn + Buzn,
Xntl = (1 - an)xn + antym

wherex, € E, z, € Tx,and 0 < a <, B, < b < 1. Then {x,} converges strongly to a common
fixed point of t and T.

For a single-valued nonexpansive mapping ¢ : E — E with Fix(¢t) # ¥, where E is a convex
nonexpansive retract of a real uniformly smooth Banach space, Reich and Shemen [15,
Theorem 3.4] obtained a strong convergence to a fixed point of ¢ of a sequence {x,} of the

form

In = RE[(I - ﬁn)xn]:
Xp+l = (1 - Q'n)xn + antynr
where R is a retraction on the subset E and the sequences {«,,}, {8,} satisfy conditions: (i)

0 < liminf,_, o, <limsup,_, o, <1, (ii) lim, o B, = 0 and Zfﬁl Bn = 00. Clearly, con-
ditions (i) and (ii) on the sequences {«,}, {8} are different from the ones in Theorem 1.2.
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In 2003, Suzuki [18] proved the following result.

Theorem 1.3 ([18, Theorem 2]) Let E be a compact convex subset of a strictly convex
Banach space X. Let {t, : n € N} be a sequence of nonexpansive mappings on E with
Mo, Fix(t,) # 0. Let {y,} be a sequence of positive numbers such that y .-, y, < 1, and
let {1,,} be a sequence of subsets of N satisfying I, C I.1 for n € Nand | J,, I, = N. Define a
sequence {x,} in E by x, € C and

Xl = (1 - Z Vi)xn + Z YiliXn

iely iely

forn e N. Then {x,} converges strongly to a common fixed point of {¢t,, : n € N}.

The purpose of this paper is to extend Theorem 1.2 to countably many numbers of
single-valued nonexpansive mappings on strictly convex Banach spaces, thereby the re-
sult in Theorem 1.3 is covered. The results for CAT(0) spaces are also derived. Our main
discoveries are Theorem 3.2 and Theorem 3.6.

2 Preliminaries
We recall that the graph G(U/) of a multivalued mapping U : E — 2% is G(U) = {(x,y) €
X x X;x € E,y € Ux}. The following theorem is essentially proved by Dozo [10].

Theorem 2.1 ([10, Theorem 3.1]) Let X be a Banach space which satisfies Opial’s con-
dition, E be a weakly compact convex subset of X. Let T : E — K(X), where K(X) is
a family of nonempty compact subsets of X. Then the graph of U =1 — T is closed in
(X,0(X, X)) x (X, || - ), where I denotes the identity on X, 5 (X, X") the weak topology and
|l - || the norm (or strong) topology.

We will use the theorem in the following form: If {x,} is a sequence in E such that {x,}
converges weakly to some z € E and {dist(x,, Tx,)} converges to 0, then z € TZ.

Let {t, : n € N} be a family of nonexpansive mappings from E to E. The following lemma
proved by Bruck [5] plays a very important role to our proof of the main result.

Lemma 2.2 ([5, Lemma 3]) Let E be a nonempty closed convex subset of a strictly con-
vex Banach space X, let {t, : n € N} be a family of single-valued nonexpansive mappings
on E. Suppose (-, Fix(t,) is nonempty. Given {A,} a sequence of positive numbers with
> Au = 1. Then a mapping t on E defined by

n=1

o0
tx = Z Aulypx
n=1

for all x € E is well defined, nonexpansive and Fix(t) = (-, Fix(¢,).

The following results show examples when the required condition on the nonemptiness
of the common fixed point set always satisfies:

Theorem 2.3 ([8, Theorem 3.1]) Let E be a weakly compact convex subset of a Banach
space X. Suppose E has (MFPP) and (CFPP). Let S be any commuting family of nonexpan-
sive self-mappings of E. If T : E — KC(E) is a multivalued nonexpansive mapping which
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commutes with every member of S, where KC(E) is the family of nonempty compact convex
subsets of E. Then F(S) NFix(T) # § where F(S) = (s Fix(£).

Theorem 2.4 ([8, Theorem 3.2]) Let X be a Banach space satisfying the Kirk-Massa con-
dition, i.e., the asymptotic center of each bounded sequence of X in each bounded closed and
convex subset is nonempty and compact. Let E be a weakly compact convex subset of X and
let S be any commuting family of nonexpansive self-mappings of E. Suppose T : E — KC(E)
is a multivalued mapping satisfying condition (C,) for some X € (0,1) which commutes with
every member of S. If T is upper semi-continuous, then F(S) NFix(T) # 0.

Note that strictly convex Banach spaces satisfy the condition in the above theorems.

Remark 2.5 In our main theorems (Theorem 3.2 and Theorem 3.6), we assume the fol-
lowing conditions:

F(S)NFix(T)#¥ and Tw={w} forallwe F(S)NFix(T). (2.1)

It is an open problem to find a sufficient condition to assure that the condition (2.1) is
satisfied.

Let (X, d) be a metric space. A geodesic joining x € X to y € X is a mapping c from a
closed interval [0,/] C R to X such that ¢(0) = x, c(l) = y and d(c(t), c(¢')) = |t — ¢| for all
t,t' € [0,1]. Thus c is an isometry and d(x,y) = [. The image of c is called a geodesic (or
metric) segment joining x and y. We denote [x,y] for this geodesic if it is unique. Write
(@0 +(1-a)l) =ax® (1 -a)y for a € (0,1). The space X is said to be a geodesic space if
every two points of X are joined by a geodesic. It is said to be of hyperbolic type [12] if it
satisfies:

d(p,ax ® (1-a)y) <ad(p,x) + 1-a)d(p,y) (2.2)

forallp € X. Let {vy,vs,...,v,} C X and {Ay, Xy,...,A,} C (0,1) with Z;’zl A; = 1.1t had been
defined, by induction, in [7] that

ém»:(l—/\) M n e i V@D A”’11/ ® AV (2.3)
e SAVTEP W T 1—h, ") '

The definition of @ in (2.3) is an ordered one in the sense that it depends on the order of

points vy,...,v,. Under (2.2) we can see that

d(é Am,x) < Xn:lid(w,x) (2.4)
i=1 n=1

for each x € X.

Following [3], a metric space X is said to be a CAT(0) space if it is geodesically con-
nected and if every geodesic triangle in X is at least as thin as its comparison triangle in
the Euclidean plane E2. In fact (cf. [3] p.163), the following are equivalent for a geodesic
space X:

(i) X isa CAT(0) space.
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(i) X satisfies the (CN) inequality: If xg,x; € X and ’%‘3"1 is the midpoint of xg and x4,
then

1 1 1
d> (y, @) < Edz(y,xo) + Edz(y,xl) - Zdz(xo,xl), forally e X.

Lemma 2.6 ([3, Proposition 2.2]) Let X be a CAT(0) space. Then for each p,q,r,s € X and
o €1[0,1],

d(ap S (1-a)gar® (1-a)s ) <ad(p,r) -a)d(q,s). (2.5)
In particular, (2.2) holds in CAT(0) spaces.

In [9] the element x = -, A,,v,, has been defined. Let {1, } be a given sequence in (0,1)
such that ) >7; A, = 1, let {v,,} be abounded sequence in X, and let v, be an arbitrary point
inX.LetA, =) . A and assume that ) ;- A, — 0 as n — c0. Set

=n 1
Sy =AMV DAy D - DAY, D )‘;VO‘

Thus, by (2.3),
= (Z Ai> Wy @ A vo, (2.6)
i=1
where w; = v; and for each n > 2,

M ® Ao PR A
V1 V) .
Z?:l Ai Z;l:l Ai Zz 1 Ai g

wy =

We know that {s,} is a Cauchy sequence (see [9]). Thus s, — x as n — oo for some x € X.
Write

o0
X = @ AV
n=1

By (2.6), d(s,,, w,) < A, d(wy, Vo), it is seen that lim,,_, o 5, = lim,,—, o W,,. Thus the limit x is
independent of the choice of vy.

Lemma 2.7 ([9, Lemma 3.8]) Let C be a nonempty closed convex subset of a complete
CAT(0) space X, let {t, : n € N} be a family of single-valued nonexpansive mappings on C.
Suppose (-, Fix(¢,) is nonempty. Define t : C — C by t(x) = @) Antu(x) for all x € C
where {\,, } C(0,) withy > hy=1and ) ;"
and Fix(t) = ()2, Fix(,).

on M —> 0asn— oco. Then t is nonexpansive

3 Main results
3.1 Strictly convex Banach spaces

The following result is a generalization of the result of [16, Lemma 1.3].
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Lemma 3.1 Let E be a compact subset of a strictly convex Banach space X, let {a,} be a
sequence of real numbers such that 0 <a <a, <b<1 forall n € N, and let {u,}, {v.} be
sequences of E satisfying, for some c > 0,
(i) Timsup, o, luall <o
(ii) limsup,,_, . V4|l < cand
(iii) lim,,_ o0 |lutty + (1 — ) v, = c.

Then, lim,_, o |4, — v4| = 0.

Proof We suppose on the contrary that limsup,,_, . ||#, — V4|l # 0. Since E and [a, b] are
compact, there exist subsequences {u,, } of {#,}, {v,} of {v,} and {a,,} of {@,} such that
limy s o0 Uy, =ty liMyg s 00 Vi = v, limy, o0 0, = o for some u, v € E with u # v and for some
a € [0,1]. From (i) and (ii) we have ||| = lim— oo [t4y, | < c and [|[v|| = limg_ o0 V4, || < c.
Using the strict convexity of X and (iii), we have ¢ = limy_, oo [0ty 26 + (1 =ty )V, || = |l +
1 -a)v| <alul| + (1 —a)||v|| < ¢, a contradiction. Hence lim,,_, , ||2t,, — v|| = 0. O

Now we introduce a new iteration method for a family of single-valued nonexpansive
mappings and a multivalued nonexpansive mapping. Let E be a nonempty bounded closed
convex subset of a Banach space X, let {t, : n € N} be a family of single-valued nonexpan-
sive mappings on E, and let T': E — FB(E) be a multivalued nonexpansive mapping. Given
a sequence of positive numbers {y,} with Y > ¥, < 1. The sequence {x,} of the modified
Ishikawa iteration is defined by x; € E, and

Yn = (1 - ,Bn)xn + ,ann;
n n

Xpil = <1 - Z )’i)xn + Z VitiYns
i=1 i=1

where z,, € Tx,, and 0 <a < B8, < b <1. Put F := (), Fix(t,)) N Fix(T).

Theorem 3.2 Let E be a nonempty compact convex subset of a strictly convex Banach
space X, let {t, : n € N} be a family of single-valued nonexpansive mappings on E, and
let T : E — FB(E) be a multivalued nonexpansive mapping. Suppose F # ) and Tw = {w}
Jor all w € F. Given a sequence of positive numbers {y,} with Y -, vu < 1 and {B,} with
0 <a < B, <b<1 Thenthe sequence {x,} defined by (3.1) converges strongly to some v € F.

Proof We follow the proof of [17, Theorem 3.6] and split the proof into five steps.
Step 1. lim,,_,  ||%;, — w|| exists for all w € F:
We first note that, since Tw = {w},

Iz, — wll = dist(z,,, Tw) < H(Tx,, Tw) < ||x, — w|.

Consider the following estimates:

n n
1 =Wl < (1 - Z%) ot = wll + > yilltiyn = wl
i=1 i=1
n n
< (1 -3 yi) ot = wll + > villyn = wl
i=1 i=1
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( Zy,)nxn—ww(Z )((1 B)ln —wl + Ballzy — w)

=< [l%n —wl.

Therefore, {|lx, — wll} is a bounded decreasing sequence in R, and hence lim,,_. oc ||, — W/l
exists.
Step 2. ]ll’l’l,,,;,Oo ||xn _ z lyltt}/n ” _

From Step 1, suppose hm,Hoo ||x,, - w|| = ¢. We have

Z Viliyn — Z Yiw

= Myn = wll = llxn = wll.

” Zz 1 YiliYn _W”

117/!

thl

Thus

Z:;lnyitiyn —w
i Vi

lim sup
n—00

<limsup ||y, — w| <limsup ||x, — w| =c. (3.2)
n—00 n—00

We also have

c= lim x4 —w|
n— 00

n n

= n]LrEO (1 - Z y,)x,, + Z Vitiyn —W
i=1 i=1
n n

. yilit,

- lim (I—Zw)m—wnzm(zg Lottt _,, H

i=1 i=1
ByLemma3.1,since 0 < y1 < Y % < > oy vi < L 1imy o0 1%, — ,Zb—myn” =1lim,, oo || (2 —
) (Z; 1VrfL)’n _ )” _

Step 3 11mn—>oo [E _Zn” =
From (3.1), we can see that

n n
%1 = Wl < (1 - Zyi) ot = wll + > yillyn = wll
i=1 i=1

and hence || =Wl = lu = wll < 312, vi(lly =Wl = [}, = wl)). Therefore, (el +
i=1

llx, — w|l < |ly, — w| and by (3.2) we obtain

. %01 = wll = [|%, = Wl
¢ = liminf - + %, — w|
n—00 Zi:l Vi

< liminf ||y, — wl|| <limsup |ly, —w| <c.
n—>00 n—00

Thus ¢ = lim,,_, ||y, — w|| = lim,— o |(1 = B,)(x; — W) + Bu(z, — w)|. By Lemma 3.1, since

O<a<pB,<b<l,lim, IIxn—ZnH =0

Step 4., hmnﬁoo ||xn Zl 1Vltzxn ”

Page 7 of 13
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We note from Step 3 that

£ L Vibi
Hleyzzn_le%lyn SHxn_yn”:,Bn”xn_Zn”_)O asn— o0

i Vi >V

and

tixnll < ll2ixn —wil + Wl < llxn — wil + [[w]

<l —wi +lwll:=M

for all i € N. Therefore,

x — Z?i YiliXn _ Z;‘=1 VitiXn H Z, 1 Yili%Xn _ Z;):I VitiXy
! Z?:OI Vi e Z?:l Vi Do 1 Vi Z?:l Vi
X — Z?:l Vitixy H Zl 1 Vitixy _ Z?:l VitiXn
! 211 Vi Vi YooY
Z yilltixall
’ 1 Vi i=n+l
< |lx, - Z?:lnyitix” + Zz ne1 Vi Z Vl
Zi=1yi Z 13/1(2 1Vz i-1
+ Z?:O;:rl ylM
Y
s, - Zi it | 2 i
DY iV
o iz Vilidn H Db Vitin D Vit
— n
ZL Vi , 1)’i Z:’:l Vi
+ 2 Zz n+l VZM

Zz 1Yi

From Step 2 and (3.3), we obtain lim,,_,  [|%, — 'Zl V’ijx” | =
i=1

Step 5. limy, oo %, =V EF:
Define a mapping ¢: E — E by

2t Vuln¥
Zf; Vn

tx =

for any x € E. By Lemma 2.2, ¢ is well defined, nonexpansive and Fix(¢)

(3.3)

= o2, Fix(t,).

Since E is compact, there exists a subsequence {x,, } of {x,} which converges to v for some

v € E. Using Step 3 and Step 4, we have

lltv—vl < lim (v =t |+ N6, = e || + e = V1)
—00

< lim ([, = ]| + 20 ~ V1) = 0

Page 8 of 13
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and

dist(v, Tv) < ||[v — %, || + dist(x,y, , Tx,,, ) + H(Txy,, TV)

< v =% | + 1%, = Zue |l + 1%, = VIl — 0 as k — oo.

It follows that v € Fix(T) NFix(¢) = F. Since lim,,_, o ||, — v|| exists by Step 1, lim,,_, o ||, —

VI = limy oo [[%, — Il = 0. O

The following example shows that the condition ‘Tw = {w} for all w € F” in Theorem 3.2

is necessary.

Example 3.3 We consider the space X of Example 3.9 in [8]. Let X be the Hilbert space
R? with the usual norm, and let  : [0,1] — [0, 1] be a continuous strictly concave function
such that f(0) = 3, /(1) =1and f'(x) <1forallx € [0,1]. Let &, = Y1, (5)"*}, T: [0,1]* —
FB([0,1]?) be defined by T(a,b) = [0,1] x [f(a),1] and ¢, : [0,1]> — [0,1]? be defined by

t (a b)— (f'l:gn): b<8n,
" @,b),  otherwise.

It is straightforward showing that T and each ¢, are nonexpansive. Set x; = (1,0) € [0,1]?
and for a subsequence {y,} in (0,1) with Y >, y, < 1. Let {x, = (a4, b,)} be a sequence in
[0,1]? defined as

1 1
Yn = Exn + Ezn;

n n
Xn+l = <1 - Z yi)xn + Z Vitiym
i=1 i=1

(3.4)

where

L | 0f(@), nisodd,
. (l,f(an)), nis even.

We will show that {x,} does not converge to a common fixed point of 7" and {¢,}.

Proof Clearly, {z,} is a divergent sequence. We note that ¢, 1 % and for each y = (a,b) €
[0,1]% with b > %, we have ¢;y = y for all i. If we put y,, = (¢;,, d,,), then d,, > % for all . Since
> o, ¥n <1, we must have d(x,,z,) — 0 as n — cc. Suppose {x,} converges to z for some
z€ F={(a,b) €[0,1]%:b>f(a)}. Thus {z,} also converges to z, a contradiction. a

It is noticed that F is not convex. Thus it is not a nonexpansive retract of any convex set.
It can be also observed that if we redefine the mapping T as T'(a, b) = {a} x [1£.1] we can

easily verify that T is nonexpansive and the condition (2.1) is satisfied.


http://www.fixedpointtheoryandapplications.com/content/2012/1/112

Anakkamatee and Dhompongsa Fixed Point Theory and Applications 2012,2012:112 Page 10 0f 13
http://www.fixedpointtheoryandapplications.com/content/2012/1/112

Remark 3.4 With the same proof, Theorem 3.2 is valid when {x,,} is of the following form:
For a permutation 7 on N, define {x,} in E by 1 € E and

Yn = 1- ﬁn)xn + Buzus

n n
Xnsl = (1 - Z yﬂ(z’)>xn + Z yn(i)tﬂ(i)ym
i=1 i=1

2, € Txy,and O<a< B, <b<1.

Note also that the above result is equivalent to:

Let {I,} be a sequence of subsets of N satisfying I, C I,,,; for n € N and U,ﬁlln =N.
Define {x,} in E by x; € E and

Yn = (1 - ,Bn)xn + ,ann;

Xpsl = <1 - Z Vi)xn + Z YiliYn

iely iely
zy € Txy,and 0 < a < B, < b < 1. Then the sequence {x,} converges strongly to some v € F.

Thus Theorem 3.2 contains Theorem 1.3.
With the application of the demiclosedness principle (Theorem 2.1), a weak convergence
version of Theorem 3.2 also holds:

Theorem 3.5 Let X be a strictly convex Banach space satisfying the Opial’s condition, E
be a weakly compact convex subset of X, let {t, : n € N} be a family of single-valued non-
expansive mappings on E, and let T : E — FB(E) be a multivalued nonexpansive mapping.
Suppose F # ) and Tw = {w} for all w € F. Given a sequence of positive numbers {y,} with
0<Y o vu<land{B,} with 0 <a < B, < b <1 Then the sequence {x,} defined by (3.1)
converges weakly to some v € F.

Proof In the proof of Theorem 3.2, by applying the Opial’s condition, it follows from a
standard argument that {x,} converges weakly to some v € E. Then Theorem 2.1 implies
that vis a pointin F. O

3.2 CAT(0) spaces

Let E be a nonempty bounded closed convex subset of a complete CAT(0) space X, let
{t, : n € N} be a family of single-valued nonexpansive mappings on E, and T : E — FB(E)
be a multivalued nonexpansive mapping. Given {y,,} a sequence of positive numbers with
Yo vn<land Y i y/ — 0as n— oo where y, = Y ;¥ The sequence {x,} of the
modified Ishikawa iteration is defined by

Yn = 1- ﬁn)xn @ Buzn

Xn+l = <1 - Z yi)xn D (Z yi) @ #tiym
i=1 i=1 i=1

i=1 Vi

(3.5)

wherex; € E, z, € Tx,,and0<a < B, <b<1.Put F:= ﬂzczl Fix(t,) NFix(T).
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Theorem 3.6 Let E be a compact convex subset of a complete CAT(0) space X. Let {t,:n €
N} be a family of single-valued nonexpansive mappings on E, and let T : E — FB(E) be a
multivalued nonexpansive mapping. Suppose F # V) and Tw = {w} for all w € F. Given {y,}
a sequence of positive numbers with Y 21 vy <1 and > ;- y/ — 0 as n — oo where y, =
Y2 Vi If0 <a < B, < b <1, then the sequence {x,} defined by (3.5) converges strongly to
somev e F.

Proof The proof follows along the lines with the proof of Theorem 3.2. Recall that wyx =

tix and w,x = P}, Z” -t for all n > 2. Thus, by (3.5),

Xn+l = (1 - Z yi>xn @ (Z yz) WynYn.
i=1 i=1

As before, we consider the proof in 5 steps. Because of the same details in some cases,
we only present proofs for Step 2 to Step 4.

Step 2. limy,—, oo d(x, W ¥u) = 0

Let w € F, we have w,w = w for all n. Using the nonexpansiveness of w,, we see that

d(Wnyn: < d()/m 1 ,Bn) (xm W) + ,Bnd(znr W) <dxn, W). (3-6)

By (3.6) and using (CN) inequality,
n
d* (X1, W) < (1 -3 Vi) d* (%, W) (Z V,) Wiy w
i=1
- Z Yi <1 - Z %) Ad* (X, WiYn)
i=1

i=1

Sdz(xn,W)—Z%< Z%) (% W)-

i=1

Lety =Y v SinceO<y <Y L, yi<y<l,

i=1

n n
(L= )@ Way) < Y i (1 -y m) A (6, Wayn) < A (@, W) = d (2, W)
i=1

This implies that
> [ =) e wayn)] < d (1, w) < o0,
n=1

and hence lim,,_, o d(x,,, w,y,,) = 0.
Step 3. lim,, o d(x,2,) =0
Using (3.6) and (CN) inequality, we have

dz(wnym w) < da’ (Ym w)<(1- ﬂn)dz (X W) + Igndz(zm w) - B,(1 - ﬂn)dz(xmzn)
= d> (% w) = Bu(1 - ,Bn)dz (%1 Zn)s
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and thus
n n
A (o, ) < (1= yi | d> Gy w) + D yid> (W, w)
i=1 i=1

<&@ w) = Bu| Y vi |- B (@ 20).

i=1

As before,

an (= b)d*(xwza) < Bu| D vi | A= B>, 2) < d* (0, W) = d* (10, ).

i=1

This also implies that lim,,_, o, d(x,,,z,) = 0.
Step 4. lim,,_, o d(x,, tx,) = 0, where t = 7, %tﬂ
i=1Vi
Since E is compact, there exists a subsequence {y,/} of {y,} such that y,, — yasn' — oo

for some y € E. Using the nonexpansiveness of w,y and ¢, we have

AWy yw, tyw) < AWy, wwy) + dwyy, ty) + d(ty, ty,)
<2dyy,y) +dwyy,ty) > 0 asn — oo.

Therefore, lim,,_, oo d(W,, ¥, ty,) = 0. From Step 2 and Step 3 we have

A%y, txy) < d(x, ty,) + d(ty,, tx,)
< A&, ty) + AYns Xn)

< dXp Wnn) + AWnYns tyn) + Brd (X0, 2,) = 0 asn— oo. O
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