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1 Introduction and definitions

In geometry, the lemniscate of Bernoulli is a plane curve defined by two given points F;
and F,, known as foci, at distance 2a from each other as the locus of points P so that
PF, - PF, = a*. This gives the equation (x + y?)? = 2a(x* — ?). In polar coordinates (r,6),
the equation becomes r? = 2acos(26). The arc length from the origin to a point on the
Bernoulli lemniscate 7> = cos(26) is given by the function

* oo de
arcslx = , lxl <1, (1.1)
0 V1-t*

where arcslx is called the arc lemniscate sine function studied by CF Gauss in 1797-1798.
Another lemniscate function investigated by Gauss is the hyperbolic arc lemniscate sine
function, defined as

*oode
arcslhx = f , xeR. (1.2)
0o V1+tt
The functions (1.1) and (1.2) can be found in [1, p.259], [2, (2.5)-(2.6)], [3-7] and [8, Ch. 1].
Following Neuman [3], Gauss’ arc lemniscate tangent and the hyperbolic arc lemniscate
tangent functions are defined by

x
arctlx = arcsl{ —— ), xe€R (1.3)
( V1 +x* )
and
x
arctlhx = arcslh(ﬁ) x| <1, (1.4)
1-x*
respectively.
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For 0 < x <1, it is known in the literature that

3x _ 6(v1+x—-+/1-%) X

< arcsinx <

244/1-02 4d+/lT+x+/1-x 2+/1-22

The first and second inequalities in equation (1.5) were established by Shafer (see, e.g.,

(1.5)

[9, p-247]), while the third inequality was proved by Fink [10]. In recent years, Shafer-
Fink’s inequalities have attracted much attention of the mathematical community. By using
the A-method of Mitrinovi¢ and Vasi¢ [9], Malesevi¢ [11] improved the upper bound for
arcsinx and established the following inequality: For 0 <x <1,

3x < arcsing < (w/(r —2))x - X (L6)
_— inx . .
2+4/1—x2 " TR/ =2)+4/1-x2 " 2++/1—x2
In [12-15], other upper bounds for arcsinx were established: For 0 <x <1,
3x 6(vV1+x—-+1-%) .
< < arcsinx
2+4/1-x2 4d++/1+x++/1-x
- (T2~ V2)/(r —24/2)(V1+x - /1-%)
T (V204 -m) o =2v2) +THrx+/1—x
< T(V2+1/2)(W1+x—+/1-%) - X 1.7)

4+ V1+x++/1-x T2 -a2

In [16], Pan and Zhu gave some further generalizations of these results and obtained two
new Shafer-Fink type double inequalities. In [17], Zhu provided a solution to an open prob-
lem posed by Oppenheim in [18]. At the same time, some Shafer-Fink inequalities were
deduced from the solution of Oppenheim’s problem. Chen and Cheung [19] provided a
laconic proof to Oppenheim’s problem. Recently, Qi and Guo [20, 21] presented a sharp-
ening and generalizations of Shafer-Fink’s inequality.

Related to the inverse sine inequality, the inverse tangent inequality is also of much in-
terest. In the literature, we have

3x 2%
———  <arctanx < ———— forx > 0. (1.8)

1+2v1+4a2 1+/1+a2
The first inequality in equation (1.8) was presented without proof by Shafer [22]. Three
proofs of it were later given in [23]. The second inequality in equation (1.8) can be found
in, e.g., [24, p.288]. Shafer’s inequality (1.8) was recently sharpened and generalized by Qi
et al. in [25]. For each 6 > 0, Chen et al. [26] determined the largest number 6; and the
smallest number 6, such that the inequalities

0 0
_ arctanx < 2t (1.9)

1+0v1+a% 1+0v1+x2
are valid for all x > 0. Zhu [27, Theorems 1.9 and 1.10] established Shafer-Fink type in-
equalities for the inverse hyperbolic sine function.
Recently, numerous inequalities have been given for the lemniscate functions. For ex-
ample, Neuman [5] proved the following inequalities:

(1.10)

5 V2 arcsla (1 4)_1/10
3+2(1—x%)12 x U7
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and

5 Y2 aresthx _1/10
1+at 1.11
(3+2(1+x4)1/2> < x <( +x) (L)

for 0 < |x| < 1.
Chen [28, 29] established Wilker and Huygens type inequalities for Gauss lemniscate
functions. For example, Chen [28] proved that for 0 < |x| < 1,

2
1 4 arcslx arctlx
2 + —x”arctlx < + (1.12)
20 X x
with the best possible constant %. Chen [29] proved that for 0 < |x| < 1,
2(arcslx/x) + arctlx/x S 3(arcslx/x) + 2(arctl x/x) o1 (1.13)

3 5

In this paper, we establish sharp Shafer-Fink type inequalities for Gauss lemniscate func-
tions.
The following lemma is required in our present investigation.

Lemmal.1 ([30-32]) Let—oco<a<b<oo,andletf,g:[a,b] — R be continuous on [a, b],
differentiable on (a, b). Let g'(x) # 0 on (a, b). Iff (x)/g' (x) is increasing (decreasing) on (a, b),

then so are

) -f(@)]/[gx) -g@)] and [f(x)-f(B)]/[gx) - gB)].
Iff'(x)/g'(x) is strictly monotone, then the monotonicity in the conclusion is also strict.

Remark 1.1 A generalization of the familiar trigonometric and hyperbolic functions was
described by Lindqvist [33]. The generalized p-trigonometric functions occur as an eigen-
function of the Dirichlet problem for the one-dimensional p-Laplacian. Recently, the p-
trigonometric functions have been studied extensively, see for example [34—37] and their
references. Very recently, Takeuchi [38] (see also [39]) introduced the (p, g)-trigonometric
functions that coincide with the p-trigonometric functions for p = g and are connected
with the Dirichlet problem for the p,g-Laplacian. These (p, g)-trigonometric functions
have been the subject of intense investigations (see, for example, [35, 39-42]). For p,g > 1
the function arcsin, 4 is defined in [38, 39] by

i = ’ dt <1 1.14
arcsmp,q(x) = A m, |x| =1 ( . )
Similarly, for p,q > 1 the function arcsinh,,, is defined by [4.0]
inh - >0 115
arcsin p,q(x) = A m, x = U. ( . )
Clearly,

arcslx = arcsing4(x) and arcslhx = arcsinhy 4 (x).
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2 Main results
Theorem 2.1 ForO0<x<1,

o1(WV1+x—+/1-%) Bi(W1+x—+1-x)
<arcslx < (2.1)
4-V1i+x—-+1-x d—/1+x-+1-x
with the best possible constants
24/2-1 11
o =2 and pi= ‘/; B(E,§>=2.39712057.... (2.2)

Here
1
B(x,y) = / £ (1 -ty de
0

is the beta function.

Proof ForO<x<1,let

0=

where
) AN e

filx) =arcslx and fo(x) = PR e e
Then,

2/ (x)  (A-VI+x-V1-2)’V1+xv/1-x A

A®) VIl vI—xivIrn)
Differentiation yields

F) = 4-/1+x—-+/1-x L),

V1=x27/1=x4(x2 + 1) (-1 + /1 = x + 4/1 + x)?

where
falx) = (6x3+x2—4x+1)v1—x+ (6x3—x2—4x—1)v1 +x
- (9c3—3x)\/1—xz—6x3 + 6x.

Motivated by the investigations in [12], we are in a position to prove f3(x) > 0 for x € (0,1).
Let

M x:01
A(x) = f‘;@, O<x<l,
0, x=1,

Page 4 of 14
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where u is constant determined with limit:

C filw) 27
pelm=s =%

Using Maple we determine Taylor approximation for the function A(x) by the polynomial
of the fourth order:
27 159 , 465 ,

Pi(x)= — - —x" - x
8 128 1,024

which has a bound of absolute error

1,719

€1
1,024

for values x € [0,1]. It is true that
Ax)— (P(x) —&1) >0, 0<x<1

and

1,737 159 ,

- —X x4>0, O<x<l1.
1,024 128 1,024

Pi(x) —e1 =

Hence, for x € (0,1) it is true that A(x) > 0 and therefore f(x) > 0 and f; (x) > 0 for x € (0, 1).
f &)
f ()

AW AW -AO)
Fo) =20 = Ao - 0)

Therefore, the function is strictly increasing on (0,1). By Lemma 1.1, the function

is strictly increasing on (0,1). And hence,

. arcslx . 272 -1 11
2=limfl0) <f0) = = <limflo) = B( )

4 4’2
4—Tra—/1-x
for 0 < x < 1. By rearranging terms in the last expression, Theorem 2.1 follows. g

Theorem 2.2 ForO0<x<1,

a(V1+x-+1-x) Bo(V1+x—+/1-x)

<arctlhx < (2.3)
4-V1+x—-1-x 4-V1+x—-1-x
with the best possible constants
242-1_(1 1
ay=2 and fy= \/; B(Z’ Z) =3.39004.... (2.4)

Here B(x,y) denotes the beta function.

Proof For 0 <x <1, let

Fi(x)

Fo) = by

Page 5 of 14
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where
V1tx—41-x
Fi(x) =arctlhhx and F(x)= .
1 e eV

Then,

2F)(x) Q-1+x-+/1—-%)V1+x/1—-x
Fj(x)  (1-a%P(-1+/T+x+V1I-2x)

=2F3(x).

Differentiation yields

Fl(x) = 4—-y1+x—-+/1-x Fu(x)
3 VT a1 a(-1+ /T —x+ 1+ 2)2(1 = x4)34(x2 + 1) e
where

Fix) = (112° =#® 4o - 1) V1 + 2+ (116° + % —dw + 1)V1 -

- 3x(x2 - l)v 1-x2—124% + 6x.

Motivated by the investigations in [12], we are in a position to prove F4(x) > 0 for x € (0,1).

Let
A, x=0,
B(x) = chgx), O<x<l,
5V2-6, x=1,

where X is a constant determined by the limit

F. 43
A= lim 229 _ 48,
x—0 x3 8

Using Maple we determine a Taylor approximation for the function B(x) by the polynomial
of fourth order:
43 191 , 609 ,

Pylx) = 2 — oy
2= 2 - 108% “Lom

X,

which has a bound of the absolute error of

9,511
T 1,024

-5v2

)
for values x € [0,1]. It is true that
B(x) = (Py(x) —e2) >0, 0=<x<1

and

4,007 191 , 609
2

Py(x) — 9 = — N Pl
20— e =TTt 128" T 1,024

at>0, 0<x<l
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Hence, for x € (0,1) it is true that B(x) > 0 and therefore F4(x) > 0 and Fj(x) > O for

x € (0,1). Therefore, the function 2/8 is strictly increasing on (0,1). By Lemma 1.1, the
2
function
F(x) Fx)-F(0
Fy < B F@ - RO

Ey(x)  Fy(x) - F»(0)

is strictly increasing on (0,1). And hence,

. arctlhx . 242 -1 11
2= lim Fo) < F) = = < limF@ =— B(M)
4—/T+x—/1-x

for 0 < x < 1. By rearranging terms in the last expression, Theorem 2.2 follows. d

Theorem 2.3 For0 < |x| <1,

a; arcslx b
< < (2.5)
4 +4/1—x* x 4 +4/1—x*
and
as arcslx by
> < < (2.6)
Ti(1- x4)13 x T4(l- X413
with the best possible constants
11
a, =5, b, =B| —,- ) =5.2441151... (2.7)
4" 2
and
7 11 10
a, =—B| —,= ) =3.0590671..., by, = — =3.3333333.... (2.8)
12 42 3

Here B(x,y) denotes the beta function.

Proof For 0 <x <1, let

4+ /1 —x*
Li(x) = i i arcslx.
x

Differentiation yields

L) x4+4v1—x4+1L )

%) = ————Ls (%),
! x24/1 - x4

where

(4+1-x%)x
x4+ aVT—x 41

Elementary calculation shows that

24x*(1 — V1 -x%)

- (x4 + 441 - x% +1)24/1 - x*

Ly(x) = —arcslw +

L5 (x) >0, O<x<l

Page 7 of 14
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Hence, Ly(x) > L,(0) = 0 and L (x) > 0 for 0 < x < 1. Therefore, the function L; (x) is strictly
increasing on (0,1). And hence,

4+ 4/1—x* 11
5=1im Li(x) < L1(x) = 2rveTY arcslx < lim Ly (x) = B(E, 5)

x—0 X x—1
for 0 < x < 1. Hence, inequality (2.5) holds with the best possible constants given in equa-

tion (2.7).
For0<x <1,let

L AN1/3

7
z+(1
3 ( arcsl x.

Mi(x) =

Differentiation yields

M () = x4 7(1-x423 +3
BT 3x2(1 — x4)23

Z(x):

where

(1 —x)V0(7 + 3(1 — x*)1/3)
2 +7(1-x4)%3 +3

M;(x) = —arcslx +

Elementary calculation shows that

2x*

M (x) = — M;s(x),
) = 5 e s 7 5 3p e
where
8 4 4 4\2/3 4\4/3
Ms(x) = 3x° — 66x" + 63 + (84 —56x") (1-«")"" - 147(1-x*)"".

We claim that M3(x) > 0 for 0 < x < 1. By an elementary change of variable
x=(1-2)" o0<t<1, (2.9)
we find that
Mz(x)>0 forO<wx<l << Mut)>0 forO<t<l,
where
My(t) = 288 + 608 + 561° +3t° —147t* = £*(1 - £)(-3£> — 59> + 88¢ + 28).

Obviously, My (£) > 0 for 0 < ¢ < 1. This proves the claim.
Hence, M) (x) < 0 for 0 < x < 1. This implies that M, (x) < M,(0) = 0 and M](x) < 0 for
0 < x < 1. Therefore, the function M; (x) is strictly decreasing on (0,1). And hence,

4\1/3 0

7 (11 I+(1-x 1
—B<—, —) = lim M, (x) < My (x) = 2 ( ) arcslx < lim M; (x) = —
12 42 x—1 x—0 3

Page 8 of 14
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for 0 < x < 1. Hence, inequality (2.6) holds with the best possible constants given in equa-
tion (2.8). O

Remark 2.1 (i) There is no strict comparison between the two lower bounds in equa-
tions (2.5) and (2.6). Also, there is no strict comparison between the two upper bounds in
equations (2.5) and (2.6).

(i) The lower bound in equation (1.10) is sharper than the one in equation (2.5), since

5 _( 5 )2_ 5(1 - +/1 - x%)? o
3+21-a92 \4y V1-xt) @+ V1-"2@+2V1-a%)

0<|x| <1

There is no strict comparison between the two upper bounds in equations (1.10) and (2.5).
(iii) By two elementary changes of variable,

t=1-x% 0<x<1l and t=4%", O<uc<l,

we find that

10 1

3
Ty (1)l T (1= x*)10

(7 + 3t1/3)£110 (7 4+ 34410)3

u +ou +%9u + u + u + u + u- + u+ —-Uu

(Bu® + 617 +9u® +12u° + 15u* + 1843 + 21u? + 14u + 7)(1 — u)?

- <
(7 + 3ul%)y3

10410 -7 345 10u® -7 - 3u™®

0.

Hence, the upper bound in equation (2.6) is sharper than the one in equation (1.10). There
is no strict comparison between the two lower bounds in equations (1.10) and (2.6).

Theorem 2.4 Forx #0,

a arcslhx b (2.10)
< < .
Ty (1+ x4 x Ty (1+ byl
with the best possible constants
1 11 20
a=—-B|-,-)=18540746... and b=— =6.6666666.... (2.11)
4 \4 4 3

Here B(x,y) denotes the beta function.
Proof The inequality (2.10) is obtained by considering the function p(x) defined by

Z+@+ahl)

plx) = arcslhx, x> 0.
Differentiation yields
» 171+ x*)%4 + 3 I F+@+ahH") 1 171+ x*)%* + 3 )
x) = —————————arcslhx + = x),
P 3x2(1 + x4)3/% x S1+a4 3x2(1+xh)34 1

Page 9 of 14
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where

21+ xHV47 + 301 + x*)14)
17(1 +x4)3/% + 3

q(x) = —arcslhx +

Elementary calculation shows that

x4

(1+a%)32(17(1 + x%)3/4 + 3)2

q(x)=- r(x),

where

3/4 3/2

r(x) = —27 - 27x* - 51(1+x*)"" +578(1 + &%)

We claim that r(x) > 0 for x > 0. By an elementary change of variable
t=(1+x4", x>0, (2.12)
we find that
r(x)>0 forx>0 <= s(t)>0 fort>1,
where
s(t) = £ (-51 - 27t +578¢%), t>1.

Obviously, s(t) > 0 for ¢ > 1. This proves the claim.
Hence, ¢'(x) < 0 and g(x) < g(0) = 0 for x > 0. Therefore, p'(x) < 0 for x > 0, and we have

1 /11 T 4 (1 +a)Y) arcslhx 20
—B(—, —) = lim p(x) < p(x) = =2 ( ) <limp(x) = —.
X—>00 X 3

x—0

Hence, the inequality (2.10) holds with the best possible constants given in equation
(2.11). 0

Remark 2.2 Inequality (1.11) is sharper than inequality (2.10).

Theorem 2.5 Forx #0,

o arctly B (2.13)
< < .
Zr(L+ah)lt T x4 (Leat)e
with the best possible constants
1 /11 5
a=—-B|—,-|=13110287... and pB=-=16666666.... (2.14)
4 \4 2 3

Here B(x,y) denotes the beta function.

Page 10 of 14
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Proof The inequality (2.13) is obtained by considering the function P(x) defined by

B (3 + @ +ah)

X

P(x) arctly, x>0.

Differentiation yields

21 +x%)%* +3 Fr+ah)’ 1 201 +x%)* + 3
P(x) = (2 rx)7 43 arctlx + G5+ ) _ A ) Qx),
3x2(1 + x)3/4 x (L+a%)3%  3x2(1+at)3/4

where

(2 +3(1 +a*) ey

Q(x) = —arctlx + m

Elementary calculation shows that

6x* (21 + x% + (1 +a%)3% - 3)

(1+a%)34(2(1 + )3/ + 3)?

Qx) =

<0, x>0.

Hence, Q(x) < Q(0) = 0 for x > 0. Therefore, P'(x) < 0 for x > 0, and we have

2 4\1/4
lB<l,l) = 1L11010P(x)<P(x): G+d+2)

5
arctlx < lim P(x) = —.
4 \4 2 x—0 3

Hence, the inequality (2.13) holds with the best possible constants given in equation
(2.14). 0

Theorem 2.6 For0< |x| <1,

as arctlhx b3

< < (2.15)
T+v/1-x X T+v/1-x
and
ag arctlhx I
< < 2.16
% + (1 — x4y x % + (1 —x4)l4 ( )
with the best possible constants
10 7 11
az = — =3.3333333..., by=—B|—,- ) =4.3261742... (2.17)
3 12 4" 4
and
1 11 5
a,=—-B| —,—)=1236049..., by =—=1.666666.... (2.18)
6 4 4 3

Proof ForO<x<1,let

241 —xt
Ji(x) = 22— arctlhx.
x

Page 11 of 14
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Differentiation yields
) 3x4+7«/1—x4+3]()
x) = x),
! 32V/I-at
where

(7 +3vV1 —x%)x
(1 —x4)4(3x% + 74/ T—x* +3)

Jo(x) = —arctlhx +

Elementary calculation shows that

4
3 (),

h(x) = (1—x%)74Bxt + 74/1—x* + 3)2]3 g

where
Ja(x) = —25x* - 3x° + 28 + (424" - 28)v1 - x%.
We claim that J5(x) > 0 for 0 < x < 1. By an elementary change of variable
x=(1-2)" o<z« (2.19)
we find that
J3(x)>0 forO<x<l <= J4(£)>0 forO<t<l,
where
Ja(t) = 14¢ + 31¢% — 426> - 3¢* = (1 - £)(3¢% + 45¢ + 14).

Obviously, J4(¢) > 0 for 0 < ¢ < 1. This proves the claim.
Hence, J;(x) > 0 for 0 < x < 1. This implies that J>(x) > J5(0) = 0 and J{(x) > 0 for 0 < x < 1.
Therefore, the function /i (x) is strictly increasing on (0,1). And hence,

10 T+v/1-x 7 (11
—_ = 1 = —3 tlh 1 = _B o
3 = imi(x) </i(x) . arctlhx < lim /(%) = 1 (4 4>
for 0 < x < 1. Hence, inequality (2.15) holds with the best possible constants given in equa-
tion (2.17).

For0<x<1,let

2
3 + (1 _x4)1/4
Ti(x) = =———— arctlhwx.
x

Differentiation yields

C2(1-x*)* 43

Ty(x) = WTz(x),

Page 12 of 14
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where

(2 + 3(1 — x*)1/%)

Ty(x) = —arctlhx + 20— 13

Elementary calculation shows that

4 —2 /1_ 4_(1-= 4\3/4
T’(x)=—6x @ # - (1% )<0, 0<x<1,
2 (1 - x4)3/4(2(1 — x%)3/4 + 3)2

which implies that T3(x) < T2(0) = 0 and 77(x) < 0 for 0 < x < 1. Therefore, the function
T1(x) is strictly decreasing on (0,1). And hence,

1 (11 41—t 5
EB(Z’ Z) =;lc1_IH Ti(x) < Ty(x) = % arctlhx <gr(1) Ti(x) = 3

for 0 < x < 1. Hence, inequality (2.16) holds with the best possible constants given in equa-
tion (2.18). O

Remark 2.3 There is no strict comparison between the two lower bounds in equations
(2.15) and (2.16). Also, there is no strict comparison between the two upper bounds in
equations (2.15) and (2.16).
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