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1 Introduction

Time delay is frequently viewed as a source of instability, and it is encountered in various
engineering systems such as electrical circuits, chemical processes, networked control sys-
tems power systems, and other areas [1, 2]. Current efforts on the problem of the stability
of time-delay systems can be divided into two categories, namely delay-independent cri-
teria and delay-dependent criteria. A number of delay-independent sufficient conditions
for the asymptotic stability of delay systems have been presented by various researchers
(for example [3]). Also a few delay-dependent sufficient conditions have been shown in [4,
5]. So the problem of robust stability analysis for time-delay neutral systems is important
both in theory and in practice and is of interest to many researchers; see [6, 7] and the
references therein.

Recently, many researchers have paid a lot of attention to the problem of robust stability
for delay systems with nonlinear uncertainties [2, 8—11], and many methods have been pro-
posed to deal with nonlinear uncertainties (see for example [10, 11]). For instance, by using
a descriptor model transformation and decomposition technique, some delay-dependent
stability criteria are obtained in [2]. In [10] the stability conditions are developed by a
descriptor model transformation technique, and the nonlinear uncertainties are handled
by the S-procedure. However, these results are only concerned with asymptotic stability,
without providing any conditions for exponential stability and any information as regards
the decay rates.

As is well known, exponential stability converges faster than others, so the issue of ex-
ponential stability for some systems with time delay has received considerable attention
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in recent years [11-14]. For example, Liu [12] has investigated the exponential stability of
a general power system. Kwon and Park discussed the exponential stability of uncertain
dynamic systems including state delay in [13].

Considering those, many researchers have studied the exponential stability analysis for
neutral systems with time-varying and nonlinear perturbations [15-18]. Chen et al. [15]
presented a new criterion for exponential stability for uncertain neutral systems with non-
linear perturbations by employing an integral inequality. Ali [16] investigated the exponen-
tial stability for a neutral delay differential system with nonlinear uncertainties by follow-
ing a generalized eigenvalue problem approach.

Based on the above, the exponential stability of neutral system with nonlinear uncer-
tainties is discussed in this paper, and by employing a Lyapunov-Krasovskii function, the
LMI method, and a new integral inequality, a sufficient condition for exponential stability
of the system is provided. Finally, some numerical examples are presented to illustrate the

effectiveness of the method.

2 System description and preliminary lemma

Consider the neutral system with delay and nonlinear uncertainties described by

x(t) = Ax(t) + Bx(t — d(2)) + Cx(t — d(t))
+ Gifi(t, x(2)) + Gafa (8, %(2)) + Gafs (£, x(¢ — d(2))) + Gafa(t, 4(¢ - d(2))), )
x(t)=(t),  x(t)=9¢(), te[-d,0]

where x(£) € R" is the state vector, and A, B, C, G1, G,, G3, and G4 € R™" are known real
parameter matrices of appropriate dimensions. d(t) is for the time-varying continuous
functions satisfying d; < d(t) < d,, 0 < d(t) < d, in which d, dy, dy and d are positive
constants. ¢(-) and ¢(-) € Ly[—d,, 0] are given continuous vector-valued initial functions.
filt,x(t)), fo(t, x(t — d(t))), f3(¢,%(2)) and fu(¢,x(¢ — d(¢))) are nonlinear uncertainties and

satisfy the following conditions:

’

1i(t,x(0) | < ea|x()
12 (t:4(0) || < oz i(e)

[fs(t.x(t - d®)) | < s |x(¢ - d(2)
[fa(t,2(t - d(®)) ]| < ea]i(t - d(2))

’

’

, t>0.

Let x(t) = y(¢), then system (1) is equivalent to the following:

y(t) = Ax(t) + Bx(t — d(t)) + Cy(t — d(¢))
+ G x(1) + Gofa(t, y(1) + Gafs(t, x(t — d(2))) + Gafa(t, y(t — d(2))), (2)
x(t) = y(t), te[-dy,0]

Definition1 Consider the linear system (2). If there exist two scalars ¢ > 0 and y > 1 such
that

|| <ye i@l >0,
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and we let || ||y = sup_y,o v l1(s)|1> + [1/2(s)||%, then system (2) is exponentially stable,
where ¢ is called the exponential convergence rate.

Before proceeding with the main results, several lemmas are necessary.

Lemma 1 For any symmetric positive-definite constant matrix R = [Iil 112] > 0, where

R1, Ry, R3 € R, and 0 < h(t) < h, if there exists a vector function x(-) : [0,h] — R" such
that the following integration is well defined, then we have

~h(t) t n” (s)Rn(s) ds
t—h(t)

xt) 1 [-Rs Ry -RT x(t)
=| x(t-h() ¥  —Ry Ry x(t-h@) |, 3)
Jowx@ds| |« o« =R [l *6)ds

where n(t) = (x7(t) 7 (2))7.

Proof

—h(#) t n" (s)Rn(s) ds
t-h(t)

T
B x(s) Rl Ry| [t |x(s)
=" /t‘h(t) |:5C(S):| s |: * R3j| /th(t) [x(s)j| @

x(t) ' -R; Ry -R} x(t)
= | x(t - h() x Ry Ry x(t — h(t))
ftt—h(t) x(s) ds o * =Ry ff_h(t) x(s) ds 0

Remark 1 Lemma 1 will play a key role in the derivation of a less conservative delay-

dependent condition.

Lemma 2 [19] Let U, V, W, and M be real matrices of appropriate dimensions with M
satisfying M = M > 0, then

M+Uvw + wrviu’ <o,
forall VVT <1, if and only if there exists a scalar & > 0 such that
M+etuu” +ew'w<o.

3 Main results
Theorem 1 For the prescribed scalar dy > 0, system (2) is globally exponentially stable with
a convergence rate, if there exist positive-definite matrices P = [g 1,03 ], Pl =Py, Pl = Ps, for

positive-definite matrices Q1, Qz, Q3, W = [‘Zl “))2] and real matrix Z = [Z*l 2] satisfying
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the following LMI:
_HH H12 0 H14 P;B P;C PgGl P;‘Gg P;Gg P{Gz; Hl,ll 0
* Iy, O 0 P3B P3sC P3Gy P3Gy, P3Gy P3Gy 0 0
* * H33 l-[34 0 0 0 0 0 0 0 H3,12
k) *k * 1_[44 0 0 0 0 0 0 l_[4,11 l_[4,12
* * * * M55 0 0 0 0 0 0 0
o= * * * * * Ige 0 0 0 0 0 0
* * * * * * —&1l 0 0 0 0 0
* * * * * * * —&o1 0 0 0 0
* * * * * * * * —e3l 0 0 0
* * * * * * * * * —eql 0 0
* * * * * * * * * * Myn 0
ES * * * * * * * * * * Iio,12
<0,
where

1
My =P]A+ATPy+ Qi+ Qy+ Qs +doa Wi + (dy — dh)Z1 - W+ Bred,
2

1
My =Py~ P} + ATP3 + dy Wy + (dy — dh) 2, My = A W3,

2

1
ng = 2P3 + dz Wg + (d2 - dl)Zg +R+ ,322821, Hl,ll = _d_WZT’

2
M3 =-Q L, Moy=— 7 M3 = 1L _gr
33=—Q1 4 —dy 3 34_d2—d1 3 312 = gy 2
4y = -Q lzlw H—IWT n—lzT
44 = - 4 —dy 3 4, 3 4,11—d2 2 4,12—612_@,1 2
Mss = —Qs + Biesl, Mes = —(1 - d)R + Bieal,
I1 = 1W/ IT = 1 V4
1,11 = 4 b 1212 = 4 —d, 1

Proof Let us consider the Lyapunov functional candidate to be
V(e) = Vi(®) + Va(t) + V3(2) + Va(@) + V5(6) + Ve (2),

where

Vi) = [x"(6) "] [(I) g} [112 1?3} Bgﬂ

Va() = / O ds, V() = f ATl ds

dy
/ f (s)Wn(s)dsdp + / / s)dsdp,
dy Jt+B dy t+p

Vs(t) = /d F(t,s)ds, with F(t,s) = sup x(t+&)Qsx(t + £),

s<£<0

V() = / FORSds  nO =61 ¥ )

—d@®)

Page 4 of 11
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Then the time derivative of V(x;) along the solution of system (1) gives

V() = Vi) + Va(t) + Va(t) + Va(t) + Vs(t) + Ve(2),
. Py PI||x(t
Vi) =2[x"(8) y"(2)] [ 01 Pj [xf) )}
x(t)

P PI'|| Ax(t) + Bx(t - d(t)) — y(t)
0 P +Cy(t - d(1)) + Gii(t,x(8)) + Gafa(£,(8)) |
+ Gafs (L, x(t — d(2))) + Gafa(t, y(t - d(2)))

Va(t) = T (O Qux(t) — 27 (¢t — dy) Qux(t - dh),
Va(t) = 7 (£)Qua(t) — 27 (¢t — d2) Qux(t — db),

o = /0 0 [wi w][x0], /f 0] v w][x0]
] [+ wa] ) IR ERRAIES
d T t-d r
+/‘1 x(s) Zy Zy || x(s) ds—/ 11 x(s) Z1 Zy || x(s) s
-dy | )(s) *  Zz || y0s) t-dy | (5) x  Zz ||y |
By Lemma 1, we get
o <m [FO] [ W [s0] 0] (20 2] [+
TEEDo) e ow o] T e |+ 5] o

1 x(2) T_—Ws Wy Wy x(0) ]
o x(t — hy) *  =W3 W x(t = hy)

2 ftt—hz x(s)ds | | = * ftt_hz x(s) ds

) x(t - M) ! -Z3 Zy -ZF x(¢ - M)
+ 7 7 (t hz) % —Zg Zg (t hg) )
2o ft h‘x(s ds * * tthhlxs)ds

Vs(t) <" (£)Qax(t) — x” (£ - d(£)) Qax(t — d(2)),
Vi(£) <" (O)Ry(t) — y™ (t — d(£))Ry(t - d(£)) (1 - d).

=2[xT(@) yT(1)] [

Since

(B2 (0)x(t) - £ (£, x(8))fi (£ (2))] = O

e[ B3y" (OO - £ (67 O)(6 ()] = 0,

ea 24" (= d(O)s{t ~ (1) £ (65(¢ - d(0) e x(e - ()] =
ea[Bay" (£ - d(O)y(t - d®) - £ (6:y(t - d(0) Va(:3(e - )] = 0

&1

by Lemma 2, we get

—h / t T (s)Wi(s)ds < z(t)T [‘W W } 2(2),
t—h(t) *

where z(¢) = [xT(¢) xT (¢t - h(®))]".
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So

) 1
V() <27 @) (PZT A+ATP, + Q1+ Qy + Qs + do Wi + (dy — dy) Zy — - Ws + ﬁfsﬂ)x(t)
2

+ xT(t)(Pl —Pg +ATP3 + dz W2 + (dz - dl)Zg)y(t)

+xT(t)<—diW2T> /tt x(s)ds+xT(t)(—di2W3)x(t—dz)

2 —dy
+x7(t)(P; B)x(t — d(t)) + 2" (t)(P; C)y(t - d(t))
+x7(8)(P; G1)fi (6, x(2)) + 27 (£) (P} G2)fa (£, (D))
+x7(8)(P; G3)fs (6 x(t = d(2)) + " (£)(P; Ga)fa(t: (¢t - d(2)))
+ 97 () (2P5 + dy W3 + (dy — dh)Z3 + R + Brex)y(t) + y7 (8)(PsB)x(¢ — d(t))
+yT(O)(PsC)y(¢ - d®) + " () (PG (6,x(2)) +yT (P3Ga)fa (£, 3(2))

+y (D)P3Ga)fs (6, x(t — (1)) + ¥ ()(PsGa)fa (2, (¢ - d(2)))
1
dy —dq

+xT(t—d1)(—Q1 - Z3)x(t—d1) +xT(t—d1)< Zs>x(f—d2)

1
dy—dy

t—dy
+xT(t-d)| - ZT) f x(s) ds
Nda-d™ ) )i,

+xT(t—dz)<—Qz L g iwg)x(t—dg

dy —dy dy

1 t 1 t—d
+xT(t—dy) —Wg)/ x(s)ds +xT(t—d2)(—ZzT>/ x(s)ds
d2 t—do d2 - dl t—dy
T

+Xx t—d(t))

T

(—Qg + ﬁgzagl)x(t - d(t))
+y (- - )R+ Bieal)y(t - d(t))

(

(t-d(2)

A (6x(0) (D (650) + £ (6y©0) (~e2D)fo (£, 5(2))
(
(

+

+f (6x(t = d(©)) (~esD)fs (£, x(¢ - d(2)))
+ T (6 y(t - d®)) (~ea)fp (6,5 (- A1)

1 t
+ / x%(s)ds (—— Wl> / x(s)ds
t—dy d2 t—dy
t—dy T 1 t—dy
+ x'(s)ds <— V4 ) / x(s) ds
/t‘—dz d2 - dl ! t—dy

Define the extended vector

E(t) = [xT(t), YT (0,27 (t = ), &7 (¢ - do), &7 (¢ - d(8)),y7 (¢ - d(©). £ (£,5(0)),

t—dp

¢ T
sz(t,y(t)),]%T(t,x(t—d(t))),ﬁT(t,y(t—d(t))),/d x(s)ds,/ x(s)ds] .

—dy

IfIT < 0, that is to say, V(t) < 0, then based on the Lyapunov method, system (2) is asymp-
totically stable, that is to say, system (1) is asymptotically stable.
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Furthermore, we prove the exponential stability of the neutral system (1).

Now, it is easy to see from (4) that there exists a scalar Ao > 0 such that for any ¢, V() <
—holl @3-

Moreover, by the definition of a Lyapunov functional, there exist positive scalars A1, Ay,

A3, and A4 such that for any ¢ we have the following inequality:

V(e) < h x> + 2 / s

i f s+ f Jsts-d s )

To prove the exponential stability of system (2), we define a new function by W(¢) =
€'V (), where the scalar ¢ > 0. Then, we find that for any ¢,

W (t) - W(0) = eV (t) - V(0)

t d
= / [e7V(s) + g€ V(s)] ds < / e“[eV(s) - V(s)]ds
0 t
t 0 0
£0 2 2 . 2
< /0 ¢ [mnx(e)n r oy /9 0 e e /9 e
v 2
+£A4/ (s = ) | ds—k0||d>||fl:| de. (8)
6-dy

By interchanging the integration sequence, we get

t [ t
/ e? d@/ ||x(s)||2ds§d268d2/ e? Hx(@)HQdG+d§e£d2||g0||2,
0 0—do 0
t [ 9 t 9
/ e’ do / |%(s)|* ds < dre*® / e||x(0)|” do + dae* || p 1%, )
0 0—do 0
! 0 ? 2 d. ' 0 2 2 ed 2
/ e d@/ ||x(s—d2)|| ds < d,é’ 2/ e’ ||x(0)|| do + dye o~
0 0—do 0

Let ¢ > 0 be small enough such that ex; + edy€® )y + dyef® )3 — Ay < 0.

Then, substituting (9) into (8) shows that there exists a scalar 8 > 0 such that, for any ¢,
V() < Be || D13 (10)

It can be seen that

T
v<t>z[x(”] [” 0} [P 1 0}["(t)}=xT(t)P1x(t)zxmin(Pl)nx(t)nZ. (1)

¥(2) 0 0|(Py P3|]|y@®)

Substituting (11) into (10) yields [lx(z)| < xm«f(Pl)e_gt”q)”d for any ¢.

From Definition 1, x(¢) has exponential stability, that is, system (1) has exponential sta-
bility. This completes the proof. d
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Remark 2 When G; = G, = G3 = G4 = 0, system (1) is reduced to the traditional neutral
system with time delay. However, for the class of neutral systems one has achieved some

results in [2, 3] and the references therein.

Remark 3 When G, = 0 and G; = G5 = G4 = I, system (1) is converted into the system in

Ali [16]. However, our system has more the nature of universality.

Remark 4 When C = 0 and G, = 0, system (1) reduces to the traditional power system

with nonlinear perturbations (12). However, for the general power system with nonlinear

perturbations one has achieved some results in [9, 16-18, 20, 21]. We have

x(t) = Ax(t) + Bx(t — d(t)) + Gii(5,x(0)) + Gofa (8, %(2)) + Gafs (£, (¢ — d(2))), 12)
x(@) =),  x()=), te[-d,0]

Corollary 1 For prescribed scalar dy > 0, system (12) is exponentially admissible with con-

vergence rate ¢, if there exist positive-definite matrices P = [2 POS ] and positive-definite

w1 Wa Z
*

symmetric matrices Q1, Qy, Q3, W = [ ] and a real matrix Z = [ 2] satisfying the

* W3
following LMI:
Xy X, 0 Xu PIB PIG PIG, PIGs X9 O |
* X22 0 0 PgB P3G1 P3 Gz P3 G3 0 0
* * X33 X34 0 0 0 0 0 Xg,lo
* % * Xa O 0 0 0  X49 Xglo
* * * * Xs5 0 0 0 0 0 0
<V,
* * * * * —&1l 0 0 0 0
* * * * * * -8yl 0 0 0
* * * * * * * —e3l 0 0
* * * * * * * * Xog 0
| * * * * * * * * * X10,10 |
where
1
Xu ZPgA +ATP2 + Ql + Q2 + Q3 +d2W1 + (dz —dl)Zl - d_W3 + /312811,
2
X12 = P1 — Pg +ATP3 + deg + (d2 — dl)Zz,
X = -~ W Xio = —— W
14 = 4, 3 L9 = dy 2
1
Xop = 2P3 + dy Wi + (dy — di)Zs + Bieal, X34 = Z3,
dy —dy
X33 =-Q L Xowo= 78, Xyo= —WF
33 — 1 dz—dl 3 3,10 — d2—d1 2 4-,9—d2 2
1 1 1
Xa=-Q-——Z3-—Ws,  Xspo=—-2;,
44 =—Qo a2 LW w0 = gL
1
X5 =-Qs + B3esl, Xo9=——W1, X010 = — Z.

dz d2 - dl
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Table 1 Maximum allowable time-delay upper bound for 7 (t) = h(t)

Result  Upper bounds
of delays

1.3955
0.7400
1 16100
] 1.7200
]
r

2.6000
S 3.1500

Table 2 Maximum allowable time-delay upper bound for d,

Time-delay conditions  [20] [21] [17] [18] [16] Ours

a=0,8=01,d=0 0.6811 13279 27420 37440 dr,>0 dr>0
a=0,8=01,d=05 0.5467 06743 11420 14710 15774 1.7426
a=01,8=01,d=0 06129 12503 18750 24430 dr,>0 dr>0
a=01,8=01,d=05 04950 05716  1.0090 12990 1419 23259

4 Numerical examples
Example 1 Consider the following neutral time-delay system [16]:
x(t) = Ax(t) + Bx(t — d(t)) + Cx(t — d(t)) + Gifi (£,5(2)) + Gofa (£,%(2))
+Gafs(t,x(t - d(1))) + Gafa(t,%(¢ — d(2))),

with A = [_02 -02]’3: [0(.)4 064]’ C= [061 0(?1]’ G =G =Gu=1,

G, =0, o =0.1, oy =0, a3 = 0.05, d(t) <d=0.5.

Using the Matlab LMI Toolbox and Theorem 1, we obtain maximum allowable upper
bounds of d,, which are listed in Table 1. Table 1 describes maximum allowable upper
bounds of delays that guarantee the exponential stability of system (1). It can be seen that
our stability condition is less conservative than the results discussed in [16, 22, 23].

Example 2 Consider the asymptotic stability with ¢ = 0 of a system with time delay and
nonlinear uncertainties in [16—18, 20, 21]:

x(t) = Ax(t) + Bx(t — d(2)) + Gifi (6, %(0)) + Gofa (£, %(2)) + Gafs (£, x(¢ - d(1))),
where

-1.2 0.1 -0. .
Ao ’ B 0.6 0.7 .
-01 -1 -1 -0.8
By applying our criteria and using the Matlab LMI Toolbox, we have the comparative result

listed in Table 2. From Table 2, we can see that our results are much less conservative than
those in [16-18, 20, 21].

5 Conclusion
The exponentially stability of a neutral system with nonlinear perturbations has been
solved in terms of the LMI approach. Using the Lyapunov-Krasovskii functional method,
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the model transformation technique, and a new integral inequality, a new criterion for
the exponential stability of systems is given. The criterion is presented in terms of linear
matrix inequalities, which can easily be solved by the Matlab Toolbox and will have wide
application in practical engineering. Finally, numerical examples are presented to illustrate

the effectiveness of the method.
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