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1 Introduction and preliminaries

Very recently, Jleli and Samet [1] and Samet et al. [2] proved that some fixed point results
in the setting of G-metric spaces, introduced by Sims and Mustafa [3], are consequences
of the well-known fixed point theorem in the context of the usual metric space. Indeed, au-
thors in [1, 2] noticed that G(x, 5, y) = g(x, y) is a quasi-metric and obtained that the results
are just a characterization of existence results in the framework of a quasi-metric. On the
other hand, a G-metric was introduced as a generalization of the (usual) metric. Basically,
G-metrics claim the geometry of three points instead of two points. Consequently, Jleli
and Samet [1] and Samet ef al. [2] concluded that if the expression in the fixed point the-
orem can be reduced to two points, then it can be written as a consequence of the related
existence result in the literature.

Recently, Saadati et al. [4] introduced the concept of ©2-distance on a complete G-metric
space as a generalized notion of w-distance due to Kada et al. [5]. In these papers, the
authors investigate the existence/uniqueness of a fixed point of certain operators in this
setting. In this paper, we revise some published papers (see, e.g., [6, 7]) and improve the
statements in a way that cannot be manipulated by the techniques used in [1, 2] (see also
[8-10]).

We first recall some necessary definitions and basic results on the topics in the literature.

Definition 1 ([3]) Let X be a non-empty set. A function G: X x X x X — [0, 00) is called
a G-metric if the following conditions are satisfied:
(i) G(x,y,2) =0 if x = y = z (coincidence),
(i) G(x,%,9) >0 for all x,y € X, where x # y,
(ili) G(x,x,2) < G(x,y,2) forall x,y,z € X, with z # y,
(iv) G(x,y,2) = G(p{x,y,2}), where p is a permutation of x, y, z (symmetry),
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(v) G(x,9,2) < G(x,a,a) + G(a,y,z) for all x,y,z,a € X (rectangle inequality).
A G-metric is said to be symmetric if G(x,y,y) = G(y,x,x) for all x,y € X.

Definition 2 ([3]) Suppose that (X, G) is a G-metric space.

(1) A sequence {x,} in X is said to be G-Cauchy sequence if, for each ¢ > 0, there exists
a positive integer ng such that for all n, m, [ > ng, G(x,,, %, %1) < €.

(2) A sequence {x,} in X is said to be G-convergent to a point x € X if, for each ¢ > 0,
there exists a positive integer ngy such that for all m, n > ng, G(x,, x4, %) < €.

Definition 3 ([4]) Let (X,G) be a G-metric space. Then a function Q: X x X x X —
[0, 00) is called an Q2-distance on X if the following conditions are satisfied:
(a) Qx,y,2) <Qx,a,a) + Qa,y,z) forall x,y,z,a € X,
(b) Q(x,9,-),2x,-,y) : X — [0, 00) are lower semi-continuous for any x,y € X,
(c) for each e > 0, there exists § > 0 such that Q(x,a,a) < § and Q(a,y,z) < § imply
G(x,9,2z) <e.

Example 4 ([4]) Suppose that (X,d) is a metric space. Let G : X®> —> [0, oo) be defined as
follows:

G(x,9,2) = max{d(x,y),d(y, z),d(x,z)}
for all %, y,z € X. Then one can easily show that Q = G is an Q-distance on X.

Example 5 ([4]) Let X =R and (X, G) be a G-metric, where

1
G,,2) = g(lx—yl +ly—zl+|x—z|)

for all x,7,z € X. If we define Q : R® — [0, 00) as follows:

1
Qx5,2) = 3 (12 =l + [~ 1)
for all x,7,z € X, then it is an Q2-distance on R.
We refer, e.g., to [4, 11] for more details and examples on the topic.

Lemma 6 [4] Suppose that (X, G) is a G-metric space and 2 is an Q-distance on X. Let
{x.}, {yn} be sequences in X and {a,}, {B,} be sequences in [0,00) converging to zero and
x,9,2,a € X. Then
(@) if QY, %y x0) < oty and Qxp,y,2) < By for n €N, then G(y,9,2) < &, and hence y = z;
(b) if Q> %, %) < &ty and Qxy, Y, 2) < Bu for m > n, then G(y,, ym, z) — 0, and hence
Y — %
(©) if QL xm,x1) <y for any ,m,n € N with n < m <, then {x,} is a G-Cauchy
sequence;
(d) if Qxy,a,a) <y, forany n €N, then {x,} is a G-Cauchy sequence.

Definition 7 ([4]) Suppose that (X, G) is a G-metric space and 2 is an Q-distance on X.
(X, G) is called ©2-bounded if there is a constant C > 0 with Q(x,y,z) < C for all x,y,z € X.
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Definition 8 Let (X, <) be a partially ordered set. A self-mapping 7 : X — X is said to be
non-decreasing if, for x,y € X,

x<y = Tkx)=<T().

The tripled (X, G, <) is called a partially ordered G-metric space if (X, <) is a partially

ordered set endowed with a G-metric on X; see also [12, 13].

2 Fixed point theorems on partially ordered G-metric spaces
We start this section with the following classes of mappings:

o= {qbld) :[0,00) — [0, 00) continuous, non—decreasing} and

v = {1/f|1/f :[0,00) — [0, 00) continuous, non—decreasing}

with ¢71({0}) = ¥ '({0}) = {0}.

Definition 9 Let (X, <) be a partially ordered space. Suppose that there exists a G-metric
on X such that (X, G) is a complete G-metric space. A self-mapping 7 : X — X is said to
be a generalized weak-contraction mapping if it satisfies the following condition:

Y (Q(Tx, Tx, Ty)) < ¥ (U, Tx,9)) — ¢(Q2x, Tx,y))  forallx,y € X, withx <y,
where Y € W and ¢ € .

Theorem 10 Let (X, G, <) be a partially ordered complete G-metric space, and let Q be an
Q-distance on X. Suppose that a non-decreasing self-mapping T : X — X is a generalized
weak-contraction mapping, that is,

v (QTx, Tx, Ty)) < ¥ (U, Tap)) — ¢(Qx, T, ) forall x,y € X, with x < Tx,
with ¢ € WV and ¢ € ®. Suppose also that inf{Q(x, y,x) + Q(x,y, Tx) + Qx, Tx, y) : x < Tx} >
0 foreveryy € X withy # Ty. If there exists xy € X with xo < Txo, then T has a unique fixed

point, say u € X. Moreover, Qu, u,u) = 0.

Proof 1f xy = Txy, then the proof is finished. Suppose that xy # Tx. Since xy < Txo and T
is non-decreasing, we obtain

%0 < Txo < TPxg <+ < T"™'xg <+~
Now, if for some n € N, Q(T"xq, T"*'x, T"*'x0) = 0, then

I/J'(Q(Tn+1x0, Tn+2x0’ Tn+2x0)) < W(Q(T”X(), Tn+1x0, TVH—le))
_ ¢(Q(T”x0, TVHle, Tn+lx0))’
then Q(T"xo, T"2x, T"*?x0) = 0. Due to [(a), Definition 3], we have Q(T"xo, T"**xy,

T"*2x,) = 0. On the other hand, by [(c), Definition 3], we easily derive that G(T"xy, T"*%xy,
T"*2x0) = 0, which completes the proof.
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Consequently, throughout the proof, we suppose that Q(T"xo, T"*1xo, T"*'x¢) > 0 for all
n € N. Hence, we have
¥ (Q(T"x0, T %0, T 0)) < ¥ (Q(T" "0, T"%0, T"%0))

- ¢(QT" w0, T"x0, T"x0)), (2.1)
which yields that
Y (Q(T"x0, T %0, T 0) ) < ¥ (T %0, T"x0, T"%0) ).

As a result, we conclude that {Q(T"xo, T"*'xg, T"*'x¢)} is non-increasing. Thus, there ex-
ists 7 > 0 such that

lim Q(T"xo, T" %0, T" o) = r.

n—00

We shall show that r = 0. Suppose, on the contrary, that r > 0. Then we have ¢(r) > 0.
Letting n — 0o on (2.1), we obtain

Y (r) <y (r) - ¢(r),
a contraction. Hence, we have

lim Q(T"x0, T" %0, T"*'x0) = 0. (2.2)

n—00

Recursively, we obtain that

lim Q(T"x0, T" %0, T"*'x9) = 0 (2.3)

n—00

for every t € N.
Let!>m>nwithm=n+kand!=m+t (k,t € N). By the triangle inequality, we derive
that

Q(T”xo, T x0, Tlxo) (T”xo, T %, T”*lxo) + Q(T””xo, T"x0, Tlxo)

<Q
< Q(T”xo, TVHle, Tn+1x0) + Q(T””xo, Tn+2x0, Tn+2x0)

oot Q(T””lxo, T"x, Tlxo).
Letting n — oo in the inequality above, by keeping the limits (2.2) and (2.3), we obtain

lim  Q(T"xo, T" %0, T'xo) = 0.

n,m,l— 00

Therefore, {T"x,} is a G-Cauchy sequence. Since X is G-complete, {T"x(} converges to a
point # € X. Now, for ¢ > 0 and by the lower semi-continuity of €2,

Q(T”xo, T"x, u) < limian(T"xo, T"x, T”xo) <& m=>n,

p—>00
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Q(T"x0,u, T'xo) < liminf Q(T"x0, TPx0, T'%0) <&, [>n.
p—)OO
Assume that u # Tu. Since T"xy < T"*1xo,
0< inf{Q(T"xo, u, T”xo) + Q(T"xo, u, T"+1x0) + Q(T"xo, T, u) ‘ne N} < 3g,
a contraction. Hence, we have u = Tu.

We shall show that u is the unique fixed point of T. Suppose, on the contrary, that v is
another fixed point of T'. So, we have

v (Qu, u,v)) = ¥ (QUTu, T?u, Tv))
< ¥ (R, Tu,v)) — ¢(2u, Tu,v))
= ¥ (Qu, u,v)) — ¢(2u, u,v))
< ¥ (2w, u,v)),

a contraction. Thus, the fixed point u is unique. Now, since u = Tu, we have

v (Qu, u, 1)) = ¥ (QUTu, Tu, Tu))
< ¥ (u, Tu, ) — ¢(2Au, Tu, u))
= 1//(52(14, u, u)) - ¢(Q(u, u, u)).

So, Q(u,u,u) = 0. O

Definition 11 Let (X, <) be a partially ordered space. Suppose that there exists a G-metric
on X such that (X, G) is a complete G-metric space. A self-mapping 7 : X — X is said to
be a weak-contraction mapping if it satisfies the following condition:

Q(Tx, T?x, Ty) < Q(x, Tx,y) — qS(Q(x, Tx,y)) forall x,y € X, withx <y,
where ¢ € O.

Corollary 12 Let (X, G, <) be a partially ordered complete G-metric space, and let Q2 be
an Q-distance on X. Suppose that a non-decreasing self-mapping T : X — X is a weak-
contraction mapping, that is,

Q(Tx, T?x, Ty) < Qx, Tx,y) — ¢ (A, Tx,y))  for all x,y € X, with x < Tx,
where ¢ € ®. Suppose also that inf{Q(x,y,x) + Q(x,y, Tx) + Q(x, Tx,y) : x < Tx} > 0 for every
ye X withy#Ty. If there exists xy € X with xy < Txy, then T has a unique fixed point, say

u € X. Moreover, Q(u, u,u) = 0.

If we take ¢(¢) = kt, where k € [0,1), we derive Theorem 2.2 [4] as the following corollary.
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Corollary 13 Let (X, G, <) be a partially ordered complete G-metric space, and let Q be
an Q-distance on X. Suppose that there exists k € [0,1) such that

Q(Tx, T?x, Ty) < kQx, Tx,y) for all x,y € X, with x < Tx.
Suppose also that inf{Q(x,y,x) + Qx,y, Tx) + Qx, Tx,y) : x < Tx} > 0 for every y € X with
y # Ty. If there exists xg € X with xo < Txo, then T has a unique fixed point, say u € X.

Moreover, Q(u,u,u) = 0.

Definition 14 Let (X, <) be a partially ordered space. Suppose that there exists a G-metric
on X such that (X, G) is a complete G-metric space. A self-mapping 7 : X — X is said to
be a Ciri¢-type contraction mapping if it satisfies that there exists 0 < k <1 such that

Q(Tx, T?x, Ty) < kM(x,x,),
where

1
M(x,x,y) = max { Q(x, Tx, Tx), 2y, Ty, Ty), 5 Q(x, Ty, Ty)}

forallx,y € X withx <.

Theorem 15 Let (X, G, <) be a partially ordered complete G-metric space, and let Q be an
Q-distance on X. Suppose that a non-decreasing self-mapping T : X —> X is a Ciricé-type
contraction mapping.
(i) Foreveryxe X andye X withy #T(y),
inf{Q(x,y,x) + Qx,y, Tx) + Q(x, Tx, y) : x < T(x)} > 0,
(ii) There exists xq € X such that xy < T(xg),
then T has a fixed point u in X and Qu,u,u) = 0.

Proof By assumption (ii), there exists xy € X such that xg < T'(xp). We fix x; € X such that
x1 = T(xo). Since T is a non-decreasing mapping, Txo < Tx;. There exists x; € X such that
Tx; = x,. Recursively, we construct the sequence {x,} in the following way:
Kps1 = Ix, < Txpi1 = Xy4o  forallm > 0.
Since T is a Ciri¢-type contraction mapping, by replacing x = x, and y = x,,,1, we get that
QK15 X2, Xna2) = QT Txi15 Thni) < KM (%5 %05 X1, (2.4)
where
M(xn: xn;xn+1) = max{ Q(xnr Txnx Txn): Q(xrﬁ—l: Txn+1: Txn+1),

1
E QX Txne15 T 1) }

= maX{ Q%5 K15 K1) QX 15 X2 Xis2),
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1
E Q(xm Xn+2s xn+2)

< max{ Q(xnr Xn+ls xn+1)v Q(xn+17xn+21 xn+2)x
1
) [Q(xn: Xnsly Xne1) + QX115 K25 xn+2)]
= maX{Q(xn: Xn+ls xn+1)¢ S-2(xn+1¢xn+2: xn+2)}-
Notice that if M(x,, %y, %441) < Q(Xp41, X425 Xn42), then (2.4) yields a contradiction since
k<1.
Thus, M (%, %, X441) < (%4, X141, %441) and inequality (2.4) and & < 1 turn into

QX1 Xpa2s Xns2) < KLy X1, K1) (2.5)

Upon the discussion above, we conclude that the sequence {€2(x,,%;+1,%,41)} is non-
increasing and bounded below. Therefore, there exists r > 0 such that

lim Q(x,, %541, Xp41) = 7-

n—00

We shall show that r = 0. By a standard calculation, using inequality (2.5) and keeping
k <1 in mind, we obtain lim,,_, o €(x,,, %11, %,41) = 0. We claim that the sequence {x,} is
G-Cauchy. Let /> m > nwithm =n+ kand [ = m +t (k,¢ € N). By the triangle inequality,
we derive that

QX Xy %1) < QXos X1 K1) + QLKprs15 Xy K1)

< Q% Xya1, K1) + Q(xn+1:xn+2’xn+2) L Q(xm—hxm’xl)o (2-6)
On the other hand, we have

QX1 %> Ximet) < kM X2, X2, Xppsi—1)

= k max { Q (xm—27 Xin—1» xm—l): Q(xm+t—lr KXin+tr xm+t),
E Q(Xm-2s Xt Xrmsr) }
= kmax{ QX2 X1 Xm-1)s L Xt 1-15 Xt Xmrt)s
1
E [Q(xm—Z: Xin1s%m—1) + Q(Xpn_15 Xm> Xm)
R Q(xm+t—1;xm+t:xm+t)] } (2.7)
By combining expressions (2.6) and (2.7), we find that

Q(xmxm;xl)

= S.Z(Xrnxn+1)xn+l) + Q(x}’l+1)xﬂ+2)xn+2) L Q(xm—%xm—bxm—l)
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1
+ kmax{ QX125 X1, Xn-1)s LK 11 X tr Xat)» 5 [Q(xm—b K15 %m—1)
+ Q(xm—bxmxxm) L Q(xm+t—lrxm+trxm+t)] } (28)
Taking n — oo in (2.8), we conclude that

lim  Q(x,, %, %) =0,
n,m,l— 00

and hence {x,} is a G-Cauchy sequence due to expression (c) of Lemma 6. Since X is G-
complete, {x,} converges to a point # € X. Thus, for £ > 0 and by the lower semi-continuity

of 2, we have
QX Xy u) < liminf Q(x,, X, %) <&, m=>n,
p—)DQ
and

Q(xy, u, ;) < liminf Q(x,, x,,%1) <&, [>mn.
p—)DO

Assume that u # Tu. Since x,,,1 < X132,
0< inf{Q(xm—b M:xm—l) + Q(xrﬁl; M7x}’l+2) + Q(xrz+lxxr1+27 L{) ne N} = 3¢
for every ¢ > 0, that is a contraction. Therefore, we have u = Tu and Q(u, u, u) = 0. O

Definition 16 Let (X, <) be a partially ordered space and f,g : X — X. We say that g is an
f-monotone mapping if

xyeX, fx)=<fly) = gk <gWy).

Theorem 17 Let (X, G, <) be a partially ordered complete G-metric space, and let Q be an
Q-distance on X such that X is Q-bounded. Let f : X — X and g : f(X) — X commute, f
be non-decreasing and g be an f-monotone mapping such that:
(2) gf () S F2(X);
(b) Qgfx,gy,g%x) < kM(x, x,y), where
M(x,x,y) = max{Q(f2x, fy,fgx), L, [, 2), QU 2x,f2x, fgx)} for all x,y € X with
fx)<f(y)and0 <k<1;
(c) foreveryx € X and z € X with f*z # gfz,

inf{Q(x,z,%) + Qx,%,2) + Q(*x,gx, gfx) : fx < gfx} > 0;

(d) there exists xo € f(X) such that f(x0) < g(x0);

then f and g have a unique common fixed point u in X and Q(u,u,u) = 0.

Proof Let % € f(X) such that f(x¢) < g(xo). By part (a), we can choose x; € f(X) such
that f(x1) = g(xo). Again from part (a), we can choose x; € f(X) such that f(x;) = g(x1).

Page 8 of 15
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Continuing this process, we can construct sequences {x,} in f(X) and {z,} in f2(X) such
that

Yn =8&%n zfxn+1: (29)
and
Zn = gYn-1 :gfxn :fgxn :fyn' (2.10)

Since f(xo) < g(xo) and f(x1) = g(xo), we have f(xo) < f(x1). Then by Definition 16, g(xo) <
g(x1). Continuing, we obtain

gxn ngm-l: Vl’l Z 0. (211)
So, by (2.9) and (2.11), for all £ > 1, fx, < fx,,;. Now, for all s > 0,

21y Znass Zns1) = 2 (gfxn:ganrs—l;gan)
< kmax { Q (fzxn’fyn+s—1:fgxn)r Q(fVnss—15Vnrs—1:8Vnss-1)s
Q% % f3%n) |

=k max{ Q2115 Znvs-1, Zn)s 2UZnts—15 Znvs—1, Znss)s

Q2n-1,Zn-1,2) }-
Then, for s = 0,
Q2,20 Zn41) < k241,201, 2n)-
Fors=1,

1+1
Q(zn: Zn+ls Zn+1) = k *

max{Q(zn—meZn)’ Q(Zn—ljzn—hzn)}‘
Fors=2,
Q(Zn: Zn+2s Zn+1) =< k1+2 max{ Q(Zn—l: Zn+ls Zn); Q(Zn—l: Zn-1, Zn)}

and

Q(zn—lx Zn-1, Zn) =< k max{ Q(zn—Zy Zn-2s Zn—l); Q(Zn—Z: Zn-25 Zn—l)y Q(ZVI—Z) Zn-2» Zn—l) }

= /(Q(Z,,_z, Zn-2, Zn—l)

< K"'Q(z0,20,21).
Therefore, forall# >1and s > 0,

Q(zn: Zn+sy Zn+1) = knﬂ max{ Q(zn—l: Zn+s—1s Zn)r Q(207 20, Zl) } . (212)
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Notice that if Q(z,, Zp+s) Zns1) < kK"Q(20,20,21), 50 for all s > 0, lim,,_, oo (21> Zpes> Zns1) =
0. If Q(znsZnsss Zns1) < K" Q2Z-15 Znes—1,2n)s 50 {Q2(2-1,Znss-1,24)} is non-increasing and
bounded below. Therefore, there exists r > 0 such that

lim Q(zn—b Znts—1> Zn) =r.
n—00

We shall show that = 0. By a standard calculation, using inequality (2.12) and keeping k <
1 in mind, we obtain lim,,_, oo 2(2-1, Zn+s-1,24) = 0. Now, for any [ > m > n with m = n + k
and [ =m + ¢t (k,t € N), we have
Q(Zn: Zm» Zl) = Q(ZerHl: Zn+1) + Q(Znﬂr Z;«mzl)
S Q(Zn: Zn+1s Zn+1) + Q(znﬂr Zn+2s Zn+2) L Q(Zm—lv Zim» Zl)
< Q2 Zns1) Zns1) + RZya1s Zus2 Zus2) + -+ + U215 Zims Zm)

+ Q(Zm: Zm+lrzm+1) L Q(Zmﬂ—lrzmrzmﬂ)-
So,

lim Q(zmzmrzl) =0,
n,m,l— 00

and consequently, by Part (3) of Lemma 6, {z,} is a G-Cauchy sequence. Since X is G-
complete, {z,} converges to a point z € X. Thus, for ¢ > 0 and by the lower semi-continuity

of Q, we have

Q2 2, 2) < liminf Q(zy, 2, 2p) <&, m=>n,
p—)OO

and

Q(zy,2,21) <liminf Q(z,,2,,2) <&, [>n.
p—>00

Assume that 2z # gfz. Since f is non-decreasing, we obtain

Zn :fzxrﬁl :f(fxn+l) Sf(an+2) :gfxn+l = Zn+ly

then z,, < z,,1. Also, forall n > 1,

Qf* 2 g2 &fen) = Ufzn1,820 8 2n1)
< kmax{ Q(f* a1, fon, 8201, Ufens fo 82,
Q(f*2n-1,f*2n-1,f22n1) }
- {28512, W o)
Q(gfzn-282n-2:8"2n2) }
< K max {2 2. fn 1, fgzn2), Qfen 1, fon 1,2 1)
QUf*2u-2f20-2: f52n-2)> 2fzns f2n: 82n),
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Qf*2zn2.f 202, f82n-2), U202, 202, Gf2n2),
QU zu-2,f*2n-2:fg2n-2) }

= K max {Q(f*zn2.f2n1,/gn-2), 2fen-1,2n-1,82n-1),
Qf*2zn-2.f2n-2.f02n-2), Uz, f2, 82n)}

S k2n+1 maX{Q(szlrgZI;ng1), Q(fzzlnythng),
Qfzi, fzi,g2:),0 < i < n}
< k2n+1 C,

where C = max{Q(f*z1,gz1,8fz1), Qf*z1, 21, fgz1), Qfzi, fzi,g2:),0 < i < n}, and conse-
quently lim,_, o Q(f2z,,, g2, 8fz1) = 0. Therefore,

0< inf{Q(z,,,z, Z) + Uz, 20, 2) + Q(fzz,,,gz,,,gfz,,) ‘ne N} <3¢
for every ¢ > 0, that is a contraction. So, we have f2z = gfz. Then, by (b),

Q(ef*28(ef2),8°fz) < kmax{Q(ffz.f (gf2). f2(f2)), Q(f (ef2).f (¢f2),£(ef2)),
Q)L 2 fe(2) )

So, Q(gf?z,g(gfz),gfz) = 0. Since X is Q-bounded, Q(gf?z,g(gfz), g%fz) = 0 < M. Similarly,
Qg2 gfz g*fz) < kQ(f?z,f?2,f?2) < M. By part (c) of Definition 3, G(gf?z, gfz,g*fz) = 0.
Then g2fz = gfz, which implies that gfz is a fixed point for g. Now,

flef) =gf*z=gfz=gf2.

Then u = gfz is a common fixed point of f and g.
Uniqueness. Assume that there exists v € X such that fv = gv = v. Hence, we have

Qv,v,v) < kQ(v,v,v),

and so Q(v,v,v) = Q(u,u, u) = 0. Also, Q2(v,u,v) = 0. Then, by Part (c) of Definition 3, u = v
and Q(u, u,u) = 0. O

The following corollary is a generalization of Theorem 2.1 [14].
Denote by A the set of all functions A : [0, +00) — [0, +00) satisfying the following hy-
potheses:
(i) A is a Lebesgue-integrable mapping on each compact subset of [0, +00),
(ii) for every e >0, we have f(f A(s)ds > 0,
(iii) ||A|l < 1, where ||A|| denotes the norm of A.
Now, we have the following corollary.

Corollary 18 Let (X, G, <) be a partially ordered complete G-metric space, let Q be an Q-
distance on X, and let T : X — X be a non-decreasing self-mapping. Suppose that y € W
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and ¢ € ® such that

Y (QUTx, T2x,T9)) Y (Qx,T,)) B(Qx,Txy)
/ A(s)ds 5/ A(s) ds—/ A(s) ds, (2.13)
0 0 0

forall x < Tx,y € X, where A € A. Also, for every x € X,
inf{Q(x,y,x) + Q9 Tx) + Qx, Tx, y) : x < Tx} >0

foreveryy € X with y # Ty. If there exists xo € X with xo < Txy, then T has a unique fixed
point.

Proof Define y : [0,+00) — [0,+00) by y(t) = f()tk(s) ds, then from inequality (2.13), we
have

vy (v (QTx, 2%, T9))) < v (¥ (Qx, Tx, ) — v (¢(Q0x, Tx, 9))),

which can be written as
Y1 (Q(Tx, Tx, Ty)) < v1(Qx, T, p)) — ¢1(Qx, Tx, ),

where 1 = y o ¢ and ¢; = y o ¢. Since the functions v; and ¢ satisfy the properties of ¥
and ¢, by Theorem 10, T has a unique fixed point. O

Corollary 19 Let (X, G, <) be a partially ordered complete G-metric space, let Q be an

Q-distance on X, and let T : X — X be a non-decreasing self-mapping. Suppose that there
exists 0 < k <1 such that

W (QUTx, T2, Ty)) M(xxy)
/ kA(s)ds < / A(s)ds (2.14)
0

0

forallx < Tx,y € X, where

1
M(x,x,y) = max { Q(x, Tx, Tx), 2y, Ty, Ty), 5 Q(x, Ty, Ty) }
and ) € A. Also, for every x € X,
inf{Q(x,y,x) + Q@ 9, ITx) + Qx, Tx, y) : x < Tx} >0

foreveryy € X with y # Ty. If there exists xo € X with xo < Txy, then T has a unique fixed
point.

3 Application

In this section, we give an existence theorem for a solution of the following integral equa-
tions:

1
x(t) = / K(t,s,x(s))ds +g(t), te[0,1]. (3.1)
0
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Let X = C([0,1]) be the set of all continuous functions defined on [0,1]. Define G: X x
X x X — Rby

Gx,y,2) = llx =yl + lly — zll + |z — ]|,

where ||x|| = sup{|x(£)| : £ € [0,1]}. Then (X, G) is a complete G-metric space. Let Q2 = G.

Then 2 is an Q-distance on X. Define an ordered relation < on X by
x<y iff x(t)<y@), Vtelo1].
Then (X, <) is a partially ordered set. Now, we prove the following result.

Theorem 20 Suppose the following hypotheses hold:
(1) K:[0,1] x [0,1] x R* — R* and g : [0,1] — R are continuous mappings,
(2) K is non-decreasing in its first coordinate and g is non-decreasing,
(3) There exists a continuous function G : [0,1] x [0,1] — [0, +00) such that

}K(t,s, u) — K(t,s, V)‘ < G(t,9)|lu—-v|

Jor every comparable u,v € R* and s,t € [0,1] with sup,.q fol G(t,s)ds < 1,
(4) There exist continuous, non-decreasing functions ¢,y : [0,00) — (0, 00) with
¥({0}) = ¢~ ({0}) = {0} and  (r) < (2r) — $(2r) for all r € [0, 00).
Then the integral equation has a solution in C([0,1]).

Proof Define Tx(t) = fol K(t,s,x(s)) ds + g(t). By hypothesis (2), we have that T is non-
decreasing.
Now, if

inf{Q(x,y,x) + Q@ 9, Tx) + Q(x, Tx, y) : x < Tx} =0

for every y € X with y # Ty, then for each n € N, there exists x,, € C([0,1]) with x,, < Tx,

such that
1
Q%> Y5 %) + Q%> ¥y Th) + L, T, y) < -
Then we have
1
Q(xu,y, Txn) = sup |x, —yl+ sup |y—Tx,| + sup |Tx, —x,| < —.
tel0,1] te[0,1] tel0,1] n

Thus,
lim x,(¢) = y(¢), lim Tx,(t) = y(t).
H—0Q n— 00

By the continuity of K, we have

1
y(¢) = lim Tx,(¢) = /o K(t, s, nlgrgo x,,(s)) ds+g(t)

n—0o0

1
= /0 K(t, s,y(s)) ds +g(t) = Ty(¢),

Page 13 0of 15
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which is a contradiction. Therefore,
inf{Q(x, y,%) + Q(x,y, Tx) + Q(x, Tx,y) : & < Tx} > 0.
Now, for x,y € X with x < Tx, we have

v (Q(Tx, T, Ty)) = ‘”(ti}é‘h'nm — T2x(t)| + t:%pH|T2x(t) — Ty()|

+ sup |Ty(t) - Tx(t)’)

te[0,1]

IA

1
w( sup /0 |K(t, s,x(s)) - K(t, s, Tx(s)) | ds

te[0,1]

1
+ sup / \K(t, s, Tx(s)) - K(t,s,y(s)) | ds

te[0,1] JO

+ sup fl‘l((t, s,y(s)) - K(t, s,x(s))| ds)

tef0,1] Jo

1
< w( sup </ G(t, s)}x(s) - Tx(s)‘ ds)
te[0,1] 0

1
+ sup </ G(t,s)!Tx(s) —y(s)|ds)
0

te[0,1]

1
+ sup </ G(t,s)!y(s)—x(s)|ds>)
tef01) \Jo

< lﬂ( sup (|x(t) - Tx(t)‘) sup /01 G(t,s)ds

te(0,1] te(0,1]

1
+ sup (|Tx(t) - y(t)|) sup /0 G(t,s)ds

te[0,1] te[0,1]

1
+ sup (|y() —x(t)]) sup / G(t,s)ds)
1Jo

te(0,1] tel0,1

< W(l sup (|x(t) - Tx(t)|) + % sup (|Tx(t) —y(t)|)

te[0,1] te[0,1]

. sup (|y(t) —x(t)l))

2 tefo,

< w(%mx, Tm)) < ¥ (Qx, Tx,9)) - (Qx, T, y).

Thus, by Theorem 10, there exists a solution u € C[0,1] of integral equation (3.1). O
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