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1 Introduction and preliminaries

Throughout the paper, we assume that E is an arbitrary real Banach space, D is a nonempty
closed convex subset of E, T : D — D is a self-mapping and F(T) is the fixed point set of
T,ie., F(T)={x e D:Tx =x}. Let ] denote the normalized duality mapping from E to 2F
defined by

J@)={f € E*: (xn.f) = x> = IfII’}, VxeE, (L1)

where E* denotes the dual space of E and (-, -) denotes the generalized duality pairing. The
single-valued normalized duality mapping is denoted by j.

Definition 1.1 (see [1]) (1) A mapping T is said to be uniformly L-Lipschitz if there exists
a constant L > 0 such that, for all x,y € D,

|T"x - T"y|| < Lllx-yl, Vn=>1. (1.2)

(2) The mapping T is said to be asymptotically nonexpansive with a sequence {k,} C
[1, +00) and lim,_, o k,, = 1 if, for all x,y € D,

|T7% - T"y| < kallx=yl, Vn=>1. (1.3)

(3) The mapping T is said to be asymptotically pseudocontractive with a sequence {k,} C
[1,+00) and lim,_, o k,, = 1 if, for all x, y € D, there exists j(x — y) € J(x — y) such that

(T"x - T"y,j(x - ) < kullx = yII>, Vn>1 (1.4)
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Obviously, an asymptotically nonexpansive mapping is both asymptotically pseudocon-
tractive and uniformly L-Lipschitz, but the converse is not true in general. For more de-
tails on uniformly L-Lipschitz asymptotically nonexpansive and asymptotically pseudo-

contractive mappings, see [2-6] and [7-11].

Definition 1.2 (see [1]) For any u;,x; € D, the sequences {u,} and {x,} in D defined by
Up =1 —a,)u, +a,T"u,, Yn>1, 1.5)

and

a=0=b,)x,+b,T"x,,
In = ( ) L6)
X1 = (1= an)x, + anT"y,, VYn=>1,

are called the modified Mann and Ishikawa iterations, respectively, where {a,}, {b,} are
two real sequences in [0, 1] satisfying some conditions. For more details on the Mann and

Ishikawa iterations, see [4, 12] and [11].

In 2001, Chidume and Mutangadura [13] constructed an example for every nontrivial
Mann iteration failing to converge while Ishikawa iteration converges. Therefore, there
exist some differences between convergence of two kinds of the iterative sequences. Since
then, many authors have shown that the Mann (modified Mann) and Ishikawa (modified
Ishikawa) iterations (with errors) converge strongly to fixed points of pseudocontractive
mappings and others under appropriate conditions.

Especially, Chang [1] proved the following.

Theorem 1.3 [1, Theorem 2.1] Let D be a nonempty closed convex subset of E and T :
D — D be a uniformly L-Lipschitzian asymptotically pseudocontractive mapping with a
sequence {k,} C [1,+00) such that lim, - k, =1 and L > 1. Let {a,} and {b,} be two real
sequences in [0,1] satisfying the following conditions:

@) au, b, — 0asn— oo;

(b) Y020 an = 0.

For any xo € D, let {x,} be the modified Ishikawa iteration defined by (1.2). If F(T) # 0,
q € F(T) and there exists a strictly increasing function ® : [0, +00) — [0, +00) with ®(0) =0
such that

(T"%u1 = @ j(tni1 — @) < Knllotnar — qll* = @ (%1 —gll),  ¥n >0,
where j(x,11 — q) € J(%y11 — q), then {x,,} converges strongly to a fixed point q of T

Theorem 1.4 [1, Theorem 2.3] Let D be a nonempty closed convex subset of E and T :
D — D be a uniformly L-Lipschitzian asymptotically pseudocontractive mapping with a
sequence {k,} C [1,+00) such that lim,_, o k, =1 and L > 1. Let {a,} be the real sequence
in [0,1] satisfying the following conditions:

(@) a, — 0asn— oo;

(b) D020 an =00.
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For any ug € D, let {u,} be the modified Mann iteration defined by (1.1). If F(T) # ,
q € F(T) and there exists a strictly increasing function ® : [0, +o0) — [0, +00) with ®(0) =0
satisfying the condition (2.1) of [1, Theorem 2.1], then {u,} converges strongly to a fixed point
qof T.

Motivated by Theorems 1.3 and 1.4, Zeng [14] gave another interesting results as follows.

Theorem 1.5 [14, Theorem 2.1] Let D be a nonempty closed convex subset of E and
T : D — D be a uniformly L-Lipschitz asymptotically pseudocontractive mapping with a
sequence {k,} C [1,+00) such that lim,_, - k, =1 and L > 1. Let {a,} and {b,} be two real
sequences in [0,1] satisfying the following conditions:

(@) ay,—> O0asn— ocoandy . a, = 00;

(b) Y ai<ooandy oy an(k, —1) < 00;

(€ Y02 anby < 0.

For arbitrary xo € D, let {x,} be the modified Ishikawa iteration defined by (1.2). If
F(T) # 0, q € F(T) and there exists a strictly increasing function ® : [0, +00) — [0, +00)
with ®(0) = 0 such that

(Tnxm—l - q¢j(xn+l - q)) < kn||xn+l - q||2 - (D(”xrﬁl - q||)7 Vn > 0)
where j(x,.1 — q) € J(%u11 — q), then {x,,} converges strongly to the fixed point q of T.

Theorem 1.6 [14, Theorem 2.3] Let D be a nonempty closed convex subset of E and
T : D — D be a uniformly L-Lipschitz asymptotically pseudocontractive mapping with a
sequence {k,} C [1, +00) such that lim,_, o k, =1 and L > 1. Let {a,} be a real sequence in
[0,1] satisfying the following conditions:

(@) ay— 0asn— ocoandy ,-,a, = 00;

(b) Yolpai<ooandy ey an(k, —1) < co.

For arbitrary ug € D, let {u,} be the modified Mann iteration defined by (1.1). If F(T) # 0,
q € F(T) and there exists a strictly increasing function ® : [0, +o0) — [0, +00) with (0) =0
satisfying the condition (2.1) of [1, Theorem 2.1], then {u,} converges strongly to the fixed
pointqof T.

It is worth mentioning that the result of Chang [1] is different from that of Zeng [14].
This can be seen from the following example.

Example 1.7 Set

0, n=2i 5 1
a, = b, = k,=1+—, Vi>1l,n>1
L on=2i-1, :

Thena, — 0asn— 00,y o ay=00and Y e a> <00, Y ooy dnby <00, Y roy an(ky, —1) <

00, but b, — 0 as n — oo does not hold. On the other hand, let

0, n=2i , Lo n=2 e, ]
a, = = =1+ —,
L n=2ien, L n=2imn, BN
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Then a,,b, — 0 as n — oo and Y oo a, = 00, but Y oo a? = 00, Y ooy ab, = 0o and

> an(k, —1) = o0.

The aim of this paper is to extend and improve Theorem 1.5 and Theorem 1.6.

For this, we need to use the following lemmas.

Lemma 1.8 [1] Let E be a real Banach space and ] : E — 2F° be a normalized duality

mapping. Then, for all x,y € E and j(x + y) € J(x + y),
ll+ yI* < lll® + 2{y, j(x + ). 1.7)
Lemma 1.9 [14] Let {a,}, {b,} and {c,} be three nonnegative real sequences satisfying
ana <1+bya,+c, VYn=>0. (1.8)
IFY o by <00, Y 02 €n < 00, then lim,,_, oo ay, exists.

2 Main results

Now, we give the main results in this paper.

Theorem 2.1 Let D be a nonempty closed convex subset of E and T : D — D be a uniformly
L-Lipschitz asymptotically pseudocontractive mapping with a sequence {k,} C [1,+00) such
that lim,_, o k, =1 and L > 1. Let {a,} be a real sequence in [0,1] satisfying the following
conditions:

(@) ay— 0asn— ocoand - a,=00;

(b) > a2 <ocoandy o2, ayk, —1) < co.

For arbitrary u; € D, let {u,} be the modified Mann iteration defined by (1.5). If F(T) # ¥,
q € F(T) and there exists a strictly increasing continuous function @ : [0, +00) — [0, +00)
with ®(0) = 0 such that

<TI>(||M;'1+1 - q”)

, Vn>1,
1+ O(|latpn —!Z||) + [t —61||2

(T”unﬂ —q,j (1 — q)) < knllthne1 — 6I||2 -

where j(ity1 — q) € J(Un — q), then {u,} converges strongly to a fixed point q of T .

Proof Applying (1.5) and Lemma 1.8, we have

letner = 11 = | (1 = @)t = @) + @ (T" — )|
< (= an) b — qII* + 2a(T" 1 — 4, j(thy1 — q))
= (1= an)* Nty = g7 + 2au(T" 1ty = T"th11,j (W41 — )
+ 20, T" i1 = T"q, j(thni1 — )

< (1= an)’llun — ql* + 2auLll iy — thyir || - |41 — gl

¢(||Mn+1—q||) :|

(2.1)
1+ ®(fletpr — 6]”) + || ttp1 — q||2

+2ay |:kn||un+1 - !I||2 -
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Observe that

ltns1 — unll = ”“n(Tnun - un) “
= an”Tnun - an"'q_un”

<a,(1+L)|u,—qll.

(2.2)
Substituting (2.2) into (2.1), we obtain
ltnir — gl < A= an)llun — qll* + @y L@ + L) (|t — qlI* + 4001 — q1%)
" [k””””“ - <1><||uj)+(1”—uzz+||l)_+q|||2n+l ~ 4l ] 2

Since a,, — 0 and k,, — 1 as n — oo, without loss of generality, we assume that
L 2
3 <l-a’L(1+L)-2a,k,<1, Vn>1.

Then (2.3) implies that

2
”Mn+1 - Q||

(1-a,)?+a’L(1+1L)
< 2n S ln —qll®
1-a?L(Q+L)-2a,k,

B 2a, . (|21 — ql)
1-a’L(+ L) -2a,k, 1+ ®(|lttysr —qll) + llttni1 — 4|1
1. 2a,(k, —1) + a*[1+2L(1 + L)]
1-a2L(Q+L)-2a,k,

IA

2 2anq>(”un+l_q”)
4 — gl> - .
1+ @ty —gll) + 41 — 4l
2a,® -
< {1+4a,(k, - 1) + 2a2[1+ 2L + D))}l - qlI* - (41— q) .
1+ ®(luna —qll) + et — 4l

(2.4)

< {1+4a,(k, - 1) + 2a2[1+ 200 + )]}l - qlI*

Since Y o2 {4a,(k, — 1) + 2a2[1 + 2L(1 + L)]} < 00, by Lemma 1.9, lim,,_,  [|%,, — q|| exists.
Denote M = sup,.., {4, — qll}.

On the other hand, from (2.4), we have

2
”Mn+1 - 6I||

<{1+4a,(k, - 1)+ 2a3[1 + 2L + L)]}lu,, - ql*

_ 2an®(||un+1_q”)
L+ @(lper = qll) + ltn — gl

< lutn = qll* + {4an(k, — 1) + 2a2[1+2L(1 + L) ]} M*
_ Zﬂncb(nurwl _q”) (2 5)
1+ q)(”MnJrl _q”) + |t _q||2

: Pll#ns1—4l) — -
Let inf,,>; ot rlor gl = 8. Then § = 0. Assume § > 0. Then we have

o _
(141 = qll) =5, Vnl.
1+ q)(”um-l —61||) + ||un+1 —qll
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20,8 <l = ql* = llttn1 = qI1* + [4an(ky = 1) + 25 (1 + 2L(1 + L)) |M?, (2.6)

which implies that

o0 oo
26 " ay <lluy—ql* + Y _[4an(k, —1) +2a%(1+ 2L(1 + L)) |M* < o0, (2.7)

n=1 n=1

which is a contradiction, and so § = 0. Thus, there exists a subsequence

{ qD(”unﬁl —61||) }
L+ @([letn; 41 — qll) + 141 — ql1?
of
{ D(||etpe1 — Q||) }
1+ (D(HMVHI - q||) + ”Mn+l - q||2
such that

q)(||un,-+l —QH)
i=00 L+ ®([[ttn1 = qll) + lltn1 — ql1?

Since 0 < ||u, — q|| <M, it follows that

_ Ol —aql) _ P(lt;1 - g
T 1 )+ M Lt Bt — ql) + 1 — 12

Thus, lim;_, oo ®(||£,,11 — g|) = 0. By the strictly increasing continuous function ®, we ob-
tain that lim;_, o [|#4,.1 — gl = 0 and so lim,,_, [|l#, — gl| = 0. This completes the proof.
a

Theorem 2.2 Let E be a real Banach space and D be a nonempty closed convex subset of E.
Let T : D — D be a uniformly L-Lipschitz asymptotically pseudocontractive mapping with
a sequence {k,} C [1, +00) such that lim,,_, », k, = 1. Suppose that {a,} and {b,} are two real
sequences in [0,1] satisfying the following conditions:

(@) ay,—> 0asn—ooandy o\ a, =00;

(b) > a2 <ocoand ) o2, ayk, —1) < 00;

n=1%n
(€ Y02, anby < 00.
Forany uy,x, € D, let {u,,} and {x,} be the modified Mann and Ishikawa iterations defined
by (1.5) and (1.6), respectively. If F(T) # 0, q € F(T) and there exists a strictly increasing

continuous function ® : [0, +00) — [0, +00) with ®(0) = 0 such that

(Tnxnﬂ - Tnun+1,j(xn+1 - un+1))

D([%ps1 — U )

< Kl %1 = UaII* =
s = 1+ D([%ps1 — Usa ) + 1%s1 — U1 12

where j(%y.1 — Uns1) € J(Xns1 — Uni1). Then the following two assertions are equivalent:

Page 6 of 12
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(1) {un} converges strongly to the fixed point q of T .
(2) {xu} converges strongly to the fixed point q of T

Proof If the iteration (1.6) converges to a fixed point g, then, by putting b, = 0, we can get
the convergence of the iteration (1.5).

Conversely, we only need to prove that the iteration (1.5) = the iteration (1.6), i.e., | u, —
qll > 0 as n — 0o = |lx, — q|| — 0 as n — oco. Here, without loss of generality, let | u, —
gll <1. Then | T"u, — u,| < (1 + L).

Applying the iterations (1.5), (1.6) and Lemma 1.8, we have

1 = st 12 = (L= @) (o — 1) + (T — T |
< (U= an)* 19 — tn)* + 205(T"Y = T" thn, j(@ns1 — 1))
= (L= an)* %0 = tnll® + 20(T" — T" %11, (ns1 — Uns1))
+ 20, (T" %1 = T"ty1,j (%1 — i)
+ 2, T" it = T"th, J(Kne1 — Uns1))

2 2
5 (1 - an) ”xn - un” + ZﬂnL”yn _xn+1|| : ||xr1+1 - un+1”

D([%ps1 — U ) :|
1+ &% — Unerll) + 1%pa1 — Uit ”2

2
+2ay |:kn o1 = Upar I” =

+2a,L|tpe1 — unll - %01 — U |- (2.8)
Observe that
”un+1 - un” = “an(Tnun - Mn) ||
<a,(1+L), (2.9)

Iy = tnll = | (1= &) (n = 1) + b (T"% — 14 |
< (L= b1 = sl + b | T = Tt | + b | T = 11,
< (L= by + buL)ll%y — |l + by(1+ L)
<@ +buL) %y — tt|| + (1 + L), (2.10)
19 = Fnorll = |Ba(T" %0 — %) + @n (%0 — T"y2) |
< B[ || T = T | + | T 11 = ]| + N1t = 211]
[ 1960 = | + ||t — T" ]| + | T" 00 = Ty ]
< bu[(L+ Dl — uyll + (L +1)]
+ an[ 1% — ]| + (L +1) + L 4y — yll]
< bu[(L+1) )%, — ]l + (L +1)]
+ [ 190 — tnll + (L +1) + L[(1+ buL) 1% — |l + b1+ L)]]

= Ayllxn = unll + By, (2.11)
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where A, =b,(L +1) +a,[1+ L1 +b,L)] - 0 and B, = b, (L +1) + a,(L +1)(1 + Lb,) — 0
as n — 00. Substituting (2.9), (2.11) into (2.8), we obtain

l%n41 — un+1||2
=< (1 - un)zllxn - unHZ + zanL(An”xn - un” + Bn) ”xn+l - Z'ln+1|| + 2”;2114(1 + L)

(|| %41 — U ll) ]
1+ q)(”xrﬁl - Mn+l”) + ||xn+1 - Mn+1||2

2
: ||xn+1 - un+1|| + 261,, |:kn||xn+1 - Mn+1|| -

2 2
I I

2 2
= (1 - ﬂn) ”xn —Up + anLAn ”xn — Uy + ﬂnLAn ||xn+1 — Unsl ||

+a,LBy, + ayLB,||%ys1 — Uit ||* + a2L(1 + L) | %41 — thyn |* + @2L(1 + L)

(|41 — U ll) :|
1+ O(|xn1 — s ll) + 1001 — Unir ”2

+2a, |:kn||xn+l — Upsl ”2 -
=[@-an) + aul Ay %0 — unl® + [anl Ay + ayLBy, + a2 L(1 + L)

+ 2a,,k,,] %1 — tnsr I + @anLBy + af,L(l +1L)

D([|%ps1 — Ut ll)
n .
1+ O(1xns1 — s ) + 141 — Ui 12

(2.12)
Since ay;, by, Ay, By, ky — 1 — 0 as n — oo, without loss of generality, we assume that

1 2

3 <l-a,LA,-a,LB, —a,L(1+L)-2a,k,<1, VYn=>1
Then (2.12) implies that

”xn+l — Upt1 ”2
- 1-a,)?+a,lA,
~1-a,LA,-a,LB,—a2Ll(l+L)-2a,k,
N ayLB, +a’L(1+L)
1-a,LA,—au,LB, —a2L(1+L)-2a,k,
B 2a,
1-a,LA, - a,LB,—a2L(1+L)-2a,k,

2
[l — 24|

_ D (|1 — tnarll)
1+ O — s ll) + a1 — u}’l+1||2
. 2a,LA, + a,LB, + a>(1 + L + L*) + 2a,(k, — 1)
1-a,LA,—a,LB, —a’L(1+L)-2a,k,

2
”xn - M,,H

S ||xn — Uy

2ﬂnq>(||xn+1 — Un41 ”)

+2a,LB, +2a*L( +L) -
N 1+ D1 — et 1) + X1 — |12

<[1+4a,LA, +2a,LB, + 245 (1 + L + L?) + 4a,(k, — 1)][1%, — un|?

2a, P11 — thir ll)

+2a,LB, +2a*LA +L) -
e L+ (| %s1 — st ) + %6041 — U 12

< [1 +4a,LA, +2a,LB, + 2ai (1 +L+ L2) + 4a,(k, — 1)] 1%, — 012

+2a,LB, +2a*L(1 + L). (2.13)
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Since

o0
Z[4anLA,, +2a,LB, +2a,(1+ L +L*) + 4a,(k, —1)] < 00

n=1

and Y 7 [2a,LB, + 2a*L(1 + L)] < 0o, by Lemma 1.9, lim,,_.« ||, — u,]| exists. Denote
My = Supnzl{”xn —unll}.
On the other hand, from (2.13), it follows that

%041 — un+1”2
<[1+4a,LA, +2a,LB, +2a%(1 + L + L?) + 4a,(k, — 1)] 1%, — u,|?

2, D (|1 — U ll)
+ CI)(”xn+1 - un+1”) + ||xn+1 - Mn+1||2

< 1%y — uy || + [461,,LA,, +2a,LB, + 2513,(1 +L+ LZ) +4a,(k, - 1)]M2

+2a,LB, +2a*L(1 + L) — .

Zﬂnq)(erHl — Un41 ”)

+2a,LB, +2a*L( + L) — ) (2.14)
S 1+ D([xns1 = ) + 191 — s |12
Let inf,>; ol ?Qf”*lll;fﬁ;l”)ru = 8. Then é = 0. Assume § > 0. Then we have
(|| %1 — Unsrll) . >5, Vn>1
1+ @y — s ll) + 1% — s |l
It follows from (2.14) that
2 2
Qﬂn(S = ”xn - un” - ||xn+1 - Mn+1||
+ [4a,LA, +2a,LB, +2a%(1 + L + L*) + 4a,(k, - 1)|M*
+2a,LB, +2a*L(1 + L), (2.15)
which implies that
(o @] o0
26 a, < o —wml?+ ) _[4ayLA, +2a,LB, +2a}(1 + L) + 4a,(k, — 1) |M*
n=1 n=1
[o¢]
+ [2a,LB, +2a}L(1 + L)] < 00, (2.16)
n=1

which is a contradiction, and so § = 0. Thus, there exists a subsequence

{ q)(llmerl - unﬁl”) }

1+ q)(”xnﬁl - unﬁl”) + ”xnﬁl - uni+1||2

of

{ (|| %441 — un,-+1”) }

1+ q)(”xrﬁl - Mnﬁl”) + ||xn+1 - Mn+l||2
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such that

q)(”xnﬁl - unﬁl”) _
i~oo 1+ CI)(”xn,-H - un,—+1||) + ||xn,-+1 - uni+1||2

Since 0 < ||x,, — u,|| < M, it follows that

< (D(||xni+1 — Up;+1 ”) < q)(”xnﬁl - unﬁ-l”)
T 1+ M)+ M2 T 1+ d)(”xnﬁl - unﬁl“) + ”xnﬁl — Up;41 ”2

Thus, lim;_, oo @(||%4;+1 — 4s,41 1) = 0. By the strictly increasing continuous function &, we
obtain that lim;_, « [[%,41 — 4s41]l = 0 and so lim,_, « [|x, — #,|| = 0. Using the inequality
1%, — gll < ll%n — uyll + llun — qll = 0 as n — 0o, we know that x,, — g as n — oco. This

completes the proof. d

Theorem 2.3 Let E be a real Banach space and D be a nonempty closed convex subset of E.
Let T : D — D be a uniformly L-Lipschitz asymptotically pseudocontractive mapping with
a sequence {k,} C [1, +00) such that lim,_, , k,, = 1. Suppose that {a,} and {b,} are two real
sequences in [0,1] satisfying the following conditions:

(@) ay—> 0asn—>ooandy .\ a, =00;

(b) > a2 <ooand ) oo anlk, —1) < 00;

(© Y02 anby < 0.

For any x1 € D, let {x,} be the modified Ishikawa iteration defined in (1.6). If F(T) # ¥,
q € F(T) and there exists a strictly increasing continuous function @ : [0, +00) — [0, +00)
with ®(0) = 0 such that

(|| xpa — 4l
1+ q>(||xn+1 _q”) + ||xn+1 - q”Z’

Vn>1

_ L

(Tnxm—l - q¢j(xn+l - q)) = kn||xn+1 - q”2 -

where j(xy.1 — q) € ] (®ue1 — q). Then {x,} converges strongly to the fixed point q of T

Proof By Theorem 2.1 and Theorem 2.2, we obtain the proof of Theorem 2.3. 0

D(llx—4l)
L+®(|lx—gl)+llx—ql

than (T"x—q,j(x—q)) < k,|lx—q||*> = ®(|lx—ql|), Theorem 2.1 and Theorem 2.3 generalize

Remark 2.4 Since the condition (T"x—q,j(x—q)) < k,|lx—ql|* - is weaker
the corresponding results of Zeng [14]. Further, our proof methods are different from those
of Zeng [14].

For the sake of convenience, we give the following definitions.

Definition 2.5 A mapping T : D — E is said to be weak generalized asymptotically
@-hemi-contractive with a sequence {k,,} C [1,+00) such that lim,_, o, &k, = 1 if there ex-
ists a strictly increasing continuous function ¢ : [0, +00) — [0, +00) with ¢(0) = 0 such
that, for any x € D and y € F(T), there exists j(x — y) € J(x — y) such that

o(lle =)

T"x— T",j(x ~ ) < kull — yI|> - ’
( 7,j(x—)) I T T o=yl + [ -y

>1. (2.17)
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If the condition (2.17) is replaced by the following inequality:
(T"x - T"y,j(x - ) < kullx =1 = @(llx = yll), Vn=1, (2.18)

then T is called a generalized asymptotically ¢-hemi-contractive mapping. Clearly, if T
is a generalized asymptotically asymptotically ¢-hemi-contractive, then 7" must be a
weak generalized asymptotically asymptotically ¢-hemi-contractive mapping. However,
the converse is not true in general. This can be seen from the following examples.

Example 2.6 Let E = R be the set of real numbers with the usual norm |- | and D = [0, +00).
Define a mapping 7': D — D by

23
x=——, VxeD.
1+2x2

Then T is a monotonically increasing function with a fixed point g = 0 € D. Define two
t2
1+2£2
@ are two strictly increasing continuous functions with ®(0) = ¢(0) = 0. For all x € D and

q € F(T), let k,, = 1. Then we obtain that

functions ®, ¢ : [0, +00) — [0, +00) by &(¢£) = and ¢(¢) = £2, respectively. Then ® and

|T"x - T"q| < |Tx| < |x - ql = kulx - ql, (2.19)

(T”x -T"q,j(x - q)) = (T”x,j(x - 0)) < (Tx,j(x - 0)>

2x3 2t
= X} =
1+2x2 1+ 242
|2 _ |x—01|2
1+2|x—gl?
=kulx — > - d(lx - ql)

o(lx—ql)
1+o(x—ql) +x—ql?

=lx-q

=klx —q|* - (2.20)

Then T is a generalized asymptotically ®-hemi-contraction and a weak generalized
asymptotically ¢-hemi-contraction.

Example 2.7 Let E = R be the set of real numbers with the usual norm and R* = [0, +00).
Define a mapping 7': R* — R by

5/2 /2

1
—x
, VxeR*.

3
X+x° +x
Tx =

1+x32 4 42

Then T has a fixed point g = 0 € R*. Define a function ¢ : [0, +00) — [0, +00) by ¢(t) =
t32. Then ¢ is a strictly increasing continuous function with ¢(0) = 0. For all x € R* and
q € F(T),let n=1and k, = 1. Then we have

3 5/2

X+x+x 1/2

—X

(Tx - Tg,j(x - ) = < - 0,j(x - o>>

1+ax32 + 2

x4 a3 1 a5 _ 412
{—x

1+x32 + 42
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K2 xt a2 _ 4302

1+a%72 + 42

3/2
) X

2o
1+a32 4+ 52

6 —qI*?

L+ |x—ql3? +|x - g|?
o(lx —ql)
1+o(x—qgl) +x—qgl?

=lx—ql* -

=lx-q’ - (2.21)

Then T is a weak generalized asymptotically ¢-hemi-contraction, but not a generalized
asymptotically ®-hemi-contraction with n = 1.
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