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In financial markets, short sellers will be required to post margin to cover possible losses in case the prices of the risky assets go up.
Only a few studies focus on the optimization and performance evaluation of portfolios in the presence of margin requirements. In
this paper, we investigate the theoretical foundation of DEA (data envelopment analysis) approach to evaluate the performance
of portfolios with margin requirements from a different perspective. Under the mean-variance framework, we construct the
optimization model and portfolio possibility set on considering margin requirements. The convexity of the portfolio possibility set
is proved and the concept of efficiency in classical economics is extended to the portfolio case.The DEAmodels are then developed
to evaluate the performance of portfolios with margin requirements.Through the simulations carried out in the end, we show that,
with adequate portfolios, DEA can be used as an effective tool in computing the efficiencies of portfolios with margin requirements
for the performance evaluation purpose.This study can be viewed as a justification ofDEA into performance evaluation of portfolios
with margin requirements.

1. Introduction

In financial markets, the potential losses on short sales can
be huge when the prices of the risky assets go up; therefore,
in practice, the short sellers will be required to post margin
or collateral to cover possible losses. In practice, margin
requirements were firstly developed in the Securities Act of
1933, the Banking Act of 1933, and the Securities Exchange
Act of 1934.

Most studies on margin requirements focus on margin
calculation, relationship among margin requirements and
stock prices, market volatility, investor behaviors, and so
forth. For example, Lintner [1] analyzes the effect of short
selling and margin requirements in perfect capital markets
and states that the escrowing requirements not only involve
forced or “by-product” holdings of the (nominally) riskless
asset but also change the structure of the investor’s wealth
constraint by requiring the substitution of absolute values
for the natural number of shares when short sales are made.
Schwert [2] argues that the increase in stock prices has
been associated with a decrease in volatility and the changes

in margin requirements may not reduce subsequent stock
return volatility. Hardouvelis [3] finds that higher margin
requirements are associated with lower stock price volatility,
lower excess volatility, and smaller deviations of stock prices
throughout the post-1934 period. Thus, he concludes that
margin requirements seem to be an effective policy tool
in curbing destabilizing speculation. Hsieh and Miller [4]
state that Federal Reserve margin requirements would not
have served to dampen stock market volatility. They detect
the expected negative relation between margin requirements
and the amount of margin credit outstanding and confirm
the findings by Schwert [2] that changes in margin require-
ments have tended to follow rather than lead changes in
market volatility. Seguin [5] studies the effectiveness of using
margin as a policy tool by contrasting the volatility and
trading volume of NASDAQ stocks surrounding the date
when they were declared as margin-eligible by the Federal
Reserve System during 1977–1987. He finds that volume
increased, while volatility decreased once stocks became
margin-eligible. Kupiec and Sharpe [6] adopt an overlapping
generation model to characterize the effects of initial margin
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requirements on the volatility of risky asset prices. They
show that imposing a binding initialmargin requirementmay
either increase or decrease stock price volatility, depending
on the microeconomic structure behind fluctuations. Seguin
and Jarrell [7] compare the crash behavior of NASDAQ assets
eligible formargin tradingwith the behavior of ineligible ones
from the crash of 1987. They find that margin-eligible assets
were more frequently subjected to margin calls and forced
sales. Watanabe [8] examines the pattern of autocorrelation
of daily stock index returns in the Tokyo Stock Exchange
and finds that an increase in margin requirements makes
stock returns more positively autocorrelated. Hirose et al.
[9] examined the relationship between investor behavior
and stock returns focusing on Japanese margin transactions
from 1994 to 2003. They find a significant cross-sectional
relationship between margin buying and stock returns at the
firm level, andmargin buying traders followherding behavior
at market and firm levels. They conclude that information
about margin buying helps to predict future stock returns,
especially for small-firm stocks at short horizons.

Portfolio optimization and performance evaluation, on
the other hand, are also an important topic in financial
studies. There are numerous researches on this point, such as
Markowitz [10], Branda [11], Wen and Dai [12], Huang et al.
[13], Wen et al. [14], Qin et al. [15], and Huang et al. [16].
However, only a few studies focus on this issue in the presence
of margin requirements. Heath and Jarrow [17] examine the
impact of margin requirements on consumption choices and
the cost of hedging contingent claims.They claim thatmargin
requirements are sufficient to rule out arbitrage opportunities
and Black-Scholes formula should still correctly price a call
option in equilibrium as long as the constraints imposed by
margin requirements are never binding. Cuoco and Liu [18]
examine the optimal consumption and investment choices
by using martingale and duality techniques under general
assumptions on the assets’ price process and the investors’
preferences. They find the explicit solutions for an agent
with “logarithmic” utility and a PDE characterization of the
cost of hedging a nonnegative path-independent European
contingent claim. Liu and Longstaff [19] derive the optimal
investment policy of a risk-averse investor in a market,
where there is a textbook arbitrage opportunity, but where
liabilities must be secured by margin. They find that it is
often optimal to underinvest in the arbitrage by taking a
smaller position than collateral constraints allow. Even when
the optimal policy is followed, the arbitrage portfolio typically
experiences losses before the final convergence date. Deng et
al. [20] consider a situation where an investor must liquidate
positions in a portfolio to meet the margin call with the
least disruption to the portfolio. They obtain the first- and
second-order analytic estimates for the margin requirements
given the positions and determine the liquidation strategy
that minimizes the total positions liquidated and meets
the margin requirement. Zhou and Wu [21] consider the
continuous-time mean-variance portfolio selection problem
in the situation when investors must pay margin for short
selling. They figure out the solutions of HJB equation in two
disjoint regions and prove that it is the viscosity solution
of HJB equation by decomposing the problem into several

subproblems. Then, they formulate the solution of optimal
portfolio and the efficient frontier.

In this work, we consider the situation where short selling
is allowed anddeposit of certain percentagemargin according
to the shorting is needed to avoid loss by default of short seller.
In this situation, we examine the DEA (data envelopment
analysis) approach, a nonparametric technique proposed by
Charnes et al. [22], to evaluate the performance of portfolios.
In fact, DEA approach has been introduced to benchmark
the relative performance of portfolios, mutual funds more
recently. For example, Murthi et al. [23] firstly propose a
DEA model by taking into account the transaction costs
and define the efficiency measure: DPEI. Basso and Funari
[24] propose an indicator 𝐼DEA-1, which can be regarded as
a generalization of the DPEI that allows consideration of
different risk measures.They also propose the 𝐼DEA-2measure
to reflect investors’ preference structures and occurrence
time of return. Basso and Funari [25] further develop a
comprehensive index 𝐼DEA-𝑔, which is derived by combining
𝐼DEA-2 with a few traditional performance indexes that can
represent particular aspects of the link between risk and
return. With the minimum convex input requirement set
approach, Chang [26] proposed a nonstandard DEA for-
mulation to evaluate the performance of mutual funds, in
which the expected return is used as output and the standard
deviation, beta, total assets, and loan are regarded as inputs.
Joro and Na [27] develop a portfolio performance measure
based on mean-variance-skewness framework by utilizing
DEA. Lamb and Tee [28] explore the production possibility
set of the investment funds to identify an appropriate form
of returns to scale. They also discuss how to combine risk
and return measures to identify suitable sets of measures.
Lozano and Gutiérrez [29] combine DEA with stochastic
dominance criteria and propose six distinct DEA-like linear
programming (LP) models for computing relative efficiency
scores consistent (in the sense of necessity) with second-
order stochastic dominance (SSD). Branda [11] dealt with
diversification-consistent DEA tests suitable for accessing
financial efficiency of investment opportunities and derived
a linear programming formulation of the tests with CVaR
deviations. However, most of the above studies focus on the
choice of input and output indicators and they use the trading
data directly without considering the truth behind. In fact,
there are many cases that trading data are generated where
short selling is allowed and margin requirements are needed.
In this work, wewill further clarify these important issues and
investigate the theoretical foundation of DEA approach for
portfolios with margin requirements for short selling.

This paper is organized as follows. In Section 2, we
construct the portfolio optimization models with margin
requirements under themean-variance framework.We prove
that the corresponding portfolio possibility set is convex,
which is the theoretical foundation for using DEA to evaluate
the performance of portfolios with margin requirements. In
Section 3, we define the efficiency of portfolio with margin
requirements based on the exact frontiers.Then, we construct
the DEAmodels to evaluate the efficiencies of portfolios with
margin requirements. In Section 4, we carry out simulations
for the portfolio optimization andDEAmodels. Results show
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that the DEA frontiers can be used to approximate the exact
frontiers. Section 5 concludes the paper.

2. Portfolios Optimization with
Margin Requirements under
Mean-Variance Framework

2.1. Portfolio Optimization Models with Margin Requirements.
Consider the problem of selecting a portfolio from 𝑛 financial
assets. Assets are characterized by an expected return 𝐸(𝑅

𝑖
),

for 𝑖 ∈ {1, . . . , 𝑛}, and a covariance matrix 𝐺 = (𝜎
𝑖𝑗
)
𝑛×𝑛

=

cov(𝑅
𝑖
, 𝑅
𝑗
), for 𝑖, 𝑗 ∈ {1, . . . , 𝑛}, where 𝑅

𝑖
is a random variable

to represent the return of financial asset 𝑖. A portfolio 𝑥 =
(𝑥
1
, . . . , 𝑥

𝑛
)
𝑇 is composed of a proportion of each of these 𝑛

financial assets. When short selling is excluded for financial
asset 𝑖, the condition 𝑥

𝑖
≥ 0 is imposed.

In real investment, short selling is sometimes relevant
for mutual funds, and even more for hedge funds. At the
same time, in order to reduce the potential losses in case
of default, short sellers are obliged to deposit and maintain
a minimum amount of cash or discounted risky assets
(margin requirements)with their broker-dealer. In particular,
initialmargin requirements set theminimummargin deposit,
with which a position can be opened, and maintenance
requirements set a floor, below which the margin deposit is
not allowed to fall as long as the position remains open.Under
Regulation 𝑇, the Federal Reserve Board requires all short
sale accounts to have 150% of the value of the short sale at
the time the sale is initiated. The 150% consists of the full
value of the short sale proceeds (100%), plus an additional
margin requirement of 50% of the value of the short sale. For
example, if an investor initiates a short sale for 1,000 shares at
$10, the value of the short sale is $10,000. The initial margin
requirement is the proceeds $10,000 (100%), along with an
additional $5,000 (50%), for a total of $15,000.

For simplicity, we do not distinguish the initial margin
and maintenance margin in this work. We denote by 𝛽

𝑖
≥

1 the margin requirement level on short position for risky
asset 𝑖, where 𝑖 ∈ {1, . . . , 𝑛}. In order to meet the margin
requirement, investors can use cash or discounted long
positions. We denote by 0 ≤ 𝛼

𝑖
≤ 1 the discount rate of the

value of long position for the owned risky asset 𝑖 ∈ {1, . . . , 𝑛}.
Then, the margin requirements are imposed in the following
constraints on an admissible portfolio:

1 −

𝑛

∑

𝑖=1

𝑥
𝑖
+

𝑛

∑

𝑖=1

𝛼
𝑖
𝑥
+

𝑖
≥

𝑛

∑

𝑖=1

𝛽
𝑖
𝑥
−

𝑖
, (1)

where 𝑥+
𝑖
= max{0, 𝑥

𝑖
} denotes the positive part of the real

number 𝑥
𝑖
and 𝑥−
𝑖
= −min{0, 𝑥

𝑖
} the negative part.The above

constraint states that the investor must hold an amount of
cash and discounted risky assets in excess of the required
margin.

If all margins are required to be cash, no discounted risky
assets are allowed; then, we can set𝛼

𝑖
= 0, for all 𝑖 ∈ {1, . . . , 𝑛};

the above constraint will degenerate to

1 −

𝑛

∑

𝑖=1

𝑥
𝑖
≥

𝑛

∑

𝑖=1

𝛽
𝑖
𝑥
−

𝑖
. (2)

We assume that the investors are allowed to lend and to
borrow the cash at the same interest rate 𝑟.Then, the expected
return of a portfolio 𝑥 = (𝑥

1
, . . . , 𝑥

𝑛
) can be expressed as

𝑛

∑

𝑖=1

𝑥
𝑖
𝐸 (𝑅
𝑖
) + (1 −

𝑛

∑

𝑖=1

𝑥
𝑖
)𝑟 =

𝑛

∑

𝑖=1

𝑥
𝑖
(𝐸 (𝑅
𝑖
) − 𝑟) + 𝑟. (3)

Thus, we can construct the following optimization model
under themean-variance framework proposed byMarkowitz
[10], which minimizes the variance of the portfolio subject
to the constraints that the expected value is no less than
the given level and the margin requirements are satisfied.
Consider

min
𝑛
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0
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,

(4)

where 𝑟
0
≥ 0 is a predetermined level by the investor.With the

change of 𝑟
0
, we can formulate the exact frontier of portfolios

with margin requirements.
Accordingly, we can develop the following optimization

model, which maximize the expected value subject to the
constraints that the variance of the portfolio is no greater
than the given level and themargin requirements are satisfied.
Consider

max
𝑛

∑
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𝑥
𝑖
(𝐸 (𝑅
𝑖
) − 𝑟) + 𝑟

s.t.
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0

1 −
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+
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𝑖
,

(5)

where 𝜎
0
≥ 0 is a predetermined level by the investor. With

the change of 𝜎
0
, we can obtain the exact frontier of portfolios

with margin requirements.
If we can set 𝛼

𝑖
= 0, for all 𝑖 ∈ {1, . . . , 𝑛}, then the models

(4) and (5) will degenerate to the case that only cash margin
is allowed.

2.2. Portfolio Possibility Set and Its Convexity. For the purpose
of using DEA to evaluate the performance of portfolios
with margin requirements, we must construct the theoretical
foundation, that is, the convexity of the following portfolio
possibility set with the strongly free disposability principle
proposed by Liu et al. [30], in the presence of margin require-
ments. Consider

𝑃 =

{

{

{

(𝑉, 𝐸) ∈ 𝑅
2

+
| ∃𝑥, 𝑉 ≥
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𝐸 ≤
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}

.

(6)

Note that model (4) and model (5) will lead to the same
portfolio possibility set (6).Thus, we will prove that this set is
convex.

Theorem 1. The portfolio possibility set in (6) is convex.

Proof. Let Ω = {𝑥 | 1 − ∑
𝑛
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𝑥
𝑖
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𝑗
,

where 𝑥+ = max{0, 𝑥} and 𝑥− = −min{0, 𝑥}. Then, the
portfolio possibility set (5) can be rewritten as

𝑃 = {(𝑉, 𝐸) ∈ 𝑅
2

+
| 𝑉 ≥ 𝑔 (𝑥) , 𝐸 ≤ 𝑓 (𝑥) , 𝑥 ∈ Ω} . (7)
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1
, 𝐸
1
), (𝑉
2
, 𝐸
2
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2
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2
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2
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2
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(8)

Since 𝑥1, 𝑥2 ∈ Ω, we have
𝑛
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For any 𝜆 ∈ [0, 1], notice that 0 ≤ 𝛼
𝑖
≤ 1 and 𝛽

𝑖
≥ 1; we have
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𝑖
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𝑖
]
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𝑖
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Thus,Ω is a convex set, and

𝜆𝑥
1
+ (1 − 𝜆) 𝑥

2
∈ Ω. (11)

Note that 𝑓(𝑥) is a concave function; we have
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2
)
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2
.
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Since 𝑔(𝑥) is a convex function, we have
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Thus,
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1
, 𝑉
1
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2
, 𝑉
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2
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1
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2
) ∈ 𝑃.

(14)

Therefore, 𝑃 is a convex set.

It is evident that the frontier functions determined by
models (5) and (6) can be expressed as 𝜑(𝑉) = sup{𝐸 |

(𝑉, 𝐸) ∈ 𝑃} and ℎ(𝐸) = inf{𝑉 | (𝑉, 𝐸) ∈ 𝑃}, respectively.
Evidently, we can obtain the following corollaries.

Corollary 2. The frontier 𝐸 = 𝜑(𝑉) determined by model (5)
is a concave function.

Corollary 3. The frontier 𝑉 = ℎ(𝐸) determined by model (4)
is a convex function.

By using the data in Section 4, two kinds of frontiers are
computed: cash and discounted risky assets and only cash for
margin requirements, as shown in Figure 1. As we can see, if
cash and discounted risky assets are both allowed for margin
requirements, the corresponding frontier is higher than the
case that only cash is allowed for margin requirements.
Moreover, it is obvious that the frontiers are not straight lines,
which indicate that variable return to scale (VRS) should be
adopted in the followingDEAmodels; see detailed discussion
in Banker et al. [31].

3. Performance Evaluation of Portfolios with
Margin Requirements

3.1. Efficiencies for Portfolios with Margin Requirements. In
classical economics, performance is often evaluated by effi-
ciency. Farrell [32] defined efficiency as the ratio of the mini-
mum inputs and actual inputs of producing a certain amount
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Figure 1: Exact frontiers of portfolios with differentmargin require-
ments.

of products in accordance with the given proportion of
inputs. Leibenstein [33] defined that the efficiency is the ratio
of the actual outputs and themaximumoutputswith the same
inputs scale, inputs proportion, and market price. These def-
initions are closely related to the production frontier, which
theoretically represents the best level of a given production
possibility set. Efficiency can be treated as the closeness of
actual production activities of the production unit to the pro-
duction frontier, and it reflects the production unit’s relative
efficiency. From the inputs viewpoint, it can be measured as
a proportion of ideal inputs and actual inputs with the same
outputs. From the output perspective, it can be measured as
a proportion of production unit’s actual outputs and ideal
outputs by consuming the same inputs. Actual efficiency
scores are quite relatedwith the orientation andmeasurement
methods to be adopted. As the one-input one-output example
shown in Figure 2, X-axis represents inputs, Y-axis represents
outputs, and curve 𝐵

1
𝐵
2
is the production frontier. Let 𝐴 be

an actual production unit (located in the lower right side of
the frontier). The efficiency can be defined as follows:

input-oriented radial measure: TE𝑅
𝐼
= 𝐴
2
𝐵
2
/𝐴
2
𝐴,

output-oriented radial measure: TE𝑅
𝑂
= 𝐴
1
𝐴/𝐴
1
𝐵
1
.

In order to define the efficiency of portfolio under
the mean-variance framework, the portfolio frontier can
be regarded as the production frontier and the portfolio
possibility set is in nature the production possibility set in
classical economics. And the performance of a portfolio can
be measured via its closeness to the frontier. According to
the extended strongly free disposability discipline of Liu et al.
[34], we treat variance as input and the expected return as
output. Then, we can measure its closeness to the frontier
by using the above efficiency measures to represent the
performance of portfolios.

Since we have proved that the portfolio possibility set in
(6) is convex, we can conclude that the frontiers derived by
DEAmodels will approximate the exact frontier for portfolios
with margin requirements due to the convergence theory
in Banker et al. [31]. Therefore, we can use the efficiency

A2

B1

A1

B2

A

O

Y

X

Figure 2: Efficiencies with different orientations.

scores of linear DEA models to estimate the efficiencies
of portfolios with margin requirements. Moreover, DEA
method is a nonparametric method based on actual data that
naturally reflects different kinds of margin requirements on
the markets.

3.2. DEA Models for Portfolios with Margin Requirements.
DEA is a nonparametric approach based on the inputs-
outputs analysis. It has been widely used to evaluate the
performance of profit and nonprofit organizations [35–39].
There are many kinds of DEA models, for example, CCR
model [22], BCC model [31], SBM model [40], and so forth.
According to the characteristics of the frontier shown in
Figure 1, we should adopt the assumption of variable return
to scale for portfolios withmargin requirements, as discussed
in Section 2.2.

Suppose that there are𝑁 portfolios with margin require-
ments. For the 𝑗th portfolio, the proportion of risky assets
is (𝑥𝑗
1
, . . . 𝑥
𝑗

𝑛
). We can construct the following input-oriented

DEA model by using radial measure to evaluate the perfor-
mance of the 𝑗

0
th portfolio:

min 𝜃
𝑗0

s.t.
𝑁

∑

𝑗=1

𝜆
𝑗
(
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𝑗0

𝑖
𝜎
𝑖𝑙
𝑥
𝑗0

𝑙
)

𝑁
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𝑛
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𝑖
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𝑖
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𝜆
𝑗
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𝜆
𝑗
≥ 0, 𝑗 = 1, . . . , 𝑁.

(15)

Similarly, we can construct the following output-oriented
DEA model:

max 𝜑
𝑗0

s.t
𝑁
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𝜆
𝑗
(
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𝜆
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𝜆
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(16)

The 𝑗
0
th portfolio is said to be BCC-efficient, if the

optimal value is equal to unit in model (15) or model (16).
Basically, the DEA frontiers will approximate the exact

frontier of portfolios with margin requirements. When there
exist sufficient portfolios, the efficiency scores ofDEAmodels
will be close to the real efficiencies of portfolios. Thus, there
is a quite reasonable conclusion: to make DEA work, there
have to be enough portfolios. The advantage of this approach
is that there is no need to know the analytical expression
of the exact frontier, so that one can handle variety of
complex situations. Moreover, since DEA models are linear
programming models, they will reduce the computation
dramatically.

4. Simulation

In this section, we will verify the validity of the above models
with simulation. We select 150 stocks from the Chinese stock
market.Thesemonthly data are from January 2005 to January
2008. The descriptive statistics is listed in Table 1. Margin
requirement levels are set to be 150% of the value of the short
sale for all stocks. The discount rates for all stocks are set to
be 40%. Investors are allowed to loan or borrow cash at the
same monthly interest rate 0.06%.

The exact frontiers with cash margin, cash, and dis-
counted risky asset margin are shown in Figure 1 in
Section 2.2. As we can see that the frontier with cash and
discounted risky asset margin is higher than that with cash
margin and the corresponding portfolio possibility set is
much larger, which coincide with the constraints of margin
in the optimization models (4) and (5).

We then randomly generate proportions of risky assets to
construct portfolio samples with margin requirements. The
sample sizes are set to be 100, 500, 1000, and 2000, respec-
tively.The top curve in Figure 3 is the exact frontier calculated
from model (4) by setting 𝛼

𝑖
= 0, for all 𝑖 ∈ {1, . . . , 𝑛},

which represents the case that only cash margin is allowed.
The four polylines are the envelopment frontiers constructed
by the proposed DEA model (15) with different sample sizes,
respectively. As we can see, with the increasing of sample size,
the frontiers of DEAmodels gradually approximate the exact
frontier.

The top curve in Figure 4 is the exact frontier calculated
frommodel (4), which represents the case that both cash and
discounted risky asset margin are allowed.The four polylines
in Figure 4 are the envelopment frontiers constructed by
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Figure 3: Comparison of DEA frontiers with cash margin.

Table 1: Descriptive statistics of selected stocks.

Maximum Minimum Median Mean
Expected return 0.0186 0.0007 0.0086 0.0087
Variance 0.0113 0.0028 0.0072 0.0072
Covariance 0.0113 0.0005 0.0040 0.0038

Table 2: Correlation of efficiencies with different sample sizes and
margin requirements.

Sample size 100 500 1000 2000
Cash margin 0.8778 0.9816 0.9818 0.9994
Cash and discounted
risky asset margin 0.7190 0.9761 0.9833 0.9967

the proposed DEA model (15) with sample sizes 100, 500,
1000, and 2000, respectively. As we can see, with the increas-
ing of sample size, the frontiers of DEA models gradually
approximate the exact frontier.

Table 2 reports the correlations of the efficiencies cal-
culated by the exact portfolio frontiers and DEA model
with different margin requirements and sample sizes. We
can see that the correlations increase with the sample size.
It is also clear that, with a sample size of 500, reasonable
approximation of efficiencies can be achieved, indicating the
effectiveness of the proposed DEA approach.

5. Conclusion

In this work, we consider the situation that short selling is
allowed and margin is required to avoid losses by default of
short seller. Only a few studies focus on the optimization
and performance evaluation of portfolios in this situation.
This paper constructs the optimization model for portfolios
with margin requirements and the corresponding portfolio
possibility set. The convexity of the set is then proved, to
ensure that the DEA frontier can approximate the exact
frontier. The concept of efficiency in classical economics
is extended to represent the performance of portfolios
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Figure 4: Comparison of DEA frontiers with cash and discounted
risky asset margin.

with margin requirements. The input-oriented and output-
oriented DEAmodels are constructed, which greatly simplify
the calculation. Finally, the simulation example shows that,
with the increase in sample size, DEA frontier gradually
approximates the exact frontier of portfolios with margin
requirements, which illustrates the feasibility and effective-
ness of the proposed approach.
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