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We study the following nonlinear fractional differential equation involving the p-Laplacian operator DF ((pP(D“u(t))) = f(t,u(t)),
1<t<e ul)=u(1)=1u'(e) =0, D*u(l) = D*u(e) = 0, where the continuous function f: [1,e] x [0,+00) — [0,+00), 2 <
a < 3,1 < f3<2. D" denotes the standard Hadamard fractional derivative of the order a, the constant p > 1, and the p-Laplacian
operator @,(s) = |s|”%s. We show some results about the existence and the uniqueness of the positive solution by using fixed point

theorems and the properties of Green’s function and the p-Laplacian operator.

1. Introduction

Fractional differential equations have attracted more and
more attention for their useful applications in various fields,
such as economics, science, and engineering; see [1-4]. In the
last few decades, much attention has been focused on the
study of the existence and uniqueness of solutions for bound-
ary value problems of Riemann-Liouville type or Caputo type
fractional differential equations; see [5-19]. There are few pa-
pers devoted to the research of the p-Laplacian fractional
differential equations; see [20-25].

By the use of the fixed point theorem on cones, Chai in
[20] obtained the existence and multiplicity of positive so-
lutions for a class of boundary value problem of fractional
differential equation with p-Laplacian operator:

Dy, (¢, (Dgu@®)) = ftu@®), 0<t<l,

u(0) =0, u(l)+oD},u(1) =0, Dy, u(0) =0,

@

where ] <a<2,0<f<1,0<y<L,0<a-y-1l,0isa
positive constant number, and Dy, , Dg ., D}, are the standard
Riemann-Liouville derivatives. ¢,(s) = s|P~2s, p>1, (/)1;1 =

(/)q, 1/p+1/g=1.

Han et al. in [22] studied the following boundary value
problem of nonlinear fractional differential equation with
p-Laplacian operator:

D, (¢, (Dgu®)) +at) fw) =0, 0<t<1,

u(0) =yu()+4A,
, @)
¢, (DG, u(0)) = (¢,(Dg,u(1)))

= (¢, (D5.u(1))" =0,

where0 < a < 1,2 < <3 0<y<1,0<¢&<1,
A > 0 is a parameter, and D, Dg . are the standard Caputo
fractional derivatives. By the properties of Green function
and Schauder fixed point theorem, several existence and non-
existence results and the uniqueness of positive solutions are
acquired.

Liu et al. in [23] investigated the solvability of a fractional
differential equation model involving the p-Laplacian opera-
tor with boundary value conditions as follows:

(¢, (D*x () = f(t.x(®), te(O1),
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x(0) = rox (1), x' (0)=r,x" (1),

D=0, i=23,..,[a]-1,

(3)

where 1 < a € R, ry, r; #1,and “D” is the standard Caputo
derivative. By the means of the Banach contraction mapping
principle, they obtained the existence and uniqueness of a
solution for the model.

Lu et al. in [24] considered the following fractional
boundary value problem with p-Laplacian operator:

D€+ (‘/)p (Dg+”(t))) = f(tu(t), 0<t<]l,
w(© =u' (0)=u'(1)=0,  D§u(0)=Dfu(1)=0,
(4)

where2 < & < 3,1 < < 2,and D, Dg+ are the standard
Riemann-Liouville fractional derivatives. By the properties of
Green’s function, the Guo-Krasnosel’skii fixed point theorem,
the Leggett-Williams fixed point theorem, and the upper and
lower solutions method, some new results on the existence of
positive solutions are gained.

Motivated by the mentioned papers, we will consider
the Hadamard fractional boundary value with p-Laplacian
operator as below:

DF (¢, (D"u(®)) = f(Lu(), 1<t<e,

u)=u (V) =u'(e) =0,

(5)
D*u(1) = D%u(e) = 0,

where2 < <3, 1< <2, ¢,(s) = [s|Ps,and f: [1,e] x
[0,+00) — [0,+00) is a positive continuous function. Evi-
dently, for any p > 1, (p;,l = ¢, here 1/p +1/q = 1. Here D"
is the standard Hadamard fractional derivative of order «
which is described as follows.

Definition I (see [1, Page 111]). The ath Hadamard fractional
order derivative of a function u : [1,+00) — R is defined by

N B 1 a\" ! £\ Ly (s)
D u(t) = m(ta) Jl (10g;> Tds, (6)

where a > 0, n = [a] + 1, and [«] denotes the largest integer
which is less than or equal to . Correspondingly, the ath
Hadamard fractional order integral of u : [1,4+00) — R is
defined by

o R £\ Lu(s)
I'u (t) = m Jl <10g ;) Tds, (7)

where I' is the gamma function.

To the best of our knowledge, there are few contributions
to the Hadamard type with p-Laplacian operator; we fill the
gap in this paper. In fact, we will discuss the existence and the
uniqueness of the positive solutions of (5). The structure of
this paper goes on as follows. In Section 2, we will introduce
some basic lemmas that will be used. In Section 3, we first
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give some existence results including Theorems 10 and 11,
Corollary 12, and Theorem 13. Then, we will prove Theorems
14 and 15 which reveal the uniqueness of the solution. In
Section 4, we give two examples to illustrate our results.

2. Preliminary Results

In this section, we will first recall the following preliminary
facts that will be used in our main results.

Lemma 2 (see [1, Theorem 2.3]). Let > 0, n = [«] + 1; then

I*D*u(t) = u(t) + ici(log t)“_i, (8)

i=1

wherec, i =1,2,...,n, are some constants in R.

The following lemma is the Schauder fixed point theorem
which is well known; see Theorem 2.10 in [22].

Lemma 3. If U is a nonempty closed, bounded, and convex
subset of a Banach space X and T : U — U is completely con-
tinuous, then T has a fixed point in U.

Lemma 4 (see [24, Lemma 2.7]). Let X be a Banach space, let
P ¢ X be a cone, and let Q, Q, be two bounded open balls of

E centered at the origin with Q, C Q,. Suppose that T : P N

(Q,\ Q,) — Pisa completely continuous operator such that
either

@) ITx|l < lIx]l, x € PNOQ, and | Tx|| = |Ix], x € PNOQ,,
or

(i) |Tx] = [x], x € PNAQ, and |Tx| < |, x € PNAQ,,

holds. Then T has a fixed point in P 0 (Q, \ Q).

The following conclusion is the nonlinear alternative of
Leray-Schauder type; see Lemma 2.6 in [10].

Lemma 5. Let X be a Banach space with C € X being closed
and convex. Assume that U is a relatively open subset of C with

0cUand A:U — Cisa continuous, compact map. Then
either

(1) A has a fixed point in U, or
(2) there existsu € oU and A € (0, 1), with u = AAu.

Next, we give several lemmas which will be applied in the
proofs of our main results.

Lemma 6. Let u(t) be the solution of the problem (5); then it

can be described as below:

€ € dr\ ds
u(t) = L G(t,s)<pq<J’1 H (s,7) f (t,u (1)) T) . =Y (1),
)
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where
| (log t)a_l(l —log s)oc_2 — (log (t/s))o‘_1 <
I'(x) » 8=h
G (t,s) = 1 . =
(logt)* (1 - logs)*
> t<s,
| I' ()
[ (log t)ﬁ71(1 - logs)ﬁf1 — (log (t/s))'gf1 ,
Ht.s) = - r'(B) ’ ’
I -1 B-1
(log t)ﬁ (1-1logs) o
L I (p) ’ -
(10)

Proof. Putting y(t) = f(t,u(t)), we have Dﬁ((pP(D‘xu(t))) =
y(t). By Lemma 2 and the fact that 1 < f < 2,
¢, (D*u(®) = Iy (1) + ¢, (log )" + o, (logt) . (11)

The boundary value hypotheses give D*u(1) = D*u(e) = 0.
So we can get that

1 (e - d
¢ =0, cl:——J (l—logr)ﬁ 1)/(T)TT. (12)

ORI

Therefore,
Pp (D “u (t))

logt)®™" e .
=1y (1) - %L (1-1ogn) 'y (@ &

i () o

(logt)"™ (t B-1 dr
—'—fzﬁj—'jl(l—logT) y (@ —

0 F1 e 1 T
N TR
o Jt (logt)’ (1 -log7)" " - (logt - log )"
- T (B)

¢ (logt)’ (1~ log 7)™
xy(r)d{—jt("gt) r((ﬁ)"gf) yo &

= —rH(t,T);v(T)@-
1 T
(13)

Notice the fact that (p;1 = ¢, 1/p+1/q = 1; we have

Du(t) + ?q (f H(t, 1) f (t,u(7)) %) =0. (14)

Putting x(t) = (pq(fle H(t,7) f(t,u(1))(d7/7)), it follows from

Lemma 2 that

u(t) = -I1"x(t) + C,(log t)“_l +C,(log t)a_2 + C,(log t)“_3.
(15)

This, combined with the fact that u(1) = u'(1) = u/(e) = 0,
yields

1 e ws ds (16)
C, = @ L (1-1logs)" “x(s) e
Thus,
€ d
u(t) = L G(t,s)x(s)?s
(17)

= fG(t’S) @, (LeH(s,r)f(T,u(T)) %) %

where
[((logt)*' (1 - logs)* " = (log (t/s))*" <
T () > =h
G(t,s) = 4
a—1 =2
(logt)™ (1 -1logs) , ek
I' ()
[ (log t)ﬁ71(1 - logs)ﬁf1 — (log (t/s))&1 <
> S<1,
I (B)
H(t,s) = 3
(logt)" (1 - logs)*™ Lo
> < S.
T (B)
(18)
This completes the proof of Lemma 6. O
Lemma 7. Suppose that 2 < « < 3,1 < 8 < 2. Then the

functions G(t, s) and H(t, s) defined in (10) have the following
properties:

(1) G(t, s), H(t, s) are continuous on [1,e] x [1,e];
(2) foranyt,s € [1,e], G(t,s) = 0, H(t,s) = 0;
(3) foranyt,s € [1,e], G(t,s) < Gle, s), H(t,s) < H(s, s);

(4) there exist two positive functions y,,y, € C(1,e) such
that

min G (t,s) >y, (s) max G(t,s)
/4 1<t<e

elli<t<e? (19)
=7, (5)G(es), forse(le),
min_ H (£s) 2y, (s) max H (t,)
h<p<e®/t <t<e
e'/"<t<e (20)

=y, (s)H(s,s), forse(le).

Proof. (1) and (2) are evident from the expression of G(t, s)
and H(t, s). Since, for any fixed number s € [1,e], G(t, s) is an



increasing function on [1, e] and H(t, s) is a decreasing func-
tion on [s, e] and increasing on [1, s], we get (3). To prove (4),
suppose that

1 (s)

(1/4)7'(1 - logs)** - (1/4 - logs)* ™
(1-1logs)*? = (1-logs)* ’
(1/4)°71(1 - logs)*

(1-logs)™ > = (1 -logs)*" "~

s € (1,61/4] ,

S € [61/4,€> s

(21
and put
_ (log £)*'(1-logs)* = (log (/)"
pl (t’ S) - r (OC) > (22)
~ (log )1 -logs)*
P, (t,s) = @ .

The monotonicity of G(t, s) gives

1/A{nian (t,s)

e'/"<t<e
[ p, (e1/4,s), S€ (1,61/4] ,
[y (e%s), selehe),

-

ﬁ [(le)“_l(l —log s)‘x_2

1 a—1
A )

a-1
! <1> (1-1logs)*?,

[T (o) \ 4

S € (1,e1/4] ,

S € [81/4,6) 5

max G (t,s) = G (e, )

1<t<e

b [(1-logs)* — (1 -logs)*'],

I'(x)
s€e(l,e).
(23)
Which implies that (19) holds.
Similarly, by writing
41 (6s) = (log t)ﬁ_l(l - logs)'g_1 — (log (1‘/5))‘8_1
1 > - )
r(B) o0
(logt)’ (1~ logs)"™"
9 (t,s) =

r(p)
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and applying the monotonicity of H(t, s), we have
min H (t,s)

ellict<ed/t
( 3/4
q] (e / >5) >

min {ql (63/4, s) ,

s € (1,@1/4] ,

se [61/4, 63/4] ,

S € [63/4, e) s

9 (61/4,5) , S€l(re), (25)
1 3\A ! 1
0] [(Z) (1-1logs)”
3 A
_ —(——logs> , se(l,r],
1 1\ .
@(ﬂ (1-logs)*™", selre),
max H (t,s) = H (s, s)
1<t<e
1 p-1
= m[logs(l —logs)]” ",
se(l,e),
where e!/* < r < ¥/* is the unique solution of the equation

3 P13 B p-1
[Z(l—logs)] —(Z—logs> = [Z(l—logs)]
(26)
Hence, setting
72 (s)
(6/4) (1 - logs))™" = (3/a-logs)"™"
- [logs (1 —logs)]"™ ) o
1
W’ s € [7’, 6) 5
(27)

we obtain (20). This completes the proof of Lemma 7. O

Let X = C[1,e], lu]l = max,_,,|u(t)]. we define the cone
P = {u € X | u(t) > 0} and the bounded closed set U = {u €
X |0<u(t) <K}

Theoperator T : X — X isdefined as the following form:

Tu(t) =Y ()

- LeG(t,S)qu<rH(s,r)f(T,u(T))ﬂ) %

1 T
(28)
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Evidently, the solutions of boundary value problem (5) are the
corresponding fixed points of the operator T.

Lemma 8. Suppose that T : P — X is an operator as above;
thenT : P — P is completely continuous.

Proof. 1t is easy to see that T : P — P is continuous. Let
Q C P be a bounded set; then there is a positive constant
A > O such that |u| < A for any u € Q. Write B =
max; ., g<u<af (£ u(t)) + 1. For any u € Q, we have

rui= [ cuog ([ Hen s Eum T)E

1 T
<5 (69 Lo, ([ M0 rEu@) S

< +00,
(29)

which shows that T'Q) is uniformly bounded.

Next, the continuity of G(¢, s) implies that, for any € > 0,
there exists a constant & such that, for any ¢,,t, € [1,e], if
[t; — t,] < 6, then

&
G(t,s) - G(t, _ .
O =Gl < T @) @
Therefore, for any u € Q,
lT“ (tl) —Tu (tz)l
[ G096 (05)
<o, ([[HGe0r@ue ) E

< B! f G (t125) = G (£5)]

X¢q<Jl H(T,T)%)% <e.

That is, TQ) is equicontinuity. By the means of Arzela-Ascoli
theorem [26], we have that T : P — P is completely contin-
uous. This completes the proof of Lemma 8. O

In the final part of this section, we list the following basic
properties of the p-Laplacian operator.

Lemma9. (1) If1 < p <2, xy>0,and|x|,|y| >m > 0, then

|(pp x) -9, (y)| <(p-1)mf?|x-y|. (32)
Q) Ifp > 2,1xl, |yl < M, then
|y ) =9, (M| < (p- )M P x=y].  (33)

3. Proofs of the Main Results

In this section, first, we consider the existence of the solutions
of problem (5).

Theorem 10. If [max, ., o, [ (W] T [ Gle, s)(ds/5)p,

(Le H(r,7)(dt/7)) < K, then the boundary value problem (5)
has at least one positive solution.

Proof. For any u € U, by the assumption as above and the
nonnegativeness of G(t, s), H(t, s), and f(t, u), we have

0<Tul(t) = L G(t,s)%(J H(S,T)f(T,u(T))d—T>%

1 T

few|”

< [ max
1<t<e, 0<u<K

€ d € d
X Jl G (e, s) ?s(pq<J H(T,T)—T>

1 T

<K.
(34)

Therefore, T' is a mapping from U to U. This, combined with
the continuity of G(t,s), H(t,s), and f(¢,u), implies that T" :
U — U is continuous.

Let QO ¢ U be a bounded set; then there exists a positive
constant A such that |u| < A for any u € Q. So we have, for
any u € (,

e B d d
ITu ()] = L G(t,5)§0q<J'1 H(s1) f (1, u (1)) 7‘[) ?5
-1
= I:ISnglg?uSAf (t,u)
J H@ ﬂ)
1 T
-1

< [ max
1<t<e, 0<u<K

XJ G(e,s)é(pq J H(T,T)£>SKS+OO.
1 N 1 T
(35)

Therefore, T} is uniformly bounded.

Since G(t,s) is continuous, for any ¢ > 0, there exists
a constant § > 0 satisfying that, for any t,,¢, € [1,e] and
[t, —t,] <6,

|G (t1,s) = G(t,,5)|

[max; ;<o ocuca f (6 11) + 1]q_1(Pq (Le H(z,7) (dT/T)).
(36)

<



Then, for any u € Q,

HWGO—Tu@NSJﬁGODQ—GOPQ

e d d
X(qul H(S’T)f(Tyu(‘[))%> ?s
g-1
= [lstglg(}a;(ugAf (t,u) + 1]
’ d
X¢q<L H(T’T)TT>
e d
: Jl |G(t1’5) _G(t2)5)| ?S < &,
(37)

which shows that TQ is equicontinuous. By Arzela-Ascoli
theorem [26], T : U — U is a completely continuous oper-
ator. It follows from Lemma 3 that T has a fixed point u in U.
That is, problem (5) has at least one positive solution. This
completes the proof of Theorem 10. O

Let us denote

3/4

A= (JW " (s)G(e,s)é

e S

4 d -1
(o)) o

([ [ )’

Theorem 11. Suppose that f(t,u) : [1,e] x [0, +00) is a con-
tinuous function and there exist two constants r, > r; > 0
satisfying that

(i) f(t,u) = (pP(Alrl),for (t,u) € [1,e] x [0,1y];
(i) f(t,u) < (pP(AZrZ),for (t,u) € [1,e] x [0,1,].

Then the boundary value problem (5) has at least one positive
solution u which satisfies that r; < |ull < r,.
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Proof. Let O, = {u € P | |lu| < r,}. For any u € 0Q,, we
have 0 < u(t) < r, fort € [1,e]. By the assumption (i), for
anyt € [e'4, e,

LICIEY NPT

x%(fH@ﬂf@MﬁDﬂ>?

T

€ € dr\ d
2/\11’1] G(t,s)goq(J’1 H(s,r)7> ?S

3/4
¢ € dr \ ds
zAlrlj G(t,s)q)q<JmH(s,r)?>—

N

> [, ne6Es)
e dr ' ds
X @, (LM y, (1) H (7,7) 7) S =n= [leal| .
(39)
Hence,
ITull = |lull, for u e dQ,. (40)

Similarly, let Q, := {u € P | |lull < r,}. For any u € 0Q,, we
get 0 < u(t) < r,, t € [1,e]. It follows from (ii) that for any
telel,

W”“N:JTGUJM%(rfﬂaﬂfKﬁuhDéI>%§

1 T
<A,y J G(t,s)q)q <J H (s, 1) d_T> é
1 1 T ) s
€ € dr) ds
<Ay, Jl G(es) g, <L H (7, 1) 7) ~
=1, = |lull.
(41)
Therefore,
ITull < |lull, for u e oQ,. (42)

By Lemmas 4 and 8, T has a fixed point in O, \ Q,. Therefore,
the boundary value problem (5) has one positive solution in
Q, \ Q,. This completes the proof of Theorem 11. O

Corollary 12. Suppose that f(t,u) : [1,e] x [0,+00) is a con-
tinuous function and there exist two constants r, > r; > 0
satisfying that

(1) f(t’ u) < (PP(Azrl),fOr (ta u) € [].,@] X [0) rl];

(ii) f(t,u) = @,(A 1), for (£,u) € [1,e] X [0,1,].

Then the boundary value problem (5) has at least one positive
solution u which satisfies that r; < |ull < r,.
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Proof. The proof of Corollary12 is similar to the one of
Theorem 11. So we omit the detail. O

Theorem13. Supposethat f(t,u) : [1,e]x[0, +00) is a positive
continuous function and there exists a constant r > 0 such that

q-1
r> max tu)+ 1]
[15t<e 0<u<rf ( )

seUsus

€ ds € dr
XLG(C,S)?QDq<LH(T,T) )

(43)
T
Then the boundary value problem (5) has at least one positive
solution.

Proof. Let
E={ueP:|ul|<r}. (44)

From Lemma 8, we know T : E — P is completely contin-

uous. Assume that there exist u € E, A € (0,1) such that
u = ATu. Then we have

[u @) = [ATul|
e € dr) ds
< J1 G(t,s)(pq<L H(s,T)f(T,u(T))7> 5
g-1
= lgtgg,(a)éusrf (t, 1/!) * 1]
e ds ¢ dr
X ,L G(e,s) ?(pq (L H(t,71) 7)
(45)
Thus,
q-1
”u" = [1<t£§%§u<rf (t) u) " 1]
ST (46)

€ d € d
X Jl G (e, s) ?s(pq<j H(T,T)—T>.

1 T

By (43), we can imply that [|u|| < r, which means that u ¢
OE. That is to say, there is no u € 0E such that u = ATu for
some A € (0, 1). Therefore, by Lemma 5, we conclude that the
problem (5) has at least one positive solution. This completes
the proof of Theorem 13. O

Now we turn to the uniqueness of solution for boundary
value problem (5).

Theorem 14. Suppose that p > 2. If there exists a nonnegative
function g satisfying that

(1) for any (t,u) € [1,e] x [0,+00), f(t,u) = g(t);

@ N = [ pOHE D@ @) > 0;

(3) forany t € [1,e], u,v € [0,+00), | f(t,u) — f(t,v)| <
Llu - v|, where

€ ds (€ dr 4-2 !
0<L<(LG(e,s)?J-lH(T,T)7(q—1)N > ,
(47)

then the boundary value problem (5) has a unique solution.

Proof. Assume that u, v are two positive solutions of problem
(5). It is easy to see that

je Hs 1) f(mu()

1 T
(48)

3/4

> [ n@HEDg0 T =N >0
el T

then by the fact p > 2 (i.e., its dual exponent 1 < g < 2) and
Lemma 9, we have

() - v ()] < L G(t.s)(q-1)NT?

dr
X R—
T

L H (s,7) f (7,1 (7))
- H(s 1) f (r,v(0) | &
1 T S

< r G(ts)(g-1)NT?
1

x LEH(S,T) |f @u(@) - f (v@) %%
< rG(e, s)(g-1)NT?
1
er(T,T)LHu—V"@é
1 T S
ZrG(e,s)é
1 N
XrH(T 02 (g )NTLu -
1 ’ T 1
=6 u—vl,
(49)

where &, = [ G(e,s)(ds/s) [ H(r,7)(d7/7)(g— )NT L. S0
we can get

lloe = VIl < &y flu =] (50)

By the third hypothesis, 0 < §; < 1, which implies that u(t) =
v(t). And this completes the proof of Theorem 14. O

By using the same way, we can prove the last one of our
main uniqueness results.

Theorem 15. Suppose that 1 < p < 2. If there exists a nonneg-
ative function h satisfying that

(1) for any (t,u) € [1,e] x [0,+00), f(t,u) < h(t);



(2) M = [} H(z,Dh(t)(d7/7) > 0;

(3) foranyt € [1,e], u,v € [0,+00), |f(t,u) -
Llu — v|, where

ftv)] <

¢ ds (° dr 2\
0<L<(J;G(E,S)?JIH(T,T)7(q—1)M > >
(51)

then the boundary value problem (5) has a unique solution.

4. Examples

In this section we give several examples to illustrate our main
results.

Example 16. Consider the boundary value problem:

D (952 (D”u 1))

= (1-1logt)"? (1 + sinzu), I<t<e,
(52)

u(l)=u' 1) =u'(e) =0,

DS/Zu(l) = DS/Zu(e) =0

Then the boundary value problem has a unique positive
solution.

Proof. Since o = 5/2, 5 = 3/2, a straightforward calculation
gives

~(1-1logs)*™" ds
I'(x) s

JT G(es) % - Jle (1-logs)™

1
“TW
—Ljeu—lo 9

Je (1-log s)“_z%
()
J — )2 dt

A

ocld

1 a1
F(“) Jo (=6 dt

1
T (@-DIl(a+tl)

B 1 _ 16
© (3/2)T(7/2) 457
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e dr (¢ (log )P (1-log )’ dr
L R = L T (B) -
1 p-1 B-1
r(ﬁ)J 711 - )P dt
i
I'(2p)
_TI@3/2)
- T(3)

I

(53)

Taking K = 1, f(t,u) = (1 - logt)l/z(l + sin’u), and

p =5/2 > 2 (its dual exponent g = 5/3), we have

tu) = 1+sin’1 < 2,
18X, f (bu) = 1+ sin

(5/3)-1 €
g 0] e[ 0%

1<t<e,0<u<l1

2/3

1 Vi

—6<—”> ~0.185 < 1.
EN-AAW

< 22/3 .

(54)

By Theorem 10, the boundary value problem (52) has at least
one positive solution.

Choosing the nonnegative function g(t) = (1 —logt)
for any (¢t,u) € [1,e] x [0,+00), we gain that f(¢t,u) = (1 -
logt)"/2(1 + sin’u) > g(t). Then

1/2

eS/é

d
N = L/‘* Y, (1) H (7,7) g (1) TT

- J/ r(31/2) {[Z (1- 1°gf>]3/2_1

3/2-1
—(i—logr) }-(1—log‘r)l/2%
3/4

" J T (31/2) <L_11)3/2-1(1 ~logr)"*"

1/2 d‘[
) T

-(1-logt

3/4

ZJ %(l—log‘r)%

.
1

1 2
__1_1 -
2ﬁ( ogr) v
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;(1_1&)2_ 1
2\ 6 32/
1

96/
(55)

where r = ¢ (Y39 is the solution of (26) when f3 = 3/2. For
anyt € [1,e], u,v € [0, +00), taking L = 2, we obtain

(t,u)— f(t,v)|=(1-lo )% |sin’u - sinv
|f ft.v)]=(1-logt)

(56)
<2lu-v|=Llu-v]|.
Thus,
e e -1
(J G(e,s)éj H(T,r)ﬂ(q—l)NH)
1 S J1 T
( 16 V7 2 _1/3)‘1
= —_ _N
45t 4 3 (57)
135( 1 >”3
2 R [
8 \ 961
~3.045>2=L.

By Theorem 14, the boundary value problem (52) has a unique
solution. O

Example 17. Consider the following nonlinear boundary
value problem:

D*? ((p3/2 (DS/Zu (t))) = logl/zt sinu, 1<t<e,

Du(1) = D"*u(e) = 0.
(58)

u)=u (V) =u'(e) =0,

Then the boundary value problem has a unique positive
solution.

Proof. Taking r = 1,since « = 5/2, B =3/2, p=3/2 <2 (its

dual exponent g = 3) and f(t, u) = log'/*t sin’u, we obtain

max f(t,u) = sin’1 < 1, (59)

1<t<e,0<u<l

max f(t,u) + 1]371 rG(e,s) %% (rH(T’T) ﬂ)

1<t<e,0<u<l 1 1 T

seUsus

(60)

By means of Theorem 13, the boundary value problem (58)
has at least one positive solution.

9
Taking the nonnegative function h(t) = log'?t, for
(t,u) € [1,e] x [0,+00), it is easy to obtain f(t,u) = logl/zt
sin*u < h(t) and
e
M= J H(T,T)h(‘l’)ﬂ
T
1 (61)

12dT 8

1 1-1 = .
L og7(1-logT) T Tovm

Choosing L = 2, forany t € [1,e], u, v € [0, +00), we have

TTG/2)

|f (t,u) - f(t, v)| = logl/zt 'sinzu - sin2v|

<2lu—-v|=Llu-v|,

(fown [ mentig-one)’

1 1 T
~ ( 16 VT, 8 >“
- \45vm 4 157
=~ 18.694 > 2 = L.
From Theorem 15, the boundary value problem (58) has a
unique solution. O
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