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Summary

The interaction of a time-harmonic plane wave with a semi-infinite lattice of identical
circular cylinders is considered. No assumptions about the radius of the cylinders,
or their scattering properties, are made. Multipole expansions and Graf’s addition
theorem are used to reduce the boundary value problem to an infinite linear system
of equations. Applying the z transform and disregarding interaction effects due to
certain strongly damped modes then leads to a matrix Wiener—-Hopf equation with
rational elements. This is solved by a straightforward method that does not require
matrix factorisation. Implementation of the method requires that the zeros of the
matrix determinant be located numerically, and once this is achieved, all far field
quantities can be calculated. Numerical results that show the proportion of energy
reflected back from the edge are presented for several different lattice geometries.

1. Introduction

In a recent article (1), the authors considered scattering of a plane acoustic wave by a
semi-infinite periodic medium. This work was carried out in the low frequency limit, that
is the wavelength was assumed to be large in comparison to the other length scales in the
problem. Here, we provide a more general analysis which is not subject to such limitations.
The key improvement is the use of multipole expansions to represent the scattered field.
The low frequency limit considered in our earlier work is a special case of this analysis,
and can be retrieved by discarding all but one of the terms (the monopole) from each
multipole expansion. Our new analysis allows for larger lattice elements and is valid in a
wider frequency range. In addition, there are no restrictions on the boundary conditions
applied on the surface of the lattice elements.

The motivation behind this research is our intention to explore the excitation of Bloch waves,
which propagate through periodic media without loss. Bloch waves have been found to exist
in a range of different physical contexts, including elastodynamics of composite materials
and thin plates, acoustics and electromagnetism (2, 3, 4, 5). Bloch wave propagation
continues to be an active research field; recent papers that have introduced new ideas include
(6, 7) and (8). Associated with each periodic medium that supports Bloch waves is a band
structure which dictates the parameter regimes where propagation is permitted. A given



2 January 24, 2014

frequency may lie in a total stop band where no propagation is possible, a partial stop band
where propagation can occur in a limited set of directions, or a pass band where propagation
in any direction is possible. This complex, frequency and direction dependent behaviour
leads to important applications in the fabrication of waveguides, filters, optical fibres and
photonic crystals (9, 10, 11). The band structure can be used to make some deductions
about the scattered field that arises when an incident wave strikes the edge of a periodic
medium. If the parameters lie in a stop band then no transmission is possible, and all of the
incident wave energy must be reflected back from the edge. If transmission is possible, some
or all of the incident energy may be converted into Bloch waves, but it is not possible to make
a quantitative statement about the amplitudes of the transmitted and reflected fields based
on the band structure alone (11, pp. 223-224). This excitation problem has received much
less attention than the propagation problems discussed above. Therefore we will develop
the theory for the canonical problem of an acoustic plane wave incident on a semi-infinite
lattice (a semi-infinite stack of infinite rows) of identical circular cylinders. We assume
there is no variation along the axis of the cylinders, so that the problem is governed by the
two-dimensional Helmholtz equation. In addition, we assume that the cylinders are perfectly
sound-soft or sound-hard, so that there is no interior field. In fact this last assumption is
unnecessary, and a very minor modification to our equations facilitates consideration of
penetrable bodies. Whilst this modification has no effect on our analysis beyond changing
the definition of a sequence of constants (see §4), we choose to focus on impenetrable bodies
because the introduction of an interior field leads to the presence of additional parameters
in an already complex problem. Both the sound-hard and sound-soft cases have applications
in other physical contexts. In electromagnetism, s- and p-polarised waves incident on an
a semi-infinite lattice of perfectly conducting cylinders lead to problems equivalent to the
sound-soft and sound-hard cases, respectively (12). In linear water wave theory, a plane
wave incident on a semi-infinite lattice of bottom-mounted, surface penetrating cylinders is
equivalent to the sound-hard case (13, ch. 2).

The plan of the paper is as follows. In §2 we formulate the boundary value problem,
and in §§3-4 we derive representations of the field in terms of grating modes and multipole
expansions. Applying Graf’s addition theorem (14, thm. 2.12) to the multipole representation
leads to an infinite linear system of equations. When Bloch waves are excited, this system has
poor convergence properties, and cannot be solved directly by truncation, but it is amenable
to the discrete Wiener—Hopf technique (15, 16). Following the method of (1), in §5 we
apply the z transform (17) to obtain a Wiener—Hopf equation. A key difference between the
low frequency analysis in our earlier article and the current work then becomes apparent.
The Wiener-Hopf equation obtained in (1) is scalar, that is it consists of a single functional
equation containing two unknown functions, which have known (and overlapping) domains of
analyticity. Equations of this type can be solved using a standard procedure (18, §1.7). For
the current problem, we obtain an infinite-dimensional matrix Wiener—Hopf equation (an
infinite set of coupled scalar equations). This turns out to have some important symmetry
properties, and these are the subject of §6. In §7, we truncate the multipole expansions to
obtain a finite-dimensional matrix Wiener—Hopf equation. Then, by neglecting interaction
effects due to strongly evanescent grating modes, we further reduce this to an equation
whose elements are rational functions. This approximate system is solved by matching the
poles and residues on opposing sides, and in this way we avoid the necessity of performing a
matrix Wiener-Hopf factorisation, which is generally very difficult (19, 20). After solving
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the Wiener—Hopf equation, we proceed to analyse the transmitted and reflected far field
patterns in §8. Using these, we derive a conservation of energy condition in §9, which is
used as a check on our numerical results, and to ensure that no Bloch waves that transport
energy toward the interface are included in our solutions. Some details of the implementation
are given in §10, and numerical results are presented with discussion in §11. Finally, some
concluding remarks are made in §12.

2. Formulation

Let a; and ay be linearly independent vectors in the (z,y) plane. Suppose that infinitely
long (in z), cylindrical scatterers of radius £ are centred at the points with position vectors

ij =gja; +pas, jE€Z, p=0,1,... (21)
forming a semi-infinite lattice (Fig. 1). Without loss of generality, we can assume that
a; =a1x, and as =mX+ 0y, (2.2)

where 72 > 0. Here, X and y are unit vectors in the x and y directions, respectively, and we
have introduced the convention that |v| = v for any vector v, which will be used throughout.
In order that the cylinders do not overlap, we must have a > 2¢, where a is the magnitude
of the shortest nonzero lattice vector, that is

a ijggl#(?jp. (2.3)

We also introduce position vectors relative to the centre of each cylinder; thus
I'jp =TI — ij, (24)

as shown in Fig. 1. We will consider time-harmonic motion with frequency w, in which case
the acoustic potential outside the cylinders is given by

U(r,t) = Re [u(r)e_i“’t} . (2.5)
The complex-valued function v must satisfy the Helmholtz equation
(V2 + k*)u(r) =0, (2.6)

where k = w/c, with c representing the speed of sound. For sound-soft cylinders, the surfaces
are subject to the Dirichlet boundary condition

w(r)=0 on rjp=4¢ j€Z, p=0,1,... (2.7)
whereas for sound-hard cylinders the Neumann condition

Au(r)

Irjp

=0 on rj=4¢ j€Z, p=01,... (2.8)

applies. We will focus on these two cases, though it should be noted that boundary conditions
for penetrable cylinders can be applied using exactly the same method, and in fact only
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Fig. 1 Schematic diagram showing a section of the lattice, and illustrating the notation in use.

the definition of the coefficient Z,, that appears in equation (4.12) needs to be changed to
account for this possibility. Let the plane wave corresponding to

ul(r) = ek (2.9)
be incident upon the lattice, where the wavenumber vector is given by
k =kcosto X+ ksinypy, 1o € (0,m). (2.10)

The total field is then given by '
u=u+u’, (2.11)
where u® is the scattered field, which we seek to determine. In order to match the periodicity
of the geometry and of the incident field we must have
u(r + ja;) = eFacosboy(r)  j €7, (2.12)

and the same condition applies to the scattered field.

3. Grating mode representation

At points that do not lies on the axes of the rows, so that there is no nonnegative integer g
such that y = ¢ns, the scattered field can be represented as a sum of grating modes, each of
which is an exponential solution to the Helmholtz equation that satisfies the quasi-periodicity
condition (2.12). That is,

)
U(I‘) _ Z eikrcoswj [cjeikysinwj +c;e—ikysinwj]’ (31)

j=—oc
for some unknown amplitude coefficients cjt Here, the scattering angles are defined via

kcosy; = kcostg + 2jm/ar, and ksiny; = iy(kcos);), (3.2)
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where the function + is given by

() = Vi — k2 if [t| > &,
TWE LV it <k
Note that cost); is always real, whereas sin ¢); is positive real for a finite set of integers j and

positive imaginary otherwise. Since the distinction between these two cases is important, we
define the sets

(3.3)

M={j€eZ: |costp;| <1} and N ={je€Z: |cost;| > 1}. (3.4)

For each j € M, the grating modes with amplitude coefficients c;r and c¢; propagate in
the direction of increasing and decreasing y, respectively, unless sin1); = 0, in which case
they are independent of y. Similarly, for j € A/, modes with amplitude coefficients c;“ decay

exponentially as ¥ is increased, and those with amplitude coefficients ¢; decay exponentially

as y is decreased. For the problem under consideration here, we should expect the amplitude
coefficients to take different values between each pair of rows. An expansion of the form (3.1)
also holds in the half-space y < 0, but here the scattered field clearly cannot include any
modes that grow with decreasing y, or are incoming from infinity. Hence,

us(r) _ Z eikm cos [C}}—qeikysinlﬁj + Cj—qefilcysinwj}7 (q _ 1) < 77% <q, q€N, (35)
j=—00

and

'U,S(I‘) — Z C]_—Oeik(xcoswjfysinwj)’ y < 0. (36)

j=—00
Values for ¢, and for cjiq in the far field limit ¢ — oo will be determined in §8 and §9,

respectively.

4. Multipole representation

In view of the quasi-periodicity condition (2.12), the multipole expansion (14, ch. 4) for the
scattered field has the form

u(r) = Z Z Z Aﬁeijkul CostHn(I‘jp)~ (4.1)
n=-—o0 p=0 j=—o0
Here, the outgoing wavefunction in the summand is defined as
H,(r) = HD (kr)e™?, (4.2)

where H(" is a Hankel function of the first kind and 6 is the anticlockwise angle between
the positive x axis and the vector r. Note the symmetry property

Ho(—1) = (=1)"H, (). (4.3)

The expansion (4.1) satisfies the Helmholtz equation (2.6), and the amplitude coefficients
AP must be chosen so that the boundary condition on the cylinder surfaces is satisfied. The
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first step in determining the appropriate values for AP is to locally expand the total field
about one of the cylinder centres. We need only account for the boundary conditions on
cylinders centred at r = gay for ¢ = 0, 1,... Conditions elsewhere follow automatically, in
view of the quasi-periodicity property (2.12). For the incident wave, we use the generating
function for Bessel functions (21, eqn. 10.12.1) and the fact that ui(r) = u'(R;,)u'(r;,) to
obtain the Jacobi expansion

ul(r) = elk Z e 0 T (rog), (4.4)

where the regular wavefunction J, () is given by
Tn(r) = Jp (kr)el™?, (4.5)

with 6 defined as in equation (4.2). For the scattered field, we use Graf’s addition theorem (14,
thm. 2.12), which in our notation shows that

Ho(rjp,) = Z Hoom(—Ryjp o) TIm(Tog), nEZ, 1o < Rjp g (4.6)

m=—0o0

Terms in the multipole expansion (4.1) with j = 0 and p = ¢ represent the field radiating
from the cylinder centred at r = gas, and do not need to be re-expanded. Using (4.6) for
the remainder of the series, we obtain

o]

oo S oo
u(r) = Z [AZHn(qu) + Z Z’ Ap glkar costho Z Hn—m (=R p—g) Im(roq) |,
n=-—oo p=0j=—00 m=—0o0
(4.7)
where the prime symbol indicates that the terms in which R;,_, = 0 are to be omitted from
the summation. This expansion is valid provided that ro; < a, where a is given by (2.3).
Combining (4.7) with (4.4) yields the local expansion

Z AfHn(rog) + 11 Tn(rog), Tog <a, ¢=0,1,... (4.8)

n=—oo

Here, the second term on the right-hand side represents the field incident on the cylinder
centred at ro, = 0, consisting of the incident plane wave, and the radiation from all the
other cylinders. An expression for I can be obtained by reading off the coefficient of the
regular wavefunction in (4.7) and combining this with the contribution from (4.4). In this
way, we find that

[e’e) oo oo
. / ..
If = ireilemekeomio) 4 N NN AD elkacostoqy (<R pq)- (4.9)
m=—o0 p=0j=—o0

When p = ¢, the sum over j takes the form of a one-dimensional lattice sum, described
in appendix B, whereas when p # ¢ it is a quasi-periodic Green’s function of the type
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considered in appendix A. Therefore we write I¢ in the form

19 = inellazk=nyo) 4 Z ZA’Z”SZI’Z kcost), neZ, q=0,1,...  (4.10)

m=—oo p=0

where
o_n(kcos if ¢ =0,
S (kcost) = (fcos o) ! (4.11)
Gn(qag, kcostp) if ¢ #0.
Applying the boundary condition on ro, = ¢ and using the orthogonality of the cylindrical
harmonics in the wavefunctions H,, and 7, in (4.8), we find that

AL+ Z,I1 =0, (4.12)
where the scattering coefficient Z,, is given by
Zn = Jn(k0) ) HY (k0) (4.13)
for Dirichlet conditions, whereas for Neumann conditions we have
Zy = T (ke)/ HY (K0). (4.14)

Eliminating IZ from (4.12) using (4.10) leads to the system of equations

Al + 7, Z ZA” SIP (kcosthy) = —Zyitell@@2k—m%o) ez =0,1,... (4.15)

m*~m—n
m=—oc p=0

The magnitude of Z,, decays rapidly as |n| — oo, due to the asymptotic behaviour of the
Bessel and Hankel functions in this limit (21, §10.19). On the other hand, when Bloch
waves are excited, AP /4 0 as p — co. Therefore (4.15) cannot be solved by truncation, and
we must treat the sum over p analytically. Before doing so, we note that for both types of
boundary condition under consideration (and also for penetrable cylinders, see (22) — this
paper contains the equivalent calculation for spherical wavefunctions, but the algebra for
the two-dimensional case is the same) the coefficients Z,, have the important property that

where W, is real. It turns out to be advantageous to work with a system containing W,
rather than Z,,, so we divide (4.15) by 1 — Z,, to obtain

AL(1 —iW,) — iW, Z ZAP SLP (K costhg) = W,inTellaazk=nvo),

m=—o0 p=0

nezZ, q¢=0,1,... (4.17)

This rescaling has no effect on the convergence properties of the system, because 1 — Z,, — 1
as |n| — oo. If there are integers n such that Z,, = 1, then no corresponding coefficient W,
exists for this index, but we can deal with this by introducing additional scaling factors into
a finite number of rows. The effect of this scaling on subsequent analysis is minimal.
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5. Exact Wiener—Hopf equation

We now convert (4.15) into a matrix Wiener—Hopf equation, using a generalisation of the
method in (1), which was itself based on that in (15). We begin by setting

Al =0, ¢<0, (5.1)
and
TH = WyirHellimkmio) g >, (5.2)

so that (4.15) can be written in the form

AL —iW,) —iW, Y Y ARSI (kcostp) =T, n.q€ L. (5.3)

m~m—n
m=—o00 p=—00

At this stage, T)¢ is unknown for ¢ < 0, but its physical meaning can be deduced by observing
that an expansion of the total field in regular wavefunctions exists about every point except
the cylinder centres. If we extend the definition of the vectors R;, by allowing p to take
any integer value, we can obtain such an expansion about r = Rg, with ¢ < 0 by setting
A% =0 in (4.8), so that there is no field radiating from ro, = 0. Consequently, (4.8), (4.9)
and (4.10) are extended to negative ¢ by (5.1). By comparing (5.3) to (4.10), we see that

19 = jreilaazk=nvo) 4y =i ¢ <, (5.4)

The first term on the right-hand side of this equation originates from the expansion of the
incident plane wave (4.4), meaning that the scattered field has the expansion

ui(r) =i Z erngjn(qu% g <0, (5.5)

n=—oo

which is valid in the vicinity of the point r = Rg,. An important consequence of this is
that T} cannot grow as ¢ — —oo. We can also relate T) to the coeflicients in grating mode
expansion by deriving Jacobi expansions of the form (4.4) for each term in (3.6). The result
is that

o0 o0
W)= 3 etk eon s SN neints g (), (5.6)

j=—o0 n=—o00

and on comparing this to (5.5), we find that

o0
Tg — Wnin71 Z ijoeiqk(m cos ¥ —1n2 sin wj)einwj’ q < 0. (57)

j=—00

Returning to the task of converting the system (4.15) to a Wiener—Hopf equation, we
apply the z transform by introducing the integral representations

1
Al = o ) A:;(z)zqul dz, (5.8)
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and
1

79 = —

a To(2)z~ 7 dz, (5.9)
where (2 is an anticlockwise oriented simple closed contour encircling the origin, whose
precise specification will be determined shortly. The superscript ‘+’ denotes a function that
is analytic inside €2; its presence in (5.8) ensures that (5.1) is satisfied. In a similar way, we
ensure that (5.2) is satisfied by writing

T,(2) =T, (2) + T, (2), (5.10)
where the superscript ‘—’ denotes a function that is analytic outside €. If we now choose
T, (2) = —i"Hle o, 20 (5.11)
Z=—po
where
po = e lazk _ —ik(n1 cos o+n2 sinwo)7 (5.12)

then (5.2) is satisfied, provided that pg lies outside €, and

T,(2) >0 as z— oc. (5.13)
Our next task is to insert the integral representations (5.8) and (5.9) into (5.3), and evaluate

the sum over p. Some care is needed here, to ensure correct positioning of the contour 2
relative to the singularities in the z plane. We begin by using (4.11) and (A.12) to obtain

2(—i)" 0 iny;
(=) Y o it ¢>0,

kay psinp;

=— J J
S (k = U 5.14
n(k cos o) 2(—i)" i T]?eﬂnw; .’ . ( )

“———— 1 g<0,
kaq Pl sin 1;
where p; and 7; are defined in terms of the scattering angles via

pj = e—ik(m cosj+mn2 sin;) and T = eik(m cos 1 —n2 sin wj). (515)

Note that the definition of p; is consistent with (5.12) in the case where j = 0, and that
|pj| = |7| grows exponentially as |j| — oo, in view of (3.2) and (3.3). Now, for the terms
in (5.3) with p < ¢, we use (5.14) to obtain

q-1 n—m—1 o i(m—n)i;

_ 1 € + —a—
2 Sntulkeosvo)l === 3, W/QAm(Z)(Z/ﬂj)pz “Ldz. (5.16)
p=—o0 =1 j——oo J

Since A;(z) is analytic inside €2, we may temporarily contract the contour so that it includes
only points at which |z| < 1, without changing the value of the integral. Since |p;| > 1 for
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all j, the sum over p then converges exponentially and on commuting this with the integral,
we obtain

n—m—1 X

! i el(m—n)y; n dz
Z SI7P (kcostpg) AP, = Z /Am(z)z*q . (5.17)
Q

wka sinv; =z
L S p; Pj

p=—00

The poles that have been revealed at the points z = p; lie outside the contour €. Now the
amplitude coeflicients A% cannot grow as ¢ — 00, so the integral in (5.8) must not include
contributions from singularities inside the unit circle, meaning that A} (z) is analytic for
|z| < 1. However, this is not sufficient to deal with the terms in (5.3) with p > ¢. Therefore
we temporarily assume the existence of € > 0 such that A} (z) is analytic for |z| < 1+ .
This means that A7 — 0 as ¢ — oo. Later we will see that a minor adjustment to the
integration contour €2 allows our solution to hold in cases where Bloch waves are excited,
and no such € exists. Using (5.14) and temporarily expanding the contour €2 so that it does
not include any points where |z| < 1, we find that

dz

e _ jn—m—-1 ei(n—m)d;j N )
E SIP (kcosig)AP, = - / A (2)z7 07—, (5.18)
e wkay i, sin Vi Ja 21y — 1

The poles at the points z = T{l lie inside the contour 2. Using (5.17) and (5.18) in (5.3),
and using (5.8) and (5.9) for the remaining terms, we now find that a solution is obtained if

S Kum(2)A,(2) =T, (2) + T, (2), neL, (5.19)
where the element of the kernel matrix in row n and column m is given by

o]

9in—m 1 Zei(m—n)d)j ei(n—m)d;j
Knm = 5nm*Wn n—m 5nm*7 . - . (5.20
(2) ' (U + kaq jz sin 1; [ Z—pj 21y — 1 }) ( )

=—00

Here, we have omitted the argument k cos vy from o,,_,, for brevity. The contour €2 is shown
in Fig. 2. It consists of the unit circle, with indentations chosen so that the points z = ijl
are encircled, but the points z = p; are not. The system (5.19) is an infinite-dimensional
matrix Wiener—Hopf equation, though as noted in the previous section the ranges for n
and m can be truncated. Each element of the matrix kernel has infinitely many simple
poles. Since |p;| = |1;| = 00 as j — oo, there are also nonisolated essential singularities
at the origin and the point at infinity. A final point concerns the Wood anomalies studied
in (23). These are situations in which there exist one or two integers j such that sin; = 0.
Inserting the spectral form of o,_,, from equation (B.4) or (B.5) into (5.20), and using
Euler’s formula shows that K, (z) remains bounded in the limit sint; — 0. Consequently,
Wood anomalies have no significant effect on our subsequent analysis, though some care is
needed in order to obtain the correct values for K, (z) in such cases.

6. Symmetries

In this section, we prove the crucial symmetry property

Wn_lKnm(Z) = Wn_ale*nn(l/Z*)v (6.1)
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Fig. 2 Schematic diagram showing the contour Q, the poles po, p1, 7, * and 7; * and the zeros of
the kernel 20, 21, wy ' and wi'. When j € N, p} = 7; and similarly, z; = w} if |2;] # 1. Functions
with a superscript + (—) are analytic in the (un)shaded region.

where the superscript ‘x’ denotes the complex conjugate. To achieve this, we will show that

Do = W, ' Ky (2) — W LK (1/27) (6.2)

-1
m mn

is identically zero. Now the first term on the right-hand of (5.20) clearly disappears from (6.2).
For the second term, we observe that when n = m the Kronecker delta eliminates the first
term in the spectral form of o (B.4). In this case, the second term from (B.4) also disappears
from (6.2), as does the contribution i/(r|j|) in the summand, due to the addition of o to
0. Similarly, when m # n, we use (B.2) to equate the orders of the two Schlomilch series
in (6.2), and then the term B,, from (B.5) disappears. Only the infinite sum over j remains,
and in fact

gjn—m+1l 2 ;
D = = ———— > Dl (6.3)
L R s
where
R L el(n—m)sen(i)e; _ zel(m=—n)y;  Ql(n—m)y;
. ei(m—n) sgn(j)w; . zei(”_m)wj ei(ﬂl—n)qu ’ (64)
SlIlw;‘k z — T;‘ Zp;k 1

and sgn(0) = 1. When sin1; is imaginary, p; = 7; and (3.2) shows that either ¢; = iv or
Y; = m —iv, with v > 0. On the other hand, if ¢; is real, both p; and 7; lie on the unit
circle, so that pj = 1/p; and 77 = 1/7;. In either case, it immediately follows that DJ,, =0,
which establishes (6.1).
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Another symmetry property,
(=)W, Ky (2) = (= 1) W, ' K (1/ 2), (6.5)

holds only in the case of a rectangular lattice, where 7; = 0 so that p; = 7;, and a third,

1
n —1 _(_1\m -1
(W Ko = (1" Wi o (e ) (6.5
holds only if m1 = a1/2, so that 7; = elkar cos 7/’0pj. These are easily verified by taking the
difference between the left- and right-hand sides and using (5.20). Both (6.6) and (6.5) have
previously been obtained in (24). On the other hand, the general symmetry property (6.1)
was observed numerically in (24) but not proven.

7. Approximate Wiener—Hopf equation

In order to proceed further, we introduce two approximations into the matrix Wiener—Hopf
equation (5.19). First, the system is truncated at |m| = |n| = N. This corresponds to using
a finite number of wavefunctions in the expansions of the field about the cylinders. As
noted in §2, accurate results can be obtained for relatively small values of N, due to rapid
convergence. We also truncate the sum over j in (5.20). The physical meaning of this can
be understood as follows. First of all, note that the sum in question originates from the use
of the spectral representations of the function S " in obtaining (5.19) from (5.3). The
terms in which ¢ = p describe the interactions between the scatterers within each row; hence
the appearance of the Schlomilch series o, _,, the exact form of which is retained in our
approximation. On the other hand, terms in which ¢ # p describe interactions between
distinct rows, and, in view of (A.12), these interactions are due to an infinite sum of grating
modes propagating between the rows. All but a finite number of these modes are evanescent,
and the rate of decay increases rapidly with the modulus of the summation index j. It
is this sum which we are now truncating, thereby discarding interaction effects caused by
strongly damped modes, and so in fact the approximation amounts to a standard method for
treating scattering by multiple linear arrays (13, §6.4). The (2N +1) x (2N +1) approximate
Wiener—Hopf equation is therefore

+

K(z)A (z) =T(z), (7.1)

where the entries in row n of the vectors AT (2) and T(z) are A} (2) and T, (z), respectively,
and the entry in row n and column m of the matrix K(z) is

_ gin—m J1 4 i(m—n)y;  giln—m)y;
Knm(z) = 5nm - IWn (Un—nL + 6nm - ! Z |:ZC - ° :|> (72)

kaq = sin1; Z—pj 21y — 1
The truncation parameters jo and j; must be such that no propagating modes are discarded,
and so the summation must include all elements of the set M, but it may also be necessary
to include one or more evanescent modes, depending on the rate of decay and the degree of
accuracy required. This second approximation eliminates the essential singularities from the
origin and the point at infinity, so that K,,,(z) is a rational function with 2(j; — jo + 1)
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simple poles. The residues at these poles are exactly those of K,,,,(z). The approximate
kernel matrix has the same symmetry properties as the exact matrix (see §6), because in
each case the symmetry applies to individual terms in the sum over j. In the case of (6.1), it
should be noted that the terms in (6.4) originating from o,,_,, cancel each other for j € N,
meaning that the Schlémilch series need not (and indeed should not) be truncated in the
same way.

Now the usual method for solving equations such as (7.1) requires a factorisation of the
form

K(z) =K (2)K (2), (7.3)

where det KT (z) # 0 for all z on and inside the contour €. Such factorisations are often
very difficult to find (19). Here, we can avoid this problem by exploiting the fact that the
Wiener—Hopf equation contains only rational functions. This allows us to construct the
functions T, (z) by matching the poles and residues on each side of (7.1). The procedure we
use is related to the method introduced in (25), though in that case the equation is simpler
in that the right-hand side is known and the difficulty lies in determining the residues in
the unknown vector on the left-hand side. To begin the construction, we simply observe
that A (2) and T); () cannot have common singularities, so the only possible singularities
of T, (z) are the poles of the kernel that lie outside the contour Q. Consequently, T, (2)
has at most simple poles at the points z = T{l, and no other singularities. Recalling that
T

~(2) = 0 as z — oo, we immediately obtain the expansion

Ji
XJ
T W, E 7.4
() = = 2Tj — 1’ (7-4)
0]

where the coefficients X7 are as yet unknown, and the factor W,, has been included for
convenience, and consistency with (5.11). A remarkable simplification now occurs if we
multiply (7.2) by 27, — 1 with jo < ¢ < j; and take the limit z — Tq_l. We find that

. DK 2 me e 75
— _— e —_—— |/[/ q .
. 1;?1 (27 = 1) K (2)] kay sinv, nt e (7.5)

and since T (z) is analytic at the points z = Tq_l, using this in (7.1) shows that
21n+1 inyg

X9 — A \m —ima)y 76
T kagsing, m; (=1 7 (76)

which reveals the dependence of X¢ on n. In fact

X9 = {reinta X2, (7.7)
so that (7.4) becomes
J1 I i .
X]Cln'gb]
T, (z) =i"W, » —2—ur, 7.8
RO = (7.9

and it only remains to determine the coefficients Xg.



14 January 24, 2014

Next, we define the determinant function

d(z) = det K(2), (7.9)
which is a rational function that is analytic except possibly for poles located at z = p; and
z= 7'[1, for j = jo,...,j1. Consider the point z = Tq_l. From (7.5), we have

% Wn sn in, %
Res [Knm(2)] = T e Res [Kom(2)], (7.10)
z=7'q_1 0 z=‘rq_1

which shows that the residues in row n of the kernel matrix elements differ from those in
row 0 by a common, constant factor. The residues at z = p, are related in a similar way,
with e/”%« replaced by e~ "%, Motivated by this, we define the regularised kernel matrix
L(z), whose elements are given by

f{Om(Z) if n= 07
Lpm(2) = ~ W, . ~
® Kpm(2) — =2i"eTnYa K, (2)  otherwise,
0

(7.11)

for |m| < N and |n| < N. Evidently the determinant of L(z) is the same as that of K(z),
but by making the appropriate choice of the index ¢ and the sign in the exponent, any one
of the poles can be removed identically from all but one of the rows. This shows that d(z)
can have (at most) simple poles at the points z = p; and z = Tj_l. Furthermore, it follows
from the symmetry property (6.1) that

d(z) = d*(1/2"). (7.12)

Any rational function with this property must be a ratio of polynomials of equal degree.
Although we have not found any mathematical arguments that preclude the possibility of a
zero coinciding exactly with a pole, or the possibility that d(z) is the zero function, we have
not encountered any parameter sets for which either of these occurs. In any case, we are
always free to increase the magnitude of the truncation parameters, thereby perturbing the
locations of the zeros. Therefore we will proceed on the basis that d(z) is an irreducible ratio
of polynomials with degree 2(j; — jo + 1). The zeros of d(z) are subject to the symmetry
relation (7.12), and initially we will assume that d(z) has no zeros on the unit circle. In this
case, there are (j; — jo + 1) zeros z, outside the unit circle, and for each of these there is a
corresponding zero located at z = w;l = 1/, which lies inside the unit circle. Zeros of
d(z) that lie outside the unit circle correspond to poles of A} (z). On the other hand, A} (z)
is analytic at the points z = w,; 1 and here the Fredholm alternative (26, §§5.7-5.9) imposes
a condition on the right-hand side of (7.1). Specifically, there exists a nonzero vector E,
such that

K*(w, " E, =0, (7.13)
and it must be the case that
* —1
EpT(wp )=0. (7.14)

When the superscript ‘*’ is applied to a matrix or vector, it denotes a conjugate transpose.
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Substituting 7} (z) from (5.11) and the truncated form of T}, (z) from (7.8), we can write

this in explicit form. If the row vector E; has entries £}, , for n = —N,..., N, then

. N
100 E : * in  —ina, . .
1 WnEpnl S 0: P=2Joy---5J1-
n=—N Wp Po "N

& Xé il * n_in,
ZF]_I Z Wiy, i"e™ =
J=Jo
(7.15)
We have not discovered any sets of parameters for which two or more of the points w),
coincide, and, this being the case, (7.15) is sufficient to determine Xg. If one or more of
the points w,, lies on the unit circle, then the corresponding points z, must also lie on the
unit circle, or else the symmetry property (7.12) cannot be satisfied. Contributions to A%
from poles on the unit circle do not decay as ¢ — oo; these correspond to Bloch waves in
the far field. When a pair of zeros occurs on the unit circle, we use (9.13) to determine the
direction in which the corresponding Bloch wave transports energy across lines where y is
constant (see §10 for details). One zero in each pair corresponds to a Bloch wave which
carries energy into the lattice, and we denote this zero by z,. The other zero in the pair
corresponds to a wave that is incoming from the far field, and cannot be excited by a wave
incident from below the lattice. We denote this zero by w,, 1: it cannot be a pole of A} (2).
Once the zeros are classified in this way, we indent € so that w,; Iis encircled, but zp is not

(Fig. 2). This done, (7.15) can be used to determine X7 as before.

8. The far field

Having constructed the functions T, (z), and thereby determined A (z), we now turn our
attention to the behaviour of the scattered field. The method we use for the analysis in this
section was developed in (1). We begin by expressing the multipole representation (4.1) in
terms of the quasi-periodic Green’s function (A.1) and using the integral representation for
AP (5.8); thus

N [e9)
us(r):% > Z/QA;(z)z_p_lden(rfpag,kcosdJo). (8.1)

n=—N p=0

The next step is to expand 2 into a new contour ' which does not include any points where
|z| <1, thereby causing the sum over p to converge exponentially. Clearly, this process is
impeded by poles of A (z) that lie on the unit circle. We will assume that there is one such
pole at the point z = zy3. Contributions from additional poles can be included in exactly the
same way, and for the case where A (2) is analytic on the unit circle, we simply set b = 0
in our subsequent analysis. The functions A (z) cannot include contributions from poles
on the unit circle that are not simple, because these grow as p — oo, leading to unphysical
results. Therefore we may write

N () = bB

ot AT (2), (8.2)

where AT (z) is analytic at z = zy and |B| = 1. The residue term corresponds to a Bloch wave
in the far-field. The vector B describes the form of this wave, and the scalar b determines its
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amplitude. If we substitute (8.2) into the approximate Wiener—Hopf equation (7.1), multiply
by z — zp and take the limit z — zg, we find that

K(z)B =0, (8.3)
which determines B. Taking the residue term to the right-hand side of (7.1) yields

N bK(2)B
K(z)A' (z) = T(z) — bK(2)B (8.4)
Z— 20
and we can now apply the Fredholm alternative to obtain an expression for b. Thus, there
exists a nonzero vector F such that

K*(20)F = 0, (8.5)

and after left-multiplying (8.4) by F*, taking the limit z — zg and applying L’Hopital’s rule,
we find that
F*T(z9) = bF*K'(2)B, (8.6)

where the prime denotes differentiation of each individual matrix element with respect to

z. Since zp lies on the unit circle, we may replace zo with 1/z§ in (8.5), and the symmetry

property (6.1) shows that the elements of F are related to those of B via W, F,, = B,.
Deforming the contour of integration in (8.1) and collecting the residue at z = zy yields

N [eS)
1 ,
ut(r) = ub(r) + o E E / A:;(Z)Z_p_l dz G, (r — pag, k cos i), (8.7)
n=—N p=0 !
where N
b = _
uP(r) = — . E B, E 2o PG (r — pag, k cos ). (8.8)

n=—N p=0

We can evaluate the sum over p by choosing Ay so that
2o =e 2P0 with B, = kcosiok + \oy. (8.9)
We then have a sum of the form (A.5), and so

N
> B.GY(x, By). (8.10)

=—N

b
up(r) = — P

Next, we convert the Green’s function in (8.7) to spectral form using (A.12), and in this
way we obtain

N 0

uS(r) = uf(r) + > (—i)"*lz/ﬂ/ Ay (2)2P e Y

n=—N j=—o0

einsgn(y—pn2);
wkay sin;

« elF((@—pm) cos P +|y—pnz|sin ;) (8.11)
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To proceed beyond this point we must evaluate the sum over p, and this in turn requires the
elimination of the modulus and signum functions. Clearly, this is immediate if y < 0, but
the case where y > 0 is more difficult. Setting y = (P + )2, with 0 < ¢t < 1, we find that

N n+1 S eikmcoswj A+ P
R N D

7rka sinv; z
1 j=—co 1/Jj

P o]
% |:eik:(P+t)7]2 sinwjeinqu Z (&)p i e—ik(P+t)'q2 sin 1 e—in’l,bj Z (ZTj)_p:| dz, (812)
z

=0 p=P+1

where p; and 7; are given by (5.15). Since |z| > 1 on ' and |7;| > 1 for all j € Z, we may
now evaluate both geometric series, and this yields

N n+1 o ikx cos iny,
e 7 + i i e
s r) = u + A P elk}(P+t)772 sin 1
(r) =y Z_: 7Tk'(11 __2_:00 siny;  Jo n(?) zZ—p;j
. @int; —ingy;
ZfPflefikPm cos Y eiktm sin ¢ p]em ’ _ efikt772 sin 1 e " dz. (813)
zZ—pj Tiz —1

Taking the limit P — oo now eliminates the last two terms on the right-hand side and
reduces the range for j to elements of the set M only; hence

N N ind,
us(r)Nukf(I‘)—i- Z (—1) +1 el

n=—N

i eik(mcosd)j+ysind)j) A; (Z)
sin ), Q

(8.14)

wka
Ljem

There are now two poles inside the contour of integration, at z = p; and z = 2z, so after
applying the residue theorem we have

N

ST (=) AL (p), (8.15)

2Cik(.7: cos i +ysin;)

w(r) ~uf () +up(r) + )

Py kay sin; St
where
N
2 mw] ik(x cosj+ysin;)
wwr) = S (B, Y : (8.16)
kaq Bt ) sin;(z0 — pj)

having used (8.2) again to evaluate the contribution at z = z;. The sum over n in (8.15)
can be evaluated by multiplying (7.1) by z — p; and taking the limit z — p;. Since T~ (2) is
analytic at z = p;, this term disappears, and we can use (5.11) and (7.2) to obtain

US(I,) ~ ul( ) +u ( ) - eik(w coswn+ysin¢[])7 (8.17)

so that the last term cancels the incident field. Finally, we observe that (8.16) is in fact
the far field pattern generated by a combination of quasi-periodic Green’s functions of the
form (A.20). Indeed,

N
*;bo > BuGlomD(x, Bg) ~ u3(r) (8.18)

n=—N
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as y — 00, so that the total field has the asymptotic form

u(r) ~ — — Z B,G ) (r, By), (8.19)

which is a Bloch wave. Calculation of the reflected field is much more straightforward.
Setting y < 0 in (8.11) and evaluating the sum over p yields

n+1

( o i ik 0y sin ;) 7;dz
s > 7 ik(zcosty sin; A _— 8.20
u (I' Z ﬂkal _X_:OO sin 1/}j ¢ Q7 ( ) Z -1 ( )

If we now write u} explicitly using (8.10) and (A.19), and take the residue at z = z
using (8.2), we find that these two terms cancel each other exactly, so that we are left with
the grating mode expansion (3.6), with
Con = 2 i (—i)"e_i"‘l’ﬂAJr (1) (8.21)
90 kay siny; Rt LR '

Finally, the sum over n can be evaluated by setting n = 0 in (7.6); the result is that
cjo = iXJ. (8.22)

9. Conservation of energy

The energy flux carried across a contour S by the total field during one time period is given
by the line integral

(Es) = — % Im/su(r)é%u*(r) ds, (9.1)

where P, is the quiescent fluid pressure and the orientation of the derivative is normal to
S; see (1) for details. If (Es) > 0, the net energy flux is in the direction of the normal,
whereas energy is transported in the opposite direction if (Es) < 0. We choose S to be the
parallelogram with vertices located at

r= %(—agial) and r = (q— %)agi%al, (9.2)
and take the derivative in the direction of the outgoing normal from each side. Since S is
a closed contour, we then have (Eg) = 0, which amounts to conservation of energy. This
result can also be obtained by applying Green’s second identity (14, §6.5) to the total field
and its complex conjugate. Next, we divide S into four straight line sections Sy, ...,84, as
shown in Fig. 3. The quasi-periodicity relation (2.12) shows that the only difference between
the integrals along S; and Ss is due to the direction of the outgoing normal, so if we define

[, — D Im/ w*(r) ds, (9.3)

then we immediately see that
I +1I3 =0, (94)
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O O O O

Sa

Fig. 3 The contour S, composed of the four lines Si,...,Ss, used as the path of integration in
Green’s identity.

meaning energy is conserved if and only if
L +1,=0. (95)

On S, and S84, we use the grating mode representation (3.1), since evaluation of the two
remaining integrals is then very straightforward. Indeed, it follows from (3.2) that

zo+tai/2 .
/ ol 2(cos 1 —cos p,) dx = a1§jp7 (96)
x07a1/2

where g may be chosen arbitrarily. Therefore, if u is given by (3.1), then

oo

9 o o
/s u(r)%u*(r) ds = Fikay Z sin % [cfe‘kysm% +cj_e*‘kysmwj]

j=—oc0

« [(C;_)*efikysinw; _ (Cj—)>|<eikysi!ﬂ1/11*]7 (9.7)

where v = 2 or v = 4, and the upper and lower signs correspond to an upwards or downwards
oriented normal, respectively. Considerable simplification now occurs on separating the
terms for which sint; is real from the remainder of the series, and taking the imaginary
part. We find that

Im/s u(r)%u*(r) ds = Fkay Z sind)j(\c;r 2 |c;\2) =+ 2kay Z | sin ;] Im[cj(c;)*],
v jeM’ JEN
(9.8)
where N is defined in (3.4), and M’ is the set of integers j such that | cos ;| < 1, so that
terms with sin; = 0 (which do not depend on y) are omitted. On Sy, the outgoing normal
is directed downwards, and the only upwards propagating mode is the incident field, so that
cj = djo. The coefficients ¢, are given by (8.22), and with these we obtain

L= — @Pow(sin% -> |X3’251n¢j)- (9-9)

2 :
jemM’
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There are two possibilities for the integral along Sy. If no Bloch wave is excited, then
the total field decays exponentially as y — oo, so we may take the limit ¢ — oo in the
parametrisation (9.2) to show that Iy = 0. If a Bloch wave is excited, due to a pole at z = z,
then the far field for y > 0 is given by (8.19). In view of the quasiperiodicity property (A.17),
this can be rewritten as

N
b .
u(r) ~ — = e'Roa-Bo Z B,G®)(r — qay, B,). (9.10)
n=—N

For r € S5, we can use (A.19) and (A.20) to express this as a grating mode expansion of the
form (3.5), with

L mQree  agr e
%97 7 kaysint: (p; — and - ¢jq = (1L — 2g) (0.11)
a1 siny;(p; — 20) kay sin ;(7; 20)

Here, 3, is given by (8.9), and

QF = ) (—i)"Bpe*ims (9.12)
Hence, (9.8) now yields
2[b|?
I, = IJTLPOOJ(IQA +1), (9.13)
where
+ 2 - 2
oy L (%S (914)
s sy \[pj = 20 T — 20
and
-2 P20 _
V= I J Q). 9.15
: jezjv [sing,] {(Pj —p? @ (@) ] ©15)

Equation (9.13) is valid only for single Bloch waves, and the relationship between Iy for
individual and multiple waves is not linear. In cases where multiple Bloch waves are excited,
the total amplitude of the grating modes should be calculated by summing the values given
by (9.11) for each Bloch wave, and I can then be evaluated using (9.8). The value for ¢
in (9.11) may be chosen arbitrarily.

10. Implementation

The most significant obstacle to implementing the method described above is the
determination of the points at which d(z) = 0. The general symmetry relation (6.1)
means we need only locate those zeros that lie on or inside the unit circle, but the presence
of poles at z = p; and z = ijl in every element of the kernel matrix and the fact that the
determinant has only simple poles at these points means there is a danger of catastrophic

cancellation if d(z) is computed directly from (7.2). Any numerical code that operates
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on this basis is likely to be unstable. Indeed, even searching for zeros on the unit circle,
where the determinant is real, is problematic because computed values of d(z) close to the
poles sometimes turn out to have the wrong sign. When very few terms are retained in the
approximate kernel, it is possible to use a computer algebra package to expand and simplify
the determinant, but this rapidly becomes unfeasible as the magnitudes of the truncation
parameters are increased. Instead, we overcome this problem by computing the determinant
using the regularised matrix L(z) and, for a given z, we choose the index ¢ and the sign
in (7.11) so as to reduce the order of the closest pole. Where advantageous, we multiply the
central row by the function
J1

P(Z) _ H (Z - pj)(ZTj — 1) (101)

Zefikng sin v |efikn2 sin v ‘

J=jo

to remove the poles. This has the three symmetries that d(z) inherits from the properties of
the kernel matrix discussed in §6; thus

P*(1/z%) in all cases,
P(1/z) if 1 =0,

1 .
P (Zel~c1/> if 2m = ar.

The factor |e~#72518%;| i included in the denominator to normalise the magnitude of P(z).
Since P(z)d(z) is real and analytic on the unit circle, zeros here can be located using
standard methods. In the case of a rectangular lattice, where n; = 0, it is often but not
always the case that zeros not on the unit circle are located on the real line. In this case we
can combine the two available symmetry relations to show that P*(z*)d*(z*) = p(z)d(z), so
that 271790+ P(2)d(2) is real and analytic for z € R. Any roots that occur here can also be
located fairly easily, though the search algorithm must take account of the fact that pairs
of roots sometimes appear very close to the origin. A similar situation occurs for lattices
with 1 = a1/2, when the roots with |z| # 1 are often but not always located on the line
z = ue~kmeosvo 4 ¢ R and here u/' =90+ P(2)d(z) is real and analytic. For other cases,
we observe that the residues of the determinant at its poles can be calculated using (7.11),
and these can be used to express d(z) as a sum of partial fractions. This can easily be
differentiated, so that the Newton-Raphson method becomes available. Using the origin
as the initial guess often yields one root, wg ! say, and then a second can sometimes be
obtained by applying the Newton-Raphson iteration to d(z)/(z — wy '), again using the
origin as the initial guess. Any roots not determined by these elementary methods can be
calculated using the technique in (27). This is computationally expensive, and we do not
claim that it is the optimal approach, but it is very reliable.

Once the zeros of the determinant have been calculated, the remaining computations are
straightforward, and can be performed using standard libraries. First we classify any zeros
that appear on the unit circle using (9.13). At each zero, we calculate the eigenvector of
L(z) that corresponds to the zero eigenvalue. The elements of this eigenvector then play
the role of By, in (9.12), and the zero plays the role of zy in (9.14) and (9.15). We then
determine the sign of the integral I in (9.13). If I, > 0, the zero corresponds to a Bloch
wave that transports energy into the lattice. We denote this zero by z, for an appropriate

P(z) = (10.2)
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choice of the index p, and indent the contour {2 so that the point z = z, lies outside (see
Fig. 2). On the other hand, if Iy < 0, the zero corresponds to Bloch wave that cannot be
excited by a wave incident from below the lattice. Such zeros must lie inside the contour 2
and are denoted by w, L. The residue coefficient b, which cannot be calculated at this stage,
plays no part in this. Once the zeros are classified, we can calculate all of the eigenvectors
E, defined in (7.13), and the linear system (7.15) can be solved to obtain X7. The functions
T, (z) are then given explicitly by (7.8), and the problem is solved.

Next, we check that energy is conserved using (9.5). Whilst this is a necessary condition
for the correctness of the results, it is by no means sufficient, and where methods involving
modal expansions are used, it is sometimes possible to discard important terms and construct
manifestly incorrect solutions that nonetheless conserve energy (28). A much more stringent
test can be performed by calculating the coefficients AP directly from (4.15) in cases where
no Bloch waves are excited (so that A2 — 0 as p — 00). We can also calculate AP by
collecting residues from outside the contour 2 in (5.8); equations (8.2)—(8.4) can be used at
each pole. To test the results in cases where Bloch waves are excited, we use the infinite
array subtraction technique introduced in (29). For a case with a single Bloch wave, (8.2)
and (5.8) yield

AP = —bB,z "7 + AP, (10.3)

where Aﬁ — 0 as p — co. We calculate b, B,, and zg as described above, and then use (10.3)
in (4.15) to obtain

o0 oo
AL+ Z, Y N AR SIP (kcosthy) = —Znite @ ko) L AT neZ, g=0,1,...
m=—o0 p=0
(10.4)
where

Al = bzaq*1 [Bn + Z, Z B,, Zei(p_Q)aQ'ﬁOSZ;pn(k cosiy) |, (10.5)

m=—o0 p=0

with 3, given by (8.9). Separating the terms with p < ¢ from the remainder of the series,
and using (4.11) and (A.5), this becomes

AL = bzy? [Bn +Zo > Bm{G;;E;;”(o, Bo) + Tnm (k cos )

m=—00

+eia2'ﬁoG$ff,?(—a2,ﬁo)}]. (10.6)

The multirow Green's functions that appear here can be calculated using (A.13) and (A.15);
the first disappears in the case where ¢ = 0. When (10.4) is solved by truncation, we find
that A? — 0 as p — oo, which means we can have confidence that the results are correct.
To apply the same method to cases where multiple Bloch waves are excited, we need only
include extra residue terms on the right-hand side of (10.3), evaluate (10.6) for each Bloch
wave and include the results on the right-hand side of (10.4).

All of the results in the following section were generated using an implementation of our
method written in Fortran 2003, using double precision arithmetic. The multipole truncation
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(a) 10 (c) 10
1.0
8* 8* m:
0.8
6F 61
0.6
S <
41 4 0.4
5l 51 0.2
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00 n)Z T 00 n)Z T 00 n)2 T
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Fig. 4 Proportion of energy reflected back from a lattice with basis vectors a1 = [1,0] and

az = [0,1]. Dirichlet boundary conditions are enforced on the cylinder surfaces. (a) £ = 0.1, (b)
¢=0.2and (c) £=0.3.

parameter IV is set according to the value of k¢; our implementation uses values between 1
and 15, chosen so that

10712 : 10.
W] < 107 max [, (10.7)
For the grating mode expansion, we discard terms for which
|einzsinvs| < g, (10.8)

where € represents machine epsilon (approximately 10716 for double precision). The positive
parameter « is chosen experimentally. Too small a value leads to modes that generate
significant interactions between the rows being discarded, but too large a value leads to
situations where the determinant possesses roots with very small magnitudes, which can
cause numerical problems. We have found a = 0.37 to be a good compromise choice.

11. Numerical results

The problem of Bloch wave propagation through lattices of sound-hard and sound-soft
cylinders was investigated in (12). Here, we focus our attention on the proportions of
incident wave energy that are reflected back from and transmitted into the lattice. To this
end, we rewrite (9.5) in the form

Er+Er=1, (11.1)

where
212 1 i12
EFr=———— d Er= X!\ sin;. 11.2
T Pywkay sin g an B sin Yo j§4,| 0 | sin g ( )
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Fig. 5 Proportion of energy reflected back from a lattice with basis vectors a1 = [1,0] and

az = [0,1]. Neumann boundary conditions are enforced on the cylinder surfaces. (a) £ = 0.1, (b)
£=0.2 and (c) £ = 0.45.

In a stop band, no energy can be transmitted into the lattice, so Fp = 0 and EFr = 1.
However, when Bloch waves are excited it is not possible to determine Er or Er from an
understanding of the wave-bearing properties of the lattice alone. Consequently the results
shown here reveal information about the behaviour of the field in pass bands that cannot be
obtained from a standard band diagram.

Figs. 4 and 5 show contour plots of Er for square lattices, with ¢ increasing from left to
right. Here, and in Figs. 6 and 7, light and dark regions indicate strong reflection and strong
transmission, respectively. Note that the total field always disappears in the grazing limits
1o — 0 and 19 — 7 so that Er = 0. This was shown to be the case for a single array in (23)
and the same result clearly holds for a semi-infinite lattice. However, the transition is often
very rapid, so that the effect is not visible in contour plots, though it has been verified by
inspecting the actual data. As we should expect, larger scatterers tend to reflect more of
the energy back from the lattice, and the stop bands generally widen as ¢ is increased. It is
also evident that a lattice formed from sound-hard (Neumann) scatterers generally permits
a greater proportion of energy to be transmitted than the equivalent sound-soft (Dirichlet)
lattice. At low frequencies, the plots for sound-soft scatterers shown in Fig. 4 exhibit a total
stop band, the extent of which increases with ¢, as noted in (12). Above this, there is a
narrow band in which some transmission is possible, and for still higher values of k there
is a second stop band. This is partial for small scatterers, that is it prevents propagation
in certain directions, but there is no frequency at which no directions are permitted. As ¢
is increased, this region widens, becoming a total stop band. Above the second stop band,
the pattern of transmission and reflection is very complicated, with multiple partial stop
bands and some small regions where high transmission occurs. For ¢ = 0.35 or greater
(not shown), the corresponding plots are almost entirely occupied by the first and second
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Fig. 6 Proportion of energy reflected back from lattices with a1 = [1,0], a2 = [0,72] and 72 > a;.
(a) Dirichlet boundary conditions, £ = 0.1, 72 = 2. (b) As (a) but with 52 = 3. (¢) Neumann
boundary conditions, ¢ = 0.45, n2 = 3.

stop bands, so that very little transmission is possible within this frequency range. The
plots for sound-hard (Neumann) scatterers shown in Fig. 5 are quite different, with no low
frequency stop band and much more substantial regions of high transmission. Indeed, at
low frequencies there is a region in which Er < 0.01, so that more than 99% of the incident
wave energy is transmitted into the lattice. This region contracts as ¢ is increased, but it
persists even in Fig. 5(c), where £ = 0.45. A partial stop band can be seen for k ~ 3, even
for very small scatterers, and for larger radii this becomes a total stop band, as in Fig. 5(c).
Above this stop band, the pattern is again very complicated, but with more regions of high
transmission than the sound-soft case.

Fig. 6 shows contour plots of Er for rectangular lattices, with 7 > a;. In general,
stretching the lattice causes the pattern to fragment, so that the regions of high and
low transmission are smaller and more numerous. In particular, narrow regions where
transmission is possible gradually penetrate into the first stop band for sound-soft scatterers,
and similarly, the region of high transmission observed at low frequencies for sound-hard
bodies is interspersed with partial stop bands.

In contrast to 79, varying 7, has fairly limited effects on the transmission patterns. For
lattices with 72 = 71 /2, which retain symmetry across ¢y = 7/2, the plots are qualitatively
similar to those in Figs. 4, 5 and 6, and are not shown here. Instead, Fig. 7 shows three
situations in which the lattice is skewed. The effect of breaking symmetry across g = 7/2 is
more pronounced for small scatterers, and some distortion is evident in Fig. 7(a) and (b). For
larger scatterers such as those in 7(c), the plots are much more symmetric and qualitatively
similar to the corresponding versions for the square lattice. One quantitative difference
between Figs. 4(c) and 7(c) is that the second pass band is detached in the latter case, so
that a third total stop band has appeared.
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Fig. 7 Proportion of energy reflected back from a skewed lattice with a1 = [1,0] and a2 = [0.25, 1.0].
(a) Dirichlet boundary conditions, £ = 0.1, (b) Neumann boundary conditions, £ = 0.1, (c) Dirichlet
boundary conditions, ¢ = 0.3.

) | )

Fig. 8 Contours plot showing the real part of the field for a lattice with a; = [1,0], az = [0,1] and
£ =0.2. (a) Dirichlet boundary conditions, k = 4.0, 1o = 0.47. (b) Neumann boundary conditions,
k = 3.0, ¢o = 0.167.
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Finally, in Fig. 8, we present two plots of the field itself. The actual data shown are values
of Re[u(r)], so that the plots show a snapshot of U(r,t) at time ¢ = 0. At most points, the
field is evaluated using the quasi-periodic Green’s functions in appendix A, but close to the
cylinder centred at r = ja; + pag, we use the fact that (23)

u(r) = Y elfharcosvo gp [Hn(r)—Zlnjn(r) . (11.3)

n=—oo

In Fig. 8(a), Dirichlet boundary conditions are imposed on the surface of the scatterers and
it is evident that the field is close to zero in their immediate vicinity. Similarly, in Fig. 8(b)
the contours intersect the scatterers at right angles, showing that the Neumann boundary
conditions enforced on the surfaces are indeed satisfied. In both cases, a Bloch wave is
excited, and the different nature of the field inside and outside the lattice is clearly visible.
In Fig. 8(a) we have Er ~ 0.65 whereas Er =~ 0.0071 in (b). The latter is an example
of the near total transmission phenomenon predicted by Fig. 5(b) and there is very little
interference due to reflection below the lattice.

12. Concluding remarks

We have determined the field that arises when a time-harmonic plane wave impinges upon a
semi-infinite lattice of circular cylinders, using a full linear theory which allows for a wide
range of frequencies and scatterer sizes. A representation of the far field in terms of grating
modes has been obtained, and formulae for the coefficients in this expansion have been
calculated, both for the exterior region and for the far-field limit inside the lattice. For
a given set of parameters (angle of incidence, wavenumber and lattice geometry), these
formulae can be computed by a combination of complex root finding and straightforward
linear algebra. The proportion of incident energy reflected back from, and transmitted
through, the edge can also be calculated in this way.

We have then investigated the transmission and reflection properties of lattices composed
of sound-hard and sound-soft cylinders. These results contain substantial information that
cannot be deduced from the band structure of the corresponding infinite periodic lattice. In
particular, for sound-hard cylinders, there exist parameter regimes within which almost all
of the incident energy is converted into Bloch waves and transmitted into the lattice. We
have confirmed the correctness of our results using conservation of energy (a necessary but
not sufficient condition), and a more stringent test based on infinite array subtraction.

There are many possible avenues for further research using the method developed in
this paper. Lattice elements with noncircular cross sections can be accounted for using
T-matrices (14, ch. 7). Another possibility is to consider penetrable cylinders, and in the
acoustic case, this extension is straightforward (see §1). Perhaps the most important and
challenging possibility is the extension to penetrable bodies in the electromagnetic case. Here,
coupling between the electric and magnetic fields necessitates the use of more complicated
multipole expansions (see e.g. (30)); this offers the potential to extend the scope of our
method to allow for dielectric cylinders, and will be the subject of a future paper.
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APPENDIX A
Green’s functions for one- and two-dimensional arrays

In this appendix, we obtain spectral forms for the one-and two dimensional quasi-periodic Green’s
functions

[e5S}

Gn(r,B) = Y 9%, (r - Ry), (A1)
Jj=—00
and
q1 o0
Gﬁfo’ql)(r,,@) _ Z Z eiqu'ﬁfHH(r —-R;,), (A.2)

g=qo j=—00
where the vectors R; and R, are given by
R; =jai = ja:i%, (A.3)
and
Rjq = jai + qaz = (jar + qm)X + g2y, (A4)

respectively. Note that (A.2) is related to (A.1) via

q1
G,(.qu’ql)(r,ﬂ) _ Z eiqaz»BG”(r — qaz, ﬁ;;,-), (A.5)
9=q0

where we have written 8 = B,% + 8yy. For the case where n = 0, (A.1) and (A.2) are quasi-periodic
Green’s functions in the ‘classic’ sense (phase shifted arrays of sources), and the results we require
are given in (1). To allow n to take any integer value, we use the method from (14, ch. 2), and

introduce the operator
D= f%(ngig). (A.6)
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By converting D into polar coordinates, (14, thm. 2.7) shows that repeated application yields
D"Ho(r) = Hn(r), n>0. (A.7)

and

[-D*]""Ho(r) = Hn(r), n<O. (A.8)

Therefore we may proceed by applying D and —D* to the results in (1). For (A.1), we use (1,
eqn. (A7)) and we find that

O Li@Be—7(Bxj) Yl nsgn(y)
e J J k
Gnl(r, Bo) = 2(—1)" { ] ; A9
() = 2(=) j;w a1Y(Bzs) L Bes +v(Baj) (4.9)
where the function = is given by (3.3),
/sz = ﬂz + 2_771‘/(11, (AlO)
and we have made use of the identity
Z_'Y(Z) — k . (A.ll)
k z+v(2)
If B, = kcos o, then we introduce the scattering angles using (3.2), and (A.9) becomes
2(_1)n oo einsgn(y)wj ih( it Lyl si )
n k 3 _ ik(z cos ¢ y|§1n1/;J). A12
Gulrkoosw) = St 50 S e (A.12)
For (A.2), we consider cases where y — gns is of fixed sign for ¢ = qo,...,q (i.e. the observer is

located above or below the entire array). We can use a linear combination of these to evaluate
a quasi-periodic Green’s function for an observer located between two rows, but note that these
spectral representations are not valid if the observer is located on the axis of a row, unless n = 0.
Applying D and —D"* to (1, eqn. (B5)), we obtain

+ +
© iBejzFY(Baj)y n qow; _ (1+q1)w;
Gl (r, B) = 2(—i)" T D7 C [ . } e (A1)
e av(Beg)  LBej £(Bej) 1—e®

where 3;; is given by (A.10), and we have written

wi = £027(Bej) +i(n2By — 2jmm Jar). (A.14)

The upper and lower signs are to be taken when y > qi72 and y < gon2, respectively. For semi-infinite
arrays, (1, eqns. (B7) and (B8)) yield

elPziT+7(Bzj)y |: k

G7(10,oo> , _ o(_:yntl = ]n7 A
= j;mammj)(l—ew? JCEEIC) e

and

> iBrjr—(Bzj)y
(—o0,—1) _ ntl er®s J k
j==oc a1Y(Baj)(e”s —1) LF

For 0 > y > —n32, the Green’s function for the infinite lattice is obtained by adding the last two
results. Equation (A.2) shows that this has the two-dimensional quasi-periodicity property

(M] » Y>> (A16)

Ggiwyw)(r + qu: IB) = eiquﬂG'E;oo’OO) (I‘, ,8), (A'17)
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which facilitates evaluation between any consecutive pair of rows. Finally, if 8 = 3, (8.9), then

+ Dj - 1
exp [wj ] = Z—; and exp[wj ] = 7‘]'70’ (A.18)
meaning that
o —iny; eik(z cos P —ysin;)
GO®) (r, B,) = —2z0(—1)" ¢ . y<O, A.19
(v B0) (=) j:z—:oo kay sin1/)j(7']._1 — 20) ( )
and
el iniy; eik(z cos i +ysini;)
G (r, By) = 220(—)" SR Y>> e A.20
) =20 3 Sy v (4.20)
where p; and 7; are given by (5.15).
APPENDIX B
Lattice sums
The one-dimensional lattice sum o, often called a Schlomilch series, is defined as
U'n(Bm) = Z eija1l3acan(ja1). (Bl)
o
Note that
on(=Br) = 0-n(Bz) = (=1)"on(Ba). (B2)

Schlomilch series are related to the quasi-periodic Green’s functions defined in (A.1) via the limit
o1 (Bz) = lim [Go(r, —B2) — Ha(r)]. (B-3)
r—0

A number of formulae suitable for computing lattice sums are given in (32). In particular, if
Bz = kcosp, then

[e5S}

2i kaq 2 2 i
o0(Ba) 7r(0+ . 47r)+ka1s1n1/;0 +j;m(kalsm1/)j +7r|]|) (B.4)
7#0
and
AL 9 . einsen()Y;
O'n(ﬁz) =1 |:18n(513) + E j;oo W} 5 n > 0, (B.5)

where the scattering angles are defined in (3.2), C' &~ 0.5772 is Euler’s constant and we take
sgn(0) = 1. The function B,, is defined as

[(n=1)/2] n—2m
2 nm 1 Z mm—m—1!/ 4x a1 B4
Bn(ﬁz) — nr COS 2 + p ( 1) ( ) Bn72m< -

ml(n — 2m)! \ kay 2

), (B.6)

m=0

where By, (-) represents a Bernoulli polynomial, and [z] denotes the largest integer not greater than
x. Schlomilch series with negative orders may be computed using the above formulae with (B.2).



