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The triaxial creep tests of frozen silty clay mixed with sands were performed under different pressures, and the test results
demonstrated that, under the low confining pressure, when the shear stress is lower than the long-term strength, the test specimen
exhibits an attenuation creep because the strengthening effect is greater than the weakening effect. When the shear stress is higher
than the long-term strength, the test specimen exhibits a nonattenuation creep due to the level of the strengthening and weakening
effects change in different stages. As the confining pressure increases, the test specimens only exhibit an attenuation creep because
of the enhancing strengthening effect. Both the hardening parameter and the damage variable were introduced to describe the
strengthening and weakening effects, respectively, and a new creep constitutive model for frozen soil considering these effects was
put forward based on the theory of elastoviscoplastic and the fractional derivative. Finally, themodel parameters were analyzed and
their determinationmethod was also provided to reveal the trend of parameters according to the triaxial test results.The calculated
results of the constitutive model show that the proposed model can describe the whole creep process of frozen soil well.

1. Introduction

Frozen soil is a kind of special geological material. In the
past decades, with the increase of the projects constructed
in frozen soil regions in the Qinghai-Tibet Plateau [1], many
engineering problems are arising. One of the big problems for
these projects built on frozen ground is the settlement due to
temperature change and external loads [2]. For the sources
of the settlement, many investigators focused on the thaw
settlement of permafrost [3–5], while the creep of frozen soils
was neglected. The creep, however, may play a big role in the
total settlement due to the complexity of the frozen soil. And
thus, as a common source of the settlement in cold regions,
the creep of frozen soils should always be seriously taken into
consideration [6, 7].

The elementary rheological modeling is a method to
study creep property of frozen soil, by which the physical
relationship can be characterized by a series of mechanical
elements, for example, Hookean spring, Newtonian dashpot,
and Saint Vernant’s slider. Li et al. [8] deduced an improved
Nishihara creep model for the frozen deep clay by combining
a generalized Kelvin model and an improved viscoplastic
body. Wang et al. [9] proposed a simple model by combining
Maxwell, Kelvin, and Bingham body with a parabolic yield
criterion so as to describe the settlement of underlying warm
and ice-rich permafrost. In recent years, many studies have
been performed in the theory of fractional derivative which
provides a new train of thought for the creep. Enelund
et al. [10] proposed that the fractional calculus could describe
the mechanical behavior of viscoplastic solid materials. Zhou
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Figure 1: Sketch of creep, damage, and hardening curves.

et al. [11, 12] proposed a fractional order creep constitutive
model to research the creep of salt rock by replacing a
Newtonian dashpot into Nishihara’s model with a fractional
derivative Abel dashpot. Kang et al. [13] proposed a fractional
nonlinear model to describe the creep behavior of coal by
taking into account the elastoviscoplastic characteristics and
the damage effect.

At present, with the development of the CT scanning
technology [14–16], the rheological model based on mech-
anism analysis has been substantially developed, which
focuses on the rheological deformation mechanism of the
material, such as the fine microscale particles between the
mobile and the evolution of the crack caused by the strength-
ening and weakening effect. Miao et al. [17] established the
evolution equation and the general damage theory of frozen
soil creep on the basis of the study on the creep test and
its microstructure observation to depict the strengthening
and weakening effects in the process of creep. However,
many investigators just considered the weakening effect but
lost sight of the strengthening effect when they formulated
the creep models, but it is necessary to consider both the
strengthening effect [18–20] and the weakening effect in the
creep process according to the electron microscope scanning
results of hardening and damage of sketch by Fan et al.
[21] as shown in Figure 1. Therefore, in this paper, firstly,
through the triaxial creep tests of the frozen silty clay mixed
with sands, the strengthening and weakening effects in the
process of creep are revealed.Then, based on the triaxial creep
test results, the hardening parameter and damage variable
are introduced to describe the strengthening and weakening
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Figure 2: Grain distribution of the silty clay.

effects, respectively. Furthermore, a new fractional creep con-
stitutivemodel considering the strengthening andweakening
effects is put forward based on the theory of fractional deriva-
tive and elastic-plastic theory and verified with creep test
results of frozen soils.

2. The Triaxial Creep Test of the Frozen Silty
Clay Mixed with Sand

2.1. Test Conditions. The tested soils were silty clay and the
quartz sand. Their physical parameters are shown in Table 1
and Figure 2, respectively. First, the silty clay, dried and sieved
through the 1mm screen, was prepared with water content
of 16.0% and kept for 24 h without evaporation, so that its
moisture was uniformly distributed.The silty clay and quartz
sand were weighted according to the mass of soil and sand
ratio of 100 : 60; then the prepared silty clay and quartz sand
were mixed uniformity, filled in a cylindrical mold to make
cylindrical soil specimens under certain compression rate
provided by the sample-makingmachine, by which the speci-
mens were prepared as cylinders with diameter and height of
6.18 cm and 12.5 cm, respectively. Then, the specimens were
placed in another mold with three same parts and saturated
for over 12 h under a vacuum for 3 h. In order to avoid large
frost heaving and prevent moisture transmission, the soil
specimens were placed in a refrigeration unit and frozen
quickly and submerged in distilled water at a temperature
of −30∘C. After 48 h of freezing, the molds were removed
and the specimens were mounted with epoxy resin plates on
both ends and covered with a rubber sleeve to avoid moisture
evaporation. Finally, the specimens were then kept in an
incubator for over 24 h at the test target temperature of −10∘C
such that the specimen adopted a uniform temperature.

The test equipment used in this study is a cryogenic
triaxial apparatus modified from the MTS-810 material test
machine, which contains the pressure chamber to apply the
confining pressure and axial pressure, whose schematics were
illustrated by Lai et al. [22]. After the specimens mentioned
abovewere prepared, theywere placed into the pressure cell of
the MTS-810 material test machine and a series of the creep
tests were performed. First, the temperature in the pressure
chamber was set at −10∘C with a precision of ±0.1∘C. Before
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Table 1: The physical parameters of the silty clay and quartz sand.

Specific gravity Liquid limit/% Plastic limit/% Water content/%
Silty clay 2.72 27.58 19.37 1.35
Quartz sand 2.66 — — 0.0
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Figure 3: Creep curves under different confining pressures.

the creep testing, the prepared specimen was consolidated
under a preset pressure (0.3MPa, 1.4MPa, or 6.0MPa) for
30min prior to the axial load, respectively. Under each
confining pressure, the triaxial creep tests on specimens were
conducted under different stress levels. In the initial loading,
the axial load was applied to the test specimen from 0 to the
stress level value of the creep test within 60 s. During the
process of testing, the axial pressure on the specimens was
kept constant with a precision of ±10 kPa.

2.2. Test Results and Analyses. The curves of the axial strain-
time obtained by the creep tests under different confining
pressures are shown in Figure 3. As can be seen from
Figure 3(a), under the low confining pressure (0.3MPa),
there are two types of creep, that is, an attenuate creep and
a nonattenuate creep. When the shear stress is lower than
the long-term strength, the deformation with time is an
attenuate creep where the creep rate decreases over time.
When the shear stress is higher than the long-term strength,
it turns to be a nonattenuation creep and can be divided

into three stages, that is, the unsteady stage, steady stage,
and accelerating stage. The test specimen quickly fails once
it enters the accelerating stage. However, from Figures 3(b)
and 3(c), under the high confining pressures (e.g., 1.4MPa
and 6.0MPa), we can know that there is only an attenuation
creep.

Under the low confining pressure (𝜎
3
= 0.3MPa) and a

high shear stress level (𝑞 = 𝜎
1
−𝜎

3
= 4.74MPa), the test spec-

imen has experienced three creep stages. After a short initial
strain the test specimen enters the unsteady stage where the
pores contracts rapidly and then tends to enter the steady
stage with a constant creep rate. At this stage, themineral par-
ticles are arranged in disorder and the strengthening effect is
predominant. When the test specimen has entered the steady
stage, the microcracks start to grow in the places with the
original defects and where the resulted stress is concentrated,
and thus some of the soil particles are redirected along the
shear plane and the damage increases dramatically. During
this stage, the strengthening and weakening effects are in
dynamic equilibrium, and the creep rate is unchanged. The
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Figure 4: The influence of parameters 𝐴 and 𝐵 on hardening variable.

test specimen will enter the accelerating stage at the end
of the steady stage, and the mineral grains move along the
shear plane fiercely and the cracks continue to grow, with
the weakening effect dominating at this state. The creep rate
increases and the creep curve goes upward, eventually leading
to destruction with the collapse of soil mass of skeleton and
loss of bearing capacity.

Under the high confining pressures (e.g., 𝜎
3
= 1.4MPa

and 𝜎
3
= 6.0MPa), the internal space of test specimen is

compressed and closed with the increase of the confining
pressure, accompanied by the soil particles moving along the
shear pane difficultly because of the large particle size of sand.
At this stage, the weakening effect almost does not make any
effects and the strengthening effect is predominant. Finally,
there is only an unsteady creep stage in the creep process.
Therefore, it is necessary to consider the strengthening and
weakening effects in the process of creep.

3. A Fractional Creep Constitutive Model
for Frozen Soil in Consideration of the
Strengthening and Weakening Effects

3.1. The Strengthening and Weakening Effects

3.1.1. Hardening Parameter 𝐻. The soil pore will close with
the increasing axial compression. Combining Figures 1 and
3, hardening parameter𝐻 can be introduced to describe the
strengthening effect of the viscous coefficient in the creep
process, which should have the following properties:𝐻 → 0

when 𝑡 → 0 because of no creep compression at 𝑡 = 0 and
𝐻 → 𝑎 certain constant when 𝑡 → ∞. If only the stress and
time are considered, we can define

𝜂

𝛼
= 𝜂

𝛼
(1 + 𝐻) = 𝜂

𝛼
(1 + 𝐻 (𝜎, 𝑡)) , (1)

where 𝜂
𝛼
is the viscous coefficient; 𝐻 is the hardening

parameter, and when 𝐻 = 0 it means that there is no

strengthening effect; 𝜎 is the stress; 𝑡 is the creep time. The
hardening parameter in the creep process is assumed as

𝐻(𝜎, 𝑡) =

1

(1 − 𝐴) + 𝐴𝑒

−𝐵𝑡

− 1, (2)

where𝐴/(1−𝐴) denotes the level of the strengthening effect,
and the bigger its value is, the greater the strengthening effect
is, with 0 ≤ 𝐴 < 1; 𝐵 is to denote the speed of strengthening
effect in the process of creep, and the greater its value is, the
faster the strengthening effect is, with𝐵 > 0. Setting𝐵= 0.2 in
(2), a bunch of curves of hardening parameters with different
value of 𝐴 can be obtained; setting 𝐴 = 0.5 in (2), a bunch of
curves of hardening parameters with different value of 𝐵 can
be obtained (shown in Figure 4).

3.1.2. Damage Variable 𝐷. The experimental investigation
has verified that the damage effect has an initiation condition
[23]. Only if the loading stress exceeds such a certain stress,
the microscopic cracks initiate, propagate, and evolve such
that the creep damage accumulates and the accelerating creep
occurs. The stain rate of the frozen soil increases nonlinearly
in this process, and the failure will take place once the strain
reaches a critical value [24]. Therefore, based on damage
mechanics, we can define the damage variable as

𝐷(𝜎, 𝑡) = 1 −

𝐸 (𝜎, 𝑡)

𝐸

0

, (3)

𝐸 (𝜎, 𝑡) = 𝐸

0
exp[−𝜒

⟨𝜎 − 𝜎

∞
⟩

𝜎

∞

𝑡] , (4)

where 𝐸(𝜎, 𝑡) is the elastic modulus at time 𝑡; 𝐸
0
is the

initial elastic modulus; 𝜎
∞

is the long-term strength; 𝜒 is
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the material constant; and ⟨𝜎 − 𝜎
∞
⟩ is a switching function

defined as follows:

⟨𝜎 − 𝜎

∞
⟩ =

{

{

{

0 𝜎 − 𝜎

∞
< 0

𝜎 − 𝜎

∞
𝜎 − 𝜎

∞
≥ 0.

(5)

Substituting (4) and (5) into (3), we have

𝐷 (𝜎, 𝑡) =

{

{

{

0 𝜎 − 𝜎

∞
≤ 0

1 − 𝑒

−𝐶𝑡

𝜎 − 𝜎

∞
> 0,

(6)

where 𝐶 = 𝜒(𝜎 − 𝜎
∞
)/𝜎

∞
.

3.2. Theory of Fractional Derivative. There are a number of
definitions of fractional calculus [12], and Riemann-Liouville
definition is the most commonly used, which has the follow-
ing definition: assuming that 𝑓(𝑡) is continuous in (0, +∞)

and integrable in any finite sub of [0, +∞) and for 𝑡 > 0 and
Re(𝛼) > 0, 𝛼 order integral of the function 𝑓(𝑡) is expressed
as

𝑑

−𝛼

𝑓 (𝑡)

𝑑𝑡

−𝛼

=

𝑡0
𝐷

−𝛼

𝑡

𝑓 (𝑡) =

1

Γ (𝛼)

∫

𝑡

𝑡0

(𝑡 − 𝜏)

𝛼−1

𝑓 (𝜏) 𝑑𝜏, (7)

where Γ(⋅) is the Gamma function as follows:

Γ (𝛼) = ∫

∞

0

𝑒

−𝑡

𝑡

𝑧−1

𝑑𝑡, Re (𝛼) > 0. (8)

𝛼 order differential of the function 𝑓(𝑡) is expressed as

𝑑

𝛼

𝑓 (𝑡)

𝑑𝑡

𝛼

=

𝑡0
𝐷

𝛼

𝑡

𝑓 (𝑡) =

𝑑

𝑛

[

𝑡0
𝐷

−(𝑛−𝛼)

𝑡

𝑓 (𝑡)]

𝑑𝑡

𝑛

,

(9)

where 𝛼 > 0 and 𝑛 − 1 < 𝛼 ≤ 𝑛 (𝑛 is positive integer).
Combining the fractional calculus previously mentioned,

the constitutive equation of Abel dashpot can be revised as
follows [12]:

𝜎 (𝑡) = 𝜂

𝛼

𝑑

𝛼

𝜀 (𝑡)

𝑑𝑡

𝛼

,

(10)

where 𝜂
𝛼
is the viscosity coefficient, having the expression in

(1). When 𝛼 = 1, it represents an ideal fluid known as the
Newton dashpot, and when 𝛼 = 0 it represents the ideal solid.
Abel dashpot is used to simulate the material between ideal
fluid and ideal solid.

When the stress 𝜎(𝑡) is constant, applying the fractional
integral to (10) according to (7), we can get

𝜀 (𝑡) =

𝜎

𝜂

𝛼

𝑡

𝛼

Γ (1 + 𝛼)

. (11)

3.3. A Fractional Creep Constitutive Model for Frozen Soil.
Based on the above analysis, a fractional creep constitutive
model for frozen soil considering the strengthening and
weakening effects is proposed in this study, as shown in
Figure 5.
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Figure 5: The representation of fractional creep constitutive model
of frozen soil in consideration of the strengthening effect and
weakening effect.

According to a series of rules, the following relation holds:

𝜀 = 𝜀

𝑒

+ 𝜀

V𝑒
+ 𝜀

V𝑝
,

𝜎 = 𝜎

𝐸
= 𝜎

𝛼
= 𝜎V𝑝,

(12)

where 𝜎
𝑠
is the yield stress, which can be determined by

the triaxial test; 𝜎
𝐸
and 𝜀𝑒 are the stress and strain of the

elastic element, with 𝜎
𝐸
= 𝐸𝜀

𝑒; 𝜎
𝛼
and 𝜀V𝑒 are the stress and

strain of Abel dashpot; 𝜎V𝑝 and 𝜀
V𝑝 are the stress and strain of

viscoplastic element; 𝜎 and 𝜀 are the total stress and strain.
(1) If 𝜎 < 𝜎

𝑠
, according to the elastoplastic theory, 𝜀V𝑝 = 0,

then we have

𝜀 = 𝜀

𝑒

+ 𝜀

V𝑒
. (13)

The stress-strain relationship of the elastic element is

𝜀

𝑒

=

𝜎

𝐸

𝐸

. (14)

Substituting (1) and (2) into (10), the constitutive equation
of Abel dashpot considering the strengthening effect is
expressed as

𝜎 (𝑡) =

𝜂

𝛼

(1 − 𝐴) + 𝐴𝑒

−𝐵𝑡

𝑑

𝛼

𝜀

V𝑒
(𝑡)

𝑑𝑡

𝛼

(0 ≤ 𝛼 ≤ 1) , (15)

where 𝜎(𝑡) is constant during the process of a creep test.
According to the theory of fractional integral, we get

𝜀

V𝑒
= 𝜀

V𝑒
(𝑡)

=

𝜎

𝜂

𝛼
Γ (𝛼)

∫

𝑡

0

(𝑡 − 𝜏)

𝛼−1

[(1 − 𝐴) + 𝐴𝑒

−𝐵𝜏

] 𝑑𝜏.

(16)

So the relationship between the total stain and time can
be obtained as follows:
𝜀 = 𝜀

𝑒

+ 𝜀

V𝑒

=

𝜎

𝐸

+

𝜎

𝜂

𝛼
Γ (𝛼)

∫

𝑡

0

(𝑡 − 𝜏)

𝛼−1

[(1 − 𝐴) + 𝐴𝑒

−𝐵𝜏

] 𝑑𝜏.

(17)

By the Taylor expansion of 𝑒−𝐵𝑡 = ∑

∞

𝑛=0

((−𝐵𝑡)

𝑛

/𝑛!), we
can obtain

𝜀 = 𝜀

𝑒

+ 𝜀

V𝑒

=

𝜎

𝐸

+

𝜎𝑡

𝛼

𝜂

𝛼

[

1

Γ (𝛼 + 1)

+ 𝐴

∞

∑

𝑛=1

(−𝐵𝑡)

𝑛

Γ (𝛼 + 1 + 𝑛)

] .

(18)
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(2) If 𝜎 ≥ 𝜎

𝑠
, the initial stain, the viscoelastic stain,

and the plastic stain contribute to the total strain, and the
constitutive equation of the viscoplastic element considering
the weakening effect can be written as

𝜂

𝑠
(1 − 𝐷)

𝑑

𝛽

𝜀

V𝑝
(𝑡)

𝑑𝑡

𝛽

+ 𝜎

𝑠
= 𝜎.

(19)

(i) If 𝜎
𝑠
≤ 𝜎 < 𝜎

∞
,𝐷 = 0, (19) can be written as

𝜂

𝑠

𝑑

𝛽

𝜀

V𝑝
(𝑡)

𝑑𝑡

𝛽

+ 𝜎

𝑠
= 𝜎.

(20)

According to the definition of the fractional derivative, we
can get

𝜀

V𝑝
(𝑡) =

𝜎 − 𝜎

𝑠

𝜂

𝑠

𝑡

𝛽

Γ (1 + 𝛽)

.
(21)

(ii) If 𝜎 ≥ 𝜎
∞
,𝐷 = 1 − 𝑒

−𝐶𝑡, (19) can be written as

𝜂

𝑠
𝑒

−𝐶𝑡
𝑑

𝛽

𝜀

V𝑝
(𝑡)

𝑑𝑡

𝛽

+ 𝜎

𝑠
= 𝜎.

(22)

By manipulation, (22) can also be rewritten as

𝑑

𝛽

𝜀

V𝑝
(𝑡)

𝑑𝑡

𝛽

=

𝜎 − 𝜎

𝑠

𝜂

𝑠

𝑒

𝐶𝑡

.
(23)

Based on the Riemann-Liouville definition, applying 𝛼
order integral to (23), we have

𝜀

V𝑝
(𝑡) =

𝜎 − 𝜎

𝑠

𝜂

𝑠
Γ (𝛽)

∫

𝑡

0

(𝑡 − 𝜏)

𝛽−1

𝑒

𝐶𝑡

𝑑𝜏. (24)

By the Taylor expansion of 𝑒𝐶𝑡 = ∑

∞

𝑘=0

((𝐶𝑥)

𝑘

/𝑘!) in the
same way, we can get

𝜀

V𝑝
(𝑡) =

𝜎 − 𝜎

𝑠

𝜂

𝑠

𝑡

𝛽

∞

∑

𝑘=0

(𝐶𝑡)

𝑘

Γ (𝛽 + 1 + 𝑘)

. (25)

From the deduction in Sections (i) and (ii), we obtain the
total stain as follows:

𝜀

V𝑝
(𝑡) =

{

{

{

{

{

{

{

{

{

𝜎 − 𝜎

𝑠

𝜂

𝑠

𝑡

𝛽

Γ (1 + 𝛽)

𝜎 < 𝜎

∞

𝜎 − 𝜎

𝑠

𝜂

𝑠

𝑡

𝛽

∞

∑

𝑘=0

(𝐶𝑡)

𝑘

Γ (𝛽 + 1 + 𝑘)

𝜎 ≥ 𝜎

∞
.

(26)

So, in summary, the constitutive equation of the model in
one dimension is expressed as

𝜀 = 𝜀

𝑒

+ 𝜀

V𝑒
(𝑡) + 𝜀

V𝑝
(𝑡) =

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

𝜎

𝐸

+

𝜎

𝜂

𝛼

𝑡

𝛼

[

1

Γ (𝛼 + 1)

+ 𝐴

∞

∑

𝑛=1

(−𝐵𝑡)

𝑛

Γ (𝛼 + 1 + 𝑛)

] 𝜎 < 𝜎

𝑠

𝜎

𝐸

+

𝜎

𝜂

𝛼

𝑡

𝛼

[

1

Γ (𝛼 + 1)

+ 𝐴

∞

∑

𝑛=1

(−𝐵𝑡)

𝑛

Γ (𝛼 + 1 + 𝑛)

] +

𝜎 − 𝜎

𝑠

𝜂

𝑠
Γ (𝛽 + 1)

𝑡 𝜎

𝑠
≤ 𝜎 < 𝜎

∞

𝜎

𝐸

+

𝜎

𝜂

𝛼

𝑡

𝛼

[

1

Γ (𝛼 + 1)

+ 𝐴

∞

∑

𝑛=1

(−𝐵𝑡)

𝑛

Γ (𝛼 + 1 + 𝑛)

] +

𝜎 − 𝜎

𝑠

𝜂

𝑠

𝑡

𝛽

∞

∑

𝑘=0

(𝐶𝑡)

𝑘

Γ (𝛽 + 1 + 𝑘)

𝜎 ≥ 𝜎

∞
.

(27)

3.4. Three-Dimensional Formulation of the Creep Constitutive
Model. In general, the soil is in the three-dimensional stress
state, and the shear deformation is the main source of creep.
Thus, in this study, the volume deformation is not considered.

In three-dimensional stress state, the total strain of the
model can be expressed as

𝜀

𝑖𝑗
= 𝜀

𝑖𝑗

𝑒

+ 𝜀

𝑖𝑗

V𝑒
+ 𝜀

𝑖𝑗

V𝑝
. (28)

According to the generalized Hook’s law, the three-
dimensional constitutive equation for elastic element is

𝑒

𝑖𝑗
=

1

2𝐺

0

𝑠

𝑖𝑗
,

𝜀

𝑘𝑘
=

1

3𝐾

𝜎

𝑘𝑘
,

(29)

where 𝑠
𝑖𝑗
and 𝑒

𝑖𝑗
are the stress deviator tensor and strain

deviator tensor, respectively; 𝜎
𝑘𝑘
and 𝜀
𝑘𝑘
are the first invariant

of the stress tensor and the first invariant of the strain tensor,
respectively. 𝐺

0
and 𝐾 are the initial shear modulus and the

initial bulk modulus, respectively.
Therefore, without considering the volume change, the

strain of elastic element can be expressed as

𝜀

𝑖𝑗

𝑒

=

1

2𝐺

0

𝑠

𝑖𝑗
. (30)

And the strain of the viscoelasticity element can be expressed
as

𝜀

𝑖𝑗

]𝑒
(𝑡) =

𝑠

𝑖𝑗

2𝐻

𝛼

𝑡

𝛼

[

1

Γ (𝛼 + 1)

+ 𝐴

∞

∑

𝑛=1

(−𝐵𝑡)

𝑛

Γ (𝛼 + 1 + 𝑛)

] , (31)

where 𝐻
𝛼
is the viscosity coefficient of the viscoelasticity

element.
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In the same way, the strain of viscoplastic element can be
expressed as

𝜀

𝑖𝑗

]𝑝
(𝑡)

=

{

{

{

{

{

{

{

{

{

1

2𝐻

𝑠

𝑡

𝛽

Γ (1 + 𝛽)

⟨𝜙(

𝐹

𝐹

0

)⟩

𝜕𝑄

𝜕𝜎

𝑖𝑗

𝜎

𝑠
≤ 𝑞 < 𝜎

∞

1

2𝐻

𝑠

𝑡

𝛽

∞

∑

𝑘=0

(𝐶𝑡)

𝑘

Γ (𝛽 + 1 + 𝑘)

⟨𝜙(

𝐹

𝐹

0

)⟩

𝜕𝑄

𝜕𝜎

𝑖𝑗

𝑞 ≥ 𝜎

∞
,

(32)

where 𝐻
𝑠
is the viscosity coefficient of the viscoplasticity

element; 𝐹 is the yield function; 𝐹
0
is the initial reference

of the yield surface and can be taken as 1.0; 𝑄 is the plastic

potential function, and the tested material is assumed to be
associated flow rule which is 𝐹 = 𝑄; and 𝜙(⋅) is the form of
the power function, and its exponent sign is taken as 1.0. So
(32) can be rewritten as

𝜀

𝑖𝑗

]𝑝
(𝑡)

=

{

{

{

{

{

{

{

{

{

1

2𝐻

𝑠

𝑡

𝛽

Γ (1 + 𝛽)

𝐹

𝐹

0

𝜕𝐹

𝜕𝜎

𝑖𝑗

𝑞 < 𝜎

∞

1

2𝐻

𝑠

𝑡

𝛽

∞

∑

𝑘=0

(𝐶𝑡)

𝑘

Γ (𝛽 + 1 + 𝑘)

𝐹

𝐹

0

𝜕𝐹

𝜕𝜎

𝑖𝑗

𝑞 ≥ 𝜎

∞
.

(33)

Substituting (30), (31), and (33) into (28), we can get

𝜀

𝑖𝑗
(𝑡) = 𝜀

𝑖𝑗

𝑒

+ 𝜀

𝑖𝑗

V𝑒
(𝑡) + 𝜀

𝑖𝑗

V𝑝
(𝑡)

=

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

1

2𝐺

0

𝑠

𝑖𝑗
+

𝑠

𝑖𝑗

2𝐻

𝛼

𝑡

𝛼

[

1

Γ (𝛼 + 1)

+ 𝐴

∞

∑

𝑛=1

(−𝐵𝑡)

𝑛

Γ (𝛼 + 1 + 𝑛)

] 𝐹 < 0

1

2𝐺

0

𝑠

𝑖𝑗
+

𝑠

𝑖𝑗

2𝐻

𝛼

𝑡

𝛼

[

1

Γ (𝛼 + 1)

+ 𝐴

∞

∑

𝑛=1

(−𝐵𝑡)

𝑛

Γ (𝛼 + 1 + 𝑛)

] +

1

2𝐻

𝑠

𝑡

𝛽

Γ (1 + 𝛽)

𝐹

𝐹

0

𝜕𝐹

𝜕𝜎

𝑖𝑗

𝐹 = 0, 𝑞 < 𝜎

∞

1

2𝐺

0

𝑠

𝑖𝑗
+

𝑠

𝑖𝑗

2𝐻

𝛼

𝑡

𝛼

[

1

Γ (𝛼 + 1)

+ 𝐴

∞

∑

𝑛=1

(−𝐵𝑡)

𝑛

Γ (𝛼 + 1 + 𝑛)

] +

1

2𝐻

𝑠

𝑡

𝛽

∞

∑

𝑘=0

(𝐶𝑡)

𝑘

Γ (𝛽 + 1 + 𝑘)

𝐹

𝐹

0

𝜕𝐹

𝜕𝜎

𝑖𝑗

𝐹 = 0, 𝑞 ≥ 𝜎

∞
.

(34)

As mentioned above, the impact of the spherical stress
tensor on creep of frozen soils can be neglected. So the yield
function can be chosen as

𝐹 =
√
𝐽

2
−

𝜎

𝑠

√

3

. (35)

Under the triaxial creep test, 𝜎
2
= 𝜎

3
, and thus we have

𝜎

𝑚
=

1

3

(𝜎

1
+ 2𝜎

3
) ,

𝑠

1
= 𝜎

1
− 𝜎

𝑚
=

2

3

(𝜎

1
− 𝜎

3
) ,

√
𝐽

2
=

1

√

3

(𝜎

1
− 𝜎

3
) .

(36)

Thus, (34) can be rewritten as

𝜀

1
(𝑡) =

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

𝜎

1
− 𝜎

3

3𝐺

0

+

𝜎

1
− 𝜎

3

3𝐻

𝛼

𝑡

𝛼

[

1

Γ (𝛼 + 1)

+ 𝐴

∞

∑

𝑛=1

(−𝐵𝑡)

𝑛

Γ (𝛼 + 1 + 𝑛)

] 𝐹 < 0

𝜎

1
− 𝜎

3

3𝐺

0

+

𝜎

1
− 𝜎

3

3𝐻

𝛼

𝑡

𝛼

[

1

Γ (𝛼 + 1)

+ 𝐴

∞

∑

𝑛=1

(−𝐵𝑡)

𝑛

Γ (𝛼 + 1 + 𝑛)

] +

𝜎

1
− 𝜎

3
− 𝜎

𝑠

6𝐻

𝑠

𝑡

𝛽

Γ (1 + 𝛽)

𝐹 = 0, 𝑞 < 𝜎

∞

𝜎

1
− 𝜎

3

3𝐺

0

+

𝜎

1
− 𝜎

3

3𝐻

𝛼

𝑡

𝛼

[

1

Γ (𝛼 + 1)

+ 𝐴

∞

∑

𝑛=1

(−𝐵𝑡)

𝑛

Γ (𝛼 + 1 + 𝑛)

] +

𝜎

1
− 𝜎

3
− 𝜎

𝑠

6𝐻

𝑠

𝑡

𝛽

∞

∑

𝑘=0

(𝐶𝑡)

𝑘

Γ (𝛽 + 1 + 𝑘)

𝐹 = 0, 𝑞 ≥ 𝜎

∞
.

(37)

4. The Determination of Model Parameters
and Model Verification

4.1. The Determination of Parameters

4.1.1.The Initial ShearModulus𝐺
0
. By the triaxial creep tests,

we can obtain the different initial stain under different shear
stress level as shown in Figure 6. Sowe can get the initial shear
modulus under the confining pressures of 0.3MPa, 1.4MPa,
and 6.0MPa which are 1.859MPa, 1.275MPa, and 1.206MPa,
respectively.

4.1.2. Yield Stress 𝜎
𝑠
and Long-Term Strength 𝜎

∞
. Yield stress

𝜎

𝑠
can be obtained by the stress-stain curve of triaxial tests as

shown in Figure 7 [25], where we take the result of confining
pressure of 0.3MPa as an example. So the yield stresses under
the confining pressures of 0.3MPa, 1.4MPa, and 6.0MPa are
4.21MPa, 4.38MPa, and 4.42MPa, respectively.

Long-term strength 𝜎

∞
is a threshold shear stress

between the attenuate creep and nonattenuate creep. The test
specimenwill finally behave an accelerating failure stage once
it enters the steady creep stage with a constant creep rate, and
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Figure 6: The initial elastic shear modulus under different confining pressures.
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in this stage, the greater the shear stress is, the larger the creep
rate is. So based on the creep rate of the steady creep stage,
a method is put forward to determine the long-term creep
strength. Firstly, the relationship between the creep rate of

steady creep stage and the shear stress is obtained as shown in
Figure 8. Then an equation is proposed to fit the relationship
between the rate and the shear stress as follows:

𝑞 = 𝜎

∞
+ 𝑘 ln(1 + V

V
0

) , (38)

where 𝑞 is the shear stress; 𝑘 is a material constant, whose
unit is MPa; V is the creep rate of steady creep stage; V

0
is the

reference of creep rate and can be taken as 1%⋅h−1.
So according to (38), we can obtain the long-term

strength of test specimen under the confining pressure of
0.3MPa which is 4.228MPa. From Figures 3(b) and 3(c),
under the confining pressures of 1.4MPa and 6.0MPa, there
is no steady creep stage. That is, the strengthening effect is
predominant in this stage. Sowe think narrowly that the long-
term strength is greater than the maximum load.

4.1.3. Hardening Parameters 𝐴 and 𝐵. Under the same con-
fining pressure, the greater the shear stress is, the faster and
the stronger the strengthening effect is. So the relationship
between 𝐴 and the shear stress and the relationship between



Advances in Materials Science and Engineering 9

Calculated results
Test results

0

1

2

3

4

5

6

0 2 4 6 8 10

q = 4.228 + 0.594 × ln(1 + �/�0)

R2 = 0.997

Creep rate � (%·h−1)

Sh
ea

r s
tre

ss
 q

 (M
Pa

)

Figure 8: The long-term strength under the confining pressure of 0.3MPa.

𝐵 and the shear stress are assumed to be exponential form as
follows:

𝐴 = 𝑒

−𝜆𝑞

,

𝐵 = 𝑒

𝜃𝑞

− 1,

(39)

where 𝜆 and 𝜃 are the parameters, 𝜆 > 0 and 𝜃 > 0, whose
units areMPa−1, and can be obtained by fitting the test results
when 𝐹 < 0.

4.1.4. Parameters of Viscoelastic Elements 𝛼 and 𝐻
𝛼
. Under

the same confining pressure,𝛼 is constant.The shearmodulus
of viscoelastic element𝐻

𝛼
decreases with the increasing shear

stress in the form of exponent, and thus, it is assumed as
follows:

𝐻

𝛼
= 𝑎𝑒

−𝑏𝑞

,
(40)

where 𝑎 and 𝑏 are the parameters, whose units are MPa⋅h𝛼
and MPa−1, respectively.

4.1.5. Parameters of Viscoplastic Elements 𝛽 and 𝐻
𝑠
. Under

the same confining pressure, the fractional order parameter
𝛽 increases with the increase of the shear stress, and the
shear modulus of the viscoplastic element decreases with
the increase of shear stress, indicating that the creep rate
increases with the increase of the shear stress. Therefore, it
is assumed that

𝛽 = 𝜅 exp [𝜇(
𝑞 − 𝜎

𝑠

𝜎

𝑠

)] ,

𝐻

𝑠
= 𝑐 ln[

(𝑞 − 𝜎

𝑠
)

𝜎

𝑠

] + 𝑑,

(41)

where 𝜅, 𝜇, 𝑐, and 𝑑 are the parameters. 𝜅 and 𝜇 are
dimensionless, and the units of 𝑐 and 𝑑 are MPa⋅h𝛽.

4.2. Model Verification. From the triaxial creep test results
under the three confining pressures, the proposed model
parameters are given in Table 2, and the calculated results
of creep curves are shown in Figure 9. From Figure 9, it is
found that the calculated results of the proposed model are
in good agreement with the tested results under the different
confining pressures (e.g., 0.3MPa, 1.4MPa, and 6.0MPa).
The proposed model can not only accurately reproduce the
unsteady stage when the shear stress is lower than the long-
term strength but also predict the steady stage andprogressive
stage when the shear stress is greater than the long-term
strength.

5. Conclusions

Based on the analysis of a series of the triaxial creep tests
results of frozen silty claymixedwith sands, a fractional order
creep constitutive model in consideration of the strengthen-
ing and weakening effects simultaneously is formulated to
predict the creep deformation behavior of frozen soil. Some
conclusions can be drawn as follows:

(1) The test results show that the specimen exhibits an
attenuate creep when the shear stress is lower than
the long-term strength, and it exhibits an accelerating
creep failing in accelerating stage when the shear
stress is greater than the long-term strength. The
long-term strength is associated with the confining
pressure, and the strengthening andweakening effects
are confirmed in the test.

(2) The hardening parameter and the damage variable
are introduced here to describe the strengthening and
weakening effects in the process of creep. By consider-
ing the creep mechanism, a fractional creep constitu-
tive model is put forward, and the three-dimensional
formulation of the model is also deduced.

(3) Though validating the proposed model by the test
data of frozen silty clay mixed with sands under



10 Advances in Materials Science and Engineering

Ta
bl
e
2:
Th

ep
ro
po

se
d
m
od

el
pa
ra
m
et
er
s.

𝜎

3

/M
Pa

𝐺

0

/M
Pa

𝜎

𝑠

/M
Pa

𝜎

∞

/M
Pa

𝜆
/M

Pa
−
1

𝜃
/M

Pa
−
1

𝛼
/h
−
1

𝑎
/M

Pa
⋅
h𝛼

𝑏
/M

Pa
−
1

𝜅
𝜇

𝑐
/M

Pa
⋅
h𝛽

𝑑
/M

Pa
⋅
h𝛽

𝜒

0.
30
0

1.8
59

4.
21
0

4.
22
8

0.
20
9

0.
02
2

0.
42
6

72
.5
47

1.0
93

0.
19
7

5.
00

4
0.
05
1

0.
18
5

1.2
00

1.4
00

1.2
75

4.
38
0

—
0.
21
5

0.
02
0

0.
41
5

8.
31
0

0.
58
1

0.
21
2

2.
19
3

0.
01
8

0.
06
9

—
6.
00

0
1.2

06
4.
42
0

—
0.
22
2

0.
01
9

0.
40

5
4.
24
4

0.
50
5

0.
35
7

0.
46

4
0.
00

9
0.
04

8
—



Advances in Materials Science and Engineering 11

0

5

10

15

20

25

0 4 8 12 16 20 24

Sh
ea

r s
ta

in
 (%

)

Time (h)

Calculated results
Tested results q = 5.52MPa
Tested results q = 4.74MPa

Tested results q = 4.38MPa
Tested results q = 4.03MPa
Tested results q = 3.31MPa

(a) 𝜎
3
= 0.3MPa

0

5

10

15

20

25

0 4 8 12 16 20 24

Sh
ea

r s
ta

in
 (%

)

Time (h)

Calculated results
Tested results q = 5.97MPa
Tested results q = 5.51MPa

Tested results q = 5.05MPa
Tested results q = 4.59MPa
Tested results q = 3.21MPa

(b) 𝜎
3
= 1.4MPa

0

5

10

15

20

25

0 4 8 12 16 20 24

Sh
ea

r s
ta

in
 (%

)

Time (h)

Calculated results

Tested results q = 5.69MPa
Tested results q = 6.52MPa

Tested results q = 4.86MPa
Tested results q = 4.45MPa
Tested results q = 4.04MPa
Tested results q = 3.21MPa

(c) 𝜎
3
= 6.0MPa

Figure 9: Comparison between tested results and calculated results.

different confining pressures, it is found that the
proposed model can describe the creep behavior of
frozen silty clay mixed with sands well.
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