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We are concerned with a type of impulsive fractional differential equations attached with integral boundary conditions and get the
existence of at least one positive solution via global bifurcation techniques.

1. Introduction

Fractional differential equations have been extensively stud-
ied in recent years (see, for instance, [1-7] and their refer-
ences). In addition, since Rabinowitz established unilateral
global bifurcation theorems, there have been many researches
in global bifurcation theory and it has been applied to obtain
the existence and multiplicity for solutions of differential
equations (see, for instance, [8-16] and their references).
However, the previous researches seldom involve both global
bifurcation techniques and fractional differential equations.
In [16], the following problem was studied.

Dy,u(t)+rf (Lu(t) =0, te(0,1),
tn—ocu(n—Z) (t)'tzo _ tn—(xu(n—3) (t)'t:() . 1)

()], =u(1) =0,

where the fractional difference was of Riemann-Liouville
type. Under suitable conditions, the existence of at least one
positive solution and one negative solution was got. We would
like to conduct further research on the above problem. For
instance, in practical applications, f may rely not only on u(t)
but also on #/(t), which will give rise to additional difficulties
for the study. Moreover, what if the boundary value condi-
tions are nonlocal rather than local? Can we add impulsive
terms into the system? As a reply to above questions, we will
tackle the following impulsive Caputo fractional differential

equations attached with integral boundary value conditions
in this paper.

‘Dyu(t)+af (Lut),u' () =0, te(01),
u' (0) =0,

1
u(1) =J k(6 u(t)dt,
0 (2)

4
Au (E) = L g®Ou@dt,

, 3
Au (&) = L h(t)u(t)dt,

where f € C([0,1] x R x R, R) satisfies f(t,x, y) > 0 when
x > 0and y < 0; k € C([0,1],[0,+00]); & € (0,1); g, €
C([O) £]$ (_OO> 0]))

Au §) = limu (1) - limu ()5

! ! ! (3)
Au' (&) = tlir?u (t) - tlir?u ).

We set 1 < a < 2 throughout this paper.

Through global bifurcation techniques, we get the exis-
tence of at least one positive solution of (2) (see Theorem 14).
Moreover, for the sake of convenience of use, we give a
corollary of Theorem 14 (see Theorem 15).
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The rest of this paper is organized as follows. In Section 2,
we will present some preliminary knowledge and some
conditions for (2) that we need. We will prove some properties
of several functions in Section 3 as a preparation of Section 4.
In Section 4, we will present our main results and prove them.
In Section 5, we present an example as an application of the
main results. Finally, an appendix is given to prove a formula
which will be used in the proof of the main results.

2. Preliminary

Firstly, we introduce several spaces that this paper needs.
In this paper, we set

PC[0,1] = {g : g (t) are continuous on [0,&], (&, 1];

(4)
there exists lir? g (t)}-
t—E+
as well as
PC'[0,1]={g: 9,4 € PC[0,1]}. (5)

Secondly, we introduce some knowledge of fractional
integral and fractional derivative.

Definition I (see [3]). The fractional integral of order f > 0
for a function g is defined as

t
g = ﬁ L (t-s)f1g(s)ds, t=0.  (6)

Definition 2 (see [3]). The Riemann-Liouville derivative of
fractional order « for a function g is defined as

2
"Dig(t) = %13‘“97 (t), t>0. )

{g 0)+g' (0)¢,
3 =
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For g € Lp(a, b) (1 < p < +00), it is well known that
rngIg‘ g(t) = g(t) holds almost everywhere on [a, b]. What is
more, 'ng‘Igg(t) = ¢g(t) holds on (a,b) if g € C(a, b).

Definition 3 (see [3]). The Caputo derivative of fractional
order « for a function is defined as

‘Dig(t)="D5[g(t)-g(©) - g O)t], telo,1]. (8)

Clearly, (8) is equivalent to

€& _ e _ g(O) —a g, (0) 1-a
Pog =" O~ 5" TTew (o)
tel0,1].

Moreover, for g € C'[0,1] and ¢ € L[0,1], it is well known
that

‘Dog(t)=¢(t) = g(t) =Igp (1) +Cy+Cyt.  (10)

However, (10) does not necessarily hold if g does not belong
to C'[0,1]. Since u(t) and u'(t) considered in (2) are not
continuous at t = &, we need some modification on
Definition 3. So we generalize Definition 3 in the following
way, which will be applied to (2).

Definition 4. The Caputo derivative of fractional order o for
a function g € PC'[0,1] is defined as

‘Dig(t)="D5(g-g¢) (1), tel0,1], (11)

where

te[0,&], -

g0 +gE)-gE)+g Ot+g E)t-8-g ()-8, teE1].

With the above definition, we have a conclusion similar
to (10), which will be represented as (13).

Lemma 5. For g € PC'[0,1] and ¢ € L[0,1], if ‘Dyg(t) =
¢(t) fort € (0,1), there must be
te[0,¢),

Ifp (1) + C, + Cyt,
gt)=
te(1].

Ifp (1) + C5 + Cyt,

g(&)—g: (1) = {

I§p (1) +d it + dyt*
IEG ) +d it +dyt*? 4+ dy (-6 +d, (£ -8,

Proof. Suppose that

‘Digt)=¢(t), te(0,1); (14)
that is
"D (9—gg)(t) =¢(t), te(0,1). (15)
We know that
te 0,9,

(16)
te(1].
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Then
g ®-gt)= {

Since g, g; € PC'[0,1], we know that g- g € PC'0,1].
Then by (17) we know that

dy=d,=d,=d,=0. (18)
So (13) turns to be
g®)—ge () =Ijp(t), te[01]; (19)
that is
g)=I5p (1) + ge (t), te[0,1]. (20)

Choosing suitable C,, C,, Cs, C,, we finish the proof. O

If we set

te[0,&];

(21)
te(1],

{a + bt,
C(t) =

c+dt,

where a, b, ¢, and d are constant real numbers, then we will
have the following conclusion.

Lemma 6. One has
‘DyC (t) = 0,

€ [0,1]. (22)

Proof. It is easy to see that C(t) — C¢(t) = 0 for t € [0,1] and
then it is clear that

‘DyC(t)=0, tel0,1]. (23)
O
Lemma 7. For p(t) € PC[0, 1], u € X is a solution of
‘Dyu(t)+p(t) =0, te(0,1),
u' (0) =0,
1
u(1) = j k() u (t) dt,
0 (24)
13
Au (&) = L g u(t)dt,

£
A (E) = j h(t)u(t)dt

0

I((;H(/’ ) +d; (a—-1) 2 4 d, (- 2) 23
L) +dy (- D2 1 dy (-2 1% 4 dy (a- ) (-8 dy (@-2) (-, te(E1].

3
te[0,8)),
17)
if and only if
t
u@)=-r | -9 P s
r(l | I (1-9"" p(s)ds
- j g (s u(s)ds (25
0
3
—(1-8 L h(s)u(s)ds
1
+ L k(s)u(s)ds, te[0,&];
u®) = | -9 P s
1
+ ﬁ j (1-5)"p(s)ds
0 (25b)

¢
-(1-1) Jo h(s)u(s)ds

+Jlk(s)u(s)ds, te(1].
0

Proof. If u € X is a solution of (24), by Lemma 5 we know
that

u (t)

€ [0,&];

r(t ) p(s)ds+c +ct, te(E1].

()J (t-s)" 1p(s)ds+c1+czt, (26)
1

T

Since u'(0) = 0, Au(®) = [} gOu®)dt, M €) =

[S nOu(®)dt, and u(1) = [ k(e)u(t)dt, we know that

6 =0;

14
+J g u)dt = ¢ +¢é;
0

g
N L h(®)u(t)dt =, (27)

1

1
_mjo (1= " p(s)ds+c; +¢,

- Jlk(t)u(t)dt.
0



Then

1

1 13
¢ = @ L (1-95)*"p(s)ds - L g@)u(t)dt

& 1
_1-9 L Bt u () dt + L k(6 u () dt;

6 =0
1 1 ol & (28)
c3=mj.o (1-5s) p(s)ds—J-oh(t)u(t)dt
1
" J K (6)u (8) dts
0
4
¢ = J h(t)u(t)dt;
0
that is, u satisfies (25a) and (25b).
If (25a) and (25b) hold, by Lemma 6 we know that
‘Dyu(t) = -"DyI;p(t). (29)

Since p(t) € PCI0, 1], we know that Ijp € CI0, 1] are con-
tinuous on [0, 1] as well as I p(0) = 0 and [I(‘)"p]'(O) =0, so
(29) turns to be

‘Dyu(t) = -"DyI;p(t) = -"DyIsp(6) = —p(1).  (30)

All the other conditions of (24) can be verified by direct
computations and we omit it here. O

Thirdly, we introduce some knowledge of order cone.

Definition 8. Let X be a real Banach space and let K be a
subset of X. Then K is called an order cone if
(i) K is closed, nonempty, and K # 0;
(i) a,beR, a,b>20, x,ye K=>ax+byeK;
(iii) x e Kand —-x €e K = x = 0.
On this basis, u € K is denoted by u > 6, while u > 8 means
that u € K and u # 6. Moreover, K is called to be solid if

int(K) # ¢; that is, K has interior points. # > 6 means that u
is an interior point of K.

In this paper, we set

!
t
X = {u ;ue PC'[0,1], lim L:“El) exist} )

Then X is a Banach space endowed with the norm

a-1 |°

lul = sup |u(t)|+ sup
te[0,1] te(0,1]

(32)

We set the cone

K={ueX:u@)20, u' (t)<0forte0,1]}. (33)
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Clearly K is a solid cone in X. By the way, for any u > 0, it
is obvious that #(0) > 0 and u'(0) = 0, which will be useful
lately in this paper.

Fourthly, we introduce two lemmas which are very
important in this paper.

Lemma 9 (see [17, Corollary 15.12]). We set

S, ={(wu) e Rx X: (u,u) is a solution of u
(34)
= p(Lu+ Nu) with u >0, u> 6}.

If (H,) and (H,) are satisfied, then (r(L)71,0) isa bifurcation
point of u = u(Lu + Nu) and S, contains an unbounded solu-
tion component C+(r(L)71) which passes through (r(L)74,0).

If additionally (H;) is satisfied, then (y,u) € C+(r(L)_1)
and y # r(L)™" always imply that u > 0 and u > 0.

The conditions that Lemma 9 needs are stated as below.

(H,) The operators L, N : X — X are compact on the real
Banach space X. L+ N is positive: that s, (L+ N)u > 0
when u > 0. L is linear and | Nu|//|u|| — 0 as [lu]| —
0. Moreover, X has an order cone K with X = K - K.

(H,) The spectral radius (L) of L is positive.
(H,) L is strongly positive: that is, Lu > 0 for u > 0.

Lemma 10 (see [18, Theorem 19.3]). Let X be a Banach space
and let K c X be a solid cone. L : X — X is linear, compact,
and strongly positive. Then we have the following:

(a) (L) > 0, r(L) is a simple eigenvalue with an eigen-
vector v > 0 and there is no other eigenvalue with posi-
tive eigenvector.

(b) For y >0, A <r(L), the equation Au — Lu = y has no
solution in K.

(c) Let S : X — X be a linear operator. If Sx — Lx > 0 on
K, then r(s) = r(L), while r(s) > r(L) if Sx — Lx > 0
for x > 6.

At last, we present here some conditions that we need in
this paper.

(C,) At least one of the following two conditions is satis-
fied:

(1) k(s) does not identically vanish on any subinter-
val of [0, 1].
(2) k(0) > 0.

(C,) There exist ag, a,, € C([0,1],[0,+00)) and by, by, €
C([0, 1], (=00, 0]) such that

floxy)-a©x-b©)y

lim 0,
xy—=0 [x| + |y|
(35)
f(sxy)—ay () x—by(s)y o

1m
x20,y<0;|x[+|y| =00

x|+ [y]

for all s € [0, 1] uniformly. What is more, a;(0) > 0,
i=0,00.
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(C;) There exists a function ¢ € C([0,1],[0,+00)) such 3, Property of H,L, L, (I—G)_ILO
that and (I-G) 'L,
flsxy)29(s)x (36)  In this paper, we set
forall (s, x, y) € [0, 1]x[0, +00)x(—00, 0]. In addition,
¢(0) > 0.
&mnnzmi—j%pﬂﬁ*f@M@Lw@»dmul—j%yﬂf*fgﬁgyd@na,temﬁh
I'(a) Jo I'(a) Jo
g & 1
—J g u(s)ds—(1 —E)J h(s)u(s)ds+J k(s)u(s)ds, te0,&];
(Gu) (t) = 0 £ ? 0
—(l—ﬂj h@nugds+J k() (s) ds, fe 1]
0 0
(nga)=——l—[ta—sf*[a(gu@)+b(gu’@ﬂds+—l—jlu—mf*[a(gu@)+b(gu’@ﬂds 7)
0 T@ Jo o o T@) Jo o o >

L

r«mJ;a—sﬁ*[%(gu@)+hmuﬁ/@ﬂ

(Loou) (t) ==

Lemma 11. H : X — X is positive and compact.

Proof. Firstly, we will prove that Hu € X for all u € X. With
all the other properties of X easily verified, we only show here
that (Hu)' (£)/t*7 converges, while t — 0,.

We know that
(Huw)' (t)
t (38)
1 - ’
= |, 9T (e ) ds
So,
lim M
t—0, ta—l
SN D I CUCRIOLS
I'(a—1)1=0, !
=-li ! (T’ u(®),u (T)) Jot (t-s)"ds
= _tl»r(l)i T (06 - 1) ta_l 5 (39)
T € [0,¢]
= —lim f(r,u(f),u (T)), 7 € [0,1]
t—0, T (“)
T Tw

Secondly, we show that H is positive.

te0,1];

ds+ ——

r(la) Jl (1-s5)" [aoo () u(s) + by (s) 1t (5)] ds,

0

tel0,1].

In fact, for u > 0, observing the expression of Hu, it is
easy to see that (Hu)(t) > 0 and (Hu)'(t) < 0 for t € [0, 1].

Thirdly, we will prove that H is compact. To this end, we
only need to show that {(Hu)(t) : u € D} and {(Hw)'(t)/t*7" -
u € D} are uniformly bounded and equicontinuous on (0, 1]
for any bounded subset of X named D. We only prove the
later one since the proof of another one is easier.

Since D is bounded, we can choose a constant number
M > 0 such that |lu| < M for all u € D, which implies that
[u(t)] < M and |u'(¢)/t*'| < M and hence |u'(t)| < M. Then
there exists a constant number M such that f(s,u(s), u'(s)) <
M forall s € [0,1],u € D. So we have

(Hu)' (t)
ta—l
¢ a2 !
1 Ja s) f@ﬂﬂmﬁﬂm (w0)
T'(a-1) [Jo ol
§ M prnwzwzﬁ)
Ta-1) ) ! T ()

which means that {(Hu)'(¢)/t*"
bounded on (0, 1].

: u € D} is uniformly

Next, we will prove that {(Hw'()/t*" : u € D}is
equicontinuous on (0, 1]. We know that
(Hw' (t,)  (Hw'(t,)
! 92
t, o
~ 1 jo (t; - s) 2f(s,u(s) u' (s))ds
T T(a-1) ot




B '[Otz (t,—s) 2 f (s,u (s),u (s)) ds

a—1
t2

1

1
_ - _ a2
T T(a-1) J (=)

0

1

.f(tlr,u(tlr) ' (tlr))dr - J (1-r)*7?

0

1 1
= I'(x-1) Jo 1
- T)a_z 'f (tl’” u (tl”) ' (tl”))
-f (tzr,u (t,7) Ju' (tzr))| dr;

[t,r —tor| < |t — 155

- f (tzr, u(tyr),u (tzr)) dr

[u(tyr) —u(tyr)| =o' (t,1) |t —t,|r < M|t; - 5],
t, €(t;,ty);

u' (t,r)
(tzr)oH

u' (tr)

(tlr)ail

() T e M (BT ).

'u' (tyr) —u' (tzr)| < (t,r) " +

(41)

By the uniform continuity of f on [0,1] x [-M, M] x
[-M, M] and (41), we know that, for any & > 0, there exists
&; > 0 such that ¢,,¢, € (0,6,] implies

(Hw' (t,)  (Hw' (1)
o1 a2

<e. (42)

Moreover, when 8, /2 < t, < t, < 1, we have that

(Hw)' (t;)  (Hw' (1)
57! 9!

_[Otz (t, - s)“—2 f (s, u(s),u (s)) ds

a—-1
t2

1
T T(a-1)

B I(:l (t, —5)* f(su(s),d (s)) ds

a—1
tl

_[:12 (t,—s) " f (s, u(s),u (s)) ds

B 1

T T(a-1) o1
il (t, - S)aiz (t, - 5)“72

+'J; [ !

- f (s,u (s),u' (s)) ds
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t o«
Wi Ll (£, -s) 2 ds
<

*T@-1 5T

G 5)0(72 (t, - 5)“72
+ JO ( ta—l - tOL—l dS
1 2

IM(t,-t,)"" M .
= 2 ocil A a—1 (tz - tl) 1-
T (o) t5 I' () 8
(43)
So
L (e 6%1¢ 1D
t, - t,] < [L_ls]
2¢M
Hu)' (t Hu)' (t
kamml(gfﬁ—(”)“)sa (44)
2

a—1
tl

tte[81 1]
il >

We set 8 = min{d, /2, [[(«)0% /2 M| V}; by (42)
and (44), we know that I(Hu)'(tz)/t‘;“1 - (Hu)'(tl)/t‘f*ll <e
forallu € Dandt,,t, € (0, 1] satisfy |t, — ;] < 6. O

Lemmal2. L, L : X — X are linear, compact, and posi-
tive.

Proof. Similar to Lemma 11, we can verify that L), L : X —
X are compact and positive. Moreover, they are obviously
linear operators. O

Lemma 13. If (C,) holds and ||G|| < 1, then (I — G)_IL0 and
(I - G)' L, are linear, compact, and strongly positive.

Proof. It is obvious that G : X — X is a positive linear
operator. So if |G| < 1, I — G will have a positive linear
bounded inverse operator:

I-G)'=1+G+G*+---. (45)

Since L, and L, are compact, we know that (I - G) 'L, and
(I-G)'L,, are compact. In the next, we will only prove that

(I-G) 'L, is strongly positive since the proof for another one
is similar.
For any given x € X, x > 0, if we set

y=(I-G) " Lyx, (46)

we will know that y > Lyx > 6 (noticing the expression of
L, we can see that L, will turn any positive element of X to
be a positive element of X). By (46), we know that

(I-G)y=Lyx (47)
and hence

y =Gy + Lyx. (48)
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Since y > 0, we know that y'(t) < 0for 0 € [0, 1], so by (Cy)
and (48), we will know that

y ()2 y (1) =(Gy) (1) + (Lox) (1)
1 (49)
= J k(s)y(s)ds>0.
0

On the other hand, for t € (0, 1], by (C,) and u(0) > 0, we
will know that

Y (1) = (Gy) (8) + (Lox)' (1) < (Lox)' (®)
1
T(ax-1)

. L (t—s)*? [ao (s)u(s) +by(s)u' (s)] ds

(50)

r (t 9" ay (s)u(s)ds < 0.

S_—
T(a-1) Jo

What is more, similar to (39), we have

y' (1) 11
=- im—-
-0, o1 T(a—1)t—0, 271

. jt (t=9a () u(s)+b ()u' (s)]ds (5D
0

__ 3% (0)u(0) <0
T'(x) '

By (50) and (51) and the piecewise continuity of y'(t) on
[0, 1], we know that there must exist a positive number 7 such
that
!

y (1)

a—1

sup < -T. (52)

te(0,1]

Equations (49) and (52) exactly mean that y > 0. O

4. Main Results and the Proof

Theorem 14. Suppose that (C,)-(C;) hold and |G| < 1; then
there must exist at least one positive solution of (2) if 1/r((I —
G)'Ly)<a<1/r(I-G)'Ly)or1/r(I-G)'Ly)>a>
1/r((I - G)'Ly).

Proof. The proof is divided into three parts.

In Part 1, we consider the auxiliary equation (see (53))
whose solutions of the kind ¢ = 1 will be the solutions of
(2) and we transform it into a functional operator equation
(see (57)).

In Part 2, we will verify that (I-G) ™' L, (I-G) ™" N, satisfy
all the conditions required to apply Lemmas 9 and 10, where
N, will be defined in Part 1.

|(No“) (t)| _

In Part 3, we apply Lemmas 9 and 10 to get the existence
of at least one positive solution of (2).

Part 1. We consider the following problem.
Dy u(t) +paf (Lu(®),u' (1) =0, te(01),

4 (0) =0,

1
u(1)=J k() u(t)dt,
0
13
M@thmuma

, 13
A (E) = JO h(t)u(t)dt.

We call (¢, u) € Rx X to be a solution of (53) if it satisfies
(53). Itis clear that any solution of (53) of the form (1, u) yields
a solution u of (2).

Due to Lemma 7, (4, u) € R x X is a solution of (53) if
and only if

u = puaHu + Gu; (54)
that is,
u=ua(l- G) ' Hu. (55)
If we set
Nyu = Hu — Lyu, (56)

then u is a solution of (53) if and only if

u=pa[(I-G) ' Lou+ (I -G Noul. (57)

Part 2. By Lemmas 11-13, we have confirmed that (I —
G)'H, (I- G)flLo, (I - G)le0 are compact, (I — G 'H
is positive, and (I — G) 'L, is strongly positive. Now we only
need to verify that

|- 6" Noy| _

lul—0 [lull

(58)

Ve > 0, by (C,), there must exist a number § > 0 such that
|x] < & and |y| < & imply

f(sx,y)—ag(s)x—by(s)y . I'(x+ 1)8

(59)
|x| + |y| 2

Then, if ||u] < &, there will be

ds

] I'(a) Jo fluel

1 rwwﬁuuwww@%%wMW%ww@]
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1 J1 (1-s)*"! [f (s,u(s) o (s)) —ay (s)u(s) = by (s)u' (s)]d 1

T b lu

SSF(oc)

Jt el |f (s,u (s),u' (s)) —ay (s)u(s) = by (s)u' (s)| 1
. —S) ds

00 [l T ()
,Jl (15! | (s5u(s),u' (5)) = aq () u (s) = by () u' (5)| o]
0 el T (a)

0 |t ()] + [u! (5)]

Jt e | (51,1 (5)) = ay () (s5) = by (s) ' (5)| 1
. —5) d

S+r(a)

o

1 , Ju' — -b ! 1
X j (1 _S)ocfl 'f (S u(s) u (S)) ) (S)M(S) 0 (s)u (S)|d5 < % Jt (t_s)ocfl ds + g J- (1 _ S)ocfl ds = i
0 |u (s)] + |u’ (s)| 2 Jo 2 Jo 2
€
+-<e
2
(60)
Moreover, we know that
(Nw) &) 1 Jt =9 [f(su(s),u' () —a (uls) = by (s) ' (5)] i
e Hull | T(a—-1) |Jo !
1 t(t—s)*? 'f (s,u (s),u (s)) —ay (s)u(s)— by (s)u' (s)|
Srm—nj 1 ds
’ (61)
3 1 J~t (t - 5)*2 'f (S,u (s),u' (s)) —ay (s)u(s)—by(s)u' (S)|ds
I |u ()] + |’ (5)]
1 T(a+l) ("@=-97 1 T+ 1 _a
*T@-1 2 L ol P T Taon 2 fao1 2 °°
By (60) and (61), we will know that Furthermore, (4, u) € C, and y # 1/ar((I - G)flLO) always
imply that u > 0.
i w - (62) To verify the existence of at least one positive solution of
lul—0 |ju

Equation (62) together with the boundedness of (I - G) ™! will

lead to
. "(I -6 Nou“ (63)
l[ull—0 llull

Part 3. Applying Lemmas 9 and 10, we can draw a conclusion
as below.
For (57), from (1/ar((I — G)_ILO), 0) there emanates an

unbounded continua of positive solutions C, ¢ D,, where

D+={(,bt,u) € [RxX:u:‘ua(I—G)_lHu with u
(64)
>0, u>9}.

(2), we only need to show that C, crosses the hyperplane {1} x
X in Rx X. To this end, it will be enough to show that C, joins
(1/ar((I - G)™'L,),0) to (1/ar((I - G) ' Ly,), +00).
Suppose that (4,,u,) € C, satisfy y, + [lu, || — oo. To
begin with, we will show that {¢,} is bounded. Defining L, as

1 .
(Lq,u) (t) = —m J (t-ys) 1(p(s)u(s) ds

0

L “ 65
+WL 1-9)" () u(s)ds, (65)

tel0,1],

similar to Lemma 13, we can verify that (I — G)_IL(P
K — K is linear, compact, and strongly positive. Then,
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due to Lemma 10(b), we see that there is a contradiction for
sufficiently large # in the following inequality:

u, = w,a(I-G) " Hu, > p,a(l-G)~" Lyu,. (66)

Then, {y,} is bounded and hence lim,,_, |1, || — co.

We choose a subsequence of {y,} converging to u,.
Without loss of generality, we relabel the subsequence to be
{u,} just for convenience.

Now we set
Nou=Hu-L_u (67)
then
uﬂ
y o=
"l

_ pga(l - G)'Lou, pa(-G) ' Nou,

) e e

(I-G) ' N u,
Jul

Since (I - G) 'L, is compact, we can find a subsequence of
{(I1-G)"'Lv,} named {(I - G)_lLoovnk} converging to v, €
X. Moreover, we know that
1-G)!
im  U=0) Neu
ueK,Jlul—>co fleall (69)

(68)

=pa(l - G)_1 LV, +u,a

(see the proof in the appendix),

)
l(li_{l()lovnk = .”*m’o = Ve (70)
It is obvious that v, > 6 and |v,|| = 1. Let k — co in Vy, =

pn @I =G) " Loy, +p, a((I - G) ™' Nygu, /llu,, I); we know
that

v, =ual - G)! L.v,. (71)
Since (I - G) 'L, : X — X is linear, compact, and
strongly positive, by Lemma 10 and (71) we know that
B 1
b (-0 Ly

(72)
which implies that C,_ joins (l/ar((I—G)_lLO), 0)to (1/ar((I-
G)'Ly,), +00). O

As a corollary of Theorem 14, we have the following
conclusion.

Theorem 15. Suppose that (C,)-(C;) hold. If

¢ H 1
—J g(s)ds—(l—E)J h(s)d5+J k(s)ds <1,
0 0 0 73)

¢
—J h(s)ds < &7,
0
then there must exist at least one positive solution of (2) when

1/r((I = G)'Ly) < a < 1/r((I - G)'Ly) or 1/r((I -
G)'Ly)>a>1/r(I-G)'Ly).

Proof. With all the other conditions of Theorem 14 satisfied,
we only need to verify that |G|| < 1. Foranyu € X and t €
[0, ], we have

3
I(Gu) ()] = |— L g(s)u(s)ds

3 1
—(l—{)J0 h(s)u(s)ds+J0 k(s)u(s)ds

g ¢
S—J g(s) IM(S)IdS—(l—f)J h(s)lu(s)lds  (74)
0 0
1 3
+ Jo k(s)|u(s)|ds < [—L g(s)ds
& 1
—(l—E)J h(s)ds+J. k(s)ds] lluall -
0 0

Foranyu € X and ¢ € (¢, 1], we have
[(Gu) (1)]

& 1
= ‘—(1—t)‘[0 h(s)u(s)ds+J0 k(s)u(s)ds

3 1 (75)
s—(l—f)j h(s)|u<s>|ds+j K (s) u(5)] s
0 0
1 1
< [—(1 —E)J h(s)ds+ J k(s)ds] lluall -
0 0
Forany u € X and t € [0, £], we have
(Gu)' (t) = 0. (76)
Foranyu € X and t € (£, 1], we have
‘(Gu)' O |r©u©ds|  [Fhs)u)ds
tocfl = tafl - tocfl
(77)
3
h(s)d
—% Jul
By (74)-(77), we know that |G| < 1. O
5. Example

Example 1. Consider the following problem.

EDzizu t)+a [Zu () + ¢ siny ) —u (t)] =0,

tel0,1],
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4 (0) =0,

1
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M(l) :_Jl/ztu(t)dt.

u(1) =J (1-tu(t)dt, (E,)
0
1/2
Au (%) =- Jo t2u (t) dt, If we set
1 ! a-1 / 1 ! a-1 !
(Lou) (t) = To L (t=9*" [Bu(s) - u (s)] ds + TG JO 1=9%" [Bu(s) - u' (5)] ds;
_ ‘ a-1 / 1 ! a—1 ! .
(Lou)(t) = o L (t=9*" [2u(s) - u' (5)] ds + TG L 1= [2u(s) - u' (9)] ds; -
1/2 1/2 1
J Su(s)ds + lj su(s)ds+ J (1-s)u(s)ds, te [0,1] ;
Gn=1"° L, 20 ‘ -
(1—1‘)j0 su(s)ds+J’0 (1-s)u(s)ds, té(i’l]
then there must be at least one positive solution of (E;) when ) ! el 1 B
l/r((I—G)flLoo) >a> l/r(I—G)fl(LO). (We can Vellrifythat Jo (1=9) [f (s,u (), (S)) oo ()14 (5)
-1 -1
r(I-G) Ly =r((I-G) L) byLemma10.) b (5) 4 (s)] ds,
Proof. Letaw = 3/2,& = 1/2, f(s,x,y) = 2x + &’ sinx — y, ] .
g(s) = —s*, h(s) = —s, k(s) = 1 - s; then (E,) turns to (Noou)’ )= ——— J (t—s)*?
be (2). Now we set ay(s) = 3, by(s) = -1, a,(s) = 2, [(a=1) Jo
bo(s) = -1, ¢(s) = 1. We can verify that (C,)-(C;) hold. ) ! B
Then by Theorem 15 we know that there must ble at leSast one [f (S’ u(s),u (S)) oo ()1 (5)
positive so_llltion of (E,) when 1/r((I - G)_ILOO) > a > b (s) S (s)] ds.
1/r(I-G) " (Ly). O
(A1)
Appendix Forany e > 0 and u € K, since
At the very first, we recall that f (5% y) =00 (8) X = bo (5) -0 (A2)

(Noott) (6) = ——

m .[0 (- 5)""1 [f (S,u (s) ’u, (5))

~ gy (8) 14 (5) = by (8) 8 (S)] ds + ﬁ

x|+ [y]

x20,y<0;|x[+|y| =00

for all s € [0, 1] uniformly, similar to (60)-(61) we can find
sufficiently large number M, such that

gl |f (s, u(s),u (s)) —ay, (s)u(s) = by (s)u' (s)'ds

)
F(OC) I,N[0,t]

lu ()] +[u' ()]

1
)
I'(x) Jinpo.1)

T'(a-1)

where

L={0<s<1:u)+[u ()| >M}. (A5)

) , (A.3)
et [F (59,4 (5) = g (D (5) ~ by (D' (5)]
- S) ds = >
ju(s)] + [u’ (5)] 2
L (=9 [ (5404 9) a0 DUl ~b DU O] | e (4
Lalog 19! u ()] +[u’ (s)] 2

What is more, because f (s, x, y)—a,,(s)x—b,(s) y is bounded
on {(s,x,y) : s € [0,1], x| + [y| < M,}, we can find
sufficiently large M, such that
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1

1

gt 'f (s,u (s),u' (s)) —ay, (S)u(s) = by (s)u (s)| s

I Lmo,ﬂ ¢

M2
(A.6)

+

) qun[o,l] (-

s)“_l 'f (s,u (s),u (s)) —ay, (S)u(s) — by, (Su (S)|ds S

| M

M,

(A7)

. J (t =522 |f (), (5)) = gy () 1 (5) = by (5) 1/ (S)|(le< €
J.N[0,t] )

I'(x-1) ol

where
]u:{OSsslzlu(s)|+|u' (s)|§M1}. (A.8)

So, by (A.3) and (A.6), we know that, for u € K with [lu] >
M,, there must be

[N @] @] _ 1 |

t _ a—1
ST

0

. | (5u(5),u (5)) = gy () 1 () = by (5) 0/ (s)|d5
el

1 ! a—1
+ m _[0 (1—5)

' 'f (s,u (s),u' (s)) — G (S)u(s) = by () 1t (S)|ds
el

1 J a—1
= — (t-s)
r (06) I,n[0,t]

' 'f (s,u (s),u' (s)) — 8o, () U (s) — by (s)u' (S)|ds
el

1 .[ a—1
b (1-5)
I'(x) Jin00)

. 'f (s,u (s),u' (s)) — 8o, () U (s) = by (s)u' (S)|ds
el

1 .[ a—1
+— t—s
[(a) Jj,n10 =9

\®)

M,

. 'f (s,u (s),u (s)) — o () u(s) — by, (s) u (S)|ds
flzell

1 _
+— J (1-s)""
[ () Jy,nm01)

. 'f (s,u (s),u (s)) — g () u(s) — by, (s) u' (s)|d$
fleell

1 _
- j (t _ S)zx 1
I'() Ji,np0.)

(
'f (s,u (s), (s)) — Gg (S)u(s) = by ()t (s)|dS
| ()] + [u' (5)]

<

1 _
+— j (1-s5)*"
I'(a) Jr,npo1)

. 'f (s,u (s),u (s)) — o () u(s) — by, (s) u' (s)|ds
|t ()] + [u! (5)]
1 a—1
@ e €

'f (s,u (s),u (s)) —ay, (S)u(s) —by, () (s)|d
. M, s

1 _
+— J (1-s)""
[ () Jy,nr01)

| (5u(5),' (5)) = gy () 1 (5) = by (5) o' (s)|d
. M2 S

<e&.

(A9)

On the other hand, by (A.4) and (A.7), we know that, for u €
K with |u| > M,, there must be

[N @]’ ®] _ 1 jt(t—s)“z [f (5.0 ) a0 (9 ~boo ' 9)]

7 ul T T(e-1) Jo 7!

el

(A.10)

E.

_ 1 J (t =522 |f (51(5), U (5)) = A (5) U (5) = by, (5) U’ (5)| W
T T(ax-1) s 7} [u(s)| + |u’ (5)|
. 1 J (t - S_)a—2 |f (s,u (s),u' (s)) —ay, (S)u(s) —by (s)u' (S)|ds S
F(ae—1) Jja0 %71 M,
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By (A.9) and (A.10), we know that

N_u
lim X_ =
ueKJlul—co ||u|

(A.11)

Equation (A.11) together with the boundedness of (I — G)!
will lead to

I-G)'N
im —( ) oot
uekK, [lull »oo "M”

=0. (A.12)
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