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We study the Hyers-Ulam stability in a Banach space X of the system of first order linear difference equations of the form x,,,, =
Ax, + d, for n € N, (nonnegative integers), where A is a given r X r matrix with real or complex coeflicients, respectively, and
(d,)en, is a fixed sequence in X". That is, we investigate the sequences (y,,),en, in X" such that 8 := sup,cy Y, — Ay, —d,[ < c0
(with the maximum norm in X") and show that, in the case where all the eigenvalues of A are not of modulus 1, there is a positive
real constant ¢ (dependent only on A) such that, for each such a sequence (y,),cn, there is a solution (x,) of the system with
SUP e, 1Y, = Xl < €0

neNy

1. Introduction sequence in a Banach space X over K. The investigation of

the Hyers-Ulam stability in X of the difference equation
The issue of stability of a functional equation can be expressed

in the following way. When must a function satisfying an equa-
tion approximately (in some sense) be near an exact solution
to the equation? It has been motivated by a question raised actually means a study of the sequences (,),,cr in X, satisfy-
in 1940 by Ulam, concerning approximate homomorphisms ing the condition
of groups (see [I, 2]). The first partial answer to Ulam’s
question (in the case of Cauchy’s functional equation in
Banach spaces) was given by Hyers in [1]. After that result,
a great number of papers on the subject have been published
(see, e.g., monographs [3-5], survey articles [6-11], and the Let S = {z € C : |z| = 1} and ty...5t, € C denote
references given there), generalizing Ulam’s problem and  the roots of the characteristic equation of (1), which has the
Hyers’s theorem in various directions and to other equations  following form: z¥ = ;2" + - + a,. The following two
(not necessarily functional) (see [12]). In particular, some theorems have been proved in [13] (see also [14, 15]).
results have been proved in [13], which concern the stability
of linear difference equations of higher order of form (1). We ~ Theorem 1. Let 6 > 0 and t,,...,t, € C\ S. Suppose that
describe them as follows. (¥ )ner is a sequence in X such that (2) holds. Then, there exists
Let T be either N (the set of nonnegative integers) or Z a sequence (x,,),cr in X satisfying (1) such that
(the set of integers), let K be either the field of reals R or the
field of complex numbers C, let p € N (the set of positive
integers), letay, ..., a, € Kbe fixed, and let (b,),,r be a given

Xpep = M Xpipg +o+ X, +b,, neT, )

0 := sup ||yn+p_a1yn+p—1 _"'_apyn_bn" <. (2)
neT

é
el T

Iy = x| < Tk nelT. (3
P
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Moreover,

(@) (x,) e is unique if and only if |t;| > 1 fori=1,...,p
orT =7;

(b)iflt;l > 1fori € {1,...,p}or T = Z, then (x,),er
is the unique sequence in X such that (1) holds and
suanT"xn - yn" < 005

(0) if T = Ny and |t;| < 1 for somei € {1,..., p}, then the
cardinality of the set of all sequences (x,),cr in X,
satisfying (1) and (3), equals the cardinality of X.

Theorem 2. Let |t;| = 1 for some j € {1,..., p}. Then, for any
0 > 0, there exists a sequence (y,,) e in X, satisfying inequality
(2), such that, for every sequence (x,,),cr in X, fulfilling recur-
rence (1),

sup ||y, - x,[ = co. (4)
nel

Moreover, if t,,...,t, € K or there is a bounded sequence
(%) per in X fulfilling (1), then (y,),er can be chosen
unbounded.

We somehow complement those results in this paper by
the study of the Hyers-Ulam stability of the following system
of first order linear difference equations in X with constant
coefficients a;; € K, 4, j = 1,...,7 (r € N s fixed):

1 1 2
Xpe1 = 011X, + apXx, + -

Y ot ayx), +d,

2 1 2 )
Xy = Oy X, + ApX, + -+ ayx, +d,,

(5)
r 1 2 r r
Xyl = X, T A X, +-0-+a, X, + dn’
for all n € N, where d;, ...,d, € X forn e N are given. If
we write
app Gy ot Ay
a dyy Gy = Gy
a1 Gy 0 Oy
(6)
1 1
xn d}’l
2 2
X d
Xn - ! > dn - ." >
r T
xn dn
then (5) can be expressed in the following simple form:
X, = Ax, +d,, neN,. (7)

To simplify the notations, we consider x,, and d,, to be ele-
ments of X", when it is convenient (and when this makes no
confusion); that is, we identify x,, with (xil, ...»x,;) and d,
with (d,...,d.).

Our results correspond, in particular, not only to the
outcomes in [13], but also to those in [14, 15], where similar
problems have been studied for r = 1.
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2. Some Auxiliary Results

By an elementary induction on #, we obtain the following
simple observation.

Lemma 3. If a sequence (X,) ey, in X' satisfies (7), then

n
x, = A"x)+ Y A", neN. (8)
k=1

In this paper,

n n n! . .
C] = ] = m, n,j e NO’ nzj, 9)

denote the binomial coefficients and C7 := 0 for j > n. The
subsequent formula is well known:

(o)

ZCZ”w" =

we[0,1), jeN,. (10)
n=0 (

1= w)j+l >

Also, replacing w by 1/x, we easily obtain that

o0
C (i 1
Ot — = e (1,00), jeN,.
2C (x— 1) JE T

(11)

Further, write

[|A]l := max Z |al]|

1<i<r

(12)

Ix]l == max||x;[|, x=(xp,...,x,)€X".

1<i<r

Then, (X', || - ||) is a Banach space and we have the following
result, which will be useful in the proof of the main theorem.

Theorem 4. Let ], , be a Jordan matrix of the form

A 10 -0 07
0OALl--00

D=1t 0, (13)
000 --21
LO OO --- 0 AJ

rXr

with some A € C\'S. If a sequence (y,,),en, in X' satisfies

= SUp [t = a3, =] < (14)

then there exists a sequence (X,),en, in X' such that

X1 = ]/\,rxn + bn> ne N0> (15)

sup 1y, — %, <6Z|1 — Al (16)
] 1
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Proof. Letc, =y, — J),¥, — b, for n € N;. Then, by (14),
llc, |l < 6 for n € N, and (see Lemma 3)

Yu = ])rtl,rYO + Z]}rtl;k (bk—l + Ck—l) > neN. (17)

k=1

Case 1 (JA| < 1). Define the sequence (xn)neN0 by (15) with
Xy = Yo Then,

ZIAr Cr—1

It is easy to show by induction on n that J), is an upper (right)
triangular matrix of the form

||Yn - Xn" = , neN. (18)

PE C?An—l C:l_lln—(r—l)'
0 A At
Ji,=1 D : (19)
0 0 !
L 0 0 A" 1.,

(it is enough to use the well-known formula C}'{} = C}+C}, )
whence we derive that ||J} || = Zr 1C“|/\|“_j for n € N,.
Since, in view of (10),

< n n—j 1 .
ZOCJ|A| ]=W, ]=0,...,r, (20)

we have

Z =% ZC =y fc AP

n=0 j=0 j=0n=0

g 1- I/\I)]

(21)

and, by (18),

“Yn - Xn“ < Z "]I/{,r 6=
k=0

C 1
(SFZlm, ne NO' (22)

That is, inequality (16) holds.

Case 2 (JA| > 1). Since ]/{,1, is an upper triangular matrix of the
form

S| (—1)771 -
D N St
A2 AT
B (_1)1‘—2
0o At ...
O Ar—l
D=1 - Do : > (23)
-1
0 0 F
0 0 At

it is easy to check that ]}/ is also an upper triangular matrix
for each n € N and has the form

[ G D" G
/\ /\n+1 o An+r—1
-2 -3
I e
. An+r—2
J Ar T : : . : . (24)
_Cn—l
0 0 /\n’il
- 0 0 o /\_” ~rxr
Hence,
il = S e, nen. )

Consequently, in view of (11),

Z "]X?" = Z ZCM] A" (n+j+1)

_ ZCTj |M—(n+j+1) (26)

4 1
- ;w -1y

Taking into account that || ]/{’,ck_l | <

() (Y R

for k € N, we deduce that the series Y2, ]Mck,1 is con-
vergent. Take

-k
s := Z]Mck_1 (27)
k=1

and define (x,),ey, by (15) with x; = y, + s. Then, (see
Lemma 3)

x, = J5, (Yo +5) + Z])T;kbk_l, neN. (28)
k=1

Next, by (26), for every n € N, we have

n
”Yn - xn" = Z]/r\l,_rkck—l - ];tl,rs
k=1
ok >k
= 1D s = Ty D Tk
k=1 k=1
(29)
. —k - n—k
= Z];l,r Cr-1~ Z]/\,r Cr—1
k=1 k=1
= Z ])tr Cr—1] >
k=n+1
whence
1
Iy, = %]l < Z s No  (30)

S E—— ne
2 o



3. The Main Result

Let A,..., A, be the eigenvalues of A with multiplicities
T1s-..> Ty respectively. There exists a nonsingular matrix Q
in C™" with A = QJQ!, where

J= ])H,rl - D ],\m,,m,
Aj 10
0 A1
I\, = s j=1lL.o..,m
L 0 0 - 0 J X
31
The next theorem is the main result of this paper.
Theorem 5. Assume that A; € C\'S for j =1,...,m. For any
sequence (z,,),en, in X', satisfying
8 = sup ||z, — Az, — d,| < oo, (32)
neN,
there exists a sequence (X,,) e, in X such that
X, =Ax, +d,, neN,, (33)
-1 !
sup [z, —x,| < S| m (34)

I—lAH

Proof. Let (z,),,cn, be a sequence in X" such that (32) holds.

First, consider the case where K = C. Writey, := Q 'z,
and b, := Q7'd, for n € N,. Then,

||Yn+1 - IYn - bn" B “Q_l “ “znﬂ - Azn - dn"
(35)
<[QM|6 =8, neN,.

Define projections p; : X" — X" (for j = 1,...,m) by

"w”l)’

pl (wl""’wr) = (wl"‘

> w;—) = (wr1+1’ e wr1+r2) >

pa (..

P (wl’ R w,) (wf1+'"+fmfz+1’ T wr1+<-~+rm71) >

pm (wl’ T wr) = (wrl+---+rm,1+1’ e wr1+-~-+rm)

(36)

Discrete Dynamics in Nature and Society

for (wy,...,w,) € X'. For simplicity, we write y, =

(p1(V)s -5 Pm(yy)) and b, = (p,(b,),..., p,.(b,)) for n €
Nj. It is easily seen that (in analogous notation)

]/\m,rum (Yn)) 4

IYn:(]Al,rlpl (Yn);-.., nGNO,

“Pj (V1) = I, Pj (va) - p; (b,

< ||Yn+1 - JYn - bn" s 80’

n € N,

(37)

j=L...,m

According to Theorem 4 (applied for each j € {1,...,mj},
separately), there exists a sequence (u,,),,cn, in X" such that

pj (W,1) = ]/\j,rij (u,) + Pj (b,), neN,
|p; (w,) - p; (¥.) Z - (38)
= -| i
neN, j=1,...,m
Clearly,
u,,=Ju,+b,, neN,

j
[ = wal < 8 max {Z

) -~)m})

-F
n e N,.
(39)
Letx, := Qu,, for n € N,. Then,
1= Qu,y = Qu, +Qb, = QJQ 'x, +d,, e,
"zn - xn” = "QYn - Qun" < ”Q” HYn - un”

r

j 1 .
< IIQIISOmax{Z—k = 1,...,m},

-l

n e N,.
(40)

Now, consider the case K = R. Define the linear structure
inX = X* by (x,¥) + (z,w) = (x + 2,y + w) and (« +
iB)(x, y) := (ax — By, fx + ay) for x, y,z,w € X, a0, f € R.
Then, X is a complex Banach space (see, e.g., [16, page 39],
[17], or [18, 1.9.6, page 66]), when endowed with the Taylor
norm || -|| given by

e, )| = S;lp [(cos6) x + (sinB) y|, x,y¢€X.
0<6<2m
(41)
Note that

<Gl <=+ |yl xyeX.
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Define p, : X*> — X by p,(w;, w,) := w, for w,, w, € X.
Letz, := (z,,0) and d,, := (d,,0) for n € N, Then, (Z,) ey, is
a sequence in X and

2n+1 - Ain - an“T = ||zn+1 - Azn - dn” <9, ne NO'

(43)
So, by the first part of the proof, there is a sequence (X,,) e,
in X such that

X, =A%, +d,, neN,

(44)
-%, <dlQll|Q || max Z
""" =i IAJII

Write x,, := p;(X,,) for n € N;. Then, it is easily seen that (33)
and (34) are valid (in view of (42)). O

sup |z,
neN,

Remark 6. The assumption that [A;| # 1for j = 1,...,m
cannot be omitted in the general case (at least when r = 1),
in view of Theorem 2.

It seems that our method cannot be easily applied to
the systems of linear difference equations of higher orders,
because it is difficult in such cases to obtain a formula
analogous as (8).

Open Problems. There arises a natural question if some results
similar to Theorem 2 and statements (a)—(c) of Theorem 1 can
be obtained for difference equation (33) with r > 1 (also with
N, replaced by 7).
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