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This paper develops some new Razumikhin-type theorems on global exponential stability of
impulsive functional differential equations. Some applications are given to impulsive delay
differential equations. Compared with some existing works, a distinctive feature of this paper
is to address exponential stability problems for any finite delay. It is shown that the functional
differential equations can be globally exponentially stabilized by impulses even if it may be
unstable itself. Two examples verify the effectiveness of the proposed results.

1. Introduction

Functional differential equations (FDEs) which include delay differential equations (DDEs)
play a very important role in formulation and analysis in mechanical, electrical, control
engineering and physical sciences, economic, and social sciences [1, 2]. Therefore, the theory
of FDEs has been developed very quickly. The investigation for FDEs has attracted the
considerable attention of researchers and many qualitative theories of FDEs have been
obtained. A large number of stability criteria of FDEs have been reported.

In addition to the delay effect, as is well known, impulsive effect is likely to exist in
a wide variety of evolutionary processes in which states are changed abruptly at certain
moments of time in the fields such as medicine and biology, economics, electronics, and
telecommunications [3]. So far, a lot of interesting results on stability have been reported
that have focused on the impulsive effect of FDEs (see, e.g., [4-16] and the references cited
therein).
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In particular, several papers devoted to the study of exponential stability of impulsive
functional differential equations (IFDEs) have appeared during the past years. In [14, 15], the
authors have investigated exponential stability of IFDEs by using the method of Lyapunov
functions and Razumikhin techniques. In [16], the authors have also studied exponential
stability by using the method of Lyapunov functional. However, some results in [15, 16]
imposed a restrictive condition on time delays which were less than the length of all the
impulsive intervals (see, e.g., [15, Theorems3.1-3.2] and [16, Theorem3.1]). The aim of
this paper is to establish global exponential stability criteria for IFDEs by employing the
Razumikhin technique which illustrate that impulses do contribute to the stability of some
IFDEs and the restrictive condition that the time delays are less than the length of all the
impulsive intervals can be removed in this paper.

2. Preliminaries

Throughout this paper, unless otherwise specified, we use the following notations. Let R =
(—o0,+00), R* = [0,+00), N = {1,2,...}, I be the identity matriX, Amax(-) and Amin(-) be the
maximal eigenvalue and the minimal eigenvalue of a matrix, respectively. If A is a vector or
matrix, its transpose is denoted by AT. For x € R” and A € R™", let |x| = vxTx be Euclidean
vector norm, and denote the induced matrix norm by

Ax
IA]l = sup% = /i (ATA). 21)

Let 7 > 0 and C = C([-7,0];R") denote the family of all bounded continuous R"-
valued functions ¢ defined on [-7,0]. PC(LR") = {¢¢ : I — R" | ¢(s) is continuous for
all but at most countable points s € I and at these points s € I, ¢(s*) and ¢(s™) exist and
¢(s*) = ¢(s)}, where I C R is an interval, ¢(s*) and ¢(s~) denote the right-hand and left-
hand limits of the function ¢s(s) at time s, respectively. Especially, let PC £ PC([-7,0];R")
with norm ||¢s|| = sup_T<s<0|tp(s)|.

In this paper, we consider the following IFDEs:

x,(t) = f(t/xt)/ t#tk/ t 2 O/
Ax(te) = x(t) —x(t;) = I(x(t)), t=tx, keN, (2.2)

x(s) =¢(s), -T<s<0,

where f : R* x PC — R", x¢(0) = x(t + 0), 0 € [-7,0]. The initial function ¢ € PC. The
impulsive function Iy € C(R*;R") (k € N), and the impulsive moments t, (k = 1,2,...)
satisfy 0 =ty <t; <t <---,and limy_, otk = oo.

In this paper, we assume that functions f and I, k € N, satisfy all necessary conditions
for the global existence and uniqueness of solutions for all t > t;. Denote by x(t) = x(t, to, ¢)
the solution of (2.2) such that x;, = ¢. For the purpose of stability in this paper, we also
assume that f(t,0) = 0 and I(0) = 0, k € N. So system (2.2) admits a zero solution or trivial
solution x(t,ty,0) = 0. We further assume that all the solutions x(t) of (2.2) are continuous
except at tx, k € N, at which x(t) is right continuous, that is, x(¢]) = x(tx), k € N.
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Definition 2.1. The trivial solution of system (2.2) is said to be globally exponentially stable, if
there exist numbers A > 0 and M > 1 such that

(10, 9)] < Mliglle™, £>0, 23)

whenever ¢ € PC.

Definition 2.2. 'V : [-T, 0)xR" — R* issaid to belong to the class vy, if V is continuous on each
of the sets [tk-1,tx) x R", limy) )V (ty) = V(t, x) exists, V(t,x) is locally Lipschitzian
inall x € R?, and V(t,0) =0 for all t > 7.

Definition 2.3. V : [-T,00) x R" — R* is said to belong to the class v, if V is continuous on
each of the sets [tx_1,tx) x R", V(t,0) =0 forall t > -, lim(t,y)ﬁ(t;,x)V(t, y) = V(t, x) exists,
Vi(t, x), Vi (t, x) are continuous, where (¢, x) € [tk-1,tk) x R", k €N,

oV (t, x)

Vi(t, x) = ot

Vo) - <aV(t,x) . aV(t,x))

.. 2.4
6x1 ! g axn ( )

Definition 2.4. Given a function V : [-T,+o0) x R" — R, the upper right-hand derivative of
V with respect to system (2.2) is defined by

D"V (t,¢(0)) = lim s(;lp% [V (t +h,p(0) + RE(t, 9)) - V (£, p(0))] 25)

for (t,¢) € R* x PC.

3. Razumikhin-Type Theorems

In this section, we will present some Razumikhin-type theorems on global exponential
stability for system (2.2) based on the Lyapunov-Razumikhin method.

Theorem 3.1. Let p = sup, itk — tk-1} < oo and cy,c2,p, q,y all be positive numbers, ¢ a real
number, g >1/y > 1, and ¢ <In(1/y)/p. Suppose that there exists a function V € vy such that
(i) arlx|P < V(t,x) < co|x|P forall t > tg — T, and x € R?;
(ii) D*V (t,9(0)) < cV(t,9(0)) forall t € [ti_1,tk), k € N, whenever gV (t,¢(0)) > V(t +
0,¢(0)) forall 6 € [-1,0];
(iii) V(tk, x + Ik (x)) < yV(t,x), k €N, x € R".

Then the trivial solution of system (2.2) is globally exponentially stable.

Proof. For any ¢ € PC, we denote the solution x(t,ty, $) of (2.2) by x(t). Without loss of
generality, we assume that ||¢|| #0.
Since g > 1/y and ¢ < —(Iny/p), there exist positive numbers y and h such that

KT 1 h
q>e—>1, c<c+‘u<—m.

3.1
Y P GD

Sety; =—-In(y + h/p), theny < e < 1.
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Set W (t) = eV (t, x(t)), we have
D'W(t) = uyW(t) + e D'V (t, x(t)), tE€ [te1,tk), kK EN. (3.2)
Let M > ¢;/c1y be a fixed number. In the following, we will prove that

W) <aM|¢|f, t>to- (3.3)

We first prove that

W(t) <aM|¢||f, telto—1 t). (3.4)

It is noted that W (ty + 8) < c2||@||P < yeiM||¢||P < ciM||p||P, 8 € [-7,0]. So, it only needs to
prove that W (t) < clﬁquH” for t € (to,t1). On the contrary, there exist some t € (¢, t;) such
that W(t) > ¢; M||||P. Set t* = inf{t € (to,t1) : W(t) > ¢ M||p||’}, then we have t* € (to, t;)
and W(t*) > c;M||¢|]P. Set t = suplt € [to,t*) : W(t) < yciM||¢p||P}. Then t € (ty,t*) and
W(t) = yc1M||gb||”. For t € [t,t*], we have

W(t) > yaM||¢||f = yW(t+0), VYO e [-r,0]. (3.5)

Hence

V(t,x(t) > ye PV (t+6,x(t +0)) > iva +0,x(t+0)), VYO e [-1,0]. (3.6)

By condition (ii) and (3.2), it follows that for t € [t, ']

D'W(t)=uW(t) +e"D*V(t,x(t)) < (u+c)W(t) < nW(t). (3.7)

So, we obtain W (") < W(Hen®-D < yerM||p||Pen? < ¢ M||@||P. This is a contradiction, so
(3.4) holds.
Now, we assume that for some m € N,

W(t) <aaM|¢||f, telto—1 tm). (3.8)

We will prove that

W) <aM|@|lf, tE€ [tm tmn)- (3.9)
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Suppose not, there exist some t € [t, tms1) such that W(t) > 01M||¢||”. Set t* = inf{t €
[tm, tme1) - W() > clﬁﬂg‘b”p}. From condition (iii) and (3.8), we have W (t,,) < yW(t;,) <
yaM|gllP < ciM||p||P. Hence t* € (tm,tmn) and W(t*) = ciM||p||P. Set t = supit €
[t t*) © W) < yerM|$|P}. Then we have W(t) = yc;M||$||P. Furthermore, we have
W(t) > yclﬁllqbﬂp > YW (t+0) fort € [t,#*]. Thus, (3.7) holds. Then W (#*) < YC1M||¢||P€Y1‘0 <
C1M||gb||”, which yields a contradiction. Therefore, (3.9) holds.

By mathematical induction, we have

W(t) <aM|¢|f, t=o. (3.10)
Hence

Ix(t)| < M||p|le™™, t=0, (3.11)
where M = Hl/p, A = u/p. The proof is therefore complete. O

Theorem 3.2. Let ¢ = infxen{tx —tx—1} > 0and c1,¢2,p, 9,7, ¢ all be positive numbers, g >y > 1,
and ¢ > Iny/ Q. Suppose that there exists a function V' € vy such that

(i) ailx|P < V(t, x) < co|x|P forall t >ty — T, and x € R",

(i) D*V(t,¢(0)) < —cV(t,¢(0)) for all t € [tx_1,tk) (k € N), whenever gV (t,¢(0)) >
V(t+6,9(0)) forall 6 € [-7,0];

(iii) V(tk, x + Ix(x)) < yV(t,x), k€N, x € R".
Then the trivial solution of system (2.2) is globally exponentially stable.

Proof. Since g > y and ¢ > Iny/ ¢, there exist positive numbers y and h such that

In(y +2h)
.

g> (y+h)e' >y, c>c—pu> (3.12)

Setg=y+hand y, =In(y +2h)/g, then1 < y < g < e"?. Set W(t) = e#V (t,x(t)), where x(t)
is defined as in the proof of Theorem 3.1.

Now, let M > qc2/c1, we will prove that (3.3) holds.

We first prove that (3.4) holds. In fact, it is noticed that W (ty + 0) < cf[¢l|P <
(1/g)eiM|||P < ciM]||¢p|P, for @ € [-7,0]. So it only needs to prove W(t) < c; M| |
for t € (tp,t1). On the contrary, there exists t € (f,t;) such that W(t) > C1M||¢||P. Set
t* = inf{t € (to,t1) : W(t) = c;M||p||P}, then we have t* € (o, ;). Set t = sup{t € [to, t*) :
W(t) < (1/9)ciM||@||P}. Thent € (ty, t*) and W (t) = (1/§)clﬁ||¢||P. For t € [t,t*], we have

qW(t) = M| P = W(t+6), Vo el[-r,0]. (3.13)
Hence

V(t,x(t) > %e"”V(t +0,x(t+0)) > %V(t +0,x(t+0)), YO e[-7,0]. (3.14)
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It follows that for t € [¢, *]

D'W(t) < (n=-c)W(H < -pW(®), (3.15)

which leads to W(t*) < W(t). This is a contradiction to the fact W (t*) = c;M||p|F >
(1/g)ci M||¢||P = W (t), so (3.4) holds.

Now, we assume that for some m € N, (3.8) holds. We will prove that (3.9) holds. In
order to do this, we first claim that

W(t) < e M| (3.16)

X

Suppose not, then we have W (t;,) > (1/g)c; M||p||. There are two cases to be considered.
Case 1. W(t) > (1/g)ciM||||P for all t € [ty 1, ).

By (3.8), we have gW (t) > caiM||p|lP > W(t +6) for 8 € [-7,0] and t € [t,,_1,t,,). Thus,
we get D*W(t) < —paW(t) for t € [ty-1,t,) Which leads to W(t;,) < W (ty-q)e 2tntn1) <
c1M||@|lPe ¢ < (1/g)c1 M]||¢|P. This is a contradiction.

Case 2. There is some t € [t,,_1,t,) such that W (t) < (1/g)ci M| $|JP.

Sett = sup(t € [tm1,tm) : W(t) < (1/ﬁ)c1ﬁ||¢||7"}. Then t € [ty_1,t,) and W(t) =
(1/g)c1M||@||P. Since for t € [t,t,), gW (t) = ciM||p||P = W(t +8), 6 € [-T,0]. By (3.15), we
have D*W (t) < O for t € [t,t,,), which gives W (t;,) < W(t) = (1/g)ciM||$||P. This is also a
contradiction.

Hence, (3.16) holds. It follows from (iii) that W(t,) < yW(t;,,) < (y/ﬁ)clﬁn(ﬁ”’” <
c1M||@|P. Now, we assume that (3.9) is not true, set t* = inf{t € [t,, tns1) : W () = ¢t M||||P}).
Hence t* € (t;, tms1) and W(t*) = 01M||¢||P. W) > 1/q)aM|@|P for t € [t t*], set
t = t,,, otherwise, set t = sup{t € [t t*) : W(t) < (l/ﬁ)qMHqSHp}. Thus, we have gW (t) >
C1M||¢||” > W(t+0) for t € [t t*]. Hence, by (3.15), D*W(t) < 0 for t € [t,t*]. Then W () <
W(t) < C1M||¢||P, which yields a contradiction. Therefore, (3.9) holds. The rest is the same as
in the proof of Theorem 3.1. O

Remark 3.3. By Theorems 3.1 and 3.2, we can design impulsive control {Ix(x(t;)), k € N} for
the following FDEs

x'(t) = f(t,x), t=>t,

x,(s) =¢(s), -T<s<0, peC,

(3.17)

such that the system can be impulsively stabilized to its trivial solution. In Theorem 3.1,
the constant ¢ may be chosen as a positive number. In the stability theory of FDEs, the
condition D*V (t,p(0)) < cV (t,¢(0)) allows the derivative of the Lyapunov function to be
positive which may not even guarantee the stability of functional differential system (see, e.g.,
[4,15]). However, as we can see from Theorem 3.1, impulses play an important role in making
a functional differential system globally exponentially stable even if it may be unstable
itself.
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Remark 3.4. It is important to emphasize that, in contrast with some existing exponential
stability results for IFDEs in the literature [15, 16], Theorems 3.1 and 3.2 are also valid for
any finite delay. Therefore, our new results are more practically applicable than those in the
literature, since the restrictive condition that the supper bound of time delay is less than the
length of all the impulsive intervals is actually removed here.

4. Applications and Examples

Now, we will apply the general Razumikhin-type theorems established in Section 3 to deal
with the global exponential stability of impulsive delay differential equations (IDDEs).
Consider a delay system of the form

x'(t) = F(t, x(t), x(t = 61(t)),..., x(t = 6, (1)), t#t, t =0,
Ax(te) = x(t) —x(t;) = I(x(t)), t=tx, keN, (4.1)

x(s) =¢(s), -T<s<0,
where ¢ € PC, 6; : R* — [0,7], 1 <i < m, are all continuous, and
F:R" xR" x R™"™ — R" (4.2)

is continuous. We also assume that (4.1) has a global solution which is again denoted by
x(t) = x(t, to,$), F(t,0,...,0) =0and Ix(0) =0, k e N.

Theorem 4.1. Let p = sup, .y {tk — tk-1} < o0, Ao be a real number, and A1, ..., Ay, c1,c2,p, Y be all
positive numbers, 0 <y < 1. Suppose that there exists a function V € vy such that

(i) arlx|P < V(t,x) < co|x|P forall t > tg > —7, and x € R?;

(ii)
Vi(t, x) + Vi(t, x)F(t, x,y) < AV (t,x) + ixiv(t -6i(t), i) (4.3)
i=1

forallt € [te_1, tk) (keN), xeR", y=(y1,...,Ym) € R,
(iii) V(tk, x + Ix(x)) < yV(t,,x), k€N, x e R".

Ifdo+ 37 Ai/y +1Iny/p <0, then the trivial solution of (4.1) is globally exponentially stable.

Proof. For t € [tk_1,tk), (k€N), ¢ € PC, let
f(t,¢) =F(t,0),p(-61(1)), ..., p(=6m(t))). (4.4)
Then system (4.1) becomes system (2.2), and D*V (t, $(0)) becomes

DV (t,¢(0)) = Vi(t, $(0)) + Vi (£, p(0)) F (£, $(0), p(=61(1)), - .., p(=6m(t))). (4.5)
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If Ao + 37 Li/y +Iny/p <0, then there exists a constant g > 1/, such that

mo
Lo+ >4+ % <0. (4.6)

i=1

So, if t € [ti_1,tx) (k € N)and gV (t,¢(0)) > V(t + 0, ¢(0)) for all 8 € [-7,0], then

D*V(t,9(0)) < LoV (t,9(0) + DNV (t=6i(t), p(=6(1)))
i=1
4.7)

< ()LQ + qi)ul)V(t,(p(O)) =cV(t,¢(0)),

i=1

where ¢ = Ay + g >["; i < —Iny/p. By Theorem 3.1, the trivial solution of (4.1) is globally
exponentially stable. O

Corollary 4.2. Let p = sup, {tk — tk-1} < oo. Assume that there exist scalar numbers a; > 0 (1 <
i<m),0<a<1andnsuch that

x"F(t,x,0) < ylxf, (4.8)

|F(t,x,y) — F(t,x,0)| < szi|yi|, (4.9)
i=1

lx + Ik (x)| < alx]| (4.10)

forallt > ty, x e R", y=(y1,...,ym) E R, ke N
If

Sl a + Ina

; S < 0, (4.11)

n+

then the trivial solution of (4.1) is globally exponentially stable.

Proof. Let V(t,x) = xTx = |x|?, then we can easily see that condition (i) of Theorem 4.1 holds.
Forx e R"and y = (y1,...,Ym) € R”", from (4.8) and (4.9), we can calculate that

Vi(t,x) + Vi(t,x)F(t,x,y) = 2xTF(t, x,y) =2x"F(t,x,0) + 2xT [F(t,x,y) - F(t,x,0)]
. (4.12)
< 2nlxf + 2> ailx| - |yil.

=1
Let y = a?, by the inequality ab < (a® + b*)/2, we have

‘1/2|x|2+ 1/2 i2
el -yl = (4 l) (V4] ) < L lvil” (4.13)
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Substituting (4.13) into (4.12), we obtain

Z a m m
Vi(t,x) + Vi(t,x)F(t,x,y) < <211 + %) x| + Yl/zzailyi|2 = Aolx|* + Z)ti|yi|2,
i=1 i=1
(4.14)
where Ao =21+ 3" a;i/a, A =y ?a;,i=1,...,m.
From (4.11), we have
mA 1
Ao + Z”—l + i <0. (4.15)
Y
The conclusion follows from Theorem 4.1 immediately and the proof is completed. O

Remark 4.3. Let ¢ = infren{tx — tkie1} > 0. If y > 1, by Theorem 3.2, we can also give some
other results on global exponential stability for (4.1). For the details, we omit them here.

Example 4.4. Consider a scalar nonlinear impulsive delay differential equation

x'(t) = F(t,x(t), x(t - 6(1))), t#k,
Ax(te) = ckx(ty), t=t, k€N, (4.16)
x(s) = ¢(s), se[-7,0]

ont > 0, where 6 : R* — [0, 7] is a continuous function, ¢x € R, and

F(t,x,y) =bx - 11—0x3 —ycost, (4.17)

with x = x(t),y = x(t - 6(t)), b > 0.
From (4.8)-(4.9), we can see = b, a1 = 1. By Corollary 4.2, if there exists a scalar
number 0 < a < 1, such that

1 1
N+cl <a,  b+—+—2<0, (4.18)
a p
then the trivial solution of (4.16) is global exponentially stable.

Example 4.5. Consider the following linear impulsive delay system:
xX'(t) = Ax(t) + Bx(t = 6(t)), t#t, t>0,

Ax(tc) = Cex(ty), t=t, k€N, (4.19)
x(s)=¢(s), -T1<s<0, p€PC,
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where

0.1 02 -01 -0.12 0.03 0 -05 0 0
A=102 015 03|, B=1]012 -02 0.05], Ce=| 0 -08 0 [, (420)
0 024 0.1 0 014 -0.1 0 0 -04

6 :R* — [0, 7] is a continuous function. Since Ay (A) = —0.2315 and Apax(A) = 0.4388, we
can not use the results in [5, 14] to determine the exponential stability. From Corollary 4.2,
we can choose 1 = Amax ((A+AT)/2) = 0.4409, a; = ||B|| = 0.2905, & = || +Cy|| = 0.6, by (4.11),
we obtain that if sup, {tk —tx-1} < —alna/(a; + al;) = 0.5521, then trivial solution of (4.19)
is globally exponentially stable.

Remark 4.6. For (4.19), the authors in [15] chose 6(t) = (1/40)(1 + e™"), T = 0.05, sup, . {tx —
tie1} < 0.2 such that 7 <t — 1 < 0.2. However, if 7 > sup,y{tk — tk-1}, the results in
[15, 16] fail to determine the global exponential stability.

5. Conclusion

In this paper, some new Razumikhin-type theorems on global exponential stability for IFDEs
are obtained by employing Lyapunov-Razumikhin technique. Some applications to IDDEs
are also given. It should be mentioned that our results may allow us to develop an effective
impulsive control strategy to stabilize an underlying delay dynamical system even if it may
be unstable in practice, which is particularly meaningful for applications in engineering and
technology. Two examples are also given to demonstrate the effectiveness of the theoretical
results.
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