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In a recent communication we reported the self-similarity in radial Walsh filters. The set of radial Walsh filters have been classified
into distinct self-similar groups, where members of each group possess self-similar structures or phase sequences. It has been
observed that, the axial intensity distributions in the farfield diffraction pattern of these self-similar radial Walsh filters are also
self-similar. In this paper we report the self-similarity in the intensity distributions on a transverse plane in the farfield diffraction
patterns of the self-similar radial Walsh filters.

1. Introduction

A self-similar object is exactly or approximately similar to a
part of itself; that is, the whole has the same shape or structure
as one or more of the parts. Self-similarity is a typical
property of fractals [1]. Derived from radial Walsh functions
[2–4], radial Walsh filters form a set of orthogonal phase
filters that take on values either 0 or 𝜋 phase, corresponding
to +1 or −1 value of the radial Walsh functions over the
prespecified annular regions of the circular filter. They may
be considered as binary zone plates [5, 6] and have wide
range of applications [7–15]. The order of the Walsh filter is
equal to the number of zeros crossing within the specified
domain.Various orders of theWalsh filters having self-similar
replicating phase sequences constitute a group. It has been
shown that the axial intensity distributions in the farfield
diffraction pattern of a pupil with these self-similar groups
of filters are also self-similar [16].

Earlier studies on fractal zone plates and diffracting
apertures [17–22] were mainly confined to the case of axial
intensity distribution. As a prelude to the study of the
three-dimensional light distribution in the farfield region,
it is necessary to study the characteristics of the intensity
distribution on the transverse plane in the presence of these
filters.

In this paper, we report our investigations on the trans-
verse intensity distribution on the farfield plane of a pupil
with radial Walsh filters. It is noted that the transverse
intensity distributions exhibited by the self-similar groups of
radial Walsh filters are also self-similar.

The next section deals with the farfield diffraction pattern
in the transverse plane. Section 3 deals with self-similarity in
the transverse intensity distribution of the self-similar radial
Walsh filters, followed by the concluding section.

2. Farfield Diffraction Pattern in
the Transverse Plane

With reference to Figure 1, the complex amplitude distribu-
tion on a transverse plane located at 𝑂 in the farfield of an
axially symmetric imaging system is given by [23, 24]

𝐹 (𝑝) = ∫

1

0

𝑓 (𝑟) 𝐽
0
(𝑝𝑟) 𝑟𝑑𝑟, (1)

where 𝑓(𝑟) is the circularly symmetric pupil function repre-
senting the complex amplitude distribution over the exit pupil
at 𝐸. 𝑟 is the normalized radial distance of a point A on the
exit pupil from the optical axis. 𝑟 = 𝐴𝐸


/𝜌max, where 𝜌max
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Figure 1: Exit pupil and image plane in the image space of an axially symmetric imaging system.

is the radius of the exit pupil. 𝑝 is the reduced diffraction
variable defined as

𝑝 =

2𝜋

𝜆

(𝑛 sin𝛼) 𝜒, (2)

where 𝜒 (= 𝑂𝑃) is the geometrical distance of a point 𝑃 on
the transverse farfield plane from the centre of the diffraction
pattern. (𝑛 sin𝛼) is the image space numerical aperture. 𝑘,
the propagation constant, is equal to (2𝜋/𝜆), where 𝜆 is the
operating wavelength.

For an aberration-free pupil having uniform amplitude,

𝑓 (𝑟) = {

1, over the aperture
0, elsewhere.

(3)

The normalized complex amplitude distribution on the
transverse plane is

𝐹
𝑁
(𝑝) =

𝐹 (𝑝)

𝐹 (0)

= 2∫

1

0

𝑓 (𝑟) 𝐽
0
(𝑝𝑟) 𝑟𝑑𝑟. (4)

For a phase filter consisting of 𝑀 concentric equal area
annular zones, place on the exit pupil of the imaging system,
𝑓(𝑟)may be expressed as

𝑓 (𝑟) =

𝑀

∑

𝑚=1

𝑓
𝑚
𝐵
𝑚
(𝑟) . (5)

𝐵
𝑚
(𝑟) are radial Walsh block functions defined as

𝐵
𝑚
(𝑟) = {

1, 𝑟
𝑚−1

≤ 𝑟 ≤ 𝑟
𝑚

0, otherwise,
(6)

where

𝑟
𝑚
= [

𝑚

𝑀

]

1/2

, 𝑟
𝑚−1

= [

𝑚 − 1

𝑀

]

1/2

. (7)

The normalized complex amplitude distributions on the
transverse plane is

𝐹
𝑁
(𝑝) = 2

𝑀

∑

𝑚=1

𝑓
𝑚
∫

1

0

𝐵
𝑚
(𝑟) 𝐽
0
(𝑝𝑟) 𝑟𝑑𝑟

= 2

𝑀

∑

𝑚=1

𝑓
𝑚
∫

𝑟
𝑚

𝑟
𝑚−1

𝐽
0
(𝑝𝑟) 𝑟𝑑𝑟 = 2

𝑀

∑

𝑚=1

𝑓
𝑚
J
𝑚
(𝑝) ,

(8)

where

J
𝑚
(𝑝) = [

𝑟
𝑚
𝐽
1
(𝑝𝑟
𝑚
) − 𝑟
𝑚−1

𝐽
1
(𝑝𝑟
𝑚−1

)

𝑝

] . (9)

For a phase filter having the same phase 𝑘𝜓
𝑚
over the 𝑚th

zone

𝑓
𝑚
= exp [𝑖𝑘𝜓

𝑚
] . (10)

From (8) and (10),

𝐹
𝑁
(𝑝) = 2

𝑀

∑

𝑚=1

exp [𝑖𝑘𝜓
𝑚
]J
𝑚
(𝑝) . (11)

The normalized intensity distribution on the transverse plane
is

𝐼
𝑁
(𝑝) = 4

𝑀

∑

𝑚=1

𝑀

∑

𝑢=1

[cos {(𝑘𝜓
𝑚
) − (𝑘𝜓

𝑢
)}]J
𝑚
(𝑝)J

𝑢
(𝑝) .

(12)

3. Self-Similarity in Transverse
Intensity Distributions of Self-Similar
Radial Walsh Filters

As discussed in detail in our previous communication [16],
distinct groups of Walsh filters demonstrate self-similarity
among their constituents. Groups were divided into sub-
groups and members of each subgroup were expressed by
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Figure 2: Transverse intensity distribution curves for radial Walsh filters of Group I, orders 1, 3, 7, 15, and 31.

an analytical expression 𝑍(𝜎). Details of the genesis of the
subgroups were also discussed. On the basis of this classifi-
cation the transverse intensity distribution curves for some
of the groups of self-similar Walsh filters are put forward in
this section. Our studies aremostly limited toWalsh ordersk
within the range (0, 31). It has been observed that each group
or more precisely each subgroup has unique self-similar
transverse intensity patterns exhibited by its members.

Radial Walsh filters of Group I, that is, orders 1, 3, 7, 15,
and 31, produce self-similar transverse intensity distribution.
Orders 1 and 3 exhibit distinct dual maxima around the point
𝑂
 along the transverse direction and fainter side lobes as

illustrated in Figure 2. As we move from lower to higher
orders, the two peaks on either side of the origin decrease
in intensity and keep breaking into secondary and tertiary
peaks. The number of fainter side lobes increases and their
intensity decreases. However, the central peaks with their
subpeaks maintain an intensity level much higher than the
fainter side lobes. The horizontal change in scale in the

transverse intensity distributions of the various members in
Figure 2 was made to accommodate the two central lobes
of highest intensity and few side lobes in the figure. Similar
explanations hold for the horizontal scale change in the
transverse intensity distributions for the various members of
the other subgroups.

Subgroup IIAmembers are radialWalsh filters of orders 2,
4, 8, and 16. Order 2 exhibits transverse intensity distribution
with dualmaxima and adjacent fainter side lobes as illustrated
in Figure 3(a). Unlike Group I, as we move from lower to
higher orders, the two central peaks on either side of the
origin decrease in intensity and the side lobes shoot up in
intensity to comparable scale as that of the central lobes.
However, the number of side ripples keep increasing with
increase in order.

Aswith subgroup IIA, the general trend observed for each
subgroup is that, with increase in order of filters within a
particular subgroup, as we move from lower to higher orders
the side ripples increase in number and the intensity of the
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Figure 3: Continued.
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Figure 3: (a) Transverse intensity distribution curves for radial Walsh filters of Group IIA, orders 2, 4, 8, and 16. (b) Transverse intensity
distribution curves for radial Walsh filters of Group IIB, orders 6, 12, and 24. (c) Transverse intensity distribution curves for radial Walsh
filters of Group IIC, orders 14 and 28.

lobes near the origin and side ripples fall in magnitude. The
decrease in intensity for the central lobes near the origin
is more compared to the side lobes with the consequence
that the side lobes shoot up in intensity to match the scale
of the central lobe of that particular order. However, each
subgroup has a unique self-similar pattern exhibited by its
members.

Subgroup IIB contains Walsh orders 6, 12, and 24. These
filters produce self-similar transverse intensity distributions
with dual maxima pair placed on either side of the origin and
side ripples in the form of triplet pairs placed symmetrically
on either side of the dualmaxima as illustrated in Figure 3(b).
With increasing order of the filters, the transverse intensity
patterns follow the general trend.

Subgroup IIC contains Walsh orders 14 and 28. These
filters produce self-similar transverse intensity distributions
as illustrated in Figure 3(c). The distribution consists of
dual maxima and side lobe attached to the maxima just on
either side of the origin. The ripples on either side of the
maxima are comprised of faint dual and triplet intensity pairs,
respectively, from the maxima, on either side of the origin.
With increasing order the patterns follow the general trend
and the side ripples increase in number to destroy the exact
dual and triplet nature of the intensity distribution of the
ripples.

Members of Group IIIAA, that is, radial Walsh filters of
orders 5, 11, and 23, produce transverse intensity distribution
curves as illustrated in Figure 4(a). The pattern includes dual
maxima on either side of the origin with fainter ripples of
almost equal intensity.

Subgroup IIIAB contains Walsh orders 13 and 27. The
self-similar transverse intensity distributions produced by
these orders are depicted in Figure 4(b). The pattern has
dual maxima placed on either side of the origin. The side
ripples, respectively, from this maximum on either side of the
origin consist of a triplet and a dual intensity distribution.
Ripples are found between the dual and the triplet in the
lowest order 13. With increasing orders the general trend is
followed.

Subgroup IIIBA contains Walsh filter of orders 9 and 19.
These orders produce self-similar transverse intensity distri-
bution with higher side lobes as compared to the two central
lobes on either side of the origin, as illustrated in Figure 4(c).

Walsh orders contained in subgroup IVAAA, that is, 10
and 20, produce self-similar transverse intensity distribution
as illustrated in Figure 5. The patterns depict dual maxima
on either side of the origin with side lobes. Triplets and
doublets are seen just adjacent to the side lobe of the central
lobe, followed by fainter side ripples. Unlike Subgroup IIIAB
member 13, no ripples are found between the dual and the
triplet in the lowest order 10.

It may be noted in Figures 2–5 that within each subgroup
the intensity profiles are self-similar, which is a consequence
of the inherent self-similarity in members of that subgroup.
It may also be noted from these figures that, with increasing
member order within a subgroup, the lobes become narrower
with decreasing intensity and the distance between them
increases. This is a general trend observed in the transverse
intensity distributions of members of a subgroup.

Some studies were carried out on other subgroups whose
first member falls within the range (0, 31) of k. It was
observed that subgroups containing orders 17, 18, 21, 22, 25, 26
29, and 30 aremembers of subgroups containing higher order
Walsh filters. They produce transverse intensity distributions
with slight variations from the patterns mentioned above and
illustrated in Figures 2–5.

4. Concluding Remarks

The focusing properties of radial Walsh filters both in the
axial and in the transverse directions portray self-similarity
which can be correlated to the self-similar structures of
the diffracting apertures, a characteristic exhibited by other
fractal zone plates and diffracting apertures. This feature
may be exploited in practice to produce complex 3D light
distribution near the focus which finds application in 3D
imaging, lithography, optical superresolution, optical micro-
manipulation, and optical tomography, to mention a few.
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Figure 4: (a) Transverse intensity distribution curves for radial Walsh filters of Group IIIAA, orders 5, 11, and 23. (b) Transverse intensity
distribution curves for radialWalsh filters of Group IIIAB, orders 13 and 27. (c) Transverse intensity distribution curves for radialWalsh filters
of Group IIIBA, orders 9 and 19.
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Figure 5: Transverse intensity distribution curves for radial Walsh filters of Group IVAAA, orders 10 and 20.

The inverse problem where a phase filter needs to be synthe-
sized in accordance with a prespecified transverse intensity
profile may be solved using the self-similar property of the
energy efficient radial Walsh filters.
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