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This paper studies the existence and uniform asymptotic stability of pseudo almost periodic solutions to Cohen-Grossberg neural
networks (CGNNs) with discrete and distributed delays by applying Schauder fixed point theorem and constructing a suitable
Lyapunov functional. An example is given to show the effectiveness of the main results.

1. Introduction

Since the model of Cohen-Grossberg neural networks
(CGNNs) was first proposed and studied by Cohen and
Grossberg [1], it has been widely investigated because of the
theoretical interest as well as the application considerations
such as optimization, pattern recognition, automatic control,
image processing, and associative memories. In recent years,
there are many important results on dynamic behaviors of
CGNN:s. For instance, many sufficient conditions have been
successively obtained to ensure the existence and stability
of equilibrium point of CGNNs [I1-10]. Some attractivity
and asymptotic stability results have also been published
[3, 11-14]. Many authors specially devote themselves to study
the existence and global exponential stability of periodic or
almost periodic solution to CGNNs [15-30]; for the other
dynamic properties, see also the literatures [31, 32]. However,
to the best of our knowledge, few authors have discussed
the existence and the global uniform asymptotic stability of
pseudo almost periodic solutions to CGNNG.

In this paper, we discuss the existence and the global uni-

form asymptotic stability of pseudo almost periodic solutions
to the following CGNNSs:

x; (1) = =a; (x; (1)

x | b (% (0) = Y6 @ f; (x; )
j=1

- 209, (x; (t -7 1)),
=

_leij ® LO Gy (t =) (x,(9))ds— 1, (®) |,
=

t>0,

x;(t) =D, (), t<O0,

)

where ¢;(t), d;;(t), p;;(t), Ii(t), ,(t) € C(RR), 7(t) €
C(R, R") are pseudo almost periodic functions.

The organization of this paper is as follows. In Section 2,
some basic definitions, marks, and lemmas are given. In
Section 3, some results are given to ascertain the existence
of pseudo almost periodic solution to the system (1) by



applying Schauder fixed point theorem. In Section 4, the
global uniform asymptotic stability of pseudo almost periodic
solutions to the system (1) is obtained. In Section 5, an
example is provided to demonstrate the effectiveness of the
main results. In Section 6, the final conclusions are drawn.

2. Preliminaries

In this section, some basic definitions, lemmas, and assump-
tions are introduced.

Definition 1 (see [33]). f(t) € BC(R,R) is said to be Bohr
almost periodic if, for all € > 0, set

T (fre)={|f(t+1)- f ()| <eVteR} ()

is relatively dense. Namely, for any € > 0 there exists a number
I = I(e) > 0 such that every interval [a,a + [] contains at
least one point of T = 7(¢) such that | f(t + 1) — f(t)| < €
for every t € R. The collection of those functions is denoted
by AP(R,R™). Define the class of functions PAPy(R,R™) as
follows:

PAP, (R,R™) = {f € BC(R,R") |
Lo 3)
ThTmEfIJ"fUMdt:O}

Definition 2 (see [34]). A function f € BC(R,R™) is called
pseudo almost periodic if it can be expressed as

f=hHh+fe (4)

where f; € AP(R,R™) and f, € PAP,(R,R™). The collection
of such functions will be denoted by PAP(R, R™).

Remark 3. From the definitions above, we have AP(R, R™) ¢
PAP(R,R™).

Lemma 4 (see [3]). PAP(R,R™) is a Banach space with the
norm |@| = sup,gld(t)|.

Lemma 5 (see [19]). If f(t,u) € C(R x D,R™), where D is an
open setin R™ or D = R™, C(R x D, R™) denote continuous
function class. Suppose f € PAP(R x D) satisfies the Lipschitz
condition

If (bu) - f(Ev)| < Llu—v|,

if §(t) € PAP(R), then the composite function f(t,$(t)) €
PAP(R). Suppose f: Rx C — R™; then the equation

X (1) = f(tx) ©)

is called lagging-type almost periodic differential equation. The
following system (7) is defined as the product systems of (6):

LW=fltx®), YO=fltyw®). @

Lemma 6. Suppose ¢(t) € PAP(R,R™); then ¢(t — 7) €
PAP(R,R™) forall T € R.

Vt € R, u,v € D; (5)
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Proof. From Definition 2 of the PAP, we have ¢ = ¢, + ¢,
where ¢, € AP(R,R™) and ¢, € PAP,(R,R™). Clearly ¢(t —
T) = ¢, (t—7)+¢, (t—7); it is easy to know ¢, (t-7) € AP(R,R™)
and

1 T 1 T-1
0< T LT o (t — )| dt = T LTH) o ()] dt

8
T+71 1 ®)
<

T+t
T 2(T+1) Lﬂ

: M’o (t)| dt.

This indicates that ¢y(t — 7) € PAP)(R,R™). So ¢(t — 1) €
PAP(R,R™). ]

Definition 7. Assume that x*(t) is a pseudo almost periodic
solution of system (1). By a translation transformation y(t) =
x(t)—x"(t), system (1) is transformed into a new system. If the
zero solution of new system is globally uniformly asymptoti-
cally stable, then the pseudo almost periodic solution of
system (1) is said to be globally uniformly asymptotically
stable. As for the uniform asymptotical stability, see [35].

Lemma 8 (see [33]). There is a continuous functional
Vit,o,y) fort > 0,9,y € Cy, Cyy = {9 : @ € C, 9| < H},
lpl = supge(_,.ol9(O)| such that

(H'2.1) u(lp - yl) < V(t, 9, 9) < vl(lp - yl);

(H'22) IVt 91, y) -Vt 90 92| < kl91 =5+ 1y~

)

(H'2.3) V('7)(t, Q,v) < —aV(t,e,y),

where a is a positive constant and u(s) and v(s) are continuous
nondecreasing functions; when s — 0, u(s) — 0,k isa
positive constant. At this time, if (7) has a bounded solution
x(t,0,¢) such that |x(t,0,¢)| < H,, wheret > o > 0,
H > H, > 0, then (6) in Cy has a unique almost periodic
solution which is uniformly asymptotically stable.

Throughout this paper, we make the following assump-
tions.

(H2.1): Functions g;(u) are continuous bounded and
there are positive constants a;", a; such that

0<a, <a;(w)<a’, YueR i=12,....m (9

(H2.2): Functions b(u) € C(R,R) and there exist
positive constants b, , bi+ such that

b;SMSb;) u:/;V,
u-—v (10)

Yu,v € R, b, (0) =0.

(H2.3): Cij(t)) d,’j(t), P,‘j(t): Ii(t) € C(R,R), Tij(t) €
C(R, R") are pseudo almost periodic functions:
supg; (f) = c;. >0, supd; (t) = d;rj >0,
teR teR

supl; (t) = I >0,
teR

+ (11)
supp;; (t) = p;; > 0,
teR

where R* = [0,00),1,j=1,2,...,m.
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(H2.4): Delay kernel functions G : [0, +0) —
[0, +00) are piecewise continuous and integrable

+00
J G;; (u) du=1,
0

J uG;; (u) du < +00, (12)
0

i,j=12,...,m.
(H2.5): Functions fj(u),gj(u),hj(u) € C(R,R)

satisfy the Lipschitz condition; namely, there exist
nonnegative constants L? , L? ,and L’} such that

'fj(u)—fj(v).SLJ;lu—vL Yu,veR, j=1,2,...,m,
|gj(u)—gj(v)|sL?|u—v|, Yu,v €R, j=1,2,...,m,

|hj(u)—hj(v)| sL?lu—vI, Yu,v€R, j=1,2,...,m.
(13)

3. The Existence of Pseudo
Almost Periodic Solution

In this section, we study the existence of pseudo almost
periodic solution to system (1).

It follows from (H2.1) that the antiderivative of 1/a;(x;)
exists. Then we choose an antiderivative F;(x;) of 1/a;(x;)
that satisfies F;(0) = 0. Clearly, Fl.'(xi) = 1/a;(x;). Because
a;(x;) > 0, F(x;) is increasing about x; and the inverse
function F[l(xl-) of F,(x;) is existential, continuous, and
differential. Then (Fi_l(xi))' = a;(x;). Denote Fi'(xi)xf(t) =
xlf t)/a;(x;(t)) = ul{(t); we get x;(t) = Fi_l(ui(t)). Substituting
these equations into system (1), we get the following equiva-
lent equation:

u 0)= ~ b (F" (1))

+ 260 f; (F (1))
=

+ 2.dy 0.9, (F' (u; (£ -7 0)))
=1 (14)

+ 3 p; (1) J G, (t - s) b (Fj_l (u;(s))) ds
j=1 0

+1;(t), t=0,

u; (t) = EH(@; (1) = ¢ (1), t<0.

From (14), we get b(F, ' (;(t))) = [b(F " Ou:(0)))) u;(t) =
b7 (u;(t))u;(t), where 0 < 6; < 1. Putting it into (14), we obtain

W (1) = b (1,05 ()

+ 6 @) f;(F (4 0))
j=1

m

+ )i (0 g (F;' (w; (¢ -7 1))
= (15)

+Y pyi (®) J G, (t—s)h; (Fj‘1 (u;(s)))ds
=1 oo
+1; (1),

w; () = F (D, (1) = ¢, (1),

t>0,

t<O0.

Thus, system (1) has at least one pseudo almost periodic
solution if and only if the system (15) has at least one pseudo
almost periodic solution. So we only consider the pseudo
almost periodic solution of system (15). By Lagrange theorem,
we have

B ) B ) = [ (8= )] )
(16

= |a; (v+6; (u—v))|lu—-v|.
Again by (H2.1), we get
a lu-v < |F;‘ (u)-F" (v)| <a lu-v. (17)
Combined with (H2.2), we have
(H3.6):b a; <b/(F'() <b'a;.

In order to prove the main results, we give the following
lemma.

Lemma9. Suppose that assumptions (H2.2)-(H2.5) hold and
if p(t) € PAP(R,R™), then

G = J;oo G;; (t—s)¢;(s)ds € PAP(R,R), )

i=1,2,...,m.

Proof. From Definition 2, we have ¢; = ¢, + ¢;; then

t

G = J:)O Gj;(t=s)¢; (s)ds + J

G (t=3)jo (s) ds

= Cij1 + Cijo-

(19)

Firstly, we prove C,-j1 € AP(R,R). For any € > 0, there
exists a number [ = I(e) > 0 such that every interval [a, a + []



contains at least one point of T = 7(€) such that Igbjl(t +7) —
(/>j1(t)| < e for every t € R. Therefore, from (H2.2)-(H2.4),
we obtain

'Cijl (t+71)-Cij (t)|

J_(p G (t+7-5)¢;; (5) ds

t
[ Gye-94, s

(20)
t

= J_ 'Gij (- S)' '901‘1 (s+7)—¢j (S)| ds

<e r |Gij (t - s)| ds

<€

so that C;;; € AP(R, R).
And then we show that C; jo € PAP, (R, R) because

. 1
TEHEOOZT J |C’]0| dat

1 T
=sup lim —
tEET—wooZT J

| Gye-9¢n@adar

< sup lim L J |G,] (u)| J

tERT—)+002T

'gbjo (v) dv' du

=0.
(21)

Thus C;jy € PAPy(R, R). So C;; € PAP(R, R). O

Theorem 10. Suppose that (H2.1)-(H2.5) and (H3.6) hold; if

a+
_ f
S—Img'gn{b - E (L c++Lgd++L]pU)} <1, (22

11]1

then the system (1) has at least one pseudo almost periodic
solution.

Proof. For all z(t) = ¢@t)" = (¢,(t),...,9,) €
PAP(R,R™), we define the nonlinear operator T : z(f) —

T(2)(t) = z4r(t) = (x4(t)", where

t .
X, () = J e J, & (@i()dz

—00

. [z 9 (5 (9,9)
j=1
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(45 (s-79)))

+ Zdv (s) g](

j=1

29 [ Gyt (57 ()

+I; (s) ] ds
(23)
Now, we prove that
T : PAP(R,R™) — PAP(R,R"). (24)
Let
= 256 55 (F (¢;))
=
+ Zdu ©)9; (5 (4 (s -7 9))
+ Y by (s)J Gy (s=v)h; (F;' (¢;()) dv+I;(s).
=1
] (25)
For z(t) € PAP(R,R™), conditions (H2.2)-(H2.4),

Lemmas 5, 6, and 9, and the composition theorem in [16],
we will get E;; € PAP(R,R), Vi, j = 1,2,...,m
From Definition 2, we have E; = E; + Ej, Vi,j =
}[LZ,...,m. Where Ej;; € AP(R,R) and E;j, € PAPy(R,R).
en

t
xg, (1) = J ¢ LB @y (s)ds

ijl

t t.
N J o LT g (26)
—00

- Tz]l + Tz]O’

where Tj; = j_too el b;(‘bf(f))dTEijl(s)ds and Ty

to~
Ltoo e Job (¢i(T))dTEij0 (s)ds.

Because E;;; € AP(R,R), for any € > 0, there exists a
number [ = () > 0 such that every interval [a, a +] contains
at least one point of § = §(¢) such that supth|Eij1(t +0) -
E;j(t)] < eforeveryt € Rand Vi, j = 1,2,...,m. Hence, we
obtain

|T50 (£ + 8) = Ty, (8)]

t+8 t+8 d
J b (o)) ", () ds

—00
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t .
_ J e Js b; (¢i(T))d1Eijl (s)ds
-0

t+1
J W | By (54 6) - By (9)]ds

IN

ijl ij1
—00
€
<=
b a;
(27)
so that T;;; € AP(R,R).
And lj)ecause
I s d
Tl_lg_looﬁ J J e L 7 (@i(7) TEijO (s) dsl dt
- —00

T t Lo d
,[T e U@y () ds| dt

.
< lim —
T—+002T

T
+ lim ij

-T to.
.[ e kb (¢i(7))dTEi o (s)ds|dt
T—+002T J)_ —00 J

< lim —J "qu (t)" dtJ et g

T—+002T

su E., ()| (T T,
+ lim Prer | ijo | J dr <J 'e_b" a; (t-s)
=T —00

T — +00 2T

5

T
= Tl—i>r+r—loo 2Th; a; ,[_T "EUO (t)" dt

su E; i (1)
+ lim pt€R| j0 _ | (1 el (2T))
T—xeo 2T(ba;
—0+ lim SUPrer |ElJO (t)| ( _efb{u,-’(zT))
T — +00 2T(b
= 0’
(28)
thus Tjj, € PAPR(R,R). So Vi,j = 1,2,....m,xy(t) €

PAP(R, R). Therefore z(¢)r(t) € PAP(R,R™).
From Lemma 9, X = PAP(R, R™) is a Banach space. If

<1, (29)

then there exists a sufficiently large 8 > 1 such that

§<1-871 (30)
where
It
I=max{_l_}. (31)
L<ism | by a;

We choose a closed subset

B={z(t) =) = (¢ (1),.... 4, (1) € X: ||zl < B}

(32)

Firstly, we prove that T : B — B; thatis, TB C B.

From (29)-(32) and for Vz € B, we get

a;JZ (Ll + L%, + Ljpl])}

b, 0] < max {bi

(33)

IF
X ||z|| + — P <PS+I<P.
1 + max {b;a: } p+1<p
Secondly, we prove that the mapping T is completely
continuous.
By the continuity of the function f}, g;, h;, for any & > 0,
there is y = y(¢, ) such that

lu—vl <y,

[fiw - f;0)] < =

Yu,veB, j=12,....,m

g

Ljs
lg;@-g; < -  w-vis<y,

(34)
Vu,v€B, j=1,2,....,m
h

|r; ) - h; ()] < ?,

lu—vl <y,

Yu,veB, j=12,....m

Letw(t) = (y,(t),...,¥,,(t)), z,w € B,and ||z — w| < y; then
lzll < y,llwll < y and ¢j(t),1//j(t) € C(R, B); then, for any
s € R, we get |¢j(s) —y,(s)| < y. So, we have

Lfs
i (Fj (95 j y;(s L u-vi<y,
1 (5 (89)) = £ (5 (v, )] < = =
) L
lg; (5 (8, 9)) - £, (F (v, )| < - lu=vl<y,
-1 LP;S
FASFIRNSAY j vijls - lu-visy
[y (5" (¢ 9)) = £, (B (v @) = 5wl
(35)
IT (=) (£) = T (w) ()]l
<f§‘{‘i§1{ i Lfc++Lgd++L;Pz])}§ (36)
< £<
s 8 < &

Therefore, T is continuous.
Thirdly, we show that T' is compact.
Let S = {z(t) € X : |z| < K}, where K > 0 to be any

constant. We denote p = max,;.,,,{(a; /b a;) 2311 K (L?cij. +
ij.dJr Ljplj) + I7}. Then we have

IT (z) )| = Stlélglrglzi(n |x¢i (t)| <p, VzeS. (3



Hence, T is uniformly bounded. Then, from (23), we get
! ~
(o, O[] = =87 (x5, ©) %, ®)

+ 260 f (' (¢, 0))
j=1

(4 (t-m )

+ Zdu ®) g; (

Yy Gyte=omy (5" (9 )
j=1
+1; (1)

+ < + f o+ g 3+
<b'p+YaiK (Ui + L+ Lp}) + 1] < L,
=1
(38)

where

1<ism

L= max{bp+ZaK(Lfc++Lgd++L]pl]) }
(39)

Therefore, T is equicontinuous. By the Ascoli-Arzela the-
orem, the operator T' is compact; then it is completely
continuous. By the Schauder fixed point theorem, the system
(1) has at least one pseudo almost periodic solution. O

4. The Global Uniform Asymptotic Stability of
Pseudo Almost Periodic Solution

In order to discuss the global uniform asymptotic stability of
pseudo almost periodic solution to system (1), we give the
following assumptions:

(H4.1): delay functions Tl-j(t) e C'(R,RY) satisfy that
t;(t) < T;;. <Lij=12,....m

(H4.2): N = min,_;,{N;} > 0, where N; =
m m h
Bt 6L = D@L = o) = T L

Theorem 11. Assume that (H2.1)-(H2.5) and (H4.1)-(H4.2)
hold; then the pseudo almost periodic solution of system (1) is
globally uniformly asymptotically stable.

bi__

Proof. The product system of the system (1) is
x; (t) = —a; (x; (1))

b (x; (0) = Y e 0 f; (x; 1))
=
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= 2 dy () g (x; (7 1))
j=1

_le,.j ® LO Gy (t -5V, (x; (5)) ds — I, t)
e

yi(8) = —a; (3, (1))

x [bz (y; (®) - zcij ) f; ()’j (t))
=

Tij (t)))

- Dy ) g5 (7 (2 -

j=1

m t
_Z;pij (t) Jloo Gj; (= s)h; (yj (s)) ds—1I,(t)
=
(40)

In order to apply the conclusion of Lemma 8, we construct a
Lyapunov functional about product system (40)

V)=V, () +V, () + V5 (1), (41)
where
m x;(t)
Vi s|s
0= ; I,m a; (s) ‘
o diL
0= -y ] ds
i=1j=1 ij (1)

+0o t
Vs (1) = Zzpq j J Gij (s) J;_S |xi () -y, (M)| duds.

i=1j=1
(42)

Let X(t) = x(t)" = (x,(t), ..., %,(&) and Y(t) = y(t)" =
i (@®),..., ym(t))T. For product system (X, Y), we receive
X -Y|<V(,X(@),Y())

d+g+

s;{ pe Z 1’1_1 Tij Zp,] j G,j(s)sds}

’J

x |x; (1) = y; (1)

'MS

I
—

UONACESAG]

1

<M|X-Y],
(43)

where M; = (1/a;) + ZJ 1(d+LgT+/(1 -1 )) +

i
N
Yia p;;.Li’ IOOOGij(s)sds and M = maxlggm{Mi}. Let
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u(s) = s and v(s) = Ms; we easily know it satisfies condition
(H'2.1) of Lemma 8. Then we obtain

V(X Y)-V (XYY
m

x;(t) 1 m x; (1) 1
Z J dsl - z J ds’
Sl as) o a;(s)
m m d+L5

ij j o
' ZZ -7} JtTij(t) |xi )= (5)| ds

. t
_ i Foo o
Y[ @ )ds

i=1j=1 ij Yt

_ ZZp:;L? JO - G;; () J'H |2; () = y; (w)| duds
n +00 t
_ZZP;;LJ. L Gy (s) L_S |x! () - y (u)| duds

< %pw O+ Y= [ © -5 ©
i=1"

1=1

m m Jtr9

+ZZlirjf’f

i=1j=1 ij

x J Y (|x; () = x; ()| + |y; (5) = /" (s)|) ds

~T;j

Y[ 6

i=1j=1
t
x L_ ds (|x; (1) = x; ()] + |y; @) =y @©)])

<M(|X-X"|+]y -Y*)).
(44)

We also know that it satisfies condition (H'2.2) of Lemma 8.

Calculating the upright derivative of V,(t), V,(t), and
V,(t) along the system (40), respectively, and noting that
((1 = ;()/(1 - T;]T)) > 1, we have

D'V, (t)|(40)

[\/]3

Xy ]

gn (x; (t) - yz())[ai(xi(t)) a; (y; (1))

1

i{ s (x; (£) = b (3 ()

x; (8) = y; () |, (£) = y; (8)]

CUL{ [ © = ;0

+ Zd;L? 'xj (t — T (t)) —Jj (t —Tij (t))i

+le,»§Lﬁ JO G;; (s) |xj(t—s)—yj(t—s)'ds}
=

Ms

{ b7 |x; (1) - y; ()] + ZC,JLJJ’ |x; () - y; 1)

11
—_

i

+ Zd;Li |xj (t - T (t)) —)j (t = Tij (t))'

[ a0l -0 e-sla.

D'V, (1) )

m m g
ZZ 1 % (6) - y; (0)]
i=1 1 'J

x(t-7;0) -y (t -1, (t))| ;

g
) ii djLs
i=1j=1 1- zj

D'V, (1) o)

= ZZPU f j Gy (s) |x; (£) = y; (1) ds

i=1j=1

_ ZZp;LJ;J Gy (8) |x; (t =) = y; (t = 9)| ds.
i=1j=1
(45)
Combining (45) and assumptions (H4.1) and (H4.2), we get

.
D V(t)|(40)

{b+2%#

X |x; () = y; (1)

HM§

i

(46)

S _NZ |x; (8) = y; (8)]

=1
<-aVv(t).

From assumption (H4.2), we havea = N/M > 0.

By Lemma 8, the pseudo almost periodic solutions of
system (1) are globally uniformly asymptotically stable. This
completes the proof. O



Corollary 12. Consider the following periodic CGNNs sys-
tems:

X (1) = —a; (x; (1))

x |:bi(xi ®) = Y6 @) f; (x; )
j:l

=2 d () f; (x; (£ - 7, )
j=1

_leij ®) LO Gy (t=9) f,(x;(5))ds—L,®) |,
e

t>0,

X, () =@, (1), t<O0,

(47)

wherei =1,2,...,m, and the following assumptions hold.

(G4.1): Functions a;(u) are continuous bounded and
there are positive constants a;', a; such that

0<a{£a,»(u)£ai+, VueR, i=1,2,...,m. (48)
(G4.2): Functions b(u) € C(R,R) and there exist
positive constants b, , b such that
bi_SMSbi+, u+v,
u-—v (49)
Yu,v € R, b,(0) = 0.

(G4.3): cij(t), dij(t) and pij(t), I,(t) € C(R,R), T,-j(t) €

C(R, R") are all periodic functions, and

supg;; (t) = c;]’. > 0, supdij ) = d:'j > 0,
teR teR

(50)
suppy; () = pj; > 0, supl; (t) = I >0,
teR teR
where R* = [0,00),4,j=1,2,...,m.
(G4.4): Delay kernel functions G [0,400) —
[0, +00) are piecewise continuous and integrable
+00 [oe)
J- G;j (u) du = I,J uG;; (u) du < +00,
0 0 (51)

i,j=1,2,...,m.

(G4.5): Functions fj(u) € C(R, R) satisfy the Lipschitz
condition; namely, there exist nonnegative constants L ;
such that

|f; )~ f;0)| <Ljlu-vl,

Yu,veR, j=1,2,...,m.

(52)
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(G4.6): If 6 = max,_;_,,{(a] /b, a;) ZT:1 Lj(c;]f + dfj +
P <L,

then the system (47) has at least one periodic solution.

Corollary 13. Assume that (G4.1)-(G4.6) hold and suppose
further that

(G4.7): delay functions Tij(t) e C'(R,R") satisfy that
le(t) < Tl‘j’ < 1, 1,] = 1,2,...,m.

(G4.8): N = min;;,,{N;} > 0, where N; = b -
m m * m

YLy = YL /(1 = 1)) = XL, piL s then

the periodic solution of system (47) is globally uniformly

asymptotically stable.

Remark 14. Recently, the global exponential stability of peri-
odic or almost periodic solution to CGNNs is studied by
many scholars (see [15-30]). However, few authors pay atten-

tion to the global uniform asymptotic stability. Corollaries 12
and 13 provide some new results.

5. An Example

An example is given to illustrate the feasibility of main results
in this paper. Consider the following simple neural networks:

x; (1) = —a; (x; (1))

2
X I:bi (x; (1) - Zcij () f; (xj (t))
=

2
- 2y ) g (x; (£ -7 1))
j:l
2 t
—leg ®) LO Gy (t—5)h; (x;(9))ds — 1, (1) |,
£

t>0,i=1,2,
(53)

where the initial functions x, (t) = 4+cos(nt)1, ¢ < 0, x,(t) =
5 +sin(2t), t < 0. g;(x;(t)) = 4 + cosmt — e Ol b,(x;(t)) =
5+ sin 2t — e %Ol Let

(511 (t) ¢ (t)>
0 (1) ¢, (t)
1 < cost+e O cog (\/Et) + et4sm4t>

I 44 2.4
14\ cos (\/gt) +e TSt gin (2f) e st
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(al11 (t) di, (t))
dyy (1) dyy (B)
1 sint +e

) ﬁ sin (\/gt) +e
(Pll () pia (t))
D1 () Py (B)

1 [ cos (\/gt) +

2 2 2 4
—t"cos”t —t"cos’t
e

COoS (\/Zt) +

4 4
sin (2t) + e <!

—tcos’t

A2 . A4
etcost Sln(\/gt)+€t605t

—tcos’t

14 cos(\/gt) +eteot gin (2t) +e
(54)
L) = L(t) = 2(sin(v30) + ), fi(x)) = gj(x;) =
hi(x;) = ((Ix + 1] = |x = 11)/2), G;;(u) = e ", 7;; = 4/5. Then,
we have af = 5,4, = 2, = 3,¢; =d;; = p; = 1/7,
LJ; = L? = LP]'. = 1, where i, j = 1, 2. Moreover
+ 2 7 5
5= L+ L%d; +L =-<1,
X e 2 (19 L+ Lipi) = 5
; 2 d:; 517 2 (55)
N;=b _ZC’]LJ e ZPIJ i=1>0,
ij
i=1,2.

Thus, by Theorem 10, we know that system (53) has at
least one pseudo almost periodic solution. It follows from
Theorem 11 that the unique pseudo almost periodic solution
of system (53) is globally uniformly asymptotically stable
(Figure 1).

6. Conclusions

In this paper, the existence and uniform asymptotic sta-
bility of pseudo almost periodic solutions of system (1) is
discussed. By applying Schauder fixed point theorem and
constructing a suitable Lyapunov functional, some sufficient
conditions are obtained to ensure the existence and uniform
asymptotic stability of pseudo almost periodic solutions of
system (1). The results have important leading significance
in the design and applications of CGNNs. In addition, an
example is given to demonstrate the effectiveness of main
results.

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

-10 -5 0 5 10 15 20 25 30
t

FIGURE 1: Simulated results of the solutions.
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