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Adinkras are graphical tools for studying off-shell representations of supersymmetry. In this paper we efficiently classify the
automorphism groups of Adinkras relative to a set of local parameters. Using this, we classify Adinkras according to their
equivalence and isomorphism classes. We extend previous results dealing with characterization of Adinkra degeneracy via matrix
products and present algorithms for calculating the automorphism groups of Adinkras and partitioning Adinkras into their

isomorphism classes.

1. Introduction

Several recent studies [1-10] have introduced and developed
a novel approach to the off-shell problem of supersymmetry.
In particular, a graph theoretic tool has emerged to tackle this
problem by encoding representations of supersymmetry into
a family of graphs termed Adinkras. This graphical encoding
has the advantage of allowing convenient manipulation of
these objects, with the goal of achieving a deeper understand-
ing of the underlying representations.

The classification of Adinkras is a natural goal of this
work, and various aspects of this have been dealt with
extensively in previous studies [2, 4, 8, 11], in which many
of the properties of Adinkra graphs have been ascertained.
The works of [2, 3] relate topological properties of Adinkras
to doubly even codes and Clifford algebras. The work in
[11] is particularly striking as apparently Betti numbers and
functions similar to those of catastrophe theory seem on the
horizon. However, we will not direct our current effort toward
these observations.

The GAAC (Garden Algebra/Adinkra/Codes) Program
began [12-15] with a series of observations of what appeared
to be universal matrix algebra structures that seem to occur
in all off-shell supersymmetrical theories. Two unexpected
transformations have occurred since this start. First, there
emerged Adinkras providing a graphical technology to rep-
resent these matrix algebras and second the connection of

Adinkras to codes. As the ultimate goal of this program is
to provide a definitive classification of all off-shell supersym-
metrical theories, the appearance of these new unexpected
discoveries continues to be encouraging that the goal can be
reached despite the pessimism surrounding this over thirty-
year-old unsolved problem.

The goal of this paper is to present a method of efficiently
distinguishing Adinkras, in other words, a way of efficiently
solving the graph isomorphism problem, restricted to this
particular class of graphs. This is achieved via a classification
of their automorphism group, together with an efficient algo-
rithm for computing this automorphism group for any given
Adinkra. In particular, we specify the automorphism group
of an Adinkra in terms of its associated doubly even code.
These codes are characterized in terms of local properties
of Adinkras, such that the codes, and hence the associated
equivalence and isomorphism classes of these graphs, can be
efficiently computed.

The structure of the paper is as follows: Section 2 provides
a formal graph theoretic definition of Adinkras, introduc-
ing some graph theoretic terms related to their study and
discussing some basic properties that are derived from the
definition. Section 3 defines the notions of equivalence and
isomorphism on the class of Adinkras. We relate Adinkra
graphs to doubly even codes, citing a result from [2] that all
Adinkras have an associated code. The work of [3] relating
properties of Adinkras to Clifford algebras is also discussed,



and we define a standard form for Adinkras, used in the
proof of later results. Section 4 establishes the main result
of this work, classifying the automorphism group of valise
Adinkras in terms of the related doubly even code. In
Section 5 these results are used to generalize some results of
[5] and provide a polynomial that partitions Adinkras into
their equivalence classes. In Section 6 this is extended to
isomorphism classes of nonvalise Adinkras, and we provide
an associated algorithm that accomplishes this partitioning.
Section 7 details some of the associated numerical methods
and results and provides some additional examples.

2. Adinkra Graphs

2.1. Graph-Theoretic Notation. The Adinkra graphs dealt with
in this work are simple, undirected, bipartite, edge-N-partite,
and edge- and vertex-colored graphs. Note that in previous
work [1-3] Adinkras are considered to be directed graphs.
However, as this information is naturally encoded into the
height assignment component of the vertex coloring, we
remove the edge directions here to simplify the analysis.

We define a few of the graph theoretic terms below. For a
more complete treatment, see [16].

A simple, undirected graph G = (V, E) consists of a vertex
set V together with an edge set E € V x V of unordered pairs
of V.

A graph is bipartite if its vertex set can be partitioned into
two disjoint sets such that no edges lie wholly within either
set. Equivalently, this is a graph containing no odd-length
cycles.

A graph G = (V,E) is edge-N-partite if its edge set E
can be partitioned into N disjoint sets, such that every vertex
v € V is incident with exactly one edge from each of these
N sets. In other words, a graph is edge-N-partite if it has a
1-factorisation.

Finally, a coloring of the edge or vertex set of a graph
is a partitioning of these sets into different colour classes.
Formally, this restricts the automorphism group of the graph
to the subset that setwise stabilises these colour classes, the
subset that does not map vertices (resp., edges) in one colour
class to vertices (resp., edges) in another.

2.2. Definition and Properties. Adinkra graphs were intro-
duced in [1] to study off-shell representations of super-
symmetry. Thorough definitions are provided in [2, 3, 8],
although, as mentioned above, they vary slightly from the
definition presented here in that for the purposes of this study
we will consider them to be undirected graphs. The most
current and complete definition of Adinkras can be found in
Definition 3.2 in the work of [2]. With that in mind, we use
the following definition of Adinkras for the remainder of this
work.

Definition 1. An Adinkra graph G = (V,E,hgt, y,7) is a
bipartite, vertex- and edge-coloured graph with the following
properties.

Each vertex in V' is coloured in two ways:

(i) a colouring y : V. — Z, corresponding naturally to
the bipartition (labelled as bosons and fermions);
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(ii) each vertex being given a height assignment, hgt: V. —
Z such that adjacent vertices are at adjacent heights.

The edges are also coloured in two ways:

(i) a partition into N colour classes corresponding to an
edge-N-partition of the graph;

(ii) an edge parity assignment s : E — Z,;we term these
two edge types dashed and solid.

Finally, the connections in the graph are essentially binary
in the following manner. Every path of length two having
edge colours (i, j) defines a unique 4-cycle with edge colours
(i, j,1, j). That is to say, of all 4-cycles including these two
edges, only one has the edge colours (i, j, 1, j). Such 4-cycles
all have an odd number of dashed edges.

We refer to the valence of an Adinkra as its dimension.
Hence an Adinkra with N edge colours (not counting edge
parity) is an N-dimensional Adinkra. There will generally
be an assumed ordering of the edge colours from I to N,
with the term i’th edges or i’th edge dimension referring to all
edges of the i’th colour. The edge parity is often referred to
as dashedness (see, e.g., [5]). In this work we also refer to it
as the switching state of an edge or set of edges, motivated by
a forthcoming analogy to switching and two graphs. Relative
to the edge-colour ordering, the switching state of an edge
e = (u,v) of colour i will be denoted alternately by 7;(u), 77;(v),
or 77(e) (referring to the 7’th edge of the vertex v or v or simply
the edge e).

The above conditions imply several additional properties.
The edge-N-partite restriction requires equal numbers of
bosons and fermions; hence the bipartition must consist
of two sets of equal size. Moreover, we have the following
important property.

Lemma 2. The number of vertices of any Adinkra is a power
of two.

Proof. Since the Adinkra is N-regular and edge-N-partite
and satisfies the 4-cycle property, there exists some n €
Z", n < N, such that, for any n-length subset of the edge
colours (i.e., removing all of the edges whose colour does
not lie within this subset), the Adinkra is simply an n-
dimensional hypercube or n-cube. Hence we have that the
number of vertices is equal to 2". Note that if n = N,
then ignoring edge and vertex colouring the resulting graph
is simply the N-cube. Hence we term the corresponding
Adinkra the N-cube Adinkra (in Section 4 we show that this
is unique to N). Where n # N, we denote the corresponding
Adinkra to be an (N, k) Adinkra, where k = N — n. ]

When drawing Adinkra graphs, we represent the bipar-
tition by black and white vertices. As in previous work by
Doran et al. [3], the height assignments will be represented
by arranging the vertices in rows, incrementally, according to
height.

Example 3. The Adinkras of Figure 1 satisfy all requirements
listed above. Note that nodes in the same bipartition (bosons
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FIGURE 1: (i) A 3-cube Adinkra and (ii) a (4, 1) Adinkra.

or fermions) must be at the same height of modulo 2 and
that every 4-cycle containing only two edge colours has an
odd number of dashed/solid edges. In case (i), this is simply
every 4-cycle; however case (ii) also contains 4-cycles with
four edge colours.

It is also worth mentioning at this point that the questions
of whether dashed edges correspond to even or odd parity,
and which of the black or white node sets correspond to
bosons or fermions, have been left ambiguous, as they do
not impact on the following analysis and often represent a
symmetry in the system. Also note that the absolute height
values of height assignments are also currently ambiguous, as
only relative values of height will be relevant to the following
work. Finally, we note that since this work is concerned only
with questions of equivalence and isomorphism of Adinkras,
the assumption of connectedness will be made throughout to
simplify the analysis, without loss of generality.

3. Alternative Representations and
Models of Adinkras

There are other particularly useful ways of defining and mod-
elling Adinkras. Before describing these it will be appropriate
to introduce some more terminology, specifically relating to
linear codes and Clifford algebras. We must also consider how
to define notions of equivalence and isomorphism between
Adinkras.

3.1. Equivalence and Isomorphism Definitions

Definition 4. Given an Adinkra (V, E, hgt, x, 7), the topology
of the Adinkra is defined as (V, E), thus giving the underlying
vertex and edge sets with all the colourings (including edge
parity and height assignments) removed. When only the
colourings associated with edge parity and height assign-
ments are removed, the resulting graph (V, E, y) is termed the
chromotopology of the original Adinkra.

Two operations relative to a definition of equivalence have
been defined on Adinkras [8]. The vertex lowering/raising
operation consists of changing the height of a given set of ver-
tices while preserving the requirement that adjacent vertices
are at adjacent heights. Hence two Adinkras (V, E, hgt,, y, )

and (V, E, hgt,, x, ) are related by a vertex lowering/raising
operation if and only if Vu, v € V, |hgt, (1) — hgt,(v)| = 1 =
|hgt, (1) — hgt, (v)|.

The operation of switching a vertex consists of reversing
the parity of all edges incident with it. We note briefly that
this preserves the property that 4-cycles with only two edge
colours have an odd number of dashed edges.

This switching operation is analogous to Seidel switching
of graphs (see [17, 18]) in which adjacency and nonadjacency
are swapped. In this case, adjacency has been replaced by
parity/dashedness for the purposes of switching. Continuing
this analogy, we define the switching class of an Adinkra G
to be the set of all Adinkras that can be obtained from G by
switching some subset of its vertices.

Any Adinkras in the same switching class will be consid-
ered isomorphic. Adinkras related via vertex raising/lowering
operations will be considered equivalent, but not necessarily
isomorphic.

Hence the definitions of equivalence and isomorphism
considered here differ slightly. Permuting the vertex labels,
switching and raising/lowering operations all preserve equiv-
alence, whereas the only operations preserving isomorphism
are those of switching and permutations of vertex labels.

Example 5. All three Adinkras drawn in Figure 2 are in
the same equivalence class; however only the first two are
isomorphic.

An automorphism of an (N, k) Adinkra G = (V, E, hgt,
X>7) is a permutation of the vertexset, p : V. — V, p €
Sym(2N7) that is also an isomorphism.

Note that as the ultimate goal of introducing Adinkras is
a greater understanding of representations of off-shell super-
multiplets, useful definitions of equivalence and isomor-
phism regarding Adinkras should be related to the underlying
supermultiplets that they encode. However notions of iso-
morphism applied to supermultiplets are inherently context-
specific. A pertinent discussion relating to automorphisms of
supermultiplets can be found in Appendix B of [6]. Here we
cover a few of the points relating directly to Adinkras. In gen-
eral, supermultiplets can be regarded as a triple (Q, Ry, RV,),
where Ry and R,, are vector spaces corresponding to the
bosonic and fermionic component fields ¢ and w, and
Q = {Q,...,Qy} denotes the set of N supercharges, or
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FIGURE 2: Three Adinkras belonging to the same equivalence class. The first two are isomorphic, whereas the third belongs to a separate

isomorphism class.

supersymmetry transformation operators mapping between
Ry and R, and their derivatives. An Adinkra graph G =
(V,E, hgt, x, ) can then be related to a supermultiplet ./,
with each vertex in V representing a component field of /.

Transformations acting on a supermultiplet are grouped
into two classes, inner and outer transformations. This dis-
tinction reflects the property that general supersymmetric
models will consist of several supermultiplets, each consisting
of distinct (Ry,R,) pairs whilst sharing the same set of
supercharges Q. An inner transformation is one affecting a
single supermultiplet while leaving the others unchanged.
For instance, permuting the labels of the component fields of
some (R, R,) pair affects only that supermultiplet. However
a transformation of the set {Q,, ..., Qy} affects all supermul-
tiplets of a given supersymmetric model and is hence termed
an outer transformation.

A transformation induces an automorphism when the
result is indistinguishable from the original when its image
and preimage are the same. However “indistinguishability”
is inherently contextual, and so there are several notions
of equivalence between supermultiplets. Whether an outer
transformation induces an automorphism can depend on the
particular model being studied; hence permutations of the Q-
labels may or may not preserve equivalence.

Consequently, the definitions of equivalence and isomor-
phism provided above for Adinkras are not the only possible
definitions, and as such a general classification of Adinkras
must address a broader class of possible equivalences. One
such alternative which is considered in Section 6.1 involves
the inclusion of edge-colour permutations as an operation
preserving isomorphism. As the edge colours (alternatively
known as edge dimensions) correspond to the supercharges
of the underlying supermultiplet, this situation simply
involves allowing permutations of the set {Q;,...,Qy} to
preserve isomorphism.

To introduce the tools necessary to classify the automor-
phism group properties of Adinkras, it will first be necessary
to give a brief description of linear codes and Clifford
algebras.

3.2. Linear Codes. A binary linear (N,k) code C < Z)

consists of a set of 2 elements, known as codewords, which
form a subgroup of (Z5,+). Hence forallu,v € C, u+v € C.
When dealing with a codeword u of length N we will use the
notation u = (u;,u,, ..., uy), where u; is the ’th coordinate of
u. When giving explicit examples of codewords, we will often
omit the commas in this representation, as all coordinates are
elements of Z,. We also consider all subsequent codes to be

both binary and linear; these terms are henceforth dropped
from their description.

A generating set of C is a set D < C, consisting of k
codewords, such that all codewords in C can be formed by
a linear combination of elements of D. The minimal value of
k for which a generating set exists is called the dimension of
the code and is invariant with respect to the particular choice
of generating set.

The weight of a codeword u, denoted by wt(u), or simply
|u|, is the number of I's in u. If every codeword in a code has a
weight of 0 (mod 4) the code is called doubly even. The inner
product of two codewords u and v of length N is defined as

N
(u,v) = Zuivi (mod?2). 1)

i=1

Then a doubly even code has the property that any two of its
codewords have an inner product of 0.

Definition 6. A standard form generating set D of an (N, k)
code C is defined to be of the form D = (I | A), where I is the
k x k identity matrix and A is a k x (N — k) matrix being the
remainder of each codeword in D.

Example 7. By applying a permutation of the coordinates of

codewords and considering an alternative generating set, the

11110000 L
code dg, generated by ( 0 90111100 ),can be written in terms

of a standard form generatmg set. In order to do so, first we
will interchange some coordinates by moving columns C; —
C, — C, — Cgtogive ((1)%8%(1)(11)%(?)) We then perform
row operation R; + R, — R, to give (é 2 § z i i é ) which is
in the standard form for a generating set.

Note that the freedom to interchange coordinates means
that there are numerous standard form generating sets that
we could produce, which in turn would have different codes
associated with them. Given the nature of the standard
form however, any code with an associated standard form
generating set will have a unique standard form generating
set.

Note also that generating sets will be assumed to be
minimal in that the codewords comprising the set are
linearly independent. Thus, a generating set with n codewords
corresponds to a code with 2" distinct codewords.

Observation 1. For any (N, k) code, there exists a generating
set D and permutation of the coordinates of the codewords
p € Sym(N) such that D is a standard form generating set.
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FIGURE 3: A 3-cube Adinkra shown together with a codeword representation for each vertex.

The notion of codewords can be effectively used to furnish
a further organisation of the edge and vertex sets of an
Adinkra. If we order the edge colours of an N-cube Adinkra
from 1 to N, then assign each of these edge colours to the
corresponding coordinate in an N-length codeword; each of
the 2V vertices in the Adinkra can be represented by such a
codeword. These codewords are allocated in such a way that
two vertices connected by the i’th edge differ precisely in the
i’th element of their respective codewords.

Example 8. Applying this codeword representation to the
vertices of a 3-cube Adinkra yields the graph of Figure 3.
Note that, for an N-cube Adinkra, two vertices are connected
by an edge if and only if their corresponding codeword
representations have a Hamming distance of 1 (differing in
only one position).

An important theorem of [2] links general (N,k)
Adinkras to doubly even codes. We paraphrase it, combined
with other results from the same work, below.

Theorem 9 (see [2]). Every (N, k) Adinkra (up to equivalence)
class can be formed from the N-cube Adinkra by the process of
quotienting via some doubly even (N, k) code.

This quotienting process works as follows. We start with
a doubly even (N, k) code C and an N-cube Adinkra with
a corresponding edge-colour ordering and codeword repre-
sentation. We then identify vertices (and their corresponding
edges) related via any codeword in C, ensuring first that
identified vertices have identical edge parities relative to the
ordering of edge colours. In this process an (N,k) code
identifies groups of 2¥ vertices and reduces the order of the
vertex set from 2V to 2V, producing an (N, k) Adinkra.
Doran et al. [2] showed that the topology of an Adinkra
is uniquely determined by a doubly even code, with a 1-1
correspondence between the two.

Example 10. If we take the 4-cube Adinkra, with codewords
given by the elements of Z; and we quotient by the doubly
even (4,1) code C = {(0000), (1111)}, we produce the (4, 1)
Adinkra of Figurel. Quotienting by C identifies pairs of
codewords that differ by (1111) (e.g., (0000) and (1111); (0001)

and (1110)), thus reducing the number of vertices from 16 to
8. We observe that this identification is consistent with the
topology of the 4-cube Adinkra in that any edge joining two
vertices v, and v, of the 4-cube Adinkra can also be identified
with an edge joining vertices v, + (1111) and v, + (1111) in
the 4-cube Adinkra.

3.3. Clifford Algebras

Definition 11. One will consider the Clifford algebra Cl(n)
to be the algebra over Z, with n multiplicative generators
V1> V2> - - - » Vo With the property

{Yi’ Yj} =YY+ = 2051, (2)

where §; is the Kronecker delta. In other words, each
of the generators is a root of 1, and any two generators
anticommute.

It will be convenient to view the 4-cycle of Adinkras
in terms of the anticommutativity property of Clifford
generators. If we consider each position in the codeword
representation of a vertex of an N-cube Adinkra to corre-
spond to a given generator of CI(N), with the vertex itself
being related to the product of these Clifford generators,
then the i’th edge dimension can be naturally viewed as the
transformations corresponding to left Clifford multiplication
by the ’th Clifford generator.

For example, a vertex with codeword representation
(01100) corresponds to the product of Clifford generators
1,y € CI(5), and the edge connecting the vertex (01100)
to (01101) is related to the mapping y,y7; — (y5)(v2y5) =
Y,¥5Ys- Then the condition that every 4-cycle which consists
of exactly two edge colours must have an odd number of
dashed edges corresponds to the anticommutativity property
of Clifford generators, y;y; = —y;y; fori # j.

In connection with this Clifford generator notation, we
define a standard form for the switching state of an N-cube
Adinkra.

Definition 12. A standard form N-cube Adinkra has edge
parity as follows. The i’th edge of vertex v = (v, v,,...,Vy)
has edge parity given by



(W)= (vi+v,+--+v,) (mod2). (3)
This corresponds to left Clifford multiplication of v by y;,.
Note that this standard form is defined relative to some given
codeword labelling of the vertex set. Since fixing the labelling
of a single vertex fixes that of all vertices, we will sometimes
refer to a standard form as being relative to a source node,
being the vertex with label (00 - - - 0), or simply standard form

relative to 0.

Example 13. The 3-cube Adinkra of Example 8 is in standard
form. Vertices are ordered into heights relative to their
codewords, such that heights range from 0 (at the bottom) to
3, and vertices at height i have weight i. The edges are ordered
from left to right, such that green corresponds to y; and red
corresponds to y;.

As we have seen, many Adinkras can be formed by
quotienting the N-cube Adinkra with respect to some doubly
even code (as we have not yet investigated the case of Gnomon
Adinkras defined by the “zippering” process presented in
[19], the extension of our results to these cases requires
further study). However in practice this method can be
quite inefficient. The following alternative method for con-
structing an (N, k) Adinkra with associated code C is due
to G. Landweber (personal communication) is used by the
Adinkramat software package:

(1) Start with the standard form (N — k)-cube Adinkra
induced on the first N — k edge dimensions.

(2) Find a standard form generating set for C, of the form
D=(I]A).

(3) Associate the (N — k + 7)th edge dimension with the
product of Clifford generators given by A;, the i’th
row of A.

(4) The i’th edge connects a vertex v to the vertex v - A,
with switching state corresponding to right Clifford
multiplication of v by A, up to a factor of (—1)*.

The factor of (—1), termed the fermion number operator,
simply applies a (—1) factor to fermions and leaves bosons
unchanged. This factor is required to ensure the parity of
an edge remains the same in either direction. Again, note
that the choice of whether even- or odd-weight vertices
are bosons remains ambiguous. For simplicity, we consider
odd-weight vertices to be fermions for the purposes of the
(-1)F factor, with the symmetry encoded by a graph-wide
factor of +1 in the switching state of the extra k edge
dimensions, corresponding to two potentially inequivalent
(N, k) Adinkras.

Define & (C) to be the set of all Adinkras obtained by the
above construction method using the associated doubly even
(N, k) code C, with fermion/boson assignment determined
by x. It remains to be seen whether & (C) coincides with
an equivalence class of (N, k) Adinkras with associated code
C. To our knowledge this has not been explicitly proven
in previous work; hence we present a proof of this as
follows.
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Theorem 14. Given a doubly even (N, k) code C and a fermi-
on/boson assignment function x, for any Adinkra G € S, (C)
the equivalence class of G coincides with § , (C).

Proof. As we are only considering equivalence classes, the
height assignments will be ignored.

Consider an N-cube Adinkra quotiented with respect to
an (N, k) code C with standard form generating set D =
(I | A), producing an (N, k) Adinkra G = (V, E, hgt, x, 7).
Assume without loss of generality that the vertices remaining
after quotienting all have fixed (N — k + 1)th — Nth
codeword characters (e.g., all fixed as 0). Then the rows of A
represent the vertices identified by the quotienting process.
We want to show that, up to isomorphism, there are at
most two different ways this quotienting operation can be
performed.

Isolating any set of N — k edge dimensions of G yields
an induced (N - k)-cube Adinkra, H = (V, E', hgt, x> 1), with
E' ¢ Eand r restricted to E'. We will see in Section 4 that, for
fixed m, all m-cube Adinkras belong to a single equivalence
class. Hence without loss of generality H can be considered
to be in standard form. This in turn fixes the switching state
of all edges belonging to the chosen N — k edge dimensions.
Now only a single degree of freedom remains in the switching
states of the remaining k edge dimensions, due to the 4-
cycle condition. In other words, fixing the switching state
of any one of the remaining edges fixes all remaining edges.
This choice corresponds to a graph-wide factor of +1 in the
switching state of the additional k edge dimensions and is
determined by y.

Since this graph-wide factor of +1 matches the difference
between the two possibly inequivalent Adinkras produced
by the above construction method, it remains to show that
the construction method does indeed produce valid (N, k)
Adinkras. Hence me must verify that the 4-cycle condition
holds.

As odd-weight vertices are considered to be fermions, the

(1) factor can be replaced by an additive factor of ¥ P x
for a given vertex x € V. Thenfori > N -k, x e V, A; =

(a1> a2)-~')aN7k))
N-k
;i (x) = ij+x-Ai
=1
N-k (4)
Zx]+x2 (a))+x5(a,+ay)+--
j=1

+xn g (@ +ay+-+ay ) (mod2).

The 4-cycles in G with two edge colours i and j will be split
into three cases:
()i, jsN-k, i<j,
({)i<N-k j>N-k
(iii) 4, j > N - k.
Note that a given vertex x € V defines a unique such 4-cycle.
In case (i), consider two antipodal points of such a 4-cycle, x
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and x +i + j. Then the sum of the edge parities of the 4-cycle
equals

(x1+---+x,-_1)+(x1+~--+x-

1—1)+(x1 e X)

©)

+(x1+...+(xj+1)+...+_x. )El (m0d2)

j-1
Hence the 4-cycle condition holds (note that this is the only
case present in the construction of the standard form N-cube
Adinkra).

For case (ii), the antipodal points are x and z, where

z=(x;+a,....x;+a;+1, ..., Xy +Ani)

(6)

=x+Aj+i (mod?2),

and by substituting (4), the sum becomes

N-k
(x1+-'-+xi1)+<2xl+x-Aj>
I=1

+ (e et xg )+ (ag e a) (7)

N-k
+<Zzl+z'Aj> (mod?2).
I=1

However |Aj| = 3 (mod4), so |x| = |z| (mod2). Then the
first and third terms cancel, as do the second and fifth, leaving

x-A+z-A+(ay+--+a_,)
=2(x-A)+2(a +-+a_;)+a,(a))
+ay(ay+ay)+--+ay g (a +--an k1)) 8)
=|A;-1|+]A -2+ +1 E%|A—1||A|
(mod2).
Now |A| = 3 (mod 4); hence

l|A—l||A|E3 (mod 4)
2 ©)
=1 (mod2),

and case (ii) is verified.

T (000)

FIGURE 4: Two (4, 1) Adinkras with switching state in standard form.

Case (iii) proceeds similarly to case (ii).

Hence the graphs produced via this construction method
are indeed (N, k) Adinkras. Since [2] showed that all (N, k)
Adinkras can be produced via the quotienting method, there
can be at most two equivalence classes of Adinkras with the
same associated code, and hence the Adinkras produced from
the two methods must coincide. O

Definition 15. A standard form (N, k) Adinkra has switching
state given by the above construction, relative to an associated
doubly even code.

Example 16. The smallest nontrivial (N,k) Adinkra has
parameters N = 4, k = 1, with associated doubly even code
(1111). The standard form of Definition 15 is shown in Figure 4,
for each choice of the graph-wide factor of +1.

In this case the two Adinkras formed belong to different
equivalence classes, as we demonstrate in the following
section.

This construction provides a much simpler practical
method of constructing Adinkras, and the standard form will
be convenient in the proof of later results. Note that all (N, k)
Adinkras have an associated doubly even code, with matching
parameters of length and dimension. For these purposes the
N-cube Adinkra is considered an (N, 0) Adinkra with a trivial
associated code of dimension 0.

4. Automorphism Group
Properties of Adinkras

We now have sufficient tools to derive the main result of this
part: classifying the automorphism group of an Adinkra with
respect to the local parameters of the graph, namely, the asso-
ciated doubly even code. We start with several observations
regarding the automorphism properties of Adinkras.

Lemma 17. Ignoring height assignments, the N-cube Adinkra
is unique to N, up to isomorphism.

Note that equivalently, we may consider Adinkras with only
two heights to correspond to the assignment of bosons and
fermions, and we call these valise Adinkras. Those with more
than two heights are called nonvalise Adinkras.



Proof. It suffices to show that any N-cube Adinkra can be
mapped to standard form via some set of vertex switching
operations. Such a mapping can be trivially constructed.
For example, start with a single vertex. The parity of its
edge set can be mapped to any desired form by a set of
vertex switching operations applied only to its neighbours.
In particular the edge parities can be mapped to those of
the corresponding standard form Adinkra. Since the 4-cycle
restriction of Section 2.2 holds, this process can be continued
consistently for the set of vertices at each subsequent distance
from this original vertex. For example, there will be NC,
vertices at a distance of two from the original vertex and
each of these vertices will belong to one of the NC, unique
4-cycles defined by the pairs of edges joining the original
vertex to its neighbours. For each of these 4-cycles, since we
have already fixed two of its edges to have the correct parity
(those joining the original vertex to its neighbours), the 4-
cycle property (that the cycle must contain an odd number
of dashed edges) ensures that the remaining two edges both
must either have the correct parity (requiring no vertex
switching) or have incorrect parity (which can be rectified
by switching the vertex). This process can then be continued
in the same manner for vertices at further distances. The
Adinkra resulting from this process will then be in standard
form relative to this original vertex, regardless of the initial
switching state of the Adinkra. O

Lemma 18. N-cube valise Adinkras are vertex-transitive up
to the boson/fermion bipartition. That is to say, given any
two vertices v, and v, of the N-cube Adinkra, there exists an
automorphism y which maps v, — v,.

Proof. To show this, we begin with a standard form N-cube
Adinkra G = (V, E, hgt, x, ), with switching state defined by
left multiplication by the corresponding Clifford generators,
as in Definition 12. Since N-cube Adinkras are unique up to
isomorphism, in the sense of Lemma 17, this can be done
without loss of generality.

Then the switching state of edge (x, y), where x =i - y, is
of the form x; + x, +-- -+ x;_; (mod 2). Consider a nontrivial
permutation p : V +— V. Since p is nontrivial, there are two
vertices u,v € V,u # v,suchthatp : u — v.If pis to
preserve the topology of G, we must have p : x — (u - v)x,
V x € V. Note that p has no fixed points and is completely
defined in terms of (1 - v). Any automorphism y of G which
permutes V according to p must also switch some set of
vertices in such a way that edge parity is preserved. However
p maps the edge (x, y), where x = i - y, with edge parity
X, + %, + -+ + x;_; (mod 2), to the edge (p(x), p(y)), with
edge parity of

(¢, + 2y +-+-+x;_,)
+ (g +vy) + (g +v+2)+ -+ (v, y)) (10)
(mod?2).

Hence the change in edge parity of (x, y) does not depend on
either endpoint explicitly, only on the mapping p and the edge
dimension i. In other words, p either preserves the switching
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state of all edges of a given edge dimension or reverses the
parity of all such edges. Note that any single edge dimension
can be switched (while leaving all other edges unchanged) via
a set of vertex switching operations; hence an automorphism
y exists for all such p. Furthermore, y is unique to p, which is
in turn unique to the choice of (u - v).

Note that if G is in standard form, we term the automor-
phism mapping vertex x to vertex 0 = (00---0) as putting
G in standard form relative to x. By this terminology, G was
initially in standard form relative to 0. O

Corollary 19. The N-cube Adinkra is minimally vertex-
transitive (up to the bipartition), in the sense that the pointwise
stabiliser of the automorphism group is the identity, and
[Aut(G)| = (1/2)|V] = 2NV In other words, no automor-
phisms exist that fix any points of the N-cube Adinkra.

Consider any (N, k) Adinkra G = (V, E, hgt, x, 7). The
sub-Adinkra H = (V,E', hgt, y,7) induced on any set S of
(N —k) edge dimensions of G will be an (N —k)-cube Adinkra.
Also, for all such S there exists some set of vertex switching
operations such that the induced Adinkra H is in standard
form. In the case where S = (1,2,..., N — k), the induced H
is in standard form if and only if G is in standard form.

Observation 2. Given some (N, k) Adinkra, containing a
standard form (N - k)-cube Adinkra induced on the first
(N —k) edge dimensions (or equivalently an induced (N —k)-
cube Adinkra in any given form), the switching state of the
i’th edge dimension, i > (N — k), is fixed up to a graph wide
factor of —1.

In particular, fixing the parity of the extra edges i, where
i > (N — k), of a single vertex fixes the parity of all
extra edges in the graph. This is a direct consequence of
the anticommutativity property of 4-cycles with two edge
colours.

This reduces the problem of finding automorphisms of
a general (N, k) Adinkra to that of local mappings between
vertices. In particular, for any two nodes x,y € V, there
will be a unique automorphism of the induced (N — k)-
cube Adinkra mapping x to y. This will extend to a full
automorphism of G if and only if it preserves the switching
state of the additional k edges of x. Hence we arrive at the
following result.

Theorem 20. Consider an (N, k) Adinkra G = (V, E, hgt,
X, ) having an associated code C. Two vertices x,y €
V are equivalent (disregarding vertex colouring, there is an
automorphism mapping between them) if and only if their
relative inner products with respect to each codeword in C are
equal. In other words, 3y € Aut(G) suchthaty : x — yiff
Ve e G, (x,¢c) = (y,¢) (mod?2).

Proof. Consider without loss of generality the case where G
is in standard form, and take H = (V, E’, hgt, x> ) to be the
sub-Adinkra induced on the first N — k edge dimensions.
By Lemma 18, H is vertex transitive if we disregard vertex
colouring. So consider the automorphism p of H, p: x = y,
where x, y € V. Now p consists of two parts: a permutation
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of the vertex set, p : v = x-y-v,Vv € V,and a set of
vertex switching operations, such that the switching state of
H is preserved.

We wish to know when p switches x relative to y (i.e.,
when x is switched but y is not, or vice versa, and when
either both or neither are switched). Where 7;(x) denotes the
switching state of the 7’th edge of x (in G or H), we use ﬂi’ (x)
to denote the equivalent switching state of x in p(G) or p(H)
(we also denote p(G) and p(H) by G and H', resp.). Note that
x in G' is the image of y in G under p.

For edge dimension i < N — k, we see that since p is an
automorphism of H, m;(x) = 7'[1.' (), and similarly m;(v - x) =
TL’Z(V -y) V v e V.For the casei > N — k, ;(v) is given by (4)
in the proof of Theorem 14, but what about 7'[;" (v)?

The value of 7, (v) can be found by considering the path
P/(x) in H joining x to x - A;, where A; = (a;,a,,...,ay_¢). If
we denote by A; the associated product of Clifford generators

n
A=l (1)
j=1
where s i denote the I’s of A;, we have
R(x):(x,x-asl,(x-asl)-asz,...,x-Ai). (12)

Then p will preserve the parity of edge (x, x- A;) if and only if
the number of dashed edges in paths P;(x) and P;(y) are equal
(mod 2). In other words,

m(x)=m (x) iff ) me)= ) mle)

e€P;(x) e€P(y) (13)
(mod?2).
Nownsl(x) =t X (mod?2),...,m, (x A) =
(xyap) + -+ (xg a ) (mod?2), where g; = 1forie { 1 1<
j<n}andag = =0 elsewhere Hence this can be rearranged
Z m(e) =a,(x;))+a;(x;+x,)+-+
ecP(x)
+an (o + o+ Xy ) (14)
=x, (ay+-+ay_ )+
+xXnpeq (An_k)  (mod2).
Hence, m;(x) = |x| + x - A; (mod2), and rrl.'(y) = m(x) +

(Zeepi(x) ni(e) —Zegpi(y) n(e)), and note that ZeEPi(x) n(e)+x-A;
simplifies to

N-k
A 1%l = ) (xja;) (15)

j=1

so we have, fori > N — k,

() =1, () = ol + Ay el + |y] + A [yl
N-k N-k
+ 2 (xa)+ X () (16)
j=1 j=1

(mod?2).

9
Since |A;] = 1 (mod2), we have |x|(|A;] + 1) = 0(mod?2),
and the first 4 terms cancel, leaving
, N-k N-k
m ()= (y) = ) (xja))+ Z(yJ a;)
j=1 j=1 (17)
=(x,A)+{(y,A;) (mod2),
which completes the proof. O

Observation 3. Two vertices having the same relative inner
products with respect to each element of a set S of codewords
also have the same relative inner product with respect to the
group generated by S, under addition modulo 2.

Corollary 21. Conversely to Theorem 20, consider a single
orbit ¢ of the (N, k) Adinkra G with associated doubly even
code C. If all elements of ¢ have fixed inner product relative to
an N-length codeword c, then c € C, the code by which G has
been quotiented.

Theorem 20 leads to several important corollaries regard-
ing the automorphism group properties of Adinkras. Recall
that there are at most two equivalence classes of Adinkras
with the same associated doubly even code. Theorem 20
implies that, disregarding the vertex colourings, there is in
fact only one such equivalence class. Hence including the
vertex bipartition, we see that two equivalence classes exist if
and only if the respective vertex sets of bosons and fermions
are setwise nonisomorphic. This in turn occurs if and only if
at least one orbit (and hence all orbits) of G is of fixed weight
modulo 2.

In [2, 5], one such case was investigated, for Adinkras
with parameters N = 4, k = 1. In this case, the Klein
flip operation, which exchanges bosons for fermions, was
found in [2, 5] to change the equivalence class of the resulting
Adinkra. We term this property Klein flip degeneracy and
note the following corollary of Theorem 20.

Corollary 22. An (N, k) Adinkra with associated code C
has Klein flip degeneracy if and only if the all-1 codeword
(11---1) € C. This in turn occurs only if N = 0 (mod 4).

Corollary 23. The automorphism group of a valise (N, k)
Adinkra G = (V, E, hgt, x, ) has size oN=2k=a L ith 2K orbits
of equal size, where a = 0 if C contains the all-1 codeword, and
a = 1 otherwise.

Proof. G has 2¥7* nodes. By Theorem 20, disregarding the
vertex bipartition there are 2 orbits of equal size, partitioning
the vertex set. Including the bipartition, these orbits are split
into 2 once more whenever they contain nodes of variable

weight modulo 2 (i.e., whenever C does not contain the all-1
codeword). O

5. Characterising Adinkra Degeneracy

In the work of Gates et al. [5] the Klein flip degeneracy in
the N = 4 case of Example 16 was investigated. It was shown
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that Adinkras belonging to these two equivalence classes can
be distinguished via the trace of a particular matrix derived
from each Adinkra. We will briefly introduce these results and
generalise them to general (N, k) Adinkras.

Throughout the following section we will consider an
(N,k) Adinkra G = (V,E, hgt, y,m) with corresponding
code C. Note that G has 2V vertices, each of degree
N.

5.1. Notation

Definition 24. The adjacency matrix A(G) (or simply A where
the relevant Adinkra is clear from the context) is a 2~ %
2N7* symmetric matrix containing all the information of
the graphical representation, except the vertex colouring
associated with height assignments. Each element of the
main diagonal represents either a boson or a fermion,
denoted by +i for bosons and —i for fermions. The off-
diagonal elements represent edges of G, numbered according
to edge dimension, with sign denoting dashedness. For
example, if position A, = -4, there is a dashed edge
of the fourth edge colour between boson/fermion x and
fermion/boson y. Hence the sign of the main diagonal
elements represents the vertex bipartition, the sign of off-
diagonal elements represents the edge parity, the absolute
value of off-diagonal elements represents edge colour, and
the position of the elements encodes the topology of the
Adinkra.

Example 25. Consider the 3-cube Adinkra of Example 8.

If we order the vertex set into bosons and fermions, this
Adinkra can be represented by the matrix:

i 00 0 1 2 3 0]
0i 00 21 0 3
00 i 0 -30 1 -2
00 0 i 0 =32 1
A=1—2—30—i000 (18)
21 0 =30 —i 0 0
30 1 2 0 0 - 0
03 -2 1 0 0 0 —i|

Note that the symmetric nature of the adjacency matrix
arises naturally out of the definition, and requiring that this
property be upheld imposes no further restrictions in and of
itself.

We define L and R matrices similarly, as in [5], to repre-
sent a single edge dimension of the Adinkra. L and R matrices
encode this edge dimension, with rows corresponding to
bosons and fermions, respectively. As each edge dimension
is assigned a separate matrix, the elements corresponding to
edges are all set to £1. Then the Adinkra of Example 25 has L
matrices:
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1000
0100
L, =
0010
0001
0 10 0]
. 100 0 )
1o oo -1
L0 01 0]
0 0 107
0 0 01
L=
1.0 00
L0 -1 0 0]

These matrices can be read directly off the top right quadrant
of the adjacency matrix. Similarly, the R matrices can be
read off the lower left quadrant. In this case, we have R; =
Llr, where T denotes the matrix transpose. Note that L and
R matrices taken directly from the adjacency matrix will
always be related via matrix transpose. Furthermore, since we
are considering only off-shell supermultiplets, these matrices
must also be square. We will assume that all subsequent L and
R matrices are related in this way. We define a further object,
¥;» to be a composition of L and R matrices of the form

B 0 L, 20
Vi—[Ri 0]~ (20)

Further details regarding these objects can be found in
[5]. In particular, it was shown in [5] that the Klein flip
degeneracy of several (4, 1) Adinkras can be characterised by
the trace of quartic products of these matrices, according to
the formula

T (L (L) Lo (L))

=4 (‘Sij‘skl =00y + 6,0 + XOeijkl) >

(1)

where § represents the Kronecker delta and e the Levi-Civita
symbol and where y = =1 distinguishes between the
(4,1) Adinkras belonging to the two equivalence classes of
Example 16. It is also conjectured in [5] that this same method
for distinguishing equivalence classes can be generalised to all
values of the parameters N and k. We prove this conjecture in
the following section.

5.2. Degeneracy for General N. In order to generalise (21) to
higher N, we wish to determine the form taken by the trace
of products of these y matrices and establish exactly when
this can be used to partition Adinkras into their equivalence
classes. Firstly we note the following properties of Adinkras.

Lemma 26. The cycles of an N-cube Adinkra consist entirely
of paths containing each edge dimension 0 (mod 2) times.
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Lemma 27. The cycles of an (N, k) Adinkra with associated
code C consist of paths in which

(i) each edge dimension is traversed 0 (mod 2) times;

(ii) at least one edge dimension is traversed 1 (mod2)
times.

In case (ii), the set of such edge dimensions traversed 1 (mod 2)
times corresponds to a codeword in C.

In fact, the codeword (00 ---0) is in any such code C, so
all cycles have this property; however case (i) is considered a
trivial instance.

Consider the product of t y matrices of G, denoted by
M =7, v, 7, As we are considering only L and R matrices

suchthatL; = RiT, all y matrices defined as in (20) will be real
and symmetric. This leads to the following property for M.

Lemma 28. The elements of the main diagonal of M are
nonzero if and only if the path Py, = (iy,1,,...,1,) represents
a closed loop within the Adinkra. This can occur by one of two
ways:

(i) trivially, if each edge dimension contained in p is
present 0 (mod 2) times,

(ii) if p corresponds to a codeword (or set of codewords) in
C.

Proof. Consider the case Py, = (i, j). If i = j, M is trivially
the identity, and hence (i) holds. If i # j, then M, , # Oifand
only if vertices x and y are connected via a path (i, j) (i.e., if
x =1i- j-y). Extending to general M, if M, # 0 for some
x €V, this implies that x is connected to itself via the path
Py, aclosed loop/cycle in G. Hence Lemma 27 completes the
proof. O

Corollary 29. M, . # 0 for some x € V if and only if this is
true forall x € V.

Lemma 30. In case (ii) of Lemma 28, with M, = £1 for all
x€V,M,,=M,, ifand only if x and y have the same inner
product with respect to the codeword corresponding to Py,.

Proof. Consider the product of Clifford generators corre-
sponding to path P,. Since (ii) holds, after cancelling
repeated elements we are left with some codeword p € C,
such that p = aP,;, where a = *1, depending on whether
P, corresponds to an even or odd permutation of p, relative
to shifting and cancelling of Clifford generators. Since C is a
group, either

(i) p € D, a standard form generating set of C, or

(ii) p= (g, + g, +---+g,), where g; € D, for any such D.

Assume (i) holds. Then p = (p;, p,5- . ., p) such that p; <
(N — k) fori # t,and p, > (N — k), with the first (N — k)
edge dimensions defined relative to the particular standard
form generating set D being considered. In other words, p, =
PPy Prog- ThenVx € G, x = (x;x,,...,xy_g), and

1

the sign of M, ,, omitting a factor of (a - 1)/2, is given by
(substituting the formulas for 77;(x) of Section 3)

(py-x+py Xt +pq-x)+x-p,
=p, (%)) +ps (%, +x,) 40
+ Py (e x4+ x,5)
+py (4ot Xy ) oo+ Py () + x| (22)

= (Ip|-1) Ixl —Z (pix;) +1x = Ix| |p| + (x, p)
(mod?2).

Note that [p| = 0 (mod4), so the first term disappears. The
same arguments can be followed to show that this holds for
case (ii) also. Then since the factor of (a — 1)/2 is constant for
all x € G, it follows that, forall x, y € G, M, , =M, ifand

only if (x, p) = (¥, p). O

One immediate corollary of the preceding lemma is that
the trace of M will vanish whenever P, corresponds to a
codeword in C. In fact, Tr(M) will only be nonzero in the
trivial case where path P, consists of a set of pairs of edges
of the same colour. These are the paths corresponding to
the Kronecker delta terms of (21). In particular, this implies
that Tr(M) cannot distinguish between equivalence classes
of Adinkras directly. However if we instead consider powers
of L and R matrices, the preceding lemma suggests a direct
generalisation of (21) to all (N, k) Adinkras.

Given an (N, k) Adinkra, consider the product of t L
matrices, LilL,T2 . Lth Denoting path p = (iy,1,,...,1,), we
define value 0, such that o, = 0 if there exists an edge
dimension in p that is present 1 (mod 2) times, and o, =a
otherwise. Here a = =1, corresponding to the sign of the
related product of Clifford generators (since p consists of
pairs of edges of the same colour, this product of Clifford
generators equals +1). Then we have the following result.

Lemma 31. The trace of L,-ILITZMLI-
(i1, ip> .. .»in), equals

T -
w.Li, where p =

Nk (05 + Xo€,) (23)

where y, = £1 depending on the equivalence class of the (N, k)
valise Adinkras.

Proof. The o, term follows directly from Lemmas 28 and 30.
In Section 4, we show that (N, k) Adinkras with the same
associated code C are all in a single equivalence class, except
where (11---1) € C. In this case, the two equivalence classes
are related via the Klein flip operation, exchanging bosons
and fermions. Moreover, since ¢ = (11---1) € C, the Klein
flip operation switches the sign of (x,c), for each x € V.
Then by Lemma 30, the Adinkras from different equivalence
classes correspond to ¥, values of opposite sign. O

Note that if N = 4and p = (i, j, k, ), then 0, = §,;6;; —

;%8 + 8,0 ji> and the result of (21) follows. These results can
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FIGURE 5: Two equivalent, nonisomorphic Adinkras with the same
values of u(h, a), for all possible values of h and a.

be simplified in some respects if we consider the products of y
matrices instead. Recall the definition M = y; y; -+ -y, , where
Py = (iy,ip. ..,i;), and the fermion number operator (—1)F.
Instead of taking the trace of M, consider the trace of M -
(-DF. We have

0L,
Vi R 0]
(24)
T 0
—_f = ,
o=,
and we are considering only L = R, so for even t,
L, LT L] 0
M=| "7 Co . (25)
0 'L, I,
1 2 t

Replacing L matrices by R matrices in Lemma 31 simply
changes the sign of ,, so for an (N, k) Adinkra,

Tr (M- (-1)F) = 28 e, (26)

6. Identifying Isomorphism
Classes of Adinkras

The results up to this point deal with equivalence classes of
valise Adinkras, where we consider only 2-level Adinkras.
For the nonvalise case, we require a method of partitioning
general (N, k) Adinkras into their isomorphism classes. The
essential problem in establishing such a method is in classify-
ing the topology of an Adinkra relative to the automorphism
group of its underlying 1-level Adinkra (in which vertex
colouring is ignored). We might consider simply partitioning
the vertex set into the orbits of this underlying automorphism
group and then classifying each height by the number of ver-
tices of each orbit that it possesses. However this method will
clearly be insufficient, as it ignores the relative connectivity
between vertices at different heights. For example, the two
Adinkras of Figure 5 are in the same equivalence class by use
of this set of definitions. They also have the same number
of vertices from each orbit at each height, and yet they
are clearly nonisomorphic; no relabelling of the vertices or
vertex switching operations can map between them. However
even this simple method does come close to partitioning
nonvalise Adinkras into their isomorphism classes. Recall
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that a pointwise stabiliser of the automorphism group of
any Adinkra is the identity; no nontrivial automorphisms
exist that fix any vertex. Note that here the term nontrivial
refers to the corresponding permutation of the vertex set.
An automorphism which switches vertices but leaves the
ordering of the vertex set unchanged is considered trivial. In
fact fixing any vertex of an Adinkra yields a natural, canonical
ordering of the vertex set, relative to some ordering of the
edge dimensions, according to the following construction.

Construction 1. Suppose we are given an (N, k) Adinkra
G = (V,E, hgt, x,m), together with an ordering of the edge
dimensions of (i;,1,,...,iy). Then fix (choose) any vertex
v € V. We define an ordering A, of the vertex set relative to v,

where A, : V - [2V7F], in the following way.

Consider

() A,(v) = L.

(ii) Order the neighbours of v from 2 to N + 1 according
to the ordering of the corresponding edge dimensions
(A,(,v) =1+n,wherel <n < N).

(iii) Repeat this for vertices at distance 2, beginning with
the neighbours of 7, v and ending with the neighbours
of iyyv.

(iv) Repeat this similarly for vertices at each distance, until
all vertices have been assigned an ordering in [2NA).

In other words, A, firstly orders the vertex set according
to distance from v; then for each of these sets, each vertex x is
assigned an ordering based on the lexicographically smallest
path from v to x.

To formalise the partitioning of heights discussed above,
consider an (N,k) Adinkra G = (V,E,hgt, x,7) with h
different height assignments. Let I'; be the automorphism
group of the corresponding 1-level Adinkra (ignoring the
vertex colouring of G). Relative to a particular ordering
of the edge dimensions, and a particular generating set of
the associated doubly even codes, order the 2* orbits of T
according to 7 : V — [2F]. We then define yi;(h, a) to be the
number of vertices at height h belonging to the ath orbit of
I, such that

pg (ha)=|{veV:hgt(v)=h, T(v)=a}|. (27)

Consider a pair of Adinkras G = (V, E, hgt,, x;,m;) and H =
(V, E', hgt,, x,, 7,) belonging to the same equivalence class,
both having ¢ distinct heights. Then G and H have the same
associated code C. If yg(h,a) = py(h,a), foralll < h < t,
relative to a given edge-colour ordering and generating set
of C, then choose any vertex v € V, which when viewed in
each Adinkra (as the two Adinkras share the same vertex set)
belongs to the same orbit and height. Relative to this vertex v,
consider the unordered set

certg (v) = {(A, (x), hgt (x),7(x)) : x€ V}. (28)

Theorem 32. Consider two Adinkras G = (V, E, hgt,, x;,7;)
and H = (V,E',hgty, x,,7,) and a vertex v € V with the
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FIGURE 6: Two equivalent, nonisomorphic (5,1) Adinkras. They
differ precisely in the switching state of the yellow edges.

properties described above. Then certg(v) = certy(v) if and
only if G and H are isomorphic.

Proof. If G and H are isomorphic then this is trivially true.
Conversely, assume cert5(v) = certy(v). Then since G and H
belong to the same equivalence class and 75(v) = 15(v), there
exists an isomorphism y mapping G to H (ignoring the vertex
colourings). Then y extends to a full isomorphism (including
the vertex colourings) if it preserves height assignments. This
follows directly from cert;(v) = certy(v); hence G and H are
isomorphic. O

The preceding theorem provides an efficient method of
classifying Adinkras according to their isomorphism class.
Note that the classification is relative to a given ordering of
the edge colours and requires a knowledge of the associated
doubly even code. In cases where the associated code is
unknown, Lemma 27 suggests an efficient method for finding
the code and hence relating a given (N, k) Adinkra to its
“parent” N-cube Adinkra, in the sense of Theorem 9. In
particular, Lemma 27 implies the following result.

Corollary 33. Given an (N, k) Adinkra with related code C,
the codewords of C correspond exactly to the cycles of G in
which at least 1 edge dimension appears once (modulo 2).

We provide an example of the above certificates below.
Consider the two Adinkras of Figure 6. These are both height
3, (5,1) Adinkras. They are in the same equivalence class;
however by calculating the above certificate for each we show
that they are nonisomorphic.

To analyse the above Adinkras, we first order the edge
colours from green to purple, such that, in the codeword
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representation, green corresponds to the last coordinate and
purple to the first. Note that henceforth we will order the
right-most coordinate to the left-most coordinate, consis-
tent with a bit-string interpretation of codewords in the
computational application. Alternatively, the green edges are
associated with the first Clifford generator and the purple
edges with the fifth generator. As these are (5,1) Adinkras,
they have an associated (5, 1) doubly even code. By inspection
or by explicitly finding the nontrivial cycles in the Adinkras,
we note that the associated code is (11110), corresponding to
a 4-cycle comprising edge colours {red, yellow, blue, purple}.
By Theorem 20, the induced 1-level Adinkra has two orbits,
corresponding to the sets of nodes with the same parity (inner
product modulo 2) relative to this code. Denote the two
Adinkras by G and H, respectively. Then by applying the
results of Section 4, we obtain y values of

pg (3,1) =2,
Ug (3,2) =0,
e (2,1) = ug (2,2) = 4,
g (1,1) =2,
pg (1,2) = 4,
(29)
U (3,1) =0,
v (3,2) = 2,
e (2,1) = pgy (2,2) = 4,
pu (L, 1) =4,
g (1,2) = 2.

In other words, the two height 3 vertices of G are in a different
orbit to those of H. Hence cert; # certy, and the two
Adinkras are in different isomorphism classes.

6.1. Partitioning into Isomorphism Classes: Further Examples.
In [20] it was shown that simply recording the number
of vertices at each height is not sufficient to characterise
Adinkras. In particular, they provide examples of pairs of
Adinkras which are in the same equivalence class, but not
isomorphic, despite having the same number of vertices at
each height. In this section, we analyse the examples of [20]
using the techniques described above.

Firstly however, we note that a different definition of
isomorphism is considered in [20]. Specifically, they con-
sider the situation where permutations of the edge colours
preserve isomorphism, a variation discussed in Section 3.1.
Allowing this more general definition of isomorphism results
in several changes to the results of the preceding sections.
In particular, note that the automorphism group of the N-
cube Adinkra would simply become that of the N-cube: the
hyperoctahedral group of order 2V N!. A permutation of the
edge colours corresponds to a reordering of the codeword
associated with each vertex (or equivalently a permutation of
the Clifford generators associated with each edge dimension).
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Hence the automorphism group of (N, k) Adinkras will be
extended according to the following lemma.

Lemma 34. Allowing permutations of the edge colours to
preserve isomorphism, an (N, k) Adinkra G with associated
doubly even code C has an automorphism group (ignoring
height assignments) of order

N

W |Aut (C)I > (30)

where Aut(C) is the automorphism group of the code C and
where a = 1 if C contains the all-1 codeword, and a = 0
otherwise.

In other words, any permutations that correspond to sym-
metries of the code will extend naturally to automorphisms
of the Adinkra. Conversely, if a permutation of the codeword
is not in the automorphism group of the code, then trivially
it cannot be an automorphism of the Adinkra. Note that
Lemma 34 applies trivially to N-cube Adinkras, for which
k=0and C = (00---0); hence |Aut(C)| = N.

Hence, Klein flip degeneracy no longer necessarily
exhibits for Adinkras containing the all-1 codeword. Instead,
note that any automorphism of the associated doubly even
code corresponding to an odd permutation of the edge
colours (or alternatively the underlying supercharges) effec-
tively performs a Klein flip, substituting bosons for fermions
and vice versa. Hence, Klein flip degeneracy occurs if and
only if the associated code contains the all-1 codeword
and the automorphism group of the code contains no odd
permutations, hence narrowing down the possible candidates.

Somewhat fortuitously, a recent result regarding doubly
even codes sheds some light on this situation. Doran et al.
[20] prove that the automorphism group of self-dual doubly
even codes is always contained in the alternating group. Given
a doubly even binary (N, k) code C, its dual C* is given by

Ct={v=(v,....,v,) €Z;: (v,c) =0 VceC}. (31)
A self-dual code is simply a code equal to its own dual; a
doubly even (N, k) code is self-dual if and only if k = N/2
and N = 0(mod 8). Hence the following result holds.

Lemma 35. An (N, k) Adinkra exhibits Klein flip degeneracy
(relative to this definition of isomorphism, allowing edge-colour
permutations) if N = 2k and N = 0(mod 8).

However, the question of whether any other Adinkras
with Klein flip degeneracy (again allowing for edge-colour
permutations) exist still remains. This is equivalent to asking
whether any doubly even codes exist, which are both not self-
dual and contain no nontrivial even-permutation automor-
phisms, and is the subject of continuing work. Furthermore,
if the automorphism group of doubly even codes turns out to
be sufficiently rich, a greatly simplified certificate encoding
the isomorphism class of an Adinkra could be developed, as
will be discussed briefly in Section 8.

In [20], two pairs of equivalent but nonisomorphic
Adinkras are presented, each pair having the same number
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FIGURE 7: Two nonisomorphic height 3, (5,1) Adinkras belonging
to the same equivalence class.

of vertices at each height. The first pair comprises two height
3, (5,1) Adinkras, isomorphic (up to a permutation of edge
colours) to those of Figure 7. Note that the second Adinkra
of Figure 7 is identical to the first Adinkra of Figure 6.

Applying the methods described in the previous section
to this pair proceeds as in the analysis of the Adinkras of
Figure 6. As in that example, after ordering the edge colours
from blue to green, each Adinkra has associated code (11110).
We see that the top two nodes of the first Adinkra belong to
different orbits of the corresponding 1-level Adinkra, whereas
the top two nodes of the second Adinkra belong to the same
orbit. Hence the two Adinkras are trivially distinguished.
In particular, following the conventions in the equations of
Example (29), the p values of these two Adinkras, labelled by
G and H, respectively, are

He(3,1) =1 (32)
pe(3,2) =1

Ug (2,1) = us(2,2) =4

pe(1,1) =3

pe(1,2) =3

pr (3,1) =2 (33)
py (3,2) =0

U (2,1) = uy (2,2) =4

pyy (1,1) = 2

pp (1,2) = 4.
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Hence cert; # certy, and the two Adinkras are in different
isomorphism classes. Also, note that the “orbit spread,”
the number of vertices in each orbit at each height, has
a different character in each Adinkra. So regardless of the
ordering of the orbits, these two Adinkras must remain in
different isomorphism classes if edge-colour permutations
are allowed.

The second pair of Adinkras in [20] comprises two
height 3, (6,2) Adinkras, isomorphic to the pair displayed in
Figure 8.

In this case, after ordering the edge colours from dark blue
to green, as for the top left node of the first Adinkra, both
Adinkras have the associated code generated by (§§1199),
and hence each has four orbits in the automorphism group of
the corresponding I-level Adinkras. The top two nodes of the
first Adinkra are connected via the length 2 paths (001001)
and (000110), having odd inner product with each of the
codewords in the generating set above. Hence these nodes
are in different orbits of the automorphism group. Conversely,
the top two nodes of the second Adinkra are connected via the
length 2 paths (110000), (001100), and (000011), having even
inner product with each of the codewords. Hence they are
in the same orbit. As a result, the certificates of Theorem 32
are different for each Adinkra, and hence they are in different
isomorphism classes. Again, following the conventions in the
equations of Example (29), we obtain y values of

U (3, 1) = Ug (3,2) =1
Ug(2,i) =2, Viel[4]
be (L1) = pg (1,2) = 1

Uo (1,3) = pug (1,4) =2

(34)
pg (3,2) =2
wy (2,0) =2, Vie[4]
pr (1,2) =0

p (L,1) = pg (1,3) = pg (1,4) = 2.

Hence, as in the previous example, certy; # certy, and
moreover the Adinkras remain in different isomorphism
classes if edge-colour permutations are allowed.

7. Numerical Results

The automorphism group results of the preceding sections
were also verified numerically, independently to the analyt-
ical results. All (N, k) Adinkras up to N < 16 were produced,
and the related automorphism group and equivalence classes
were calculated for each such Adinkra. The results found were
consistent with the analytical results described in the earlier
sections. In particular,

(i) all (N, k) Adinkras with the same associated code C
were found to be in the same equivalence class, except
in the cases where (11---1) € C. In these cases,
the Adinkras were split into two equivalence classes,
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FIGURE 8: Two nonisomorphic height 3, (6,2) Adinkras belonging
to the same equivalence class.

related via the Klein flip operation, as described in
Corollary 22;

(i) all 1-level (N, k) Adinkras had 2 orbits, each con-
sisting of sets of vertices with the same set of inner
products with the codewords in C, according to
Theorem 20.

All doubly even (N, k) codes up to N = 28 (and many
larger parameter sets) can be found online (Miller, [21]).
For each parameter set (N, k), the two possibly inequivalent
standard form Adinkras corresponding to the construction
method of Theorem 14 were produced relative to each doubly
even code on these parameters. As we were considering
only equivalence classes and automorphism groups of valise
Adinkras, it sufficed to use the adjacency matrix form
defined in Section 5 for this analysis, as height assignments
need not be encoded in the representation. The orbits were
then calculated from the adjacency matrices by forming a
canonical form relative to each node via a set of switching
operations and a permutation of the vertex set. A canonical
form is defined to be a mapping 77, consisting of a permutation
of the vertex labels and set of vertex switching operations,
such that for any two Adinkras G and H, n(G) = n(H) if
and only if G and H are isomorphic.

Then given a vertex v and adjacency matrix A of an (N, k)
Adinkra (together with an ordering of the edge colours), we
define the following canonical form of A relative to v.

(i) Permute the ordering of the vertices relative to their
connections to v and the ordering of edge colours,
such that the vertices are ordered:

(Vi1 Vy ooy ing Vo gy Voo o oo iNi Vs isig Vs e iNiN_g
(35)

"'i1V)'
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FIGURE 10: Adinkra after step (i).

(ii) Switch vertices (i;v,...
have even parity.

,inVv) such that all edges of v

(iii) Repeat for neighbours of vertex i v.

(iv) Repeat for each vertex, in the ordering above, such
that edges appearing lexicographically earlier in the
adjacency matrix are of even parity where possible.

This defines a unique switching state of the Adinkra, up to
isomorphism. Furthermore it is a canonical form, in that any
two vertices belonging to the same orbit result in identical
matrix forms. To illustrate the above process, we consider a
(6,2) Adinkra with associated code generated by ($91119).
The standard form valise Adinkra is shown in Figure 9, where
the top leftmost vertex has codeword (0000), and its edges are
ordered lexicographically from left to right.

Consider the process of converting this Adinkra to
canonical form, relative to vertex (0011) (the fifth white vertex
from the left in Figure 9). If we order the vertices by height
first, then from left to right, step (i) corresponds to the set of
vertex lowering operations leading to the Adinkra shown in
Figure 10.

Steps (ii) and (iii) correspond to a set of switching
operations, permuting the switching state in the following
stages, as shown in Figure 11.

Step (iv) then involves the remaining set of transforma-
tions, shown in Figure 12.

At this point the Adinkra is now in canonical form. The
particular switching state of this resulting Adinkra is unique
to choices of source vertices in the same orbit, in this case the
set of vertices (0000), (0011), (1110), (1101).

8. Conclusions and Future Work

This work provides a graph theoretic characterisation of
Adinkras, in particular classifying their automorphism
groups according to an efficiently computable set of local
parameters. In the current work, a number of compar-
isons are made to previous work. The connection between
Adinkras and codes [4] has been reexamined and found
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to be robust. However, this connection is also exploited to
utilise the standard form leading to more computationally
efficient algorithms for the study of Adinkras. As well, the
observations based on matrix methods used within the
context of d = N = 4 [5] have now been extended by a
formal proof to all values of d and N. Also as emphasised in
Section 7, numerical studies up to values of N = 16 provide
additional concurrence. These results support the proposal
that y, “chi-null” is a class valued function defined on valise
Adinkras.

All nonvalise Adinkras through a series of node raising
and lowering can be brought to the form of a valise Adinkra.
In this sense y, is defined for all Adinkras. However, for
nonvalise Adinkras, ¥, is not sufficient to define classes. For
this purpose, the new certificate y,(h,a), where & is an
arbitrary Adinkra, seems to fill in a missing gap.

Additionally, the classification method used here is robust
in the sense that it can be readily adapted to address a variety
of definitions of isomorphism/equivalence, relevant to the
particular supersymmetric system of interest. For instance, in
Section 6.1 the generalised definition of isomorphism includ-
ing edge-colour permutations yields a generalised certificate.

8.1. Open Questions. 1t is the work of future investigations to
explore whether these tools (y, and u(h,a)) are sufficient
to attack the problem of the complete classification of one-
dimensional off-shell supersymmetrical systems. One obvi-
ous future avenue of study is to investigate the role codes play
in Gnomon Adinkras [19] and Escheric Adinkras [1]. This,
as part of continuing to attack the general problem, presents
continuing challenges.

Note that when edge-colour permutations are allowed,
the calculation of the certificate encoding the isomorphism
class of an Adinkra, as detailed in Section 6, is currently more
complex, compared to the situation when edge-colour per-
mutations do not preserve isomorphism in that the automor-
phism group of the doubly even code must also be calculated.
One future direction of research is the investigation of the
properties of these automorphism groups. It is already known
that self-dual doubly even codes have automorphism groups
contained in the alternating group [22]; however further
properties must be discovered to determine all possible Klein
flip degenerate Adinkras in this case.

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgment

The authors would like to thank Akihiro Munemasa for
detailed comments and suggestions on this paper, as well as
Cheryl Praeger, Cai-Heng Li, Gordon Royle, and John Bam-
berg for several useful discussions. This work was partially
supported by the National Science Foundation Grant PHY-
13515155. The authors would also like to thank the Institute of
Advanced Studies at The University of Western Australia for



Advances in Mathematical Physics

17

FIGURE 12: Adinkra after step (iv).
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