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The jellium model is commonly used in condensed matter physics to study the properties of a two-dimensional electron gas system.
Within this approximation, one assumes that electrons move in the presence of a neutralizing background consisting of uniformly
spread positive charge. When properties of bulk systems (of infinite size) are studied, shape of the jellium domain is irrelevant.
However, the same cannot be said when one is dealing with finite systems of electrons confined in a finite two-dimensional region of
space. In such a case, geometry and shape of the jellium background play a role on the overall properties of the system. In this work,
we assume that the region where the electrons are confined is represented by a jellium background charge with an elliptical shape.
It is shown that, in this case, the Coulomb self-energy of the elliptically shaped region can be exactly calculated in closed analytical
form by using suitable mathematical transformations. The results obtained reveal the external influence of geometry/shape on the

properties of two-dimensional systems of few electrons confined to a small finite region of space.

The two-dimensional electron gas (2DEG) model has re-
ceived a great deal of attention in condensed matter physics
due to the richness and complexity of the emerging phenom-
ena associated with it. The variety of possible scenarios makes
this model fascinating from a theoretical and experimental
point of view. In particular, a 2DEG in a strong perpendicular
magnetic field has come to the forefront of current research
as a result of the discovery of the integer quantum Hall effect
(IQHE) [1, 2] and the fractional quantum Hall effect (FQHE)
[3-7] phenomena. Any theoretical model for a 2DEG is
required to guarantee the overall charge neutrality of the
system. The simplest way to satisfy this condition is to assume
that electrons move in presence of a charge neutralizing
background. A common approach is to adopt the so-called
“jellium” approximation. Within this approximation, one
assumes that the neutralizing positive charge is uniformly
spread in a two-dimensional (2D) region that contains the
electrons. The whole system of N electrons in presence of
a uniformly charged positive background is, thus, seen as
a 2DEG system in the jellium approximation. One typically
assumes a uniform finite density for the system, p; = N/A,
where N is the number of electrons and A is the area of the
2D system. In the thermodynamic limit, both N — oo and
A — o0, though their ratio is finite. The 2DEG jellium

model is widely studied in condensed matter physics with
the main interest in the thermodynamic limit [8-10]. Based
on the above consideration, one immediately concludes that
the shape chosen for the jellium background is irrelevant
when it comes to studies of properties of the system in the
thermodynamic limit.

However, there have been recent developments in the field
of nanotechnology that make possible the fabrication of finite
systems of few electrons confined in a finite 2D domain [11-
16]. Typical experimental techniques involve placement of
patterned gate electrodes, or etching on a bulk 2DEG system
so that a small finite area of the sample is depleted of almost
all electrons except for the few ones targeted for confinement.
This domain depleted of electrons can be modeled as a
positively uniformly charged finite background. Since now
this domain is finite, its shape that is generally determined
from the given experimental setup matters. Hence, studies
of finite system of electrons are sensitive to the geometry
of the background in contrast to the treatment of their
counterparts in the thermodynamic limit. As a result, the
properties of a finite 2DEG reflect the shape chosen for the
positive background domain [17, 18] for the case under con-
sideration. For example, in a typical semiconductor quantum
dot system of few electrons, one typically assumes circular
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symmetry for the confinement region. However, many times
the experimental setup is such that the confinement region
where the electrons are trapped is noncircular. In such a
case, the shape of such domain will affect the properties of a
finite system. In this work, we assume that the area occupied
by electrons is noncircular and has an elliptical shape. The
objective is to calculate exactly the Coulomb self-energy of a
uniformly charged jellium background with elliptical shape.
This calculation is a necessary step in order to calculate
accurately the total energy of a finite 2DEG confined to a
domain with elliptical shape. Analytical results derived can
be used in systematic studies of the properties of finite 2DEG
of N electrons embedded in a neutralizing background with
elliptical shape.

We consider a uniformly charged 2D domain with ellip-
tical shape (elliptical plate) with area mab, where a is the
semimajor axis, b is the semiminor axis, anda > b > 0.
This region contains a uniformly distributed positive charge,
Q. Thus, the uniform surface charge density is given as

Q
P~ ab O
We assume Coulomb interaction between elementary charges
dq, = pyd’r, and dq, = p,d°r, and write the expression for
the self-energy of the elliptical domain as
2
E, = kb J d’r, J dzrz%, (2)
2 Jp D |r1 - r2|
where k, is Coulomb’s electric constant, 7; = (x;, y;) (i = 1,2)
are 2D position vectors, and D is the elliptical domain of
integration:

2 2

x )

Note that the calculation in (2) involves a nontrivial four-
dimensional integral over a noncircular (elliptical) domain.
The calculation of the quantity in (2) is facilitated if we use
the general 2D Fourier transform formula:

2
1 I d°q_ -iqw-r) 27

(2n)* q
Substitution of the expression from (4) into (2) gives

k,p? [ d°
E = efo J q22_rrj dzrle_lquj d’r,e™ (5)
2 2mn)” q Jp D

(4)

-
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We see now that the full solution of the problem involves the
calculation of the following integral:

7= J dzrelﬁ? _ J J dx dy ei(qxx+qyy)‘ (6)
D D

In order to calculate the above integral, we introduce two new
variables:

7)
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For this set of new variables, the ellipse appears as a unit circle:
DC:u2+v2£1. (8)

In terms of new variables,

I = (ab) J J du dv &' %4+09,) 9)
D,

c

where the domain of integration, D,, is a unit circle. In order
to simplify the notation, let us define two new vectors, Q =

Q,» Qy) and R = (R, Ry) which have the following vector
components:

Q= (aq. bq, );

R=(uv).

(10)

With this notation, the expression in (9) can be written as

I= (ab)J ) dzReiéf2
D.:|R|<1
1 2 i (11)
~(ab) | arR oo,
0 0
where  is the angle between R and Q and
Q= \/ch + Qi = \/azqi + bzqi. (12)

The angular integration gives a term that involves the Oth
order Bessel function; thus,

1
I =2m(ab) J dRR], (QR) = 27 (ab) M, (13)
0 Q
where we used the well-known formula:
J-dx xJo (x) = xJ; (x). (14)

At this point, we proved that two of the integrals appearing in
(5) have the form

J1(Q)

Q (15)

J dzrle_iq?1 = J dzrze”q?2 = 27 (ab)
D D

where Q is related to g through the relations specified in (10).
Thus, the expression for self-energy in (5) can now be written
as

_kepy [ d’q 2_n[ h(Q)]z
E, = 5 J(zﬂ)z a 27 (ab) —Q . (16)

We recall that the domain of integration of § includes the
whole g-space. To simplify the integration in (16), we change
to polar coordinates (g, 6,) and write

g, = qcos (Gq) ;
17)
g, = qsin (Gq) .
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In terms of g and 6, the variable Q is

Q= q\/azcos2 (Gq) + b?sin? (Gq). (18)

After rewriting (16) in polar coordinates, we obtain

E

S

k 2 (o) 2
= 2P by 24 qu do,
2 0 0

I (q\/a2c052 (Gq) + blsin? (Hq)> ’ (19)
q\/a2c032 (6,) + b?sin (6,) ‘

Since the order of integration is irrelevant, we choose to
perform, first, the integration relative to the variable, g, and
then the angular integration. For simplicity, let us denote

« (Oq) = \/azcos2 (Qq) + b2sin? (Gq), (20)

where «(6,) is a term that depends only on the angular
variable, but not g. It turns out the integration over the
variable ¢ is rather standard and results in

o [nl«(0)a]]" 4 1
! dq{W)qq} Tia(e) )

Based on this result, (19) becomes

E

N

2 .
_ KPG8 r do, ! @
2 3 Jo \/azcos2 (Gq) + b2sin? (Hq)

The denominator of the integrand in the expression above can
be written as

\/azcos2 (Gq) + bsin? (Gq) = a\/l — msin? (Gq), (23)

where m represents the following shape-dependent parame-
ter:

(@-¥) o1

m = 5

a
Note that m satisfies the condition 0 < m < 1sincea > b > 0.
Simple integral formulas involving trigonometric functions
allow us to rewrite (22) as

16, 5, o1 (™ 1
E, = —k,p; (ab)” - J do, ——. 25
3 @ Jo 11— msin? (Oq) (29)
Thus, the final expression for the self-energy becomes
16 1
E, = ?kepé (ab)’ —K (m), (26)
where
/2 1
K(m):,[ do 0<m<1, (27)

0 \/1 — msin? (0)

represents the complete elliptical integral of the first kind [19,
20]. Special limiting values of this function are K(m = 0) =
n/2and Km — 1) — oo.

At this juncture, we write the expression in (26) as

az—bz]

a2

16 1
E, = ?kepg (ab)* “K [

(28)

This way we can compare our result above to an earlier
expression (denoted as E) reported by Keller et al. [21]
obtained through a different direct integration method:

bz—az]

16, 5, 51
k,py (ab) EK[ "

E=—
3

(29)

The following formula for complete elliptic integrals of the
first kind (with a, b any two numbers) applies

2 2 2 2
lK[—“ _Zb ]=1K[—b b_za ] (30)

a a b

With this transformation, our result in (28) can be rewritten
as

E, = 25 o2 (ab)? %K[

v —a?
=3 ] . 31)

b2

A comparison of (31) to (29) seems to suggest that that the
previous result reported in [21], namely, (29), contains a
possible typo and should be corrected as in (31) [by replacing
“a®” with “b®” in the denominator of the argument of the
function K appearing in (29)].

A uniformly charged ellipse turns into a uniformly
charged disk with radius R for the special case of a =
b = R. As a result, (26) reduces to the known result of the
electrostatic self-energy of a uniformly charged disk [22] that
reads

8m 213 8 k Q2
Eggq = kepoR' = g—eR , (32)

3
where Q is the total charge, R is the radius of the disk, and k,
is Coulomb’s electric constant.
To conclude, in this work we focused our attention on
a finite 2D jellium model with an elliptical shape. We show
that in such a case the Coulomb self-energy of the positive
background can be analytically calculated in closed form
by using simple mathematical transformations. The results
derived can be used in systematic studies of the properties of
finite systems of electrons embedded in a elliptically shaped
background of uniform positive charge. One can also use
the above formulas to derive exact expressions for systems
of few N electrons in an elliptical geometry and compare
such results to corresponding systems of few electrons in a
disk geometry [23-25] or other geometries. This way, one can
study the influence of the shape of the confinement domain
on the overall properties of the finite 2D system. Studies of a
finite 2DEG of this nature may reveal subtle effects arising
from the influence of a noncircular shape on the overall
properties of the system of few embedded electrons in a
uniformly charged background.
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