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The purpose of this paper is to emphasize the role of “common limit range property” to ascertain the existence of common fixed
points in modified intuitionistic fuzzy metric spaces enjoying an implicit function utilized in Tanveer et al. (2012) and Imdad et al.
(2012). As an application to our main result, we derive a fixed point theorem for finite families of self-mappings. We also give some
examples which demonstrate the validity of the hypotheses and degree of generality of our main results. Our results improve and
extend several previously known fixed point theorems of the existing literature.

1. Introduction

The fruitful and productive idea of fuzzy set was initiated by
Zadeh [1]. In an attempt to generalize the idea of fuzzy set,
Atanassov [2] introduced the notion of intuitionistic fuzzy
set. Thereafter, Coker [3] defined a topology on intuitionistic
fuzzy sets, while Mondal and Samanta [4] introduced the idea
of intuitionistic gradation of openness. Park [5] introduced
the notion of intuitionistic fuzzy metric space (abbreviated by
IFMS in the sequel) as a generalization of fuzzy metric space,
especially the one due to George and Veeramani [6]. In recent
years, many authors proved a multitude of fixed point theo-
rems in IFMS (e.g., see [7-15]).

Later on, Gregori et al. [16] showed that the topology
induced by fuzzy metric coincides with the topology induced
by intuitionistic fuzzy metric. In an attempt to remove this
shortcoming, Saadati and Park [17] proposed the idea of
modified IFMS wherein the notions of continuous t-norm
and continuous t-conorm are employed besides adopting the
notion of compatible mappings (essentially due to Jungck
[18]). Jain et al. [19] proved some unique common fixed point
theorems for four self-mappings satisfying a new contrac-
tive condition in modified IFMS through compatibility of

type (P). Saadati and Park [17] extended the notion of weak
compatibility (due to Jungck and Rhoades [20]) to modified
[EMS. However, the study of common fixed points of non-
compatible mappings due to Pant [21] is also equally natural.
Tanveer et al. [22] and Imdad et al. [23] utilized the notions
of the property (E.A) (due to Aamri and Moutawakil [24])
and the common property (E.A) (due to Liu et al. [25]) to
prove some interesting results in modified intuitionistic fuzzy
metric spaces. One may notice that the property (E.A) does
require the closedness of certain underlying subspaces to
ascertain the existence of common fixed point. Sintunavarat
and Kumam [26] coined the idea of “common limit range
property” which never requires the closedness of any under-
lying subspace for the existence of common fixed points (also
see [27]). Most recently, Chauhan et al. [28, 29] and Sintu-
navarat et al. [14] proved some interesting fixed point results
for mappings defined on modified IFMS via common limit
range property. Imdad et al. [30] extended the notion of com-
mon limit range property to two pairs of self-mappings and
proved some fixed point results in Menger and metric spaces.
We cite some recent papers (e.g., [31-37]) which demonstrate
the superiority of common limit range property over the
property (E.A) in various settings.
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In this paper, utilizing an implicit function due to Tanveer
et al. [22] (also Imdad et al. [23]), we prove some common
fixed point theorems for two pairs of weakly compatible map-
pings in modified IFMS employing the common limit range
property. In process, many known results (especially those
contained in Imdad et al. [23]) are enriched and improved.
Some related results are also derived besides furnishing illus-
trative examples.

2. Preliminaries

Lemma 1 (see [38]). Consider the set L* and operation <.
defined by

L* = {(xl,xz) s (xp,%,) € [0,11%, %, +x, < 1}, )

(x5,x) < (V> 0,) © x1 <y, and x, > y,, for every
(x1,%,), (31, ¥,) € L*. Then (L*, <;-) is a complete lattice.

Definition 2 (see [2]). An intuitionistic fuzzy set A ¢y inauni-
verse % is an object Agy = {(Ca(w), () | u € %)}, where,
forallu € %, {,(u) € [0,1] and 1, (u) € [0,1] are, respec-
tively, called the membership degree and the nonmember-
ship degree of u € A, which also satisfy {4 (u) +17,(u) < 1.

For every z; = (x;,y;) € L*, if ¢ € [0,1] such that
Z;l=1 ¢; = 1, then it is easy to see that

a (k) + 6 (e ya) = D6 (x5 35)
=1
()

n n
= (Z%"%’)Z%‘%‘) €L’
=1 j=1

We denote its units by 0;- = (0,1) and 1;» = (1,0).
Classically, a triangular norm * = T on [0, 1] is defined as an
increasing, commutative, associative mapping T : [0, 1> -
[0,1] satisfying T(1,x) = 1 * x = x, forall x € [0,1]. A
triangular conorm S = ¢ is defined as an increasing, com-
mutative, associative mapping S : [0, 1> - [0,1] satistying
S(0,x) = 00 x = x, for all x € [0, 1]. Using the lattice
(L*, <), these definitions can be easily extended.

Definition 3 (see [39]). A triangular norm (t-norm) on L* isa
mapping 7 : (L*)> — L* satisfying the following conditions
forall x, y,x', y € L*:

1) T(x,1;+) = x,

(2) T(x, ) = T (y,x),

(3) T (x, T (y,2)) = T (I (%, ), 2),

4) x<-x"and y<;. v = T(x, 9) < T (X, ).
Definition 4 (see [38, 39]). A continuous t-norm I on L* is
called continuous t-representable if and only if there exist a

continuous t-norm * and a continuous t-conorm < on [0, 1]
such that, for all x = (x1,x,), y = (3, ¥,) € L7,

g(x,y) = (xl * V1 Xy <>)’2)- (3)
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Now, we define a sequence {7 ,,} recursively by {T = JVand
g" (x(l) x("“))

_ 7 (7 (5, x ), 5,

(4)

forn>2and x? e L*.

Definition 5 (see [38, 39]). A negator on L* is any decreasing
mapping #/ : L* — L” satisfying #(0,.) = 1;. and
N(Ap-) = 0 IE N (AN (x)) = x, forall x € L*, then A is
called an involutive negator. A negator on [0, 1] is a decreas-
ing mapping N : [0,1] — [0, 1] satisfying N(0) = 1 and
N(1) = 0. Notice that N, stands for standard negator on [0, 1]
defined by (for all x € [0,1]) N(x) =1 — x.

Definition 6 (see [17]). Let M, N be fuzzy sets from X2 x
(0,00) to [0,1] such that M(x, y,t) + N(x, y,t) < 1 for all
x,y € Xandt > 0. The 3-tuple (X, 4 ; \» T) is said to be a
modified IFMS if X is an arbitrary nonempty set, 7 is a con-
tinuous t-representable, and ./, \; is an intuitionistic fuzzy

set from X* x (0,00) — L* satisfying the following condi-
tions (for every x, y,z € X and t,s > 0):
(1) M pg (%5 y58) >+ Op -,
(2) My (%, 9,t) = 1. ifand only if x = y,
(3) M pp (x5 y,8) = M pg (s X5 1),
(4) M py (x5 Y5 t+8) 20 T (M pp (X5 25 1), My (25 Y5 9))s
(5) M ppn(x,y,-) - (0,00) — L* is continuous.

In this case, /), \ is called a modified intuitionistic fuzzy
metric. Here,

My (%, y,t) = (M (x, 1) ,N (x, y,t)) . (5)

Remark 7. In an intuitionistic fuzzy metric space (X, # y; n»
J), M(x, y,-) is nondecreasing and N(x, y,-) is nonincreas-
ing for all x, y € X. Hence (X, .# ;-7 ) is nondecreasing
function for all x, y € X.

Example 8 (see [17]). Let (X, d) be a metric space. Define
I (a,b) = (a;b, min{a, + b,,1}) for all a = (a;,a,) and
b=(b,b,) € L*,andlet M and N be fuzzy sets on X2x(0, 00)
defined as follows:

My (% y58) = (M (%, :), N (%, 1))

- ht" md (x, y)
“\ ht"+md (x,y) ht" + md (x,y) )’

(6)
forallh,m,n,t € R*.Then (X, # ;N T) isamodified IFMS.
Example 9 (see [17]). Let X = N. Define J(a,b) =

(max{0,a, + b — 1},a, + b, — a,b,) for all a = (a;,a,) and
b=(b,b,) € L*,andlet M and N be fuzzy sets on X?%(0, 00).
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Then . y; n(x, y,t) is defined as (for all x, y € X and t > 0)
follows:

My (% y58) = (M (%, 3:), N (%, 1))
x y—x) .
— =, ifx<y, 7
) (; 7, 7)
=, —=), ify<x
(057) o=

Then (X, A y; n> T) is a modified IFMS.

Definition 10 (see [17]). Let (X, 4 ,J) be a modified
[EMS. For t > 0, define the open ball %B(x,r,t) with center
x € Xandradius0 <r < 1as

B (x,1,t) ={y € X2 My (%, y,8) >+ (N (1), 7)) (8)

A subset o/ c X is called open if for each x € of there exist
t>0and 0 < r < 1 such that B(x,r,t) C . Ifr/%M,N denotes
the family of all open subsets of X, then 7, _ is called
the topology induced by intuitionistic fuzzy metric ./, .
Notice that this topology is Hausdorft (see [5], Remark 3.3,
Theorem 3.5).

Definition 11 (see [17]). A sequence {x,} in a modified IFMS
(X, M y; N> T ) is called a Cauchy sequence if for each 0 < € <
1 and t > 0 there exists n, € N such that

M g (%> Y t) >0 (N, () 5€) )

and for each n,m > n,, where N, is a standard negator.
The sequence {x,} is said to be convergent to x € X in the
modified IFMS (X, 4 y; , T ) and is generally denoted by
x,, — N x if M g (X5 %, ) — 1. whenever n — oo for
every t > 0. A modified IFMS is said to be complete if and
only if every Cauchy sequence is convergent.

Lemmal2 (see [17]). Let M ) be an intuitionistic fuzzy met-
ric. Then, for any t > 0, My N(X, y,t) is nondecreasing with
respect tot in (L*,<.), forall x, y € X.

Definition 13 (see [17]). Let (X, M ;) be a modified
IFMS. Then / y  is said to be continuous on X x X x (0, 00),
if

Jim M g (X Yo t) = Mg (%5 958) 5 (10)

whenever a sequence {(x,,, y,,, t,;)} in Xx X x (0, 0c0) converges
to a point {(x, ¥, 1)} € X x X x (0, 00); that is,

Jim Ay (x5 01) = M Ay (90 58) = 1105
(11)
Jim M (% y5t,) = Mg (%5 951).

Lemma 14 (see [17]). Let (X, M ;N> T ) be a modified IFMS.

Then, M \;  is continuous function on X x X x (0, 00).

Definition 15. Let A and S be two mappings from a modified
IFM space (X, A s, ) into itself. Then this pair of map-
pings is said to be

(1) commuting if ASx = SAx, for all x € X;

(2) weakly commuting [17] if
M pgn (ASx, SAX, t) 21 M yp N (AX, S, 1), (12)

forallx € Xandt > 0;
(3) compatible [17] if

im 4y, (ASx,, SAX,, t) =1, (13)
for all t > 0 whenever {x,} is a sequence in X such
that

nango Ax, = nango Sx,=x¢€X; (14)

(4) noncompatible [22] if there exists at least one
sequence {x,} in X such that

nli_)ng()Ax,, = nangOan =x€X, (15)

but lim, , ., N(ASx,,SAx,,t)# 1+ or nonexis-
tent for at least one t > 0.

Definition 16 (see [40]). Two families of self-mappings
{A;}7, and {S;}}_, are said to be pairwise commuting if

1) AA, =A A, foralla,be{l,2,...,m};

(2) S.S;=S,S., foralle,d € {1,2,...,n};

3)A,S. = S, A, foralla € {1,2,...,m} and ¢ €
{1,2,...,n}.

Definition 17 (see [12]). Let A and S be two mappings from
a modified IFMS (X, 4 ; , ) into itself. Then this pair of
mappings is said to satisfy the property (E.A) if there exists a
sequence {x,,} in X such that forallt > 0

Jim My (A, 2:t)
(16)
= im My (SX,2,1) = 112,

for some z € X.

Definition 18 (see [22]). Two pairs (A, S) and (B, T) of self-
mappings of a modified IFMS (X, # y; , T ) are said to sat-
isfy the common property (E.A) if there exist sequences {x,,}
and {y,} in X such that

Jim My (Axyo 2:t) = lim My (S0 25t)

Jim My (By,» 2, t) (17)
= im My (Ty,n2:t) = 110,
for some z € X andt > 0.

Definition 19 (see [14]). A pair (A, S) of self-mappings of a
modified IFMS (X, 4, , T) is said to satisfy the common
limit range property with respect to S, denoted by (CLRy), if
there exists a sequence {x, } in X such that for all ¢ > 0

Jim My (Ax,p2,t) = M My (Sx,p251) = 1105 (18)
where z € S(X).

Thus, one can infer that a pair (A, S) satistying the prop-
erty (E.A) along with closedness of the subspace S(X) always



enjoys the (CLR) property with respect to the mapping S (see
[14, 29]).

Now, we extend common limit range property for two
pairs of self-mappings in the framework of modified IFMS
(X, M ;> T) as follows.

Definition 20. Two pairs (A, S) and (B, T) of self-mappings of
a modified IFMS (X, 4 51 N, ) are said to satisfy the com-
mon limit range property with respect to mappings S and T,
denoted by (CLRgy), if there exist two sequences {x, } and {y, }
in X such that

lim My (Ax,, 2,t) = lim My (Sx,,, 25 1)

n— o0 n— oo

nangO%M,N (B> 2,t) 19)

Jim My (Tyzt) =110,
where z € S(X)NT(X) and t > 0.

By setting A = Band S = T in Definition 20 implies Defi-
nition 19 (due to Sintunavarat et al. [14]), whereas Defini-
tion 20 implies Definition 18, but the converse implications
are not true in general. The following example substantiates
this fact.

Example 21. Let (X, #y; n,T) be a modified IFMS, where
X = [3) 20] and ‘%M,N(x) Vs t) = (t/(t + |x - yl)a |x - }’|/(t +
|x—yl)) forall x, y € X and t > 0. Define four self-mappings
A,B,S,and T on X as

7, if x=3;
A(x) = 5, | if 3<x<14
X x> 14,
5
4, if x = 3;
4x +3
B(x) = xs , if3<x <14
13, if x > 14,
(20)
5, if x =3;
S(x) = 1;, X if 3 <x<14;
Cx=D g
9
6, if x =3;
3
T (x) = x; . if3<x< 14
17, if x > 14.

If we choose two sequences as {x,} = {14 + 1/n}, and
{y,} = {3+ 1/n},,cp ), then the pairs (A, S) and (B, T') enjoy the
common property (E.A) forall t > 0:

Jim (Ax,,3,t) = Jim My (Sx,,3,t)

= m My N (By,» 3.1) (21)

nli_,néoﬂM,N (Ty3,t) = 112,
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where 3 € X. Here it is noticed that 3 ¢ S(X) N T(X). There-
fore, the pairs (A, S) and (B,T) do not satisfy the common
limit range property with respect to mappings S and 7.

In view of Example 21, the following proposition is pre-
dictable.

Proposition 22. If the pairs (A,S) and (B, T) share the com-
mon property (E.A) and S(X) as well as T'(X) are closed subsets
of X, then the pairs also enjoy the (CLRgy) property.

3. Implicit Relations

On thelines of Imdad et al. [23], we adopt an implicit function
which covers a multitude of contraction conditions in one go
as exhibited by demonstrative examples.

Let ¥ be the set of all upper continuous functions

Ot tyt5 by ts,bg) L - L satisfying the following
conditions (for all u,0,1 € L*, where u = (u;,1,), 0 = 0;. =
(0,0),and 1 =1;- = (1,0)):

(@1) (u,1,u,1,1,u) <;- 0, for all u >« 0;
(@,) (u,1,1,u,u,1) <+ 0, for all u >« 0;
(@3) e(u,u, 1,1, u,u) <;» 0, for all u > 0.
Example 23. Define ¢(t,, t5, t5,t,, ts, ) : L* - L*as
@ (t,tytsy bty ts, te) =t —amin{ty, t5, ty,ts, 66}, (22)
where o > 1.
Example 24. Define @(t,t,,t5,t,,t5,16) : L = Las
¢ (t1>t2’t37t4> tS’t6) = tf — oy min {t§>t§’ ti}
(23)
—a, min {t5t6, t4t5},

where o, 0, > 0,00y + 0, > 1, and ) > 1.

6
Example 25. Define ¢(t,, t5,t5,t,,t5,ts) : L — L* as
3 . 2 2 2
@ty tystynts te) = £ —amin {tt,, £ tat,, tate Lsta |
(24)
where o > 1.

Example 26. Define @(t,t,,t5, by, b5, bg) L* - L*as

2,2 | 2.2
13t + tstg

, (25)
ty+ty +1,

3
@ty bty ts,ts) =t —«
where a > 3/2.

Example 27. Define (t,,t,,t5,ty, ts, t¢) L* - L*as

@ (t,tyts g ts, te) = (1 + aty) t, — amin {t5ty, t5te}
(26)
-y (min{ty, t5, 15, t5,16}) »

where « > 0andy : L* — L” is a continuous function such
that y(s)>,.sforalls € L™\ {0, 1}.
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Example 28. Define @(t,,t,, t5, by, b5, tg) L* - L*as

2,2, 2
t,+ 1t +t
Pty tstyts,ts) = t? —q 2t (27)
L5+t

where o > 2.
Example 29. Define @(t,, t,, t5, 4, ts, tg) : L* = L*as
@ (tytytstyts,ts) =t —y(min {t,, t5, 14, t5,t6}),  (28)

where y : L — L" is a continuous function such that
y(s)>-sforalls e L™\ {0, 1}.

Example 30. Define ¢(t,,t,,t5, 4, t5,t6) : L = L*as

3 £33
tirty by tytsts) =t —@x——2—, (29)
@ty tstyts,ts) =1 f+ s + 1
where « > 3.
6
Example 31. Define @(t,,t,,t5,ty,t5,t5) : L — L" as
t
2 o[22 2 5
t1, b, E5, b4, b8 ) =, —a; min i, 5,6, — & s
@ttty tyts,ts) =t 1 {234} 2t5+t6
(30)
where oy > 1and «, > 0.
6
Example 32. Define (t,,t,,t5,t4,t5,t¢) : L™ — L" as
t
2 (22 2 3
ti, b, tas by, te b)) =t —a; min £, bt — « N
@ (ttytstyts,ts) =t 1 {256} 2t3+t4
(31)
where oy > 1and «, > 0.
6
Example 33. Define ¢(t,,t,,t5,ty,t5,t¢) : L — L" as
@t ty bty ts,ts) = 1 — oty — ayts
(32)

03ty — oyts — asty,

where ay, 0y, a5, 04,005 > 0, 05 + 5 > 1, 85 + &, > 1, and
o oy +oag > 1.

On the lines of Tanveer et al. [22], let ® be the set of all
continuous functions ¢(t,,t,, 15, ty, ts, bg) L* - L*, satis-
fying (for allu, v, 1 € L*, where u = (uy,u,), v = (v;,v,), and
1=1;. = (1,0)) the following:

(¢,) for all u,v>;. 0, ¢(u,v,u,v,v,u) ;- 0 or ¢(u,v,v,
u, u, v) =;- 0 implies that u >;. v;

(¢,) d(u,u,1,1,u,u) ;. 0 implies that u >, 1.

Example 34. Define ¢(t,,t,,t5,t,,t5,t5) = 18t; — 16, + 8¢5 —
10t, +t5 —to. Then ¢ € ©.

Example 35. Define ¢(t,,t,,t5,t,,t5,t5) = t, — (1/2)t, —
(5/6)t; + (1/3)t, +t5 —ts. Then ¢ € .

Here, it can be pointed out that the abovementioned
classes of functions, namely, ¥ and @, are independent to
each other as the implicit function ¢(t,,t,, t5, t4, ts5, ts) =t —
aminft,, ts,t,, ts,ts} (where « > 1 and ¢ € ¥) does not
belong to @ as @(u, u, 1, 1,4, u)<;+0, for all u>;.0, while the
implicit function ¢(t,,t,, 5,14, t5,ts) = 15t — 13t, + 5t; —
7ty + t; — tg (where ¢ € @) does not belong to ¥ as
é(u, v,u, v, v,u) = 0 implies u = v instead of u>;.v.

For an extensive collection of implicit relations on differ-
ent settings, we refer to [41-45].

4. Results

Before proving our main results, we observe the following.

Lemma 36. Let A, B, S, and T be self-mappings of a modified
IEMS (X, M ;N> T ). Suppose that

(1) the pair (A, S) satisfies the (CLRg) property (or (B, T)
satisfies the (CLRy) property),

(2) A(X) c T(X) (or B(X) c S(X)),

(3) T(X) (or S(X)) is a closed subset of X,

(4) {By,} converges for every sequence {y,} in X whenever

{Ty,} converges (or {Ax,} converges for every sequence
{x,} in X whenever {Sx,} converges),

(5) forallx,y € X and ¢ € ¥

My N (Ax, By,t), Mg (%, Ty, ) s Mg N (AX, Sx,1) .0, (33)
P\ iy (By, Ty, t), Mgy (Sx, By, t), Myg (Ax, Ty,t) ) =1

Then the pairs (A, S) and (B, T) share the (CLRgy) property.

Proof. If the pair (A,S) enjoys the (CLRg) property with
respect to mapping S, then there exists a sequence {x,} in X
such that

Jim My (Axp2,t) = M My (Sx,0251) = 1105 (34)

where z € S(X). Since A(X) ¢ T(X), for each sequence {x,,},
there exists a sequence {y,} in X such that Ax, = Ty, . There-
fore, due to closedness of T(X),

Jim My N (Ty,zt) = lim My (Ax,, 2t) = 100, (35)

where z € S(X) N T(X). Thus, in all, we have Ax, — z,
Sx, — z,andTy, — zasn — ©0.Moreover, in view of (4),
{By,} converges. Now, we show that By, — zasn — 00.0n
using inequality (33) with x = x,,, y = y,,, we have

@ (ﬂM,N (Axn’ Byn’ t) > 'ﬂM,N (an’ Tyn’ t) > ‘%M,N (Axn’ an’ t) >) >y 0.
M rg N (BYs Ts t) s Mpg N (SXps By t) s Mg N (AXs Tyst) ) =
(36)

Let, on contrary, By, — I(#z)asn — oco. Then, on
makingn — o0, we get

My (2 18) s Mpp (2,2, 8)  Myy N (2,2, 1) > .0
My 1 zt), Mg (2, 1,8), Myy N (2,2,1) ) TE

(37)



or, equivalently,

@ (Myin (2 11), 1,1, My (1L 2,8) , Mg (2,1,1),1) 2.0,
(38)

which is a contradiction to (¢,). Hence 4 y; (2,1, t) = 1, that
is, z = I, which shows that By, — zasn — co. Hence both
the pairs (A,S) and (B, T) share the (CLRgy) property. This
concludes the proof. O

Remark 37. In general, the converse of Lemma 36 is not true.
For a counter example, one can see Example 42.

Now, we state and prove our first main result as follows.

Theorem 38. Let A, B, S, and T be self-mappings of a modified
IEMS (X, M yy N> T ) satisfying inequality (33) of Lemma 36.
If the pairs (A, S) and (B, T) share the (CLRgy) property, then
(A, S) and (B, T) have a coincidence point each. Moreover, A, B,
S, and T have a unique common fixed point provided both the
pairs (A, S) and (B, T) are weakly compatible.

Proof. Since the pairs (4,S) and (B, T) satisfy the (CLRg)
property, there exist two sequences {x,} and {y,} in X such
that

Jim My (Axyp2,t) = M My (Sx,21)

Jim My (By,» 2, t) (39)

nlLr%o/%M,N (Tywzt) =11,

where z € S(X) N T(X). Since z € S(X), there exists a point
w € X such that Sw = z. We show that Aw = Sw. If not, then
using inequality (33) with x = w, y = y,,, we get

¢ (/%M,N (Aw, By, t), Mpg 5 (Sw, Ty, t) s Mpg n (Aw, Sw, 1) ,) .0
Mg N (BYs Ty t) s M pg N (SW, By,s t) s Mpgn (Aw, Ty, t) ) L1

(40)
which, on makingn — oo, reduces to
-ﬂM,N (Aw, z,t), %M,N (z,2,1), ﬂM,N (Aw, z,t), >.0 (41)
¢ M yrn (22,8) s My (2525 8) s My (Aw, z,8) ) =L

so that

@ (Mppn (Aw, 2, 1), 1, M pp N (Aw, 2, 1), 1,1, M g (Aw, 2, 1)) 21+ 0,
(42)
a contradiction to (¢,). Hence /), n(Aw, z,t) = 1; that is,
Aw = Sw = z. Therefore, w is a coincidence point of the pair
(4,5).
Also z € T(X); thereexistsapointv € X suchthatTv = z.
We assert that Bv = T'v. If not, then using inequality (33) with
X =w,y=1v,weget

M g N (Aw, B, t) , M pg N (Sw, T, t) My N (Aw, Sw, ), >0
P\ My (B, Tv,t), M pf N (Sw, By, t), My N (Aw, Ty, t) ) =L
(43)

so that

My (2, Bvst) Mg (2,2, t) s My (252, 1)
(p(/%MN(Bv,z,t) Mg (2 By t) s Mg (2, z,t))> 0 (44
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or

¢ (‘%M,N (Z’ BV’ t) L1, %M,N (va zZ, t) 5 '%M,N (Z, BV, t) 5 1) ZL* 0,
(45)

a contradiction to (¢,). Hence # ; n(2z,Bv,t) = 1, and so
Bv = Tv = z, which shows that v is a coincidence point of the
pair (B, T).

Since the pair (4, S) is weakly compatible and Aw = Sw,
hence Az = ASw = SAw = Sz. Now, we show that z is a com-
mon fixed point of the pair (4, S). Suppose that Az # z; using
inequality (33) with x = z, y = v, we have

My (Az B, ) Mgy (2, Tw, ), Mpgig (AZSZ0LY 0 o
P\ sy (Bv Tv,t), Ml rg 5 (Sz, Br,t) s Mg (Az, T, t) ) 2170 (46)

so that

-%M,N (Az, z,t), -%M,N (Az, z,t), ﬂM,N (Az, Az, t), >.0 (47)
P\ N (z2,t), My (Az 2, t), My (Az,2,t) ) =L

or

(/%M,N(Az,z,t),/%M’N (Az,z,1),1, 1,>> 0. (48)
Myin (Az,2,1) , Myp N (Az, 2, 1) =L
a contradiction to (¢;) yielding thereby Az = z = Sz which
shows that z is a common fixed point of the pair (4, S).
Also the pair (B, T is weakly compatible, and Bv = Tv;
therefore, Bz = BTv = TBv = Tz. Suppose that Bz # z; then
using inequality (33) with x = w, y = z, we have

M N (Aw, Bz, t), M N (Sw, Tz, t), M N (Aw, Sw, t), > .0
P\ vty (B2, Tz, t), M \f n (Sw, Bz, t), My 5 (Aw, Tz, t) ) =L
(49)

so that

My N (2, Bz, t) My N (2, Bz, t) s Mpg N (2,25 1) -0 50
¢ M N (Bz, Bz, t), /%MN(Z Bz, t), .%MN(Z Bz, t) (50)

or

</%M’N (z,Bz,t), My (2, Bz, 1), 1, 1,)> 0. (D)
My (2,Bz,t), My (2,Bz,t) )7L
a contradiction to (¢;). Therefore, Bz = z = T'z which shows
that z is a common fixed point of the pair (B, T). Hence z is a
common fixed point of both the pairs (A,S) and (B, T).
Uniqueness of common fixed point is an easy consequence of
inequality (33) (owing to condition (¢;)). This completes the
proof. O

Remark 39. Theorem 38 improves the corresponding results
contained in Imdad et al. [23] as closedness of the underlying
subspaces is not required.

Now, we present an example which demonstrates the
validity of the hypotheses and degree of generality of our
main result over comparable ones from the existing literature.
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Example 40. Let (X, A y; N> T ) be a modified IFMS, wherein
X =[5,21),7 (a,b) = (a,b;, min{a,+b,, 1}) foralla = (a,,a,)
and b = (b, b,) € L™ with M (x5 y,1) = @/ (E+]|x=yl), |x—
yl/(t+]|x—y|)) forall x, y € Xandt > 0. Define four self-map-
pings A, B, S, and T by

Ax) = 5, if x€{5}U(9,21);
~ 20, if x€(59],
5, if x€{5}U(9,21);
B =
) {13, if xe(59],
5, lf X = 5; (52)
S(x) = 10, if x€(59];
1
X0 xe(9,21),
2
5, if x =5;
T (x) =118, if xe€(59];
x—4, if x€(9,21).
Define an implicit function ¢(t,, t,, t5, 4, ts, ) : AR
by
@ (i, ty by tyts ts)
(53)

=t, —y(min {t,, t5,t4 ts g}

where ¥ : L — L is a continuous function such that
y(s)>p-s (thatis, w(s) = V/s) foralls € L* \ {0,1} and ¢ € V.
Hence (53) implies

My n (Ax, By,t)

> lmin {#mn (Sx, Ty, t) , M pp 5 (AX, SX, 1) s Mgy (By, Tyst)
-t M yg,N (Sx, By, t) , Mpgn (Ax, Ty, t) ’

(54)

forall x,y € X and t > 0. With two sequences {x,} =
{9+ 1/n},ey and {y,} = {5} (or {x,} = {5} {y,}
{9 + 1/n},cn), the pairs (A, S) and (B, T') satisty the (CLRgy)

property:
Jim My (Ax,y, 5,t) = Hm My (Sx,, 5:1)

= nILr%OﬂM,N (By,» 5:1) (55)
= m My (Ty,, 5:t) = 1p-,

where 5 € S(X)NT(X). Also, A(X) = {5,20} ¢ [5,17)U{18} =
T(X) and B(X) = {5,13} ¢ [5,11) = S(X). By a routine
calculation, one can easily verify the inequality (54) for all
x, ¥y € X. Thus all the conditions of Theorem 38 are satisfied,
and 5 is a unique common fixed point of the pairs (A, S)
and (B, T), which also remains a point of coincidence as well.
Here, one may notice that all the involved mappings are dis-
continuous even at their unique common fixed point 5.

Notice that the subspaces S(X) and T(X) are not closed
subspaces of X; therefore, the main result contained in Imdad
etal. [23] can not be used in the context of this example which
establishes the genuineness of our extension.

In the proof of our next theorem, Lemma 36 is utilized.

Theorem 41. Let A, B, S, and T be self-mappings of a modified
IFMS (X, M \; > T) satisfying all the hypotheses of Lemma 36.
Then A, B, S, and T have a unique common fixed point pro-
vided both the pairs (A, S) and (B, T) are weakly compatible.

Proof. In view of Lemma 36, the pairs (A, S) and (B, T') share
the (CLRgr) property so that there exist two sequences {x,,}
and {y,} in X such that

Jdim My (Ax,pz,t) = lim My (S, 25 )
= lim ), (B, 2:1) (56)
= nh_,ngoﬂM,N (Tyw2,t) = 11,
where z € S(X)NT(X). The rest of the proof can be completed

on the lines of the proof of Theorem 38. This completes the
proof. 0

The following example demonstrates the utility of
Theorem 41 over Theorem 38.

Example 42. In the setting of Example 40, replace the self-
mappings A, B, S, and T by the following, besides retaining
the rest:

5, ifxe{5/U(9,21);
A =
) {15, if x € (5,9],
5, ifx e {5}U(9,21);
B =
() {10, if x € (5,9],
'5, ifx=5; (57)
S(x) = {1L 1 if x € (5,9];
XX ifxe(9,21),
L 2
5, if x =5;
T(x)= {17, if x € (5,9];
| x -4, ifxe(921).

Then, like the earlier example, it is easy to see that both the
pairs (A, S) and (B, T) satisty the (CLRgr) property. Consider
an implicit function described by Example 40. Also, A(X) =
{5,15} c [5,17] = T(X) and B(X) = {5,10} c [5,11] = S(X).
The pairs (A,S) and (B, T) commute at 5 which is also their
common coincidence point. Thus all the conditions of Theo-
rems 41 are satisfied, and 5 is a unique common fixed point of
the involved mappings A, B, S, and T

Here, it can be pointed out that Theorem 38 is not appli-
cable to this example as both S(X), T'(X) are closed subsets of
X which demonstrates the situational utility of Theorem 41
over Theorem 38.



In view of the earlier demonstrative examples, one can
outline the following corollary.

Corollary 43. The conclusions of Lemma 36, Theorem 38, and
Theorem 41 remain true if inequality (33) is replaced by one of
the following contraction conditions. Forall x, y € X andt > 0,

M N (Ax, By, t)

Mg (S%, Ty, t) , Mg (Ax, Sx,t) , M pg N (By, Ty, t) ,}

21 amin { M 1N (Sx, By, ), M pg N (Ax, Ty, t)

(58)

Mg (Ax, By, 1)
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where ot > 1,

ﬂ?vl,N (Ax, By, t)
> g0y min {3y (Sx,Ty,t) , My (Ax, Sx,t), My (By, Ty, t)}

M g (Ax, Sx, 1) Mg (AX, Ty, t) ,}

+ o min { Mrgx (By, Ty, t) My (Sx, By,t)

(59)

where o, 0, > 0, &) + oy > land o) > 1,

ﬂf\A,N (Ax, By,t) Mg (Sx,Tyst), (60)

>+ min

My N (Ax, By, t) My (Ax, Sx,t) Myg N (By, Tyst), ,

Moy N (8%, By, t) Mg (Ax, Ty, 1), My (Sx, By, t) My (Ax, Ty, t)

where oc > 1,

.%?VLN (Ax,By,t) 2.«

Mg N (Ax, S, t) Moy (By, Tyst) + My (Sx, By, t), My (Ax, Ty, t)

; (61)

where o« > 3/2,

(1 + aull py  (Sx, Ty, t)) My (Ax, By, t)

M g (Ax, Sx,t) Mg (By, Ty, ),
Mg (S, By, t) My (Ax, Ty, t)

Mg (Sx, Ty t), Moy (Ax, SX, 1),
—y | min { My (By, Ty, t), My (Sx. By,t). ¢ |,

My (Ax, Ty, t)

>+ min {
(62)

where a > 0 and v : L* — L* is a continuous function such
that w(s)>;-s foralls € L* \ {0, 1},

‘%12\4,N (Ax, By, t)

N “ﬂfw (Sx, Ty, t) + M3y (Ax, SX, 1) + M1y (By, Ty, )
“r Mg (Sx,By,t) + My (Ax, Ty, t)

(63)
where o > 2,
My, (Ax, By, t)
- (min {-%M,N (Sx, Ty, t) , Mpg (Ax, Sx, 1), Mpr 5 (By, Ty, t) ,} ) ,

Mg (8%, By, t), Mg (Ax, Ty, t)
(64)

where v : L — L" is a continuous function such that
y(s)>p-sforalls e L*\ {0,1},

‘/%?VI,N (Ax, By, t)

Mg (Ax, Sx,8) My (By, Ty, t) (65)

o ,
Mg (8%, Ty, t) + Myg N (Sx, By, t) + My N (Ax, Ty, t)

2p*

Mg (S%, Ty t) + Mg (Ax, Sx, 1) + Moy (By, Ty, t)

where o > 3,
My (Ax, By, t)
>0y min { M3y (S%,Ty,t) , May (A%, Sx,t), My (By, Ty, t)}

M rp N (Sx, By, t)

+ >
2 lnin (5% By, t) + Mg n (Ax, Ty, 1)

(66)
where a; 2 1 and o, > 0,
Mg (Ax, By,t)

>+ min {/%fv“\, (Sx, Ty, t), ./%R,I’N (Sx, By, t), /%f\“\, (Ax, Ty, t)}

M g N (Ax, Sx, t)
+ o, ,
Mg (Ax, Sx, 1) + Mg (By, Ty, t)

(67)
where a; > 1 and o, > 0,
M g N (Ax, By, t)

2o Magn (S%, Ty t) + 0y M pp N (AX, SX, 1) + a3 My (By, Ty, t)

+ oy M pg  (SX, By, t) + as My (Ax, Ty, t),
(68)

where o}, 0, 05, 04,05 > 0, 00 + 05 > 1, 03 + 4 > 1, and
o +oy+as > 1

Proof. The proof for each inequality (58)-(68) easily follows
from Theorem 38 in view of Examples 23-33. O
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Remark 44. Corollary 43 improves and generalizes a multi-
tude of well-known results especially those contained in [8,
10,11,17,19, 22, 23].

Now we state the next theorem for another independent
class of implicit functions ¢ € @ utilized in Tanveer et al. [22].

Theorem 45. Let A, B, S, and T be self-mappings of a modified
IFMS (X, M py N> T) satisfying

p (ﬂM,N (Ax, By, t), My (S, Ty, t), M yp  (Ax, Sx, 1) ,> 5.0
My (By, Ty, t), My (Sx, By, t) , My (Ax, Ty, t) z )
69

forallx,y € X and ¢ € ©. If the pairs (A,S) and (B, T) share
the (CLRgy) property, then (A, S) and (B, T') have a coincidence
point each. Moreover, A, B, S, and T have a unique common
fixed point provided both the pairs (A, S) and (B, T) are weakly
compatible.

Proof. The proof of this theorem can be completed on
the lines of the proof of Theorem 38; hence we skip the
details. O

Example 46. In the setting of Example 40, one can define
an implicit function ¢(¢,,t,,t5,t4, b5, 1) : AN S by
O(t), by, b5, ty, b5, ts) = 18t — 16, + 8, — 10t, + t5 — t4, where
¢ € O (besides retaining the rest). Hence the pairs (A, S) and
(B, T) enjoy the (CLRgy) property. Thus all the conditions of
Theorem 45 are satisfied, and 5 is a unique common fixed
point of the pairs (A, S) and (B, T).

By choosing A, B, S, and T suitably, we can deduce corol-
laries involving two as well as three self-mappings. For the
sake naturality, we only derive the following corollary involv-
ing a pair of self-mappings.

Corollary 47. Let A and S be self-mappings of a modified
IFMS (X, M pp N> T ). Suppose that

(1) the pair (A, S) satisfies the (CLRg) property,
(2) forallx,y € X and ¢ € ¥,

(p(.%MN(Ax VAV, b, Mg N (Sx, Sy, 1), M s N (AX, SX, 1), >> 0.
Mrgn (Ay, Sy,t), Mpg s (S%, Ap,t) , My (Ax, Sy, t) ) =F o)
70

Then (A, S) has a coincidence point. Moreover, if the pair
(4, S) is weakly compatible then the pair has a unique common
fixed point in X.

As an application of Theorem 38, we have the following
result involving four finite families of self-mappings.

Theorem 48. Let {A;}T" ), {B }r » {Sk} _p and {Tl | be four
Sfinite families of self- mappmgs ofa modzﬁed IFEMS (X M pg N>
) with A = AjA,---A,, B=BB,---B,,§ = §8,---S,
andT =T\T, - - - T, satisfying the condition (33). Suppose that
the pairs (A,S) and (B, T) enjoy the (CLRgr) property; then
(A, S) and (B, T) have a point of coincidence each.

Moreover {A}",, {B; }] » {Sk} _p and {Tl}l | have a
unique common fixed point if the families ({A;}, {S¢}) and
({B,}, {T},}) commute pairwise, whereini € {1,2,...,m}, k €
{L,2,...,p} jei{l,2,...,n},andl € {1,2,...,q}.

Proof. The proof of this theorem can be completed on the
lines of the proof of a similar theorem contained in Imdad
et al. [40]. O

Remark 49. A result similar to Theorem 48 can be outlined
in respect of Theorem 38. Notice that Theorem 48 generalizes
certain results of Sharma and Deshpande [13].

Now, we indicate that Theorem 48 can be utilized to
derive common fixed point theorems for any finite number
of mappings. As a sample, we derive a theorem involving five
mappings by setting one family of two members while the
remaining three of single members.

Corollary 50. Let A, B, R, S, and T be self-mappings of a mod-
ified IFMS (X, My > T ). Suppose that

(1) the pairs (A,SR) and (B,T) share the (CLRsgyr))
property,
(2) forallx,y € X and ¢ € ¥,

(/%M)N (Ax, By, t) , Mppn (SRx, Ty, t) , Mg (Ax, SRx, 1) ,) 5.0
M N (B, Ty, t), Myyn (SRx, By, t), Myyn (Ax, Ty,t) )0

-

(71)

Then (A,SR) and (B, T) have a coincidence point each.
Moreover, A, B, R, S, and T have a unique common fixed point
provided both the pairs (A, SR) and (B, T) commute pairwise;
that is, AS = SA, AR = RA, SR = RS, and BT = TB.

Similarly, we can derive a common fixed point theorem
for six mappings by setting two families of two members
while the rest two of single members.

Corollary 51. Let A, B, H, R, S, and T be self-mappings of a
modified IEMS (X, M y; n» T ). Suppose that

(1) the pairs (A, SR) and (B, TH) share the (CLR g)(rzr))
property,
(2) forallx,y € X and ¢ € ¥,

M N (Ax, By, t), My N (SRx, THy, t) , M pp N (Ax, SRx, 1), > 20
P\ trr (By, THy, t), My 5 (SRx, By, t), My (Ax, THy, ) ) =L

(72)

Then (A, SR) and (B,TH) have a coincidence point each.
Moreover, A, B, H, R, S, and T have a unique common fixed
point provided both the pairs (A,SR) and (B,TH) commute
pairwise; that is, AS = SA, AR = RA, SR = RS, BT = TB,
BH = HB, and TH = HT.

By setting A, = A, =---=A, =A,B, =B, =--- =
Bn:B>Sl :52:...:SP:S,andT1 :Tzz...:Tq:Tin
Theorem 48, we deduce the following.



10

Corollary 52. Let A, B, S, and T be self-mappings of a modi-
fied IFMS (X, M \; > T). Suppose that

(1) the pairs (A™,SP) and (B",T9) share the (CLRgp14)
property,
(2) forallx,y € X and ¢ € ¥,

Mg (A% By, t) s My (S0, Ty, t) s My g (A7 5,87 x,t) ) o
¢ My (B"y, Ty, t), My (SP%, By, t), Mgy (A"x, Ty, t) _L(* ’)
73

where m, n, p, and q are fixed positive integers.
Then A, B, S, and T have a unique common fixed point
provided AS = SA and BT = TB.

Remark 53. Corollary 52 is a slight but partial generalization
of Theorem 38 as the commutativity requirements (that is,
AS = SA and BT = TB) in this corollary are relatively
stronger as compared to weak compatibility in Theorem 38.

Remark 54. Results similar to Corollary 52 can be derived
from Theorem 38 and Corollary 43.

Remark 55. It is noticed that Lemma 36, Theorems 38-48,
and Corollaries 43-52 can be also proved for the implicit
function @, but due to paucity of the space we have opted not
to include the entire details.
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