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Abstract. In this paper, a modified 3-DOF (degrees of freedom) translational parallel mechanism (TPM) three-

CRU (C, R, and U represent the cylindrical, revolute, and universal joints, respectively) structure is proposed.

The architecture of the TPM is comprised of a moving platform attached to a base through three CRU jointed

serial linkages. The prismatic motions of the cylindrical joints are considered to be actively actuated. Kinematics

and performance of the TPM are studied systematically. Firstly, the structural characteristics of the mechanism

are described, and then some comparisons are made with the existing 3-CRU parallel mechanisms. Although

these two 3-CRU parallel mechanisms are both composed of the same CRU limbs, the types of freedoms are

completely different due to the different arrangements of limbs. The DOFs of this TPM are analyzed by means

of screw theory. Secondly, both the inverse and forward displacements are derived in closed form, and then these

two problems are calculated directly in explicit form. Thereafter, the Jacobian matrix of the mechanism is de-

rived, the performances of the mechanism are evaluated based on the conditioning index, and the performance

of a 3-CRU TPM changing with the actuator layout angle is investigated. Thirdly, the workspace of the mecha-

nism is obtained based on the forward position analysis, and the reachable workspace volume is derived when

the actuator layout angle is changed. Finally, some conclusions are given and the potential applications of the

mechanism are pointed out.

1 Introduction

In recent years, lower-mobility translational parallel mecha-

nisms (TPMs) have been extensively studied. Compared with

6-DOF (degrees of freedom) parallel manipulators, lower-

mobility mechanisms possess many merits in terms of sim-

pler mechanical design, larger workspace, and lower manu-

facturing cost, in addition to the inherent advantages of the

general parallel manipulators, such as high accuracy, high

stiffness, high velocity, high dynamic performance, large

load-to-weight ratio, low moving inertia, and little accumula-

tion of positional errors. A lower-mobility TPM with 3 DOFs

is a focus of the current trend in the research community,

and various forms of 3-DOF TPMs have been designed. A

3-DOF TPM is a 3-DOF parallel mechanism whose moving

platform can achieve three independent orthogonal transla-

tional motions with respect to its fixed base.

In past related research literature and industrial appli-

cations, the well-known 3-DOF TPM Delta robot (Clavel,

1988), one of the most successful parallel manipulators in

market, was commonly used in pick-and-place applications.

A pure translational 3-UPU PM (P represents the prismatic

joint) was proposed in Tsai and Joshi (2000); this mecha-

nism has been the subject of much study and was previously

widely used in practice, and several variants of this mecha-

nism were designed, such as 3-PUU TPM and the FlexPLP

tripod. A translational 3-URC mechanism was proposed in

Gregorio (2004); the position and velocity of this PM were

written in explicit form. A kind of 3-DOF translational par-

allel cube manipulator was presented in the study of Li et al.

(2003), in which the kinematics and workspace of the manip-

ulator were investigated. Compared with other 3-DOF TPMs,

the parallel cube manipulator possessed some obvious merits
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Figure 1. The existing 3-CRU spherical wrist.

in terms of higher compactness and stiffness and no singular-

ities in the workspace. Lou and Li (2006) proposed a novel 3-

DOF purely TPM, named Orthotripod. The mechanism pos-

sessed a nearly ball-shaped workspace, and had a much better

conditioning index than that of the tripod-based mechanism.

The CICABOT was presented in Ruiz et al. (2012), which

was a novel 3-DOF TPM based on two five-bar mechanisms.

The workspace of the CICABOT was large and its workspace

volume was limited by the size of the links, and both the in-

verse and direct kinematics were very simple to determine.

The dynamics modeling of a translational 3-CPU was inves-

tigated via screw theory (Carbonari et al., 2013). The oper-

ation performance of a LARM leg mechanism with 3-UPU

parallel architecture was studied in Wang et al. (2015). Be-

sides these new 3-DOF TPMs mentioned above, some other

3-DOF architectures can be found in the literature (Li and

Xu, 2006; Simoni et al., 2013; Gregorio and Parenti-Castelli,

2002; Ji and Wu, 2003; Chung and Hervé, 2006; Kim and

Chung, 2003; Merlet, 2006; Li and Xu, 2005a, b; Tsai and

Joshi, 2002; Chablat and Wenger, 2001).

In this paper, a modified 3-DOF TPM (3-CRU, where the

letters C, R, and U represent the cylindrical, revolute, and

universal joints, respectively) is proposed. The structure of

the paper is arranged as follows. In Sect. 2, the proposed

mechanism is compared with other existing mechanisms.

The mobility of the mechanism is analyzed by means of

screw theory in Sect. 3. In Sect. 4, an analytical model for

the kinematics of the mechanism is established, and the ex-

act analytical solutions are found both for the inverse and

forward kinematics problems. In Sect. 5, the Jacobian matrix

of the mechanism is derived. The reachable workspace of the

mechanism is obtained based on the forward position anal-

ysis in Sect. 6. Conclusions and areas of future research are

given in Sect. 7.

Cylindrical joint 

Supporting rail Fixed base 

Moving platform 

Universal joint 

Revolute joint 

Figure 2. The modified 3-CRU TPM.

2 A modified 3-CRU TPM and its structural

characteristics

With regard to previous works, a 3-CRU rotational parallel

manipulator, as shown in Fig. 1, was first introduced in Fang

and Tsai (2004); subsequent to this, the kinematics, dynamics

and kineto-elasto-static synthesis of a 3-CRU spherical wrist

were studied by Callegari et al. (2007a, b).

In this paper, a modified structure of 3-CRU TPM, shown

in Fig. 2, is proposed. The orientational mechanism (Fig. 1)

and the positional mechanism (Fig. 2) differ from each other

in the axes of the revolute joints and universal joints. The dif-

ferent joint arrangements of CRU limbs in these two types of

3-CRU parallel mechanisms are demonstrated in Fig. 3. The

3-CRU TPM consists of a base platform, a moving platform,

three supporting rails, and three limbs with identical kine-

matic structures. Each limb connects the fixed base to the

moving platform via a cylindrical joint, a revolute joint, and

a universal joint in sequence. The cylindrical joint, actuated

by a linear actuator, can move along the supporting rail and

rotate on the rail simultaneously (Fig. 4), and the rails are

symmetrically arranged 120◦ apart. Thus, the moving plat-

form is attached to the base by three identical CRU linkages.

For the sake of analysis, a fixed Cartesian reference coor-

dinate frame O-xyz is attached at the centered point O of

the intersection point of three supporting rails as shown in

Fig. 5. Ai is the center of the cylindrical joint, Bi is the cen-

ter of the revolute joint, Ci is the center of the universal joint,

and point P is the center of the moving platform. Angle αi is

measured from the base platform to rails OAi and is defined

as the actuator layout angle. In order to ensure the isotropic

property of the mechanism, we assume α1 = α2 = α3 = α.

3 Mobility analysis via screw theory

Considering that the general Grübler–Kutzbach criterion can

only obtain the number of DOFs for some mechanisms but

cannot indicate the properties of the DOF (i.e., whether they
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Figure 3. Different joint arrangement of a CRU limb. (a) Joint ar-

rangement of the CRU limb of an existing 3-CRU spherical wrist.

(b) Joint arrangement of a CRU limb of a modified 3-CRU TPM.

Stator Slider Revolute joint 

Figure 4. A CAD model of a cylindrical joint.

are translational or rotational DOF), screw theory is em-

ployed to analyze the mobility of a 3-CRU parallel manip-

ulator, which is a convenient tool for studying instantaneous

motion systems that include both rotational and translational

motions in three-dimensional space.

The mobility of the 3-CRU TPM is determined by the

combined effect of the three limb constraint forces/couples.

Here, the reciprocal screw theory is used to analyze con-

straint forces exerted on the moving platform in order to give

a complete description of how the mobility of TPMs is com-

puted (Dai et al., 2006). Without losing generality, a local

coordinate system Ai − xiyizi, (i = 1–3) is established for

each limb and twist system of the ith CRU limb as shown in
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Figure 5. Schematic model of the mechanism.
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Figure 6. Twist systems of a CRU limb.

Fig. 6:

$1 = (0 siC)

$2 = (siC 0)

$3 = (siR r iR× siR)

$4 = (siU1 r iU× siU1)

$5 = (siU2 r iU× siU2) ,

(1)

where siC and siR stand for the unit direction vector of cylin-

drical and revolute joints, respectively, and siC = siR. siU1

and siU2 are the unit direction vectors of universal joints.

Using the reciprocity between twist and wrench, the CRU

limb constraint system can be calculated by

$r1 = (0 ni) , (2)

where ni = siU1×siU2. $r1 denotes a constraint couple whose

direction is perpendicular to the axes of joint screws $4

and $5.
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60 B. Li et al.: Novel 3-CRU translational parallel mechanism

x (mm) y (mm) 

z (mm) 

O 

Ai 

Bi 

Ci 

Bi
’ 

Figure 7. Different configurations for inverse position.

In Eq. (2), three CRU limbs provide three constraint cou-

ples restricting rotational DOFs around the axis of the con-

straint couples. Therefore the moving platform of the 3-CRU

TPM behaves as if it has only three translational DOFs.

4 Inverse and forward position analyses

4.1 Inverse position analysis

Inverse position analysis of the 3-CRU TPM involves the de-

termination of the position of Ai given the position of the

moving platform.

In the O-xyz frame, the position vector r = (xyz)T of po-

sition P can be expressed as

r = qisiC+AiBi +BiCi −PCi, (i = 1,2,3), (3)

where qi = ‖OAi‖ stands for the position of Ai , siC is the

unit vector ofOAi , AiBi is the vector from point Ai to point

Bi , BiCi is the vector from point Bi to point Ci , and PCi is

the vector from point P to point Ci .

Note that, for the CRU limb, the constraint imposed by the

revolute joint restricts both AiBi and BiCi so that they are

normal to the unit vector siR of the revolute joint axis. Thus,

taking the dot product with siR on both sides of Eq. (3) leads

to

qi =
(
r +PCi

)T
siR, (i = 1,2,3). (4)

Thus, for a given position vector r = (x y z)T of the moving

platform, the position of Ai can be obtained directly using

Eq. (4).

4.2 Forward position analysis

Forward position analysis of the mechanism is concerned

with the determination of the moving platform position given

the position of Ai .

Expanding Eq. (4) yields

q1 = cos(α)x+ sin(α)z+ cos(α)a, (5)

q2 =−
1

2
cos(α)x+

√
3

2
cos(α)y+ sin(α)z+ cos(α)a, (6)

q3 =−
1

2
cos(α)x−

√
3

2
cos(α)y+ sin(α)z+ cos(α)a. (7)

Subtracting Eq. (7) from Eq. (6) yields

y =
q2− q3
√

3cos(α)
. (8)

Adding Eqs. (5), (6), and (7) together yields

z=
q1+ q2+ q3− 3cos(α)a

3sin(α)
. (9)

Then, substituting Eq. (9) into Eq. (5) gives

x =
2q1− q2− q3

3cos(α)
. (10)

Lastly, given a set of (q1 q2 q3), x, y, and z can be solved

by using Eqs. (8), (9), and (10).

It should be pointed out that the actuator layout angle

should be set in the range of 0–90◦ to ensure that the robot

has real solutions for the forward position analysis.

For the proposed 3-CRU TPM in this paper, both the

inverse and the forward position analyses of the mecha-

nism can be calculated directly in explicit form as shown in

Sects. 4.1 and 4.2, which is extremely significant for the pos-

sible practical applications of the mechanism.

4.3 Numerical examples

The architectural parameters of a 3-CRU TPM are selected

as a = 100 mm, l1 = 300 mm, l2 = 500 mm, and α= 30◦;

here, a = ‖PCi‖, l1 = ‖AiBi‖, and l2 = ‖BiCi‖. For the

inverse position analysis, given a set of inputs (x y z), out-

put parameters can be calculated as shown in Table 1, and

Fig. 7 depicts the configurations associated with these solu-

tions. For the forward position analysis, given a set of inputs

(q1 q2 q3), output parameters can be calculated as shown in

Table 2, and the configurations associated with these solu-

tions are described in Fig. 8.

For a given position vector r = (x y z)T of the moving

platform, only one solution of the Ai positions can be ob-

tained using Eq. (4) directly, as shown in Fig. 7. However, the

locations of point Bi have two possibilities for a CRU limb,

as shown in Fig. 9. Therefore, there are in total eight con-

figurations for the inverse position analysis. Accordingly, the

forward position analysis also has eight solutions in a sim-

ilar manner. But for the 3-CRU orientation parallel mecha-

nism, each limb has four feasible solutions, leading to a total

of 64 possibilities for the inverse and forward position anal-

yses (Callegari et al., 2007b). Obviously, the kinematics of

the modified positional parallel mechanism 3-CRU are much

simpler than those of the orientational mechanism.
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Table 1. Inverse position analysis of the mechanism (unit: mm).

Inputs Outputs

x y z q1 q2 q3

Case (a) 80 −50 600 455.8846 314.4615 389.4615

Table 2. Forward position analysis of the mechanism (unit: mm).

Inputs Outputs

q1 q2 q3 x y z

Case (b) 300 500 500 −153.9601 0 693.4616

x (mm) y (mm) 

z (mm) 

O 

Ai 

Bi 

Ci 

Bi
’ 

Figure 8. Different configurations for forward position analysis.

5 Jacobian matrix of the mechanism and

performance analysis

5.1 Jacobian matrix of the mechanism

Differentiating Eqs. (5), (6), and (7) with respect to time re-

spectively yields

q̇1 = cos(α) ẋ+ sin(α) ż, (11)

q̇2 =−
1

2
cos(α) ẋ+

√
3

2
cos(α) ẏ+ sin(α) ż, (12)

q̇3 =−
1

2
cos(α) ẋ−

√
3

2
cos(α) ẏ+ sin(α) ż. (13)

Equations (11), (12), and (13) can be written in matrix form.

Only when the manipulator is away from singularities is the

matrix invertible.

q̇ = JẊ, (14)

where q̇ =
[
q̇1 q̇2 q̇3

]T
, q̇i is the velocity of the ith lin-

ear actuator, and Ẋ =
[
ẋ ẏ ż

]T
represents the three-

dimensional linear velocity of the moving platform.

J=

 cos(α)

−
1
2

cos(α)

−
1
2

cos(α)

0
√

3
2

cos(α)

−

√
3

2
cos(α)

sin(α)

sin(α)

sin(α)


is the Jacobian matrix of the mechanism.

Configuration 1 Configuration 2

Ai 

Ci 

Bi Bi’ 

Figure 9. Two possible configurations of a CRU limb.

When J is invertible, Eq. (14) can be written as

Ẋ = J−1q̇. (15)

Equation (15) represents the forward velocity solution for a

3-CRU TPM.

5.2 Performance analysis

With respect to performance evaluation and optimization, the

most used parameter is the Jacobian matrix, which is the ma-

trix map of the velocity of the end effector onto the vector of

actuated joint velocities. The conditional number of the Jaco-

bian matrix, called the local conditioning index (LCI) (Li et

al., 2005), was applied for performance evaluation of parallel

manipulators. The conditioning index can be defined as the

ratio of the smallest λmin to the largest λmax singular values

of J, i.e.,

κ =
λmin

λmax

. (16)

For the proposed 3-CRU TPM, according to Eq. (14), the

conditioning index of the mechanism is only related to the

actuator layout angle α. Naturally, how the output charac-

teristics of a 3-CRU TPM vary with differences in actuator

layout angle is studied. The mechanical parameters of the

www.mech-sci.net/6/57/2015/ Mech. Sci., 6, 57–64, 2015
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Figure 10. Relationship between the performance and the actuator

layout angle.

mechanism are set up in the same way as those in Sect. 4.3.

Then, the relationship between the performance of the mech-

anism and the actuator layout angle α is obtained as shown

in Fig. 10, and the actuator layout angle should be given in

the range 25–45◦ to ensure good kinematic performance of

the manipulator.

6 Workspace analysis

In this section, the reachable workspace of the 3-CRU TPM

is obtained based on the forward position analysis. Given a

set of limb lengths (q1 q2 q3), the position of the moving

platform can be calculated directly by corresponding equa-

tions as shown in Section 4. Thus when the restrictions to the

limb lengths are set up, the reachable workspace of the mech-

anism can be obtained. It should be mentioned that few TPMs

can obtain the workspace through forward position analysis;

this is also one novel contribution in this paper.

Compared with serial ones, parallel manipulators have a

relatively small workspace. The characteristics change with

the variation in the actuator layout angle in the reachable

workspace of a 3-CRU TPM..

The restrictions to the limb lengths are defined

as 300 mm≤ q1 ≤ 600 mm, 300 mm≤ q2 ≤ 600 mm, and

300 mm≤ q3 ≤ 600 mm. The workspace of the manipulator

can be generated by a MATLAB program, the results of

which are shown in Fig. 11.

In order to investigate the reachable workspace volume of

a 3-CRU TPM with the changing of the actuator layout angle,

the workspace volume is illustrated in Fig. 12, from which it

can be observed that the maximum workspace volume occurs

when the actuator layout angle α is around 35◦. The x–y

section of the workspace for α= 35◦ is shown in Fig. 13.

(d) 

x (mm) y (mm) 

z (mm) 

(c) 

q2 (mm) q1 (mm) 

z (mm) 

q1 (mm)q2 (mm) 

y (mm) 

(b) 

q1 (mm) q2 (mm) 

x (mm) 

(a) 

Figure 11. The workspace of the manipulator.

 Actuator layout angle  deg.

Figure 12. Reachable workspace volume versus actuator layout an-

gle.

7 Conclusions

This paper proposes a modified 3-DOF TPM 3-CRU. The

mobility of the mechanism is analyzed based on screw the-

ory. Each CRU limb exerts one constraint couple on the plat-

form. Both inverse and forward position analyses are per-

formed, and the analytical solutions are obtained with re-

spect to these two problems. Unlike most parallel robots,

the proposed TPM has explicit solutions for inverse and for-

ward kinematics issues. Therefore, both the path planning

and control problems of the mechanism are very simple. Ad-

ditionally, the Jacobian matrix of the mechanism is obtained,

the performance is evaluated through a conditioning index,

and the performance of a 3-CRU TPM along with the vari-

ous actuator layout angles is investigated. Furthermore, the
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y (mm) 

x (mm)

Figure 13. x–y section of the workspace at α= 35◦.

reachable workspace is obtained based on the forward po-

sition analysis, and the reachable workspace volume is ob-

tained when the actuator layout angle is varied. On the ba-

sis of the kinematics analysis of the mechanism, analyses of

inverse/forward dynamics and stiffness performance as well

as kinematic optimization of the mechanism will be investi-

gated in future work.
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