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Exponential stability in mean square of stochastic delay recurrent neural networks is investigated in detail. By using Itd’s formula
and inequality techniques, the sufficient conditions to guarantee the exponential stability in mean square of an equilibrium are
given. Under the conditions which guarantee the stability of the analytical solution, the Euler-Maruyama scheme and the split-step
backward Euler scheme are proved to be mean-square stable. At last, an example is given to demonstrate our results.

1. Introduction

It is well known that neural networks have wide range of
applications in many fields, such as signal processing, pattern
recognition, associative memory, and optimization problems.
Stability is one of the main properties of neural networks,
which is preconditions in the designs and applications of
neural networks. Time delays are unavoidable in neural
networks systems, which is frequently the important source
of poor performance or instability. Thus, stability analysis
of neural networks with various delays has been extensively
investigated; see [1-10].

In real nervous systems, the synaptic transmission is a
noisy process brought on by random fluctuations from the
release of neurotransmitters and other probabilistic causes
[11]. Hence, noise should be taken into consideration in
modeling. Recently, some sufficient conditions for exponen-
tial stability of stochastic delay neural networks have been
presented in [12-18]. Similar to stochastic delay differential
equations, most of stochastic delay neural networks do not
have explicit solutions. Most of existing researches related to
the stability analysis of equilibrium point were focused on the
appropriate Lyapunov function or functional. However, there
is no very effective method to find such Lyapunov function
or functional. Thus it is very useful to establish numerical
methods for studying the properties of stochastic delay neural
networks. There are many papers concerned with the stability

of numerical solutions for stochastic delay differential equa-
tions ([19-29] and references therein). But there has been a
few literatures about the exponential stability of numerical
methods for stochastic delay neural networks. To the best of
the authors knowledge, only [30-32] studied the exponential
stability of numerical methods for stochastic delay Hopfield
neural networks. The stability of numerical methods for
stochastic delay recurrent neural networks remains open,
which motivates this paper. The main aim of the paper is
to investigate the mean-square stability (MS stability) of the
Euler-Maruyama (EM) method and the split-step backward
Euler (SSBE) method for stochastic delay recurrent neural
networks.

The remainder of the paper is comprised of four sections.
Some notations and the conditions of stability to the analyti-
cal solution are given in Section 2. The MS stability of the EM
method and the SSBE method is proved in Sections 3 and 4,
respectively. In Section 5, an example is provided to illustrate
the effectiveness of our theory.

2. Model Description and Analysis of
Analytical Solution

Throughout the paper, unless otherwise specified, we will
employ the following notations. Let (Q, #,{F,},5(, %) be a



complete probability space with a filtration {F,},,, satisfy-
ing the usual conditions (i.e., it is increasing and is right
continuous, while &, contains all 2-null set) and E[-] the
expectation operator with respect to the probability measure.
Let | - | denote the Euclidean norm of a vector or the spectral
norm of a matrix. Let 7 > 0 and C([-7,0]; R") denote the
family of continuous functions ¢ from [-7,0] to R" with
the norm |l¢|| = sup{le(@)] : -t < 6 < 0}. Denote by
‘“6?;0([—1, 0]; R") the family of all bounded % ;-measurable
C([-1,0]; R") valued random variables. We assume W (t) to
be a standard Brownian motion defined on the probability
space.

Consider the stochastic delay recurrent neural networks
of the form

dx; (t) = [_Cixi )+ Zaijfj (xj (t))
j:l

+§b,,.gj (s (¢ - T].))] a

n

+ 2.0y (620, %, (¢ - 1,)) dW; (), 20,
=
x;(t)=§&(@), -1,<t<0.
O]

Model (1) can be rewritten in the following matrix-vector
form:

dx (t) = [-Cx(t) + Af (x(t)) + Bg (x, (t))] dt
+o(t,x®),x, ()dW (1),
x(t) =&(),

t>0, (2)

-T<t<0,

where x(t) = (xl(t),...,xn(t))T € R” is the state vector
associated with the neurons; C = diag(c,,¢,,...,¢,) > 0 with
¢; > 0 represents the rate with which neuron 7 will reset its
potential to the resting state in isolation when disconnected
from the network and the external stochastic perturbation;
A = (@j)yn and B = (), denote the connection
weight matrix and the delayed connection weight matrix,
respectively; f; and g; are activation functions, f(x(t)) =

(LG @), fH60). . fulx, 0N € R glx, () =
(G (x,(t = 1), Golo(t = ),y G, (E = T € R,

where 7; > 0 is the transmission delay; T = max,;,7;

Et) = (El(t),...,En(t))T € “6[’90([—‘[, 0]; R"). Moreover,
W) = (W), Wy(t),...,W,(t))" is an n-dimensional
Brown motion defined on the complete probability space
(Q FAF }10» P)rand 0 : R'XR')R" — R™,0 = (0})) s
is the diffusion coefficient matrix.
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To obtain our results, we impose the following standing
hypotheses.

(H1) f(0) =0, g(0) = 0,and o(£,0,0) = 0.

(H2) Both f;(x) and g;(x) satisty the Lipschitz condition.
That is, for each i = 1,2,...,n, there exist constants
a; > 0, f3; > 0, such that

|fi ) = fi (D] < oy |x = ],
Vx,y € R".

(3)
19: (%) = g; (V)| < Bi|x -yl

(H3) o(t, x, y) satisfies the Lipschitz condition, and there
are nonnegative constants y;, v; such that

M=

(A“ixiz + Vi)’iz) >
1 (4)

¥ (t,x,y) € R" xR"xR".

trace [O'T (t.x, y)o (t,x, y)] <

It follows from [33] that under the assumptions (HI)-
(H3), system (1) or (2) has a unique strong solution x(t; £),
and x(t) is a measurable, sample continuous and #,-adapted
process. Clear, (2) admits the trivial solution x(¢,0) = 0.

Definition 1. The trivial solution of system (1) or system (2) is
said to be exponentially stable in mean square if there exists
a pair of positive constants A and K such that

E|x(t, E)|2 < K[E|£|Zef’\t, t>0, (5)

holds for any &. In this case
tlim sup % In E|x(t, E)|2 < -A (6)

Using It6’s formula and nonnegative semimartingale con-
vergence theorem, [12, 14] discussed the exponential stability
of stochastic delayed neural network. Employing the method
of variation parameter and inequality techniques, several suf-
ficient conditions ensuring pth moment exponential stability
of stochastic delayed recurrent neural networks are derived
in [17]. With the help of the Lyapunov function and Halanay-
type inequality, a set of novel sufficient conditions on mean-
square exponential stability of stochastic recurrent neural
networks with time-varying delays was established in [18]. In
this paper, we will give a new sufficient condition to guarantee
exponential stability in mean square of stochastic delayed
recurrent neural networks (1) by using Itd’s formula and
inequality techniques.

Theorem 2. If (1) satisfies (H1)-(H3), and the following holds.
(H4) Fori=1,2,...,n,
-2+ ), ol + > 6| B;
j=1 j=1
} ) (7)
+ Z 'aj,-|oci + Z 'bji'ﬁi +u;+v; <0.
=1 =1

Then (1) is exponentially stable in mean square.
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Proof. By (H4), there exists a sufficiently small positive
constant A such that

n n
=26+ ) fagl o+ ) Jbg| B
i-1 i1
i j @
n n
+Z'aﬁ|(xl«+eMZ| |[31+;41+e ;< 0.
= =

Set V(x,1) = x|}
along (2), we obtain

applying Itd’s formula to V(x,t)
V(x,t)
=V (x(0),0) + Jt/\V(x(s),s) ds + M (t)
0
+ r eMtrace [UT (s, x(5),x,(s)) o (s, x (), x, (s))] ds
0
+ J-Ot 2¢MxT (s) [-Cx (s) + Af (x(s)) + Bg (x, (s))] ds

<V(x(0),0) + Jt/\V(x(s),s)ds+M(t)
0

+2Lte)ﬁzn: |: cx (s) + Z 'al]|oc] |x (S)I |x (S)l

i=1

Sl b Gl e |]d5

I i [/,t]x (s) +v;x; (s - Tj)] ds

SV(x(O),0)+J- AV (x(s),5) ds + M (£)
0

t n n n
As
+I e 26+ ) |ag|a; + Y |by] B;
0 i=1 j=1 =1

T

n
2
+Z |aﬁ| o; + [Ji] x; (s)
j=1

Z[ |J|l3;+V] s- TJ)}ds,

)

where

M(t) = Jot 26%xT (s) o (s, x(5),x,(s)) AW (s). (10)

3
Notice that
t 1 2
J- e ds
t-T;
t t—T;
- J- ’\S|x (s)' ds —J Je)“'xj (s)|2ds
Tj 7j
(11)

t t
2 AT 2
J e’\5|x]- (s)' ds—e MIJ eA$|xj(s—‘rj)| ds
—T; 0

J

t t
2 _aF 2
< J e"5|xj (s)' ds—e ’\TJ e’\5|xj(s - Tj)' ds.
—T; 0
Therefore, we have

V(x,t) < V(x(O),O)+Jt)LV(x(s),s)ds+M(t)
0

+e" Jof elsi [Z b, 85 + ”f] [ o) as

j=1 Li=1

t n n n
(@5 ]-a0 Shnlo Sl
U j=1 j=1

i=1

n
+ Ja o+ w] lx,(s)[ds
=1

J i[Z' |/31+Vj]|xj(5)|2ds

j=1 Li=1

< V(x(0),0) + M (t)

ret J,O— ehi [i 6] B, + Vj] Jx; (o) ds

j=1 Li=1

+ Jt e’\si <||x,-(5)|2 [A - 26+ i |aij| &j
0 j=1

i=1

n n
w3 Jeyl B+ D |ag| o +
p=i =i

+eﬁi |bﬁ| Bi + ehvijl } ds
=1

< V(x(0),0) +M(t)

oo o5 S o it

j=1 Li=1
(12)



Notice that EM(t) =
previous inequality

0, so we can obtain from the

Ee¥|x () < Elx (0)

AT
2.
1

71

0
2 [bsl By +2; ] | Exoras

(13)

which implies

hm sup ln Elx (t)* < (14)

O
Corollary 3. If (1) satisfies (H1)-(H3), the following holds.

(H5) Fori=1,2,...,n,

n n
26+ ) |ay|a; + ) [by] B
j=1 Jj=1
(15)
n n
+$ oo 3+ 3 () <o
j=1 j=1

i3
Then (1) is exponentially stable in mean square.

Proof. The p;,7; (j = 1,...,n) are nonnegative constants, so
we have condition (H4) from (H5). Therefore we can directly
derive Corollary 3 by Theorem 2. O

3. Stability of EM Numerical Solution

Leth = t;,, — t;, and AW'ik = Wi(ty,1) — Wi(t,) denote the
increments of the time and Brownian motion, respectively.
For system (1), the discrete EM approximate solution is

defined by
") |k
=1

kel _ K —Ci)/5<+zaijfj ()’j) Z JgJ(
' Z;Uij (k’ Vi yf_mj) AW,
iz

Yi =yi+

(16)

wherei =1,2,...,n, h(0 < h < 1) is a stepsize which satisfies
7; = m;h for a positive integer m;, and f;, = kh, y¥ is an
approximation to x;(t,); if £, < 0, we have yf = &(t,). We
assume that yf is #, -measurable at the mesh points t,.
Suppose that the following condition is satisfied:

(He) Z;l:l |aij|‘xj + Z;'lzl |bz]|ﬁ] < 27:1 |aji|“i + Z?:] |bji|ﬁi-

Definition 4. A numerical method is said to be mean-square
stable (MS stable), if there exists an i, > 0, such that
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any application of the method to (1) generates numerical
approximations y¥, which satisfy

hmE|y,| =0, i=12..,m 17)
forall h € (0, hy) with h = T;/m;.

Now we analyze the stability of EM numerical solution.
Theorem 5. Under conditions (H1)-(H3) and (H5)-(H6), the

Euler method applied to (1) is MS stable with h € (0, h,) and
hy = min,_;_,{1, h;}, where

. { 126257, |yl - 23 [by B - T (s + Vj)}

h; = min § —, - , 5 .
G (c- Ve laglo; = Xy 1b18;)

(18)

Proof. From (16), we have

= (1-¢h) )’f + hziaijfj ()’f)
i

+hz JgJ(

") o Yoy (ko k) A,

j=1
(19)

Squaring both sides of the previous equality, we obtain
2
2 2 2 i
O = 0-an 0 <] S0 0
=1

2
+H [ Zlb,»jgj (yj.cmj)]

2
n
SpEr

j=1

_gaﬁf}- (% )]

+2h(1-gh) yF

+2h(1 -¢h) yl

Z i9; (7 )]
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+2(1-gh) yf Zaij (k> )’?J’fim]’
i1

) AWJ?c

S, (1o ™)

J

+2n a1 (¥)
=
+ 20 Y ayf; (7)) Ylyg; (™)
j=1 j=1

oy (ko ™) oW,
1

+ Zth;bijgj (yj.(_mj)
i

n

j
(20)

Noting that E(AW/) = 0, EQAWFAWS) = 0 (i# j),
k—m; k—m,
EQAWS)’ = h,and f,()), g;(y; "), and ok, v}, y; ),

j
where j = 1,2,...,n, are %, -measurable; hence

ELf; () o (ko)) ™ ) awy ]

k k-m;

-E [fj (v} oy (k’yj’yj )[E (awy | g’*k)]

:0’

k—m;

Eg; (") oy (k3 ™) awy]

k k-m;

-E [91' (yf%) 0ij (k’ Vi Yi ) E(AaWS | fﬁk)]

=0.
(1)

5

Let Yl.k = [E( yf)z. Applying the inequalities 2abxy <
lab|(x* + yz) and conditions (H2) and (H3), we obtain from
(21) and (20)

Yik+1 < (1 - Clh)zYlk + hzi |aij' ‘in |air| (er]]'(
j=1 r=1
2 " n k—m;
+ 1Y [by| B 1ol BY;
j=1 r=1

+ hi (yjY]].‘ + ij]l.C_mj)

= (22)
+ hz |(l - gh) a,-j| a; (Ylk + Y]k)

=i

S e, (o +177)
=

+ hzz; |aij' (ij; |bI]| ﬁj (YJk + Y]I,(_"’j) .
j= J=
Thus
Yik+1 < P(h) Yik + iQ] (h) Y}C + iRj (h) Y]]'(_mj’ (23)
j=1 j=1
where

P(h)=(1-ch) + hi |(1 - Gh) ay| o

i1

+h) (1= ch) byl B;,
j=1

Q;(h) =H |aij| ocjz |a;,| o, + hy,;
r=1
(24)

+h| (U= ch) agl g+ 12 Jag ) [by] B
j=1
By () = 1 [ty{ B, 6] B, + v,

+h|(1 = ch) by| B; + 1 |ag| o). [by] ;-
=
Then

Y < (P(h) + in (h) + iRj (h))
(25)

j:] j:l

X max {Yik, YJIF, Y]]Aﬁm"} .

1<j<n



By the recursion we conclude that Yik — 0 (k > oo)if

R; (h) <1, (26)
1

P(h)+ ) Q;(h)+
j=1 j

j= j

n

which is equivalent to

[C; . < ]z | a,.>2 . <]Z 5| @)2

+2) |ag| ;) [by] /51] "
j=1 j=1

(27)
' [_ZC" * Z (b + ;) + Zi |(1 - gh) ay| e
j=1 j=1
+2i |(1-ch) b /3].] h<o.
j=1
If0 < h < 1/¢;, (27) reduces to
n n 2
(5= Z ke~ lols, )
j=1 j=1
(28)

n n n
<26-2) |ayla; =23 |by] B; = X (wj + ;)
= =1 j

j=1

By conditions (H5) and (H6), we know that /; > 0. Thus,
(28) holds for h € (0,h;). Let hy = min,_;_,{1,h}; then
lim,<_>(><,[E()/f)2 = 0. That is, the EM method of (1) is MS
stable. This proof is completed. O

Theorem 6. Fori=1,2,...,n, andk =1,2,..., there exists a
positive constant C, such that

E|xi(kh) - 35" < C,h, (29)

where C, depends on c;, a;;, b, and so on but not upon h. y:‘ is

defined in (16). g

The proof is similar to Theorem 7 in [20].
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4. Stability of SSBE Numerical Solution

In this section, we will construct the SSBE scheme to (1) and
analyze the stability of the numerical solution. The adaptation
of SSBE method to (1) leads to a numerical process of the
following type:

—k k
Yi =i

| =7+ Yagfi (v)) + D byg; (yf_mjﬂ) h,
=i =1

n

k —k k k-m; k
Y=y +Zaij(k,yj,yj J)AWj.
j=1
(30)

The notations are same to the definition in (16). Now we
present another main results of this paper.

Theorem 7. Assume that (HI1)-(H3) and (H5)-(H6) hold.
Define

n

A=y (u+v),
j=1

2
Bi = <Z ol + 'bij|/3f>
j=1 j=1

+ ZCii (yj + vj) -, (31)
=1

n
=1

«=2(Slols+ S hle-s
J J=

+

n
j=

(15+ ;).

1

Then the SSBE method applied to (1) is MS stable with h €
(0, hy) and hy = min, _;_, {1, h;}, where h; = min,_;_ {(-%; +

\ 9312 - 49€,;)/24;}.

Proof. From (30), we have

(1+6h) 3/ =y + hzaijfj (J’f)
i=1
! (32)
+ hzlbijgj (y;cfmjﬂ) .
iz
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Squaring both sides of (32), we obtain
) 2
a5 = O | S )]
=1

2
+h2|:z Jg]( k— m+1):|
+2hy; Y af; ()

=1

+ 2hy; qug] ( oy +1)

j=1

+2h22%f1 (%)Z ng< ; "‘“)'

(33)

It follows from inequality 2abxy < lab|(x* + yz) and (H2)
that

(1+6h)’(7)
< (J’zk)z + hzz; |“ij| “jz; |air| “r()’j'()z
j= r=
n n m; 2
1Y [yl 8,3 Il 8. )
= =1

(34)

oY ey [0+ 0]
e [ O]
ey e [l [0+ G ) ]

Letting Yk E( yk )°, we have

(1+6h)’Y,

< Y + hzz 'a1]| “,Z |a;,| o, Y

j=1

+h221|bfj|ﬁjZl ABY;
j= r=1

n
+ 1 Jagle; (v +Y7)
=1

7
OWNTACES A
j=1
+ hzzl .a,-]-| (sz ' |ﬁ] (Y Yk i H).
= =1
(35)
On the other hand, from (30), we obtain
2
OF = G + | S (ot )
) (36)

+ 27ikia,] (k yf yf " )AW}‘.
=1

Noting that E(AW/) = 0, E(QAWfAWS) = 0 (i# j),
E(AW/)” = h. From (36) and (H3), we have

K 1 [—
YV e nY (wyf vy, ™). 37)
=
Substituting (35) into (37), we obtain

Y < P+ in (h) Y}
j=1
J (8)

km+1

+ iRj WY, + ZS Y,
j=1

where

P(h) =

1 L n
(1+ch)’ (1 " h}; ] s + hj; b3 ﬁj> ,

Q; (h)

1 2 -
= 2 (h g o 3 la | .+ fa| ey
r=1

(1+¢h)

1

i |ay| o) 'bif|/3j> +hy;,
j=1

R;(h) =

(39)

S; ()

= (hz' |ﬁJZ| |/5r+h|]|/31

(1+,

+h? fay| “j-zl 0] /3]-> '
=



Then
Yik“ < (P(h) + ZQ]- (h) + ZRj (h) + ZSJ' (h)>
j=1 j=1 j=1 (40)

X max {Y" S Y’f"”f“} .

1<j<n Py J

By the recursion we conclude that Yik — 0 (k - oo0)if
n n n
P(h)+ ) Qi(h)+ Y Rj(W)+)S;(h) <1,  (41)
=1 =1 =1
which is equivalent to o/;h* + B;h + G, < 0, where

2
Q{i=ci

J

2
B, = <Z g o + 3 [by] 51)
j=1 j=1

Z (!‘f + ”j)’

n
+ 2c,~z ([/l]- + vj) - cl.z, (42)
=1

n n
&= 2| X lagles + X Jo| B -
= =
n
+
=1

J

(s 7))

Since &/; > 0, 6; < 0, by (H3), (H5), and (H6), we have
B} — 494€; > 0. This implies that

-%B; + w/%’f - 44,
h; = min

1<i<n 29,

1

> 0. (43)

Thus, (41) holds for h € (0,h;). Let by, = min,_;_,{1, h;};
then limkaE(yf‘)2 = 0. That is, the SSBE method of (1) is
MS stable. The proof of the theorem is completed. O

Theorem 8. Fori=1,2,...,n, andk = 1,2,..., there exists a
positive constant C, such that

E|xi(kh) - y¥* < Ch, (44)

b.

k
j» and so on but not upon h. y;

where C, depends on ¢;, a;j,
is defined in (30).

The proof is similar to Theorem 3.2 in [26].

5. Example

In this section, we will discuss an example to illustrate our
theory and compare the restrictions on stepsize of the stable
SSBE method with that of the EM method.
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Example 1. Let W(t) be a two-dimensional Brown motion.
Consider the following stochastic delay recurrent neural
networks:

d<x1 (t)) _ -c<"1 (t))dHA(f(xl (t))>dt

x, (1) x, (t) f(x, (0)
g(x (t-1))
+B<g(x; (t—2))>dt (45)

x; () x;(t—-1)
+0(x;(t) xi(t—Z))dW(t)'

Let f(x) = sinx, g(x) = arctan x,

10 0 2 04
c=(37)  4=(0s 7):
(46)
s (4 03 (10
‘<0.1 2 ) “‘(o \/f)'

It is obvious that o; = §; = 1,i = 1,2, 4y = v, = 1,and
U, = v, = 2. So (H1)-(H3) are satisfied. By computation,

n n
2+ Slafe+ Sl

= =

n n
+ Z |“ji' o + z |bji| Bi+ i+

j=1 j=1
(-4,
- {—2.6,

n n
=2+ ) |ayla; + Y |by| B;
P =

i=1,
i=2,

n n n (47)
* Zl i o + Zl B3] i+ Y (w5 + 7))
j= j=

j=1

=-06, i=1,2,

n n
> Ja| s+ 3 by B;
p=i p=i
n n
= 2 laslai+ 2 [ex] A
=i =i

(67,

3.7,

Therefore conditions (H4)-(H6) also hold. By Theorem 2,

system (45) is exponentially stable in mean square. The EM

scheme and the SSBE scheme to (45) are also MS stable by
Theorems 5 and 7.

Now, we can conclude that the EM method and the SSBE

method to (45) are MS stable with h = 0.125 from Figure 1. It

verifies the validity of Theorems 5 and 7. The EM method is
not stable, and the SSBE method is MS stable with / = 0.1925

i=1,
i=2.
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FIGURE 1: MS stability of the numerical solutions to (45) with h = 0.125; (a) EM, (b) SSBE.
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FIGURE 2: Instability of EM numerical solutions and MS stability of SSBE numerical solutions to (45) with / = 0.1925; (a) EM, (b) SSBE.

from Figure 2, which shows that the stability of the SSBE
method is more superior to EM. Figure 3 illustrates that the
SSBE method is unstable with & = 0.25.

6. Conclusions

The model of stochastic neural network can be viewed
as a special kind of stochastic differential equation; the
solution is hard to be explicitly expressed. It not only has the

characteristics of the general stochastic differential equations
but also has its own features; its stability is connected with
the activation functions and the connection weight matrixes.
So it is necessary to discuss the stability of stochastic neural
network. Different from the previous works on exponential
stability of stochastic neural networks, both Lyapunov func-
tion method and two numerical methods are used to study
the stability of stochastic delay recurrent neural networks.
Under the conditions which guarantee the stability of the
analytical solution, the EM method and the SSBE method are



10

4.5

k2
- EIX}]

R k2
Elle

FIGURE 3: Instability of SSBE numerical solutions of system (45) with
h=0.25.

proved to be MS stable if the step size meets a certain limit.
We can analyze other numerical methods for different types
of stochastic delay neural networks in future.
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