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We investigate the existence of positive solutions for a nonlinear higher order differential system, where the differential system is
coupled not only in the differential system but also through the boundary conditions. By constructing a special cone and using
the fixed point theorem of cone expansion and compression of norm type, the existence of single and multiple positive solutions is
established. As an application, we give some examples to demonstrate our results.

1. Introduction and Sturm-Liouville problems (see [6]) and have wide appli-

cations in various fields of sciences and engineering, for
In this paper, we consider the following nonlinear higher example, the heat equation [7, 8].

order differential system with coupled integral boundary In a recent article [9], by applying a nonlinear alternative
conditions: of Leray-Schauder type and Guo-Krasnoselskii’s fixed point
(n) _ theorem on cone, the authors established the existence of
wmO+a @ fiGu@.y®)=0 1.1, multiple positive solutions of the following system with four-

W (8) + a,®) f,Lut),v(t) =0, te(01), | point coupled boundary conditions:

1 o
DEu(t) + Af (bu(t),v(t) =0, te(0,1), A>0,
u©=vP0=0 k=01...,n-2 * /
Dy,u(t) + Ah(t,u(t),v(t)) =0, te(0,1),

u(l) =alv], v(1) = Blu], o 3)

@ ry — D oy _ L
where f, € C([0,1] x [0, +00) X [0, +00), [0, +00)), @; € w0 =v7(0)=0, 0<i<n-2

C([0,1],[0,+c0)), i = 1,2, n > 3, a[v], Blu] are bounded u(l) = av (@), v(1) = bu(n),
linear functions on C[0, 1] given by
where Djj, u is the Riemann-Liouville’s fractional derivative.

1 1
_ _ In [10], by using fixed point index theory, Yang studied
= t)dA(t), = t)dB(t), 2

«lv jo v da () Alul J.o u®dB®, (2 the following system with uncoupled boundary conditions:

involving Stieltjes integrals. In particular, A, Bare functionals u )+ f, (tLut),v(t) =0, te(0,1),
of bounded variation with positive measures.
In recent years, there were many works to be done for V@) + Ltu®),v(®) =0, te(0,1),
a variety of nonlinear higher order ordinary differential sys- (4)
tem. However, most papers only focus on paying attention to u(0)=0, u(1) = pul,
the differential system with uncoupled boundary conditions v (0) =0, v(1) = B,

(see [1-5] and the reference therein). Coupled boundary
conditions arise in the study of reaction-diffusion equations ~ where f[-] are linear functionals defined by Stieltjes integrals.



The work of above-mentioned papers and wide appli-
cations of coupled boundary value conditions motivate us
to study the system (1). Further, the system is coupled not
only in the differential system but also through the boundary
conditions. By constructing a special cone and using the
fixed point theorem on cone expansion and compression,
the existence of single and multiple positive solutions is
established.

2. Preliminaries

Let E = CJ[0,1]]; we write |ul| = max{lu(t)| : t € [0,1]}.
Clearly, (E, | - ||) is a Banach space. For each (1, v) € EXE, we
write ||(u, v)|| = |lull + [|[v]. Define

P={ucE:u(t)>0,te[0,1]},

Q= {(u v)€EPXP: rg1<n(u V) )

“ min (u(0) +v(0) 2yl I}

where [a,b] is some subset of (0,1),0 < y < (a"ilv/p);
consider

n—1 n—1
p= max{#/}[l] + I,M(x[l] +1,

k
Bl «f1]
kK k|

o2,

Bly.®], afy, )],

[0
Y = min

(6)

Bly,®] aly, ®)] }
k ’ k ’

aft!] = jl " TdA(t) > 0,
0

Bt = Jl " 1dB (t) > 0,
aft| B[] >0

where y,(t) is defined by the following Lemma 2. Clearly, (E x
E, |l - |I) is a Banach space and P is a cone of E.

Lemma 1. Let u,v € E. Then differential system

u™ () + x(t) = €(0,1),
VO ) +y @) =0, te(0,1),
(7)
® ) =v*)=0, k=01,....n-2,
u(l)=oalv], v(1) = Blu],
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has the following integral representation

1 1
u(t) = L F, (t,s)x(s)ds+ L G, (t,s) y (s)ds,

1 1 (8)
v(t) = J' E, (t,s) y(s)ds + J G, (t,s) x (s) ds,
0 0
where
o [tn—l] tn—l 1
F, (t,s) = — L K, (&, s)dB(&)+K, (t,s),
n—-1 1
Gt =" j K, (E5)dA®),
0
[3[ 1] X )
] g 1
E, (t,s) = — % L K, s)dA&) +K,(ts),
tn—l 1
G, (09 = | K,&9dB @),
K, (t,s)
X 1) (-5, 0<s<t<l,
(n =Dt 71— 5" 0<t<s<l.
(10)
Proof. By Taylor’s formula, we have
_ ' A
u(t) =u(0)+tu (0)+~~+mu (0)
n—-1 (11)
= ! TR A (o V)
v(t)=v(0)+tv (0)+ +(n—1)!v (0)
1 ! n-1_(n
+ oD Jo (t-s) Lym (s)ds.

So, we reduce the equation of problems (7) to the following
equivalent integral equation:

n-1

_ 1 ! gl (n-1)
u(t) = oD Jo (t-s) x(s)ds+—(n_1)!u 0),
_ _anl "
v = 1y[a 97y @ ds + s 0).
(12)
Lett = 1; we have
¢*Wm=ru—gmx@%+m—mmn,
’ (13)

D (0) = Jl (1- 5)"71)/(5) ds+(n-1v(1).
0
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By substituting 4" 1(0) and v V(0) into (12), we have

u(t) = j(t " Lx () ds

(n—-1)!

1
O —
(n-1)!

J [tn - gt -

Jl 1= )" x (s)ds + £ u (1)

(n— D —s)”_l]x(s) ds

+ ! Jlt"_l(l — )" x(s)ds + " (1)
(1’1 - 1)' t

1
=j K, (t,s)x (s)ds + " u(1),
0

v(t) = Jl K, (t,s) y(s)ds + "y (1);
0
(14)
that is,

1

u(t) = J K, (t,s)x(s)ds+t""'u(1),
’ (15)
1

v(t) =j K, (t,s) y(s)ds+t""v(1).
0

By applying 8 and « to (15), combined with the conditions
u(1) = a[v], v(1) = Blul, respectively, we obtain

1 1
u(l) = L v (1) dA(t) = HOKn (t,s) y (s) ds dA (1)

1
+u(l) L " A (1),

(16)
v (1) = Jl w(t)dB () = HIKn (t,5) x (s) ds dB (t)
0 0
1
+u(1)J- " 1dB(1).
0
Therefore
_ﬁ [tn—l] 1 <u(1)>
1 - [t"fl] v(1)
HIKn (t,8) x (s)dsdB (t) (17)
0
HlKn (t,s) y(s)dsdA(t)
0
and so
u(l) _1[a [t
V(l) k
K (t,s) x (s)dsdB (t) (18)

K (t,s) y(s)dsdA(t)

3
By substituting (18) into (15), we obtain
n-1] ;n-1
u(t) = ¢ [t k]t ”:Kn (t,s) x (s)dsdB (t)
n—-1 1
+ L - JJOKn (t,5) y () ds dA (t)
1
+ J K, (t,s) x (s)ds,
0
n-1 1 (19)
() =" - ”()Kn (t, ) x (s) ds dB (£)
ﬁ tn—l tn—l 1
+ %HOK" (t,s) y(s)dsdA(t)
1
+ J K, (t,s) y (s)ds.
0
Therefore
1 [tn—l] tn—l 1
u(t) = JO [T JO K, (§s)dB(§) | x(s)ds
1 d d
« [ = K@ A(f)] »(5)ds
1
+ J K, (t,s) x (s)ds,
0
v () = Jl [tn_l JIK (f,s)dB(f)] x(s) ds
ol kK Jo "
1 ﬁ tnfl tnfl 1
« [% |, Ko €9da® | ods
1
+ J K, (t,s) y(s)ds.
0
(20)
which is equivalent to system (8). O

Lemma 2 (see [11]). The continuous function K, (t,s) has the
following properties:

(i) 0 < K, (t,s) < K, (s), for all t,s € [0, 1], where K, (s) =
s(1=s)""/(n-2)}

(i) K, (t,s) = y,(t)K,(s), for all t, s € [0, 1], where y,(t) =
(1/(n - 1)) min{t"*, (1 - £)£"%}.

Remark 3. By combining (i) and (ii), we can easily see

K,(s)>2K,(ts)>y,t)K,(s), Vt,sel0,1]. (21)

Remark 4. From Remark 3, and (9), for t, s € [0, 1], we have

F;(t,s) < pK,(s), G;(t,s) <pK,(s), i=1,2,

1 -1 .
F (t,s) 2vt" K, (s), G;(ts)=v" K,(s), i=12.

(22)



Define the operator T': Q — P x P by
T (u,v) = (T} (u,v), T, (u,v)), (23)

where operators T}, T, : Q — P are defined by

1
T, (u,v) (t) = L F (t,s)a, (s) f1 (s,u(s),v(s))ds

1
¥ j Gy (65 ay (5) f (s, (), v () ds, 2P

0

telo0,1],

1
T, (u,v) (t) = L E, (t,8)a,(s) f,(s,u(s),v(s))ds

1
+ L G, (t,s)a, (s) fi (s,u(s),v(s))ds, (25)

tel0,1].

Moreover, by Lemma 1, if (1, v) € Q is a fixed point of the
operator T, then (1, v) is a solution of the system (1).

Lemma 5. The operator T : Q — Q is completely continuous.
Proof. By Remark 4, for s € [0, 1], we obtain

min F, (t,s) = va" 'K, (s),
telab]

(26)
minG, (t,s) > va" 'K, (s), i=1,2.
telab]

Therefore, By Lemma 2 and Remark 3, for (1, v) € P, we have

1
T, w.v)| <p Jo K, (s)ay, (s) fi (ssu(s),v(s)ds
(27)

1
+p Jo K, (s)a, (s) f, (s,u(s),v(s))ds.

Moreover, we have

tg[l;}g]Tl (u,v) ()
1
= tg[li,lg] “o F, (t,s)a, (s) fi (s,u(s),v(s))ds
1
+ L Gy (t,s)ay (s) f, (s,u(s),v(s)) ds]
1
> g™ [J K, (s)a, (s) f, (s,u(s),v(s))ds
0

1
+ J K, (s)a, (s) f5 (s,u(s),v(s))ds]

0
> y||T, (u,v)| -
(28)
In the same way, we can prove that
min]T2 (u,v)(t) >y ||T2 (u, v)|| . (29)

tela,b
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Thus

inT (u,v) = min (T; (i, v) (£) + T, (u,v) (¢t
min (u,v) tg?;};]( L, v) () + Ty (u,v) (1))

2 V "Tl (u) V)" + V "TZ (u) V)" = )’ ”T (u) V)" .
(30)

Then operator T : Q — Q is continuous since K, (t,s),
fit,u,v), f,(t,u,v), a,(t), a,(t) are continuous. Standard
applications of Arzela-Ascoli theoremy; it is easy to prove that
operator T': Q — Q is completely continuous. O

Lemma 6 (see [12]). Suppose E is a real Banach space and P
is cone in E, and let O, Q, be bounded open sets in E such that
0 eQ,Q cQ, Letoperator T : PN (Q,\ Q) — P be
completely continuous. Suppose that one of the following two
conditions holds:

@) ITull < llull, for all u € P noQy; |Tull = |ul, for all
u € PnoQ,,

(i) |Tull = ul, for allu € P noQy; |Tull < llull, for all
u € PnoQ,,

then operator T has at least one fixed point in PN (Q, \ Q).

3. Main Results

In this section, we show the existence of positive solutions
to the system (1). For convenience, we first introduce the
following notations:

L,u,v
11 = liminf min M,

utv— A te[0,1] U+ v
t,u,v
f” = lim sup max L,
wiv— telOll u+v
(31)
t,u,v
f>3 =liminf min M,
utv— A te[0,1] U+ vV
t,u,v
fyL = lim sup max L,
wiv— telOl]l u+v

where A = 0 or co. Let r = min{r,7,}, R = max{R,R,},
where

1 -1
. (4p L a,(s)Kn(s)ds> :

) -1
R = (4}11/61"_1 J a; (s) K, (s) ds) > (2

a

i=1,2.

Theorem7. If f'°, f*° € [0,7) and fioo» froo € (R, +00], then
system (1) has at least one positive solution.
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Proof. Atfirst, it follows from the assumption £'%, £° € [0,7)
that there exists ¢; > 0 and a sufficiently small &, > 0 such
that

fi(tu,v) < (flo
f (tu,v) < (fzo

81)(M+V),
sl)(u+v),

Vit € [0,1], u+v <y,

Vt € [0,1], u+v <y,
(33)

where ¢, satisfies f'* + ¢, <rand f*° +¢ <.

Set Q; ={(u,v) € Px P : |(u,v)| < u,}. Forany (u,v) €
0Q; N Q, by (24), (25), and (33), we have

1
Iy el <p | Ki©a 6 (o), v ) ds
1
+p Jo K, (s)a, (s) f, (s,u(s),v(s))ds
1
<p [(flo +sl) J K, (s)a, (s)ds
0

1
F (e J K, (s)a, (s) ds] Nl

1

<p [5 . —] I < 5 1w,

||T2 (u, v)” < pJ K, (s)a, (s) f, (s,u(s),v(s))ds
+p L K, (s)a, (s) f; (s,u(s),v(s))ds
20 !
<p [(f + sl) L K, (s)a, (s)ds
1
(70 a) | K@ ©ds| - 1l

<p [i + —] I < 3 Nl

(34)
Therefore
”T (Ll, V)” = "Tl (u) V)" + "TZ (u» V)” < "(u> V)" >

for (u,v) € 00, NQ.

Further, it follows from the the assumption f., f,0o €
(R, +00] that there exists [ > y; > 0 and a sufficiently small
&, > 0 such that

fitwv) 2 (fio — &) +v), Vte[0,1], u+v=l,
fr ) 2 (froo — &) (u+v), VE€[0,1], ut+v>l,

(36)
where ¢, satisfies f;, — & = Rand f,,, —& > R. Let u, =

max{2u,,1/y}}; set Q, = {(u,v) € Px P : ||[(u,v)| < 4}. Then

(u,v) € 0Q, N Q implies that min, ¢, (4, v)
yu, = 1. So, by (24), (25), and (36), we have

> Yl v =
tE?iE]Tl (u,v) ()
b
> g™ [j K, (s)a, (s) f; (s,u(s),v(s)ds
b
+ J K, (s)a, (s) f, (s,u(s),v(s)) ds]
. b
> yva" |:(floo -&) J K, (s)a, (s)ds

b
+ (faco — £2) L K, (s)a, (s) dS] i (A9l

1
4yva!

— [ ] I vl

4yva” !
1
z 5 G VI

tg[l;g]Tz (u,v) (t)
b
> ya"! [ J K, (s)ay (s) f (s,u(s),v(s))ds
b
+ J K, (s)a, (s) f; (s,u(s),v(s)) ds]
1 b
> yva" [(me &) J K, (s)a, (s)ds

(floo_sl)j K, (s)a (S)dS] G, VI

SEYTRNE

[N}

(37)
Therefore,

IT (u,v)| = ||T1 (u, v)” + ||T2 (u, v)||

* Gaph (e O GRL GO Gy

> (wv)l, (uv)€o,NnQ.

By applying Lemmas 5 and 6 to (35) and (38), it follows that
operator T has at least one fixed point (1, v) in QN (Q, \ Q).
This means that system (1) has at least one positive solution
(u, v). O

Using similar arguments as those used in the proof of
Theorem 7, we can also obtain the following result.

Theorem 8. If f'°, £ € [0,7) and f,p, fao € (R, +00], then
system (1) has at least one positive solution.



Next we discuss the multiplicity of positive solutions for
system (1).

Theorem 9. If f1), froo € (4R, +00], and there exist an m >
0 such that f,(t,u,v), f,(t,u,v) € (0,mr), for for all t €
[0,1], (1, v) € 0Q; N Q, where Q5 = {(u,v) € Px P, (1, V)|l <
my}, then system (1) has at least two positive solutions.

Proof. At first, it follows from the assumption f,, €
(4R, +00], +00] that there exists an 0 < m; < m and a
sufficiently small &, > 0 such that

fitbu,v) = (fio — &) (u+v),

vVt e [0,1], u+v<my,
(39)

where ¢, satisfies f;, — &, > 4R.
Set Q, = {(u,v) € PxP: |(u,v)|| < my}and (u,v) €
0Q, N Q. By (24), we have

IT (u,v)|| = min T (1, v) (t) = min T} (u,v) (t)
tela,b) tela,b]

b
> va"! J K, (s)a, (s) f, (s,u(s),v(s))ds
b
> ™ (fyo - 84)J K, (s)a, (s)ds - [[(u, v)|

2 [|(w ).
(40)

Further, by using f,., € (4R, +00], there exists m, > m > 0
and a sufficiently small &5 > 0 such that

f2 (t’u)v) 2 (ono _85) (u + V)a

Vte[0,1], u+v=my,
(41)

where &5 satisfies f,., — &5 > 4R. Set Q5 = {(u,v) € Px P :
l(tt, )| < m3}, where my > m,. For all (u,v) € 0Q5; N Q, by
(24), we have

IT (u,v)|| = min T (1, v) (t) = min T} (u,v) (t)
telab) telab]

b
> va" ! J K, (s)ay (s) f (s,u(s),v(s))ds

a

b
> va" " (freo — &5) I K, (s)a, (s)ds - ||(u, )|

2 [|(w vl
(42)

By assumption, for for all (4, v) € 0Q2; N Q, we have
IT (V)| = | Ty ()| + | T, (s )|
1 1
< 2rmp [J K, (s)a, (s)ds+ J K, (s)a, (s) ds]
0 0

sm=|(uv)|.
(43)
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From (40)-(43), it is easy to know that two conditions of
Lemma 6 are both satisfied. By applying Lemmas 5 and 6
to (40)-(43), it follows that operator T has at least a fixed
point (u;,v;) € QN (Q; \ Q,) and a fixed point (u,,v,) €
QnN (55 \ Q). Both are positive solutions of system (1) and
satisty m; < [[(u, v)Il < m < |[[(uy, vy)Il € m,. This means
system (1) has at least two positive solutions. O

Similarly, we have the following results.

Theorem 10. If f,, fioo € (4R,+c0], and there exist an
m > 0 such that f,(t,u,v), f,(t,u,v) € (0,mr), for for all t €
[0, 1], (1, v) € 0Q N Q, where Qg = {(u,v) € Px P, [|[(u, V)]l <
my}, then system (1) has at least two positive solutions.

Theorem 11. If f,), fioo € (4R,+00], and there exist an
m > 0 such that f,(t,u,v), f,(t,u,v) € (0,mr), forall t €
[0,1], (1, v) € 0Q, N Q, where Q, = {(u,v) € Px P, |[(u, V)| <
my}. Then system (1) has at least two positive solutions.

Theorem 12. If f,), f,oo € (4R,+00], and there exist an
m > 0 such that f,(t,u,v), f,(t,u,v) € (0,mr), forallt €
[0,1], (1, v) € 0Qg N Q, where Qg = {(u,v) € Px P, [|[(u, V)|l <
m}. Then system (1) has at least two positive solutions.

4. Some Examples

In order to illustrate our result, we consider some examples.

Example 1. Consider the following system
—u® (t) = 1+t [(u2 + vz) +/\sin(u+v)] , te(0,1),

8
() = [(u2 . v2)2 . e—(u2+v2)] , te(0,1),

1
4

u(0) =u' (0) =0, u(1) :Zjlv(t)dt,
0

v(0) =+ (0) = 0, V(1)=Jlu(t)dt,
0

(44)

where n = 3, a,(t) = (1 +1)/8, ay(t) = 1/4, fi(t,u,v) =
W* +v?) + Asin(u + v), fLt,u,v) = (W + ) + e i),
A(t) = 2t, B(t) = t, K, (s) = s(1-s)%,y,,(t) = (1/2) min{t*, (1~
t)t}. By direct calculation, we can obtain that p = 18/7, v =
3/56, r = 14/15. Choose A € [0, 14/15)); then conditions
of Theorem 7 are satisfied. This means that system (44) has
at least one position solution.

Example 2. Consider the following system

1+t, ,

(1/3)
Tl
16

—u® ) = V) te(0,1),

@ L2 2
-V (t)—a(u +v), te(0,1),
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1

u(1) :zj v(t)dt,

0

u(0)=u' (0)=0,

v(0) =+ (0) =0, v(l) = Jl u (t) dt,
0
(45)

where n = 3, a,(t) = (1 +1)/16, a,(t) = 1/32, f,(t,u,v) =
W + V)P, ftuv) = @+ v7), At) = 2t B(t) =
t, K,(s) = s(1 - s)% y.(t) = (1/2) min{t?, (1 - )t} By direct
calculation, we can obtain that p = (18/7), v = (3/56),\,r =
(112/15). Choose m = 2; then conditions of Theorem 9 are
satisfied. This means that system (45) has at least two position
solutions.
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