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The AKNS-KN coupling system is obtained on the base of zero curvature equation by enlarging the spectral equation. Under the
Bargmann symmetry constraint, the AKNS-KN coupling system is decomposed into two integrable Hamiltonian systems with the

corresponding variables x, ¢, and the finite dimensional Hamiltonian systems are Liouville integrable.

1. Introduction

Since the integrable coupling definition is proposed, we
have got many integrable coupling systems. Furthermore, the
exact solutions, Darboux transformation, and Hamiltonian
structure of these coupling systems have been obtained [1-
3]. In 2008, the AKNS-KN coupling system is obtained
by the loop algebra whose Hamiltonian system is received
with the variational identity [4]. In 1994, the binary non-
linearization method was put forward by Li and Ma [5],
and then the technique of the binary nonlinearization has
been successfully applied to many soliton equations, such
as the AKNS hierarchy, the KdV hierarchy, and the super
NLS-MKDV hierarchy, but there are few results on binary
nonlinearization of the coupling system. In this paper, we
design a proper spectrum equation and obtain the AKNS-KN
coupling system under the zero curvature equation, but the
recursive operator is different from the operator of [4].

This paper is organized as follows. In Section 2, we
will consider the AKNS-KN coupling soliton hierarchy.
Bargmann symmetry constraint for the AKNS-KN coupling
system will be given in Section 3. Section 4 will be devoted
to study the AKNS-KN coupling system by employing the
binary nonlinearization technique which involves two sets of
dependent variables x and t,. We especially list the special
cases, such as AKNS integrable coupling system and KN
integrable coupling system.

2. The AKNS-KN Coupling System

We design a spectral problem ¢, = U¢, where the spectral
operator is as follows:

A? Uy +uzd 0 Us + ;A
Uy +ugd A ug+ugh 0 W
- 0 0 A? u +usA |’
0 0 U, +ud A
and set
A+BL C+DAL E+FA G+NA
V= I+MA -A-BA K+LA -E-FA @)
B 0 0 A+BA C+DA |’
0 0 I+MA -A-BA
where
A=YAN  B=YBAZ,
i>0 i20
c-Yca®  Dp-Ypa?,
i=0 i>0
E=YEXNY, = F=YFA%,

i>0 i>0
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2
G=YGA™Y,  N=YHA?,
i>0 i>0
I=Y1A%  M=)YMA7,
i>0 >0
K=YKA?Y,  L=YLA™"
i>0 i>0

Under the zero curvature equation V,, = [U V], we read
Ajx =l —u,C +usMiy —uy Dy,
B; . = uyM; —u,D; + usI; — u,C;,
Cix =2C —2uyA; - 2u3B;,
D,A,)c =2D;,, —2u;B; - 2usA,,
Ei v =K —u,G+usLi g —uyNiy
+usl; — ugC; + u; My — ugDyyy,
F,, =uL; —u,N; + u;K; — u,G; + usM;
—ugD; + u,I; — ugC;,
Gix =2Giy — 2u E; - 2u3F; ) — 2usA; — 2u; B,
N;, =2H;;; —2u F; = 2u3E; — 2usB; — 2u, A,
Ii,x = _21i+1 + ZMZAI + 21/{4Bi+1,
Jix = —2M;y + 2u,B; + 2u A,
K,»,x = 2K, +2u,E; + 2u,F; ; + 2ugA; + 2ugB;,,
L;, =-2L; ;1 +2u,F; + 2uyE; + 2ugB; + 2ugA;.
Equation (4) is equivalent to

(Mg + Liyys Digy + Ny Iy + Ky, Ciyy

+ Gi+1’ Mi+1’ Di+1’ Ii+1’ Ci+1)

(3)

(4)

=®(M;+L,D, +N,I,+K,C; +G, J,D,I,C,),

A; =07 (] - uyCy + w3 My, —u,Dyyy),
B, =0 " (u,;M; - u,D; + usI, — u,C,),
E =0 (uK; = Gy + uz Ly — uyNiyy

+ usl; = ugC; + u; M,y — usDy,y ),
F; = 07" (u,L; = u,N; + usK; — u,G; + usM,

—ugD; + u, I, — ugC;),

©)

where

20

M21
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M, M, M; M, Ms Mg M; My
My Myy My, My, My My, Mys Mg
My; Myg Mg Myy My My, My; My,
Mys My My; My Myy My, My Ms,
0 0 0 0 Ms; My, Mjs Msg ’
0 0 0 0 Mz, Msg Msg My,
0 0 0 0 My My, My; My,
0 0 0 0 My My My, My
(6)
o' -1 102
= +u,0 U +u 0 usA S,

-1 “1 42
=—uy0 U, —u0 UL,

-1 -1
=u,0 Us+ul ug,

-1 -1
=—u,0 Uy, —u0 U,

-1 “1 42 -1 “1 42
=uy0 Us+ U0 U AT+ Ul Uy +ugd usA S,
= —u,0"" 0 ' ugh —ugd™! 0 4
= TU0 Ug — U0 UgAh  — U0 Uy — ”85_”4 >

u

-1 -1 -1 -1

=uy0 Uy + U0 Us + U0 Uy + U0 Uy,
-1 -1 -1 -1
= —Uy0 Ug — U0 Ug— U0 Uy — UgD Uy,

-1 Sl -2

=u 0 U +uz0 uzA ",

- 4 0!
= 1,0 Uy — uz0 UL+ -

-1 -1
=u0 Uz +uz0 U,
_ -1 -1
=-1,0 Uy —uUz0 Uy,
-1 “1 42 -1 -1 42
=10 Us+uz0 U A+ U0 Uy +u0 usA S,
-1 S1 -2 -1 “1 -2
= -0 Ug—U30 Ul T —us0 U, —u0 U,
-1 -1 -1 -1
=0 U; +Uz0 Us+ U0 Uz + U0 Uy,
_ -1 -1 -1 -1
=—1,0 Uy — U0 Ug— U0 Uz — U0 Uy,
-1 42 -1 42
=u,0 A +u0 usd,
_ “1 42 “1 42
=-u,0 u,A " —uy0 ud
-1
“1 42 -1 J
=u, 0 usA T+ u,0 Uy — -

= —u, 0 'u A - 1,0 'y,
= u4%u5[2 + MZ%Mﬂ\_Z +ugd A7

+ugd A7,
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My, =

My =

My =

Ms, =

M, =
M;s =

=
’

=
|

M,; =

My =

192 -1
=-u30 U A T —u 0 uy+

- 1 42 O
=—u,0 'u, - U0 YA+ -

_ oAl g2 -1
U0 uzd T+ uy0 U — —,

S1 -2 “1 -2 S1 -2
-1, 0 Ugh T —uy0 ugh "t —ug0 uA

142
— U0 UL ",

-1 42 -1 -1 42 -1
=u,0 U AT+ U0 Us +ugd uUzd T +ugd Uy,

“1 42 -1 “1 42
=—u,0 uUgd " —uy0 ug—ugd uyd

-1
— U0 Uy,

=130 ' A+ w0 ),

“1 42 “1 42
—U30 UA T —u 0 uy A

Sl 42 -1
=u30 usA T+ u 0 Uy,

afl

2

-1 42 -1 42
U0 usA "+ w0 usd

+ 1,0 A+ ugd us A

“1 42 “1 -2
=-u30 Ugd “—u;0 ugh

142 142
— U0 UpA T —us0 Uyl e,

-1 42 -1
=u30 U AT+ U0 us

142 -1
+u;0 usA T +us0 uy,
“1 42 -1

—u30 Ugh T —u 0 ug

142 -1
—u;0 ud T —us0 Uy,

afl
= 1,0 'y, + u4a_1u3}t_2 -5

-1 -1 42
—Uy0 U, — U0 Ud ",

-1 -1
U0 Uz + U0 U,

-1 -1
=—u,0 Uy —u0 Uy,

-1 Sl 42
=u0 U +uz0 uA 7,

-1

-1 -1
=10 Uy +uz0 U,
-1 -1
=-1,0 Uy —uz0 Uy,
-1 42 -1 42
=u,0 wAd T+ uy0 usA,

_ 142 -1 42
—u,0 U AT —uy0 uu A

a—l
2

-1 42 -1

=-u0 U -u,0 u,,
-1 -2 -1 -2

=u30 A T+ u 0 ush

_ “1 42 “1 42
—U30 UA T —u 0 uu A

“1 42 -1
U0 uzAd T +u 0 uy,

1 - - o'
1,0 A — 0,0, + -

7)

If we choose the initial conditions as
By=Cy=D,=E,=F, =G, (8)

:N():I():M():KO:LO:O’

then we can get all the other values according to (6). The first
few sets are

A =0, B =0, C =u,
D, =u,, E =0, F =0,
G, = us, N, =u,, I, = u,,
M, = uy, K, = u, L, = ug,
A, =0, B, = — (uquy + uyus),
C, =uy, —us (wyuy + uyu3), D, = u;,,
E, =0, Fy = — (uyug + tytty + Usig + tiylis),  (9)
Gy = us, —us (uythg + iy + st + Uytis)
=ty (ty1ay + thyti3)
N, =uy,, M, = —uy,.»
Iy =—uy, —uy (uyuy +uyus), Ly =-ug,,
Ky = —ug, —uy (uyug + tythy + Uzt + tgis)
— ug (Ut + tyiy) .
Let us associate (1) with the following problem:
¢, = VP, (10)

with

A;+BA C;+D;A E;+FA G;+N;A

w | L+MA -A,-BA K,+L,A —E,—FA
V — Z 1 1 1 1 1 1 1 1

0 0 A;+BA C;+DA

i=0

0 0

x A2,
(11)

The compatible condition of the spectral problem (1) and the
auxiliary problem (10) is

Uy -V +[UVP] =0. (12)



After a direct calculation, we can get the AKNS-KN
coupling system:

Uy = (2 + 2u3a_1u4) Coq — 2u38_1u31n+1
- (2u3a_1u1 + 2u18_1u3) M,
+ (2u3aflu2 + 2u1671u4) D,.:

Uyy = (—2 + 2u4a_1u3) L., - 2”43_1”4Cn+1
+ (2u4a_1u1 + 2u28_1u3) M, .,

- (2u4a_1u2 + 2u28_1u4) D,

Uy, = (2 + 2u3a_1u4) D,

- 2”38_1u3Mn+1’
Uppn = — 2u4a_1u4Dn+1

+ (—2 + 2u4a_1u3) M,
Ussy = (2 + 2u3a_1u4) G

- (2u3a_1u1 + 2u18_1u3) L,
+ (2u3871u2 + 2u1671u4) H, .,
+ (2u3aflu8 + 2u7aflu4) Co
+ (2u3a_1u6 +2u,0 'y

+2u,0 'u, + 2u58_1u4) D,
- 2u,0 ' 43N,

- (2u3671u5 +2us0 Uy

+2u,0 ', + 2u7a_1u1) M, .,
- (2u38_1u7 + 2u78_1u3) L1

Ugtn = (_2 + 2’/‘4871”3) Ky
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- (2u4a_1u8 + 2u86_1u4) Cpin
- (2u4a_1u6 + 20,0 'ug + 2ugd U,

+2u6671u4) D,

+ (2u4a_1u7 + 2u88_1u3) L., —2u,0 'u,G,,,
-1 -1 -1
+ (2u4a Us + 2Ug0 Uy + 2ugd U,

+2u28_1u7) M,
-1
Uy iy = (2 + 2u50 u4) N,

+ (2u7871u4 + 2u3aflu8) D,
- (2u7a_1u3 + 2u3a_1u7) M, .,
- 2u3a_1u3Ln+1,
Ug sy = (—2 + 2u4a_lu3) L,
- (2u4aflu8 + 2u8871u4) D,
+ (2u86_1u3 + 2u4a_1u7) M, .,
- 2u4a_1u4Nn+1.
(13)

Therefore, the AKNS-KN coupling system can be written as

utn = ] (Mn+1 + Ln+1’ Dn+l + Nn+l’ In+1 + Kn+1’
Cn+1 + Gn+1>Mn+1’Dn+1’ In+1’ Cn+1)
(14)
=JO" (M, +L,,D, + N, I, +K,,

C, +G, M, D,,1,,C,)",

where the operator @ is determined by (6) and the Hamilto-
nian operator is as follows:

_(0 Z
+ (2u4a_1u1 + 2u26_1u3) L, J= (Z1 Zz> ’ (15)
-1 -1
- (2u4a U, + 2u,0 u4) Ny where
—21438_1141 - 2u18_1u3 2u38_1u2 + 2u18_1u4 —2u36_1u3 2+ 2u38_1u4
o 20,0 'uy + 2,0 Uy 20,0 "1y — 20,0 w2+ 2uy0 'uy —2u,0 'y,
! 21,0 ' u, 2 +2u30 'u, 0 0 ’
2+ 21,0 'u, —2u,0 'u, 0 0
(16)
Y, Y, Y, Y,
P AR AR

Y9 YlO Yll Y12
Y13 Y14 YlS Y16
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where Y, =2 = 2u,0 'us + 20,0 'u, + 2ug0 U,
Y, = 2u30 uy + 20,0 "ty — 2u30 U Yy = 2u,0 g — 2u,0 g — 2ug0 uy,
~2us0 'y — (2u1671u7 - 2u7671u1), Yo = 230 'ty — 2u,0 Uy — 2u30 ' uy,
Y, = —2u50 uy — 20,0 uy + 2050 1 Yy = =2 = 2u30 "1y + 20,0 'uy + 20,0 ug,
+2u,0 g + 2,0y + 2u50 1y, Y=Y, =Y;5=Y;=0,
Y, = 2u30 "\ — 230" ) — 209 s, Y5 =2 - 20,0 't + 2ugd 'us + 20,0 'u,
Y, = =2 - 230 'y + 2u30 'ug + 2u,0 'uy, hia = 2u4a_1u4 B 2u4a_1u8 B 2u88_1u4. )

Yy = —2u,0 'u; — 20,0 uy + 20,0 1
5 4 1 2 3 4 5 To simplify (13), let u; = u, = u; = ug = 0; then the

+2ugd Uy + (2u8 0wy + 20, a_1u7) ’ AKNS integrable coupling system (14) can be written as

T
Y = 20,0 'ty + 20,0 ' uy — 2,0 g uy, = J1O) (g + g, Uz + Uy, Uy U3) (18)

— 21,0 g — 2ugd Uy — 2ugd uy, where

0 07! I
u, 0 us A - =R 1,0 'u A2 M; Mé
14— 04 0!
o us0 A ~u30 U A + =N M, M,
1= afl >
0 0 u, 0 '\ - =S —1,0 ' u A7
afl
0 0 us0 " uz A7 30 u A7 + =S
M, = 1,0 w7+ ugd us A
M = —u.o 2 § o
6= U0 Ugh " - u85u4/\ ,
My, = w30 A7+ 1,0 U
M, = ~130 g — 1,0 u, A2
0 0 “2u;0 'uy 2+ 2u30 'uy
;- 0 0 -2+ 2u,0 'uy,  —2u,0'u,
Tl 2wy 24 2u0 'y, Y, Yy ’
-2+ 2u,0 'uy;  —2u,0"'u, Y5 Y,

Yo = 230 'ty — 20,0 1y — 230 'uy,
Yy = =2 — 230 'ty + 20,0 1y + 2030 ug,
Y5 =2 - 20,0 "us + 2ug0 'us + 20,0 'uy,

Yy, = 2,0 'y — 20,0 ug — 2ug0 ' uy.

(19)



Furthermore, let u; = u, = us = ug = u, = ug = 0, and
then u, = J,®)(uy, u;)" is the AKNS system, where
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-1
—2u30" Uy

2 +2u30 'u,
], = . . (20)
-2+ 2u,0 U,

—2u,0 'u,

On the other hand, when u; = u, = u;, = ug = 0, then

-1
1,0 72 - 9 ~u, 0 u, A2 u, = 05, + ug uy + us, uy,u;)" is the KN integrable
D, = 2 1 s coupling system, where
us0 'usA 30 u A+ =R
-1
1,0 'y — =S 1,0 'u, Uy0 " ts + ugd Uy —1,0 ug — ugd 'uy
afl
u,0 'y, 1,0 U, + =S w0 s + us0 1y —1,0 ug — us0 'uy
D, = 3! ’
0 0 u, 0wy - =N ~1,0 " u,
a—l
0 0 u,0 'y, 1,0 U, + =N
0 0 0 2
[0 020
3 0 -2 0 -2
-2 0 2 0
(21)
When u; = uy = us = ug = u; = ug = 0,thenu, = 3. Bargmann Symmetry Constraint of
Jo @1y, uy)" is the KN system, where AKNS-KN Coupling System
0! In order to get a Bargmann symmetry constraint, we can
a—l _ v _ a—l
O - WO == o consider the Lax pairs and the adjoint Lax pairs of the AKNS-
4 31 5! P KN coupling system. The adjoint Lax pairs of the AKNS-KN
ho i o Tyt — (22) coupling system are
0 2
-(52)
-A? = (uy + uyM) 0 0
= (u; +us)) A2 0 0
v, = —UTl// = 5 , (23)
0 — (ug + ugh) -1 — (uy + uy))
— (us + u1) 0 = (u; +us)) A
n [ _C,~DA A,+BA\ 0 0 oo o0

~E,—FA -K,—L,A —-A,-BA —I,— M;A
~G,-N;,A E;+FA

-C,—D;A A;+B;A
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where T means the transpose of matrix and v = (y,v,,
V3, v,)". It follows from

¢.=Up,  y,=-Uly (25)
that

(viva) + (vsyy)
(o) + (vays)
(y1vz) + (vsya)) A

((vay1) + (vays)) A

g_i ) % (V1va) ’ =
(vays)

((y1ya)) A

((ways3)) A

where B = [ 2((y1y1) = (yays) + (¥ays) — (waya) A dx.
According to the zero boundary conditions lim _, ,,¢ =

lim, _, ¥ = 0, we can get

oA oA
O—=)1—, 27
Su Su @7)

where @ and dA/du are given by (6) and (26).
Now, let us discuss the spatial systems

P1j
P2
P3j
Paj/

A2 Uy +uzA 0 us +u; A [y

Uy +ugdh A ug+ugh 0 %
B 0 0 A2 u; + M3/\ P35 ’
0 0 U, + u A )2 Py
L4¥,
Vj
Y3
Vi /
-\ —(uy + uy)) 0 0
| = (uy +usd) A? 0 0
a 0 — (ug + ug)) -2 = (uy + uy))
—(us +uyM) 0 = (u; +ush) A
L4¥;
y ¥aj ’
Vs
Yy

(28)

7
and the temporal systems
P1j
Paj
Psj
(P‘U tn
A;+BA C;+DA E;+FA G;+N;A
B Z”: IL+MA -A,-BA K;+L,A —E;,-FA
& 0 0 A;+BA C;+D;A
- 0 0 L+MA -A,-BA
P1j
x AZ(ﬂ*i) Paj
P3j
Paj
L4¥,
LZ¥
Y3
V/‘U tn
~A,-B\A -I,-M,A 0 0
_i -C;-D;A A;+B;A 0 0
“Z| -E-FA -K;-LA -A;-BA I, M;A
" |-G,-N,A E;+FA -C;,—-D;A A;+BA
L4¥}
% \20) ¥aj
AN
Yy
(29)

where 1 < j < N and A,A,,...,Ay are N distinct
parameters. From [6] and [7], the expression of the potential
u can be easily calculated:

uy = ((vr92) + (¥a9s)) >
uy = (Cyapr) + (vaps))»
us = ((Y192) + (¥a94)) A,
uy = ((yar) + (vaps)) A,
us = ((y194))

ug = ((v293))

u; = ((¥194)) A,

ug = ((y295)) A.

(30)

4. Binary Nonlinearization of
AKNS-KN Coupling System

In order to perform binary nonlinearization of AKNS-KN
coupling system, let us substitute (30) into the Lax pairs and



adjoint Lax pairs (28) and (29); then we can get the following
nonlinearized spatial Lax pairs and the adjoint Lax pairs:

P1j
Paj
Ps3j
Psj/

Nowtil 0 i+ A [
R 0 P2j
B 0 0 z Uy +isA | @55 ]

0 0  dtigh A P4
Yij
LZ2Y;

V3
Vaj/
A (@, + M) 0 0
_ | = (@ +53A) 22 0 0
B 0 — (flg + Tigh) -2 — (@, + M)
— (s +@,)) 0 — (i, +@i5)) 22
Vi
| ¥2i ’
Y3
Yyj
(31
P1j
Paj
P3j
(P4j tn

A;+BA Ci+DA E+FA G +NA
_ Z L+MA -A,-BA K,+L,A —E,—FA
5 0 0 A;+BA Ci+DjA

0 0 IL+MA -A,-BA
P1j
% \2(n=) P2j )
@3
Paj
Y
L2Y
Y3;j
Y4i /s
~A;-BA I - M)A 0 0
i -C,-D;A A;+B;A 0 0
) i=0 ~E;-FA -K;-LA -A;-BA -I,- M;A
-G;-NA E+FEA -C,-DA A;+BaA
L4¥;
w (200 | V2 |
Y3
LZ¥

(32)
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where P(U) means an expression of P(U) under the con-
straint equation (30). Clearly, (28) can be written:

P1x = Ao+ ((192) + (¥304)) (1 + A7)
+ (y19a) (1+4%) g,
92 = ((W21) + (Wa3)) (1+ A7) gy
~ N, + (ya95) (1 + A7) 93,
3 = N5+ ((1192) + (¥392)) (1+4%) 9
s = ((va1) + (Vap3) (1+ A7) s — N0, o)
Yix = =AM = (o (Vo) + (Yags)) (1+4%),
Yo = Ay, = (Y1 (W192) + (¥s0a)) (14 47),
Vs = A0y = (Y (Vap1) + (vags)) (1+ A7)
= (¥ (vaps)) (1 +17),
Yax = Ay = (Y (¥192) + (¥304)) (1 + A7)

— (¥ (V194)) (1 + AZ) >

where A = diag(A,1,,...,Ay). When n = 1, the coupling
system equation is exactly system equation with t; = x.
Obviously, system (28) can be written in the following form:

_ OH, _ OH,
Prx = a—% Pox = 6_1//2’
_ OH, _ OH,
P3x = a Pax = 8_1/14
(34)
_ OH, _ OH,
Lx = Tfm Yox = ?%
_ OH, _ OH,
Vix = T% 4x = T%

where the Hamiltonian form is the following:

(1 + Az) (((v192) + (v304)) > ((v192) + (¥394)))

1

2

N (1 * Az) ((v194) > (¥194))

2

. (1 + AZ) ((Cva91) + (va93))» ((va1) + (va93)))

2

N (1 * Az) ((w293) » (v293))

2

+A? ((pv1) = {@ava) + {@3v3) — (Pava)) .

(35)
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When u; = u, = u; = ug = 0, then (33) can be written as and the Hamiltonian form is given by

a2
91 = Moy + ((Y102) + (¥301)) 92 (CWap) + Waps))> (Wag0) + Waps))

H, =

+(V194) s 2

0o = ((v201) + (W403)) 9, - Ao, N (Cyrga) + (ysga)) ((V19) + (Y390))) (39
2
+ (¥293) @3, )
2 + A" ({p1y1) — (@ay2) + (P3y3) — (Pav)) -

Psx = N3+ ((v192) + (¥304)) Pa
Pux = ((W21) + (Va93)) 93 — Ay, When u; = u, = us = ug = 0, (33) is equivalent to the

(36)  following:
Vix = _Az% = (s (W21) + (Va93)) »

— 2 _
Yo = N9 = (90 (V1902) + (Y3900 Pre = Ny + ((119) + (¥304)) Ao,
Ysx = _AZ% ~ (Y (V201) + (Va93))

~ (¥ (¥293)) »

+(V194) A2¢4,

v Ay = (s (003 + (0s00)) Prx = ((W21) + (Va9p3)) Mgy = A9,
4x = 14— V3 \V1P2 3P4

Ao,
— (v (V194)) s +(V,03) Aoy

=N, + + Ao,
and the Hamiltonian system is given by Pax 03+ ({n12) + (vsga)) Moy

Pyx = ((va91) + (v493)) AZ(P3 - AZ‘P4’

H = (((v192) + (v304)) >, (w192) + (w394))) (40)
: 2 Yix = =Ny = (Vo (Vag1) + (agps)) A%
+ —(<%¢4>é<%¢4>) Yox = Ny, = (v (119,) + (W304) ) A2,
N (((va91) + (va93)), ((vor) + (vugs)))  (37) Y3x = -Aly, - (Yo (¥201) + (vag3)) A
2

+ M — (w2, (¥293)) A%

2
+A? (prv1) = (@av2) +{@393) — (Pqv)) -

Yy = Az‘/’4 = (s, (Y1 92) + (Y¥304)) A

2
= (v (Yapa)) A
Furthermore, when u; = 1, = us = ug = u; = ug = 0, then

(33) deduces to and the Hamiltonian system is given by

1,x=A2 L+ ((vie2) + (vs94)) 95,
P T R R R (i) + (9s2)- (i) + se)

P2 = ((y2001) + (va9p3)) @1 — AZ‘Pza H, = 2

P3c = N5 + ((V102) + (¥304)) 94 s A ((y100) > (v194))

Pa = ((y2001) + (va93)) @5 — AZ‘P4) 2

Vi = ~Nyy = (us, (up)) + (Waes)) ©8) N A (((0201) + (¥493)) s ((w291) + (wags)))  (41)

2

Vo = Ny, — (v, (V192) + (¥304)) A (v} (s0)

Vix = —AZ% — (i (¥21) + (Va93)) » 2
Yy = AZ% = (s (¥ 92) + (Y304)) » + A (p1wn) = {paw2) + {psw3) — (pav)).
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Whenu, = u, = us = ug = u; = ug = 0,(33) is equivalent
to the following system:

Prx = A2¢1 + ((y192) + (Y394)) Az‘Pz’

Pox = ((ya001) + (1//4(/)3))A2q)1 - Az(Pz’

P3x = Az‘Ps + ((yr9,) + (W34’4>)A2‘P4’

Pax = (a0 + <V’4‘P3>)A2(P3 - AZ(Pép

(42)

Vix = _Az% — Y2, (Y291) + <‘//4‘P3>>A2’

Vox = A2W2 =y, (y190) + <‘V3‘P4>>A2’

Vix = _Az% — (Y (Y1) + <‘/’4‘P3>>A2’

Yy = Az‘/’4 —{y3, (¥19,) + <1/’3‘P4>>A2>

and the Hamiltonian system is given by

_ A ((va92) + (¥500)) . ((y192) + (¥394)))

H
! 2

+ A ((Cyapr) + (¥493))» (w201 + (wags))) (43)
2

+ A ({pryn) = (@av2) + (313) — (@av)) -
When n = 2, the coupling of system (29) is as follows:
1y, = =207 (1,10 @y + [, (1+2%) = 24% (ih,i,)] 9,
=207 (i) + (uy15))
+ (s, (1+A%) = 227 (@1, (i) + (iLy555))) | @a
Poy, = — [ne (1+24%) =247 (i, (i1,75,)) | @y — 20° (i,,) @,
- [ﬁé)x (1 + /\2) —20% (i (g ug) + (ﬁzﬁs)))] ?s
+ 207 (i, 1) + (H,135)) 9
P3t, = -21? (ﬁlaz) P3
+ [y, (1+A%) = 2% (@, (5yi1,)) ] @4
Puy, = — [T (1+ A7) = 2i1,A° (i, (i1,71,)) |

+2)\% (#,1;) @45

Abstract and Applied Analysis

Vg, = 20 (,7,) vy + [, (1 + A7) = 207 (&, (5,1,)) ] v,
Yoy, = =207 (fy70) , — [y, (1+ A7) = 207 (5,73,) | v,
Ve, = 207 ((3,7%) + (3,35)) v

o+ g, (14 A7) = 20% (i, (3, 75g) + (i1,5))) ] v,

+ 207 (@, 11,) v

+ [ty (14 2%) = 20,A° (5%, (,17,)) ] i
Vg, = =[5, (1+27) = 207 (&, (3,7%) + (#,5))) | vy

= 20 ((,7%) + (#,715)) ¥

— [t (1+2%) = 2 (N, (1,75,) )] w5

-2)° (,1,) vy
(44)

where @, ., @I, ., il i, are given by
iy, = 2207 ((192) + (W30)) + (1 +4%)
x ((vagr) + (va9s))
x ((Wi91) = (¥202) + (¥393) — (Va94))
+ (14 A7) (vags) ((Wa9s) = (¥204)).
iy = 207 ((ya1) + (Yagps)) + (1 + A7)
x ((vi92) + (¥394))
x ((vaga) = (vagr) + (vs93) = (Vags))
+ (14 A7) (vaga) ((v29a) = (¥193)).
U, = Al ,
ty, = A,
s, = =207 (y194) + (1+ A7) ((va1) + (va93))
x ((v19s) = (¥29)) »
g, = 20 (y35) + (1+A?)
< ((vi92) + (¥394)) ((¥204) = (¥193))
i, = Ails

ﬁ&x = AﬁG,x'
(45)
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Then we can get the following Hamiltonian form of (33):

_ OH, _ OH,
Pr, = 6_1//1 Pot, = 6_1//2
_ OH, _ OH,
P3t, = 6_1//3 Pay, = 6_1114
(46)
_ OH, _ OH,
Vi, = —a—%7 Vor, = —a—%’
_ OH, _ OH,
Vi, = _B_%’ Var, = _B_go4’

where the Hamiltonian system is given by

Hy = A (1 91) = (Yoo 02) + (3 93) = (¥ 91))
=207 (v 92) + (5 0)) (Y2, 95))
+2(A*+A+1)
< ({020 + (¥3,00)) (W2 1) + (V0o 93))
x (v 1) = (W 92) + (V3 93)
~(Yip)) + 1+ ) (14 A7)
(w1, 92) + (v 04)) (¥ 95))
+ (w2 01) + (v 93)) ((¥1,94)))
< (w1, 93) + (v2,904))
+ (2 04) = (¥3.91)))
+ (v 01) + (Wi 0s) (w1 94)))
x (w1 92) + (¥ 04)) (V15 94))

+ (w2 01) + (va 03) ({2, 93)))) -
(47)

In what follows, we want to prove that (28) is a completed
integrable Hamiltonian system in the Liouville sense. In
addition, we want prove that (29) is also completed integrable
system. From (29) and (5), we can obtain the following form:

Zm = A% (v @1) = (Voo 02) + (V35 03) = (Vs 04)) »

il

T
=

= —2A"" (v 02) + (V3 00)) (V2 01) = (Vs 93)) 5
= —2A% (w1 92) + (V3. 04))

D, = -2 (v, 02) + (V3. 04)) s

E‘i+1 =0,

l

0

+

11
Fiy = 207" (1, 05) + (w3, 00)) (v 93))
+ ({2 1) + (Var 93)) (v 94))) >

Gt = —20" (Vi 94) >

Ny = 287" ((yy, 00))

Ty = 207 ((y2o 1) + (V0 93))

My = 287" (Yo 90) + (Vs 93)),
Ky = 207 (2. 93)

Ly = 207" (y2.93) -

(48)

Next, we can check that (31) is a Hamiltonian system.
From (48), we know that coadjoint equation V,, = [U V]

remains true. Furthermore, we know that Vf = [U,V] is

also true. Let F = str[V?]; it is clear that F. =0.LetF =

Y 50 E,A 72" we can get the following formulas of integrable
of motion:

Ey=Fy+ 3 (& + BA) (Ays + By id)
i=1

(49
() - (Vr9s) :
“2A ((y92) + (Y3, 04)) ((¥5 §"1>))
X (v @1) = (Voo 92) + (W3, 03) = (Vo 94))
=28 ({1 2) + (3, 904)) (Vs 03))
—4A™ (1 + Az) (v 92) + (v, 04))
X (v 91) = (Va0 93))) -
After a direct calculation, we have
_ 95, _ 9,
P Ty P T Gy
_ 95, _ 9,
Pt Ty P T Gy
(50)
OO
Y 0, 2 o,
v o0,
g, M dg,”

which means that the AKNS-KN coupling system is a
Hamiltonian system. In order to prove that nonlinearized
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system is completely integrable in the Liouville sense, we
choose the following Poisson bracket:

LY (OF 9G  OF oG )
g} = == T 1
il ;; (a¢ij al/’ij al/’ij a¢ij G

At this time, we still have the equality th = [U,V]. After
a discussion, we know that F is also a generating function of
the motion for equation, which makes

0
{Fm+1’Fn+1} = aT

n

Fm+1 =0. (52)

In addition, similar to the method in [6], we know that

fi = Vi + Voo + Vahsr + VarPax (53)

is integrable of motion for (45) and (46). It is easy to see that
the 4N functions are involution in pairs.
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