View metadata, citation and similar papers at core.ac.uk

Hindawi Publishing Corporation
Journal of Applied Mathematics
Volume 2013, Article ID 932607, 6 pages
http://dx.doi.org/10.1155/2013/932607

Research Article
Global Behavior of a Discrete

brought to you by .{ CORE

provided by Crossref

Hindawi

Survival Model with Several Delays

Meirong Xu"? and Yuzhen Wang'

!'School of Control Science and Engineering, Shandong University, Jinan 250061, China
2 School of Mathematical Sciences, University of Jinan, Jinan 250022, China

Correspondence should be addressed to Meirong Xu; ss_xumr@ujn.edu.cn

Received 21 September 2013; Revised 28 October 2013; Accepted 11 November 2013

Academic Editor: Mohamad Alwash

Copyright © 2013 M. Xu and Y. Wang. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

The difference equation y,,., — y, = —ay, + Z;Zl Bje

“ViVn—k;

is studied and some sufficient conditions which guarantee that all solu-

tions of the equation are oscillatory, or that the positive equilibrium of the equation is globally asymptotically stable, are obtained.

1. Introduction

The delay differential equation

dN ()
dt

was first proposed by Wazewska-Czyzewska and Lasota [1]
as a model for the survival of red blood cell in an animal.
Here, N(t) denotes the number of red blood cells at time t,
« is the probability of death of red blood cells,  and y are
positive constants which are related to the production of red
blood cells, and 7 is the time which is required to produce
a red blood cell. The oscillation and global attractivity of (1)
were studied by Gyé6ri and Ladas [2] and Li and Cheng [3],
while the bifurcation and the direction of the stability were
investigated by Song et al. [4]. Xu and Li [5] and Liu [6]
considered its generalization with several delays and obtained
sufficient conditions for the global stability of survival blood
cells model with several delays and piecewise constant argu-
ment.

Research on the oscillation and global stability of the dis-
crete analogue of (1), that is, for the equation

=—aN @)+ pe ™, fort>0, )

X1 — X, = —ax, + e 75, n=0,1,2,..., (2
where
a€(0,1),

B,y €(0,00), kef{l,2,..}, (3)

was proposed by Koci¢ and Ladas [7] as an open problem.

Kubiaczyk and Saker [8] investigated the oscillation of (2)
about its positive equilibrium point X, where X is the unique
solution of the equation

ox = Pe 7, (4)
and showed that every solution of (2) oscillates about X if
Bre ™™ > <i)kﬂ(1 - )
14 k+1 ’

Meng and Yan [9] investigated the global attractivity of
the positive equilibrium point x and showed that x is a global
attractor of all positive solutions of (2) if

2.2
By Z Q) (6)
"

where Q, = (,B/oc)e_ﬁy/“.

Zeng and Shi [10] established another condition for global
attractivity of X and showed that x is a global attractor of all
positive solutions of (2) if

Py <e. (7)
o

Obviously, the condition (7) improves (6).

Kubiaczyk and Saker [8] also considered (2) when k = 1

and proved that x is a global attractor of all positive solutions
of (2) provided that

Bye ™ < a. (7')


https://core.ac.uk/display/194954104?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

Ma and Yu [11] proved that X is a global attractor of all
solutions of (2) if

y?(l—(l—oc)kﬂ)sl. (8)

By (2), we have

w7 P, 9)
(04

So, if (7) holds, then we have y%eﬁ = By/a < e, which
implies that yx < 1. Hence, (8) is satisfied. But, the converse
is not true. So, the condition (8) improves (7).

In addition, we can also easily see that the conditions (7)
and (7') are equivalent to the condition yx < 1.

For the system with delay, many authors deemed that
arbitrary finite number of discrete delays is more appropriate
than the single discrete delay; see [12-14] and the references
cited therein.

Stemming from the above discussion, the difference equa-
tion in the following form will be studied in this paper:

Vo1 = Vn = ~OYy T Zﬂje_yjynikj’ (10)
j=1

where

a € (0,1),

By € (0,00), kje{l2,..},

m (11)
j=L2...,m Y B;=p
j=1

Besides, we denote that k = max, ., {k;}, | = min, ;.. {k;},

Y= min, i, {y;}-

Obviously, the case m = 1 is the form of (2). Besides,
if Y oV ji1r--s Y1 Yo € [0,00), then, the corresponding
solution of (10) is positive, and (10) has a unique positive
equilibrium point y, which satisfies

m —
SEDY I (12)
=1
The aim of this paper is to investigate the oscillation and

the global asymptotic stability of (10).

2. Some Lemmas

Lemma 1 (see [7, page 6]). Assume that p; € (0,00) and k; €
{0,1,.. with " (p; + k;)#1,i = 1,2,...,m. Let {p,(n)} be
sequences of positive numbers such that

linlgiol(l)fpi (n)yzp;, fori=12,...,m. (13)

Suppose that the linear difference inequality

m
Zui1 = 2yt ) Pi(M) 2, <O forn=0,1,...  (14)

i=1
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has an eventually positive solution. Then, the difference equa-
tion

m
Xpp1 = Xy T Zpixnfk,» =0 (15)
i=1

has a positive solution.

Lemma 2 (see [7, page 5]). Consider the linear homogeneous
difference equation

k
Xk T+ Zqixn+k—i =0 forn=0,1,..., (16)

i=1

where k is a nonnegative integer and q; € R, i = 1,2,...,k.
Then, the following statements are equivalent:

(a) every solution of (16) oscillates;
(b) the characteristic equation of (16)

k
Nt YgA =0 (17)
i=1

has no positive roots.

Lemma 3 (see [7, page 12]). Assume that p;, p,,..., Pr € R

and k is a nonnegative integer. Then, Z:;l |p;| < Lisasufficient
condition for the asymptotic stability of the difference equation

Xpsk T P1¥Xpskr + -+ Ppx, =0 forn=0,1,.... (18)

Lemma 4. Assume that (11) holds, and {y,} is a solution of

(10) with positive initial conditions y_y, ..., y,. Then,
limsupy, < ‘[_3 (19)
n— oo 24

Proof. Clearly, we have y, > 0, forn = -k,—k + 1,...,0,
1,2,....So by (10), we can find that

m
Y1 = (1 - (X) Y, + Zﬁje_yj;"n-kj
= (20)
<(1-a)y,+p.

Define a sequence {w, } by

Wy =(l-)w, + B, wy = ¥, (21)

Obviously,

_ _ n E _ _ n
Yp<w,=(1-a)'wy+=[1-(1-a)"]. (22)
o
So, we have
lim su E

pyn <. (23)

R

n—oo
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Lemma 5. Assume that (11) holds, and
DB <a. (24)
=1

Then, the positive equilibriumy of (10) is locally asymptot-
ically stable.

Proof. To prove that the positive equilibrium y is locally
asymptotically stable, it suffices to prove that the zero solution
of the linear equation of (10) is locally asymptotically stable.
The linearized equation associated with (10) about positive
equilibrium y is

Yo = (1 =) y, = Zlﬁme'myn_kj) (25)
i
which satisfies
m —
1-al+ Z |[3jyje_y"y' <1 (26)
=1

Then, by Lemma 3, the positive equilibrium solution y of (10)
is locally asymptotically stable. O

Lemma 6 (see [15]). The following system of inequalities,
p<et—1, Azet-1, 27)

with A, p being real numbers, have exactly one solution A = y =
0.

3. Main Results

Theorem 7. Assume that (11) holds, and
2Ry —ay > 1. (28)
=1

Then, every positive solution of (10) oscillates about the positive
equilibrium y.

Proof. Assume for the sake of contradiction that (10) has a
positive solution {y,} which does not oscillate about y. We
assume that y, > y eventually. If y, < y eventually, the proof
is similar and will be omitted. So, there exists an n;, > 0 such
that y,, >y for n > n;, and consequently y,_, >y forn > n,,
where n; = n + k.

From Lemma 4, we have {y,} as a bounded sequence. In
the following, we will claim that

Jim y, =y (29)
Otherwise, let
p = limsupy,. (30)

Then, p >y and there exists a subsequence {y, } such that

ili{goyniﬂ =i Y1 = Vn, >0
©)

forn,>ny, i=1,2,....

3
Equation (10) can be reformulated in the form
m —
Y1 = (L —a) y, + Zﬁje k., (32)
j=1
Then, from (31) and (32), we find that
m —
Ay, 1 < ) Bye L (33)

1

.
I

So, we obtain
m m _
ap < lim supZﬁjefyjy”f‘kf < Zﬁje_yfy =y, (34)
i— 00 j=1 j=1

which is a contradiction. Accordingly, (29) holds.
Set

V,=¥V+x, forn=-k-k+1,.... (35)
By the assumption y, > 7y, we have that x,, is an eventually
positive solution of the difference equation
m —
Xn+1 — (1 - (x) X, t “7_ Zﬁje_yj(y-f—xn?kj) = 0)
j=1 (36)
n=0,1,...,
which can also be rewritten in the form
m
Xy —(L—a)x, + Zp (n - kj)xn_kj =0,
=1 (37)
n=0,1,...,
.y —y;(V+x,_1.) .
where p(n — k]) = (ﬁ]e Yiy _ﬁje Vi, )/(xn—kj)’ j =

0,1,...,m.
By some simple calculations and (29), we get

Jim p (n - k]-) = [)’J-))]e_"f7 > 0. (38)

One can easily see that the hypothesis of Lemma I is sat-
isfied and so the linear equation

m
Xppp — (1 —a) x, + Zﬂj)’je_wxn—kj =0 (39)
i1

has an eventually positive solution.
Let {x,} be an eventually positive solution of (39); then
z, = (1 — @) "x,, is an eventually positive solution of

m
T k-
Zpe1 — 2y Z,Bjyje YY1 - ) lzn,kl_ =0,
j=1 (40)
n=0,1,....
Let

FQ)=X"" X"+ Y Bye 71—y A5 (a1
j=1



be the characteristic polynomial of (40). Now, we prove that
F(A) > 0, for A > 0.

If A > 1, then obviously F(1) > 0. Else if 0 < A < 1, we
have

F(A) =" <A —1+ Y By (1 - oc)_kf_lA_kf>
j=1
>\ <A -1+ Z[p’jyjefyf?(l - oc)ll)tkf>
j=1

(42)

3

2/\"<A—1 Y Bye (1 - )—H>
j=1

> A" s 0.

Therefore, the characteristic equation of (40)

ATH—] _ An + Zﬁ]y]e—yjy(l _ OC)_kj_l/\n_kj =0 (43)
j=1

has no positive roots.

According to Lemma 2, (40) has no nonoscillatory solu-
tion.

This is a contradiction. The proof is completed. O

Theorem 8. Assume that (11) holds, and
y1--a] <1 (44)

Then, the positive equilibrium 7y of (10) is a global attractor of
all positive solutions of (10).

Proof. To prove that the positive equilibrium y is a global
attractor of all positive solutions of (10), it suffices to show
that (29) holds.

We will prove that (29) holds in each of the following two
cases.

Case 1 ({y,} is nonoscillatory). Let {y,} be eventually posi-
tive. The case that { y,,} is eventually positive is similar and will
be omitted. So,there exists an n, > 0 such that y, > 7y for
n = ny, and consequently y, . > y for n > n;, where n, =
ny + k.

From Lemma 4, we have {y,} as a bounded sequence.
Assume for the sake of contradiction that (29) is not satisfied.
Let

p = lim supy, (45)

Then, u >y and there exists a subsequence {y,, } such that

Amy, =t Yy =Yy >0
(46)
form; >n;, i=1,2,....
It follows from (10) that
m
OPRED Y (47)

j=1
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So, we obtain

< lim supZﬁ e ik < 2[3 et = =ay, (48)

i— 00 J 1

which is a contradiction. Accordingly, (29) holds.

Case 2 ({y,} is strictly oscillatory). To show that (29) holds,
it suffices to prove that lim, _, . x,, = 0 holds, when {x,} is a
strictly oscillatory solution of (36).
To this end, let
{xPi"'l X p2o e e x‘]i} (49)
be the ith positive semicycle of {x,} followed by the jth neg-
ative semicycle

{xqi+1,xqi+2,...,x5}. (50)

Let xy, x, be the extreme values in these two semicycles
with the smallest possible indices M; and m;. Then, we claim
that

Mi—pi$k+1, m. —

1

g <k+1. (51)
In the following, we will prove that (51) holds for positive
semicycles, while for negative semicycles, the proof is similar
and will be omitted. Assume for the sake of contradiction
that the first inequality in (51) is not true. Then, M; — p; >

k +1 and the terms X, _i_1, Xp; - - -» Xpg—1 are in a positive
semicycle. Because of x,; > x,,_;, (36) renders

m —
axy oy < Z ﬁje—w(ymM,_krl)' 52)
=1
So, we have

Xy < _ZﬁJ ~V (X1 -y
1 [ m _ m -~
— ; Zﬁje*)/j(y+xMﬁkj—1) _ Zﬁje_yjy (53)
[ j=1 j=1

Zﬁe]/]y( ~ViXM;k; 1_1)

1
o

So there exists at least a j s.t. x M—k;-1 < 05 which contradicts
that Xp—k,-1 I8 In the positive semicycle. So, (51) is true.
Noting that {y,} is bounded from Lemma 4, we can let
A= llnn_l)lor})fxn = hirg g‘}fxmi,
(54)

u = lim supx,, = lim supx,, .
n— 00 i— 00

To prove that lim,
that A =y =0.

x,, = 0 holds, it is sufficient to show

n— 00
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From (54), it follows that if € € (0, A) is given, then there
exists n, > 0 such that

A-e<x,<u+e fornzmn,+k. (55)
Equation (36) can be reformulated in the form
S k)
_ —y. (Y+x, ;.
xn+1—(l—oc)xn:—ocy+2[3je Vi k) (56)
=1

Multiplying (56) by (1 — )™ and then summing up from
n = p;ton =M, — 1 for i being sufficiently large, we get

_M. —p;
(I-a) Tixpy -(1-a) P’xpi

M-1
= (—ay) (1 —a)™""
n;,. (57)
M-1 m B
+ Z Zﬁjefyj(erxnfkj)(l _ OC)_n_l.
n=p; j=1

From (55) and X, <0, we have

M1
(1- oc)_M"xMi < (-ay) Z 1-o)™?

n=p;

i m _
S Sy
n=p; j=1
M1
< (-ay) Z 1-o)™!
n=p;
M;~-1 m
+ Zﬁje Ve (A=) () _ gy
n=p; j=1

M;-1
=(-ay) Y (-

n=p;

R
+(ay)e? *o Z (1-a)™!
n=p;

Q- -1-a™”
(-oy) "

+oge ! A0 1-a)™-(-a™"

o

Fla-a™ - -aP][e?*0-1].

(58)
So,
g <7 [ | [1-a-™ ] 59)
By using (54), € is arbitrary and M; — p; < k + 1; we get
u<yle-1)[1-a-a". (60)

5
From the assumption of the theorem, we have
p<e’ o1 (61)
By the same trick as in proving (61), we can prove that
AzeVHol, (62)

Therefore, by Lemma 6, we can get A = u = 0; that is,
lim, , x, = 0, which implies that y is a global attractor of
all positive solutions of (10).

By Lemma 3 and Theorem 8, we can get the following
result. O

Theorem 9. Suppose that (11) holds and that
Zﬁjyje_rfy <a, F[1-(1- oc)k“] <1 (63)
=1

Then, the positive equilibrium 'y is globally asymptotically sta-
ble.

Remark 10. From Theorem 7, it is clear that if the condition
(28) holds, then the oscillation condition for m = 1 as
established by Kubiaczyk and Saker [8] is already satisfied.

Remark 11. When m = 1, the condition of Theorem 8 is
independent from the argument y.
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