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The effect of perturbations in Coriolis and cetrifugal forces on the nonlinear stability of the equilibrium point of the Robe’s
(1977) restricted circular three-body problem has been studied when the density parameter K is zero. By applying Kolmogorov-
Arnold-Moser (KAM) theory, it has been found that the equilibrium point is stable for all mass ratios y in the range of linear
stability 8/9 + (2/3)((43/25)€, — (10/3)€) < u < 1, where € and €, are, respectively, the perturbations in Coriolis and centrifugal
forces, except for five mass ratios 1 = 0.93711086 — 1.12983217¢€ + 1.50202694€, ur = 0.9672922 — 0.5542091€ + 1.2443968¢,,
U3 = 0.9459503 — 0.70458206€ + 1.28436549€, ps = 0.9660792 — 0.30152273€ + 1.11684064¢€,, us = 0.893981 — 2.37971679%¢ +

1.22385421€,, where the theory is not applicable.
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1. Introduction

Robe [1] has considered a new kind of restricted three-body
problem in which one of the primaries is a rigid spherical
shell m, filled with a homogeneous incompressible fluid of
density p;. The second primary is a mass point m;, outside the
shell and the third body ms3 is a small solid sphere of density
p3, inside the shell, with the assumption that the mass and
radius of m; are infinitesimal. He has shown the existence of
an equilibrium point with mj3 at the center of the shell, while
m; describes a Keplerian orbit around it. Further, he has
discussed the linear stability of the equilibrium point. Hallan
and Rana [2] considered the effect of perturbations €, €; in
Coriolis and centrifugal forces, respectively, on the location
and linear stability of the equilibrium points in Robe’s
circular three-body problem when the density parameter K
is zero. They have found that (—u + (ue1/(1 + 2p)),0,0) is
the only equilibrium point and in the linear sense it is stable
for y. < p < 1 and unstable for 0 < y < y., where y, =
8/9+(2/3)((43/25)€; — (10/3)€). Shrivastava and Garain [3],
A. R. Plastino and A. Plastino [4], Giordano et al. [5] have

also discussed Robe’s problem. But all of them have discussed
the linear stability of the equilibrium points. Hallan and
Mangang [6] discussed the nonlinear stability of equilibrium
point of Robe’s restricted three-body problem when K = 0
in the linear stability range 8/9 < p < 1 and they found that
the equilibrium point is stable in nonlinear sense for all mass
ratios except for the five mass ratios y; = 0.93711086...,
U2 = 0.9672922..., us = 0.9459503..., us = 0.9660792...,
ps = 0.893981..., where the KAM theory is not applicable.
Many authors discussed nonlinear stability of equilibrium
points. Recently, Elipe and Lopez-Moratalla [7] discussed
on the Lyapunov stability of stationary points around a
central body. Elipe et al. [8] studied stability of equilibria
in two degrees of freedom Hamiltonian system. Elipe et al.
[9] discussed nonlinear stability in resonant cases. In the
present study, we wish to discuss the effects of perturbations
in Coriolis and centrifugal forces on the nonlinear stability
of equilibrium point (- + (u€;/(1 + 2u)),0,0) found by
Hallan and Rana [2] in Robe’s restricted circular three-
body problem by taking the density parameter K as zero
by applying Moser’s version of the Arnold theorem (KAM
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theory) and following the procedure as that adopted by
Hallan and Mangang [6].
Moser’s version [10] of Arnold theorem [11] states the

following.
If

H = w1, + w1 + w3l

(1)
+ % (aIf + bl + cI3 + 2 f L 15 + 2gI51, + 2hI1 1)

is the normalized Hamiltonian with I, I, I5 as the action
momenta coordinates and w;, w,, w3 are the basic frequen-
cies for the linear dynamical system, then on each energy
manifold H = £ in the neighborhood of an equilibrium
point, there exist invariant tori of quasiperiodic motions
which divide the manifold and consequently the equilibrium
point is stable provided that

(i) kiwy + kawy + ksws # 0, for all triplets (ki, ky, k3) of
rational integers such that

|k1|+|k2|+|k3|£4, (2)

(ii) determinant D # 0,

D = det (bl]) (i,j =1,2,3,4),
0*H

by = (5o ) (i,j = 1,2,3),

! ol;, ol L=I;=0

oH ?

b,-:b,:(—) i=1,2,3),

LT i / p=1,-0 ( )

b44 =0.

Applying Arnold’s theorem, Leontovich [12] proved that
the triangular equilibrium points in the restricted three-body
problem are stable for all permissible mass ratios except
for a set of measure zero. Deprit and Deprit-Bartholome
[13] discussed nonlinear stability of the triangular equilib-
rium points of the classical restricted three-body problem
by applying Moser’s theorem. Bhatnagar and Hallan [14]
also discussed the nonlinear stability of the triangular
equilibrium points in the same problem after considering
perturbations in Coriolis and centrifugal forces. In another
paper, Bhatnagar and Hallan [15] discussed the nonlinear
stability of a cluster of stars sharing galactic rotation.

By applying the Lyapunov theorem [16] to the linear
stability result obtained by Hallan and Rana [2] in Robe’s
restricted three-body problem, we can say that the equilib-
rium point, (—y + (u€1/(1 + 2u)),0,0), is unstable in the
nonlinear sense also for 0 < y < p. Therefore, we will
study the nonlinear stability of the equilibrium point for

e <u<l

2. First-Order Normalization

Using nondimensional variables and a synodic system of
coordinates (x, y,z) and considering perturbations €, €,
respectively, in Coriolis and centrifugal forces, the equations
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of motion of Robe’s restricted problem, when density
parameter K = 0 and eccentricity e = 0, are [2]

. . p(l —p—x)
X—2ay — fBx = N
y =B [(1—y—x)2+y2+zz]3/2
. . —uy
y+2ax - Py = , 4
[(1-p-x?+y2+22]" @
5= i

[(A-p-x+y2+22]"
wherea = 1+¢€, = 1+€1, le] < 1, |e1| < 1, u = my/(m] +
my) (0 < ¢ < 1), my = mass of the second primary, m; =
mass of the first primary along with the mass of the fluid
inside it.
Lagrangian L of the problem is
B

L= %(x2+j/2+z’2) +a(xy — yx) +E(x2+y2)

u (5)

[(1—y—x)2+y2+zz]

/2

There is only one equilibrium point (—y + p,0,0), where
p = per/(1+2y) [2]. Shifting the origin to (—u + p,0,0) and
expanding in Taylor series expansion and neglecting second
and higher degree terms in €, €, the Lagrangian can be
written as

L=L0+L1+L2+L3+L4+"', (6)
where
+2
Lo = ut : /3)
Ly =py —auy,
L=t@+ 52 valy -y + L+ )

2 2
DA 2_%2_%2)
+[4<x 5 2+3xp 2yp 2zp ,

Ls :y(x3 - %yzx— %zzx+4x3p—6xy2p—6xzzp>,

Ly = y(x“ + §y4 + §Z4 —3x%y? = 3x2 + Zy2z2>.

8
(7)
To the first order, Lagrange’s equations of motion are
X =2ay —x(B+2u+6up) =0,
§+ 20k — y(B— u—3up) =0, (8)
£ = —zu(1+3p).
The characteristic equation of the first two equations is
M-AVu-2-€e+2+3up e ]+ (1 +2p)(1 —p)
+[(1=w) (A +6pp")+ (1 +2u)(1-3up’)]er =0,
9)

where p’ = u/(1 +2u).
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The characteristic equation of the third equation is
M +u(l+3p'€) =0. (10)

Equation (9) has pure imaginary roots if

2
+7
3

<§61—96> <u<l (11)

8
9" 3\2 3

[2] and it is obvious that (10) has pure imaginary roots.
The four characteristic roots of (9) are +iw}, +iw; and the
two characteristic roots of (10) are *iwj, where w], w},
w5 represent the perturbed basic frequencies of the linear
dynamical system. We can write

w) = w (1+p1e+qer),
wgzw2(1+p2€+q261), (12)

(,(); = w3(1 +p3€ +q361),

where w;, w,, w3 represent the unperturbed basic frequencies
of the linear dynamical system such that

wl+wi=2-y

wiwi = (1+2p)(1 — ), (13)
w3 =
4
Pl - P2 - (U% — (4)%,
P3 :0)

— _71 ’ 2 _ APV
D= 2 —wd) [(2+3up") (1 + @3) +pu(1 — 12up") w3],
- ’ 2 _ 7 2
%= 3 — ) [(2+43up’) (1+ o) +u(l - 12up")wi],

3 4
0=

(14)

From (13), we see that 1 > w3 > w, > w; > 0, therefore, we
have 1 > w} > w) > w] > 0.

Following the method given by Whittaker [17],
we use the canonical transformation from the phase
space (X, ¥,%, Px; Py, P-) into the phase space product
(91,92, 93,11, 1, I3) of the angle coordinates ¢1, @2, ¢3 and
action momenta I;, I, I3 given by

X = AT, (15)

where

alj
azj
a3j
ass
azi

(22

K13+i

’
X134

(4901

A36

Oy

z
Px
Py
P-
Qi
Q
Qs
Py
P,
P;

172
)

Qi = (2Lw;) " sing;,

(2Lw)) cosp;  (i=1,2,3),

aij (1 + i€ + a,fjel),

as; =0 (j=1,2,3,6),
a; =0 (j=345,6),
ag; =0 (j=1,2,4,5),
ass = 0, aisyi = 2hili,
—4w?h;, ass = 2wshs,
= 2hijw;m;, as3+i=—2hin;, a3 = —2pwshs,

_ piwilimi + 4piwin; — 2pilini — 4piwilF +4(1 — p)l;

l,-(limi + 271,‘)

_ qiw,-zlimi + 46]1(01-2}’[,‘ — 6[/11),1’11' +2n;

li(lim; + 2n;)

- qiw?l; — qiltm; — 2qilin;

li(lim; + 2n;) ’

_ limi+2ni+pilimi+2pini—piwfl,-—piw?mi+4(1 —M)

0)

(lim,‘ + 2}’[,‘)
_qilimi + 2qin; — qiwili — qiwim; + (3up’ — 1)m;
a (lim,‘ + 27’1,‘) ’
‘x/ _ 7; 4
36 = 5P

_ p,l,m,z — 4lim; + piw,»zlimi + 2p,~m,»n,» — 8n;

m;(lim; + 2n;)

N 4pimiw} — piwrm? + 4m;(1 — p)

>

mi(lim,- + Zni)

_qilimi(mi + }) + Bup’ — 1) (mi — L)m;

mi(l,-mi + 271,‘)

N 2n; (1 + 2qiw? + qim; — 3up’) — qiwim?

m;(lim; + 2n;)



4
lim,-(n,- + 2p,»wl-2 — p,-l’li) + 21’!%(1 — p,)
X534+ =
n,-(limi + 271,‘)
n piniwl-z (4 - li - m,-) + 4}’[1'(1 - [4)
ni(lim; + 2n;) ’
o _ qiw,z [Zl,‘mi + l’l,‘(4 - - m,)]
e ni(lim; + 2n;)
n (3‘1,{1), — 1) [mi(l’l,'+li) +21’li] — niq,-(2ni+lim,-)
ni(limi + 2111‘) ’
4 3 4
%3 = 0, %3 = 5P
1 1
h2 = T 2/71 . A\ h2 = >
" 4w} (Iim; + 2m;) 3 4pw3

=wl—pu+1l, m=w}-pu-1 (i=1,2),

ni=wt+u-1 (i=1,2).
(16)

The transformation changes the second-order part of the
Hamiltonian into the normal form

H, = wiIl + (4)312 + wglg,. (17)

The general solution of the corresponding equations of
motion are

(1 = 1)2)3)3
(i=1,2,3).

I; = const.
(18)
@i = w;t + const.

3. Second-Order Normalization

We wish to perform Birkhoff’s normalization for which
the coordinates (x,y,z) are to be expanded in double
D’Alembert’s series:

x= S BLOO,

nx1
_ 0,1,0
Y= };Bn > (19)
2= S B,
nx1

where the homogeneous components BL%?, BL0, BAO1 of
degree n are of the form

Z Il(1/2)(n7€7m)151/2)€l?£1/2)m

0<€,m<n

X > [Cue-memijkcos(ipr + jpr + kes) (20)
ivjok
+ Sn-e-memijk sin (i1 + joo + kes) .
The double summation over the indices i, j, and k is such

that (a) i runs over those integers in the interval 0 < i <
n — € — m that have the same parity as n — € — m, (b) j runs
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over those integers in the intervals —¢ < j < ¢ that have the
same parity as ¢, (c) k runs over those integers in the interval
—m < k < m that have the same parity as m. I, I, and I5 are
to be regarded as constants of integration and ¢, ¢, and ¢z
are to be determined as linear functions of time such that

¢ =w + Zon(IbIz)Ia),

nx=1

(pz = wé + Zg2n(11)12)13)’ (21)

n=1

@3 = w + Zth(Il,Iz,h),

nx=1

where fo,, g2n, h2n are of the form

n—C—mylym
Sfon = Z Son—2e-2mae2mIi LI,
0<t,m<n
_ —e-mre
Dn = Z Dn-2e-2mpeomll” LI, (22)
0<l,m=<n
—e-mye
how =D honse-ampeomIf IS
0<fl,m=<n

As shown by Hallan and Mangang [6], the first-order
components B;*’, B®", and BY"! are the values of x, y,and
z given by (15). By, BY" and BY*! are the solutions of the

partial differential equations

A8,BYY = @y,

AABYY =, (23)
ABY! = 75,
where
Ai=D*+w}* (i=1,2,3),

®, = (D* — f+u+3up)Xs +2aDY,,
\I’Z = (D2 - ﬁ - 2‘1,1 - 6[4P)Y2 - ZOCDXZ, (24)

D= (w'i+w'i+w'i>
18(/)1 za(pz 38g03

and X, Y,, Z, are obtained from 0Ls/dx, dL3/dy, 0Ls/0z,
respectively, by substituting the first-order components for
X, ¥, Z.
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Equation (23) can be solved for By*°, BYM°, BYO! by
using the formulae

cos(8gy + m; + nes)
1

A A
sin (61 + me, + ngs)

or

cos(g1 + mey + ngs)
1

Ae,m,n

or ,

sin (8¢ + me, + nes)

cos(8g1 + mes + nes)

— or
As
sin (8@ + mg, + nes)

cos(6g1+mep;y+ng3)
- 1 - or
w? — (6w, +mw;y +nws)

sin (£g1+mer+nes)
(25)

where

Apmn = [0 = (Lw; +ma)2+nw3)2] [w} - (bw; +ma)2+nw3)2].
(26)

1,00 10,10 0,0,1
The second-order components B,>", B>, and B, are as
follows:

By*" = il + 151 + 15 + ;1108 29 + r5L,c0s 29,
+ r¢l3c08 295 + r;(hlz)l/zcos((}’l +¢2)

+ 14 (1112)1/2c05(<p1 - ¢),

B;“'O = 5111 sin2¢ + s31 sin 2¢; + s513 sin 2¢3

1/2 172
) )

+s3(IL) sin (@1 + ¢2) +s5(LL) 7 sin (@1 — 92),

BYO! — f (1113)1/2cos(<p1 +¢3) + té(11[3)1/2COS(§01 - ¢3)
+ l’é (1213)1/2COS((/)2 + (p3) + 1}1 (1213)1/2COS((p2 — (p3),
(27)

where

1’]'- =Tj + rj1€ +7’j2€1 (] = 1,2,3,4,5,6,7,8),

S} =Sjt 1€ +5j2€; (] = 1,2,3,4,5),

ri =

r3

r7

8

Si

$3

S4

S5

1=

5]

ly

=tj+ 1€+ 1€ (] =1,2,3,4),
2(w? — 2 _ 20 WP w:
12w5 (w3 l)z(l,2 2w7) hi w; (i=12)
w7 w3
3 —6w3 (w3 — 1)K
- wiw; ’
2p2
= 4“13:,1,' [3w?l + I} + 6w} — 6w?]  (i=1,2),
= w} - 4w?,
= w% — 4w%,
_ —6w} (w3 — 1)h3
(0] — 403) (w5 — 403)’
B 24w3hihy
(a)lwz)l/2 2w + w;) (2w, + w1)
x [(hh + 2w10) {(0} — 1) = (w1 + w2)*}
+ 2((4)1 + wz) (wllz + wzll)],
_ 24(0%}11]’12
(w1w2)1/2(2a)1 — a)z) (2(4)2 — (4)1)
x [(hl = 20102) { (0} = 1) = (w1 — w2)’}
+ 2((01 - a)2) (w1l2 - wzll)],
_82h2
= 8%3}”[—4w%l,-+21%+4w% - (1+2pk] (i=1,2),
3 —24w$h3
(0f — 403) (@3 — 4w3)’
_ 24(1)%]’11]12
((,()16()2)1/2 (2(,4)1 + (1)2) (2(,4)2 + 6()1)
X [ — (w112 + (Uzl]){(a)l + w2)2 + 1+ 2/1}
+ 2(0.)1 + a)z) (lllg + 2601(02)],
_ 24(&)%;11]’12
(w1w2)1/2 (2(4)1 — a)z) (2(4)2 — (4)1)
X [ — (w1l2 — Q)gll){(wl — (02)2 +1+ 2‘14}
+ 2(0)1 — wz) (lllg — 2(01602)],
12h1h311W§/2
(w1 +203)wV?’
_ 12h1h3llwg/2
(w1 = 2w3) w’?’
. 12h2h3lzw§/2
’ (w3 +2w3) wY?
_ 12]’12]’13le§/2
(w; — 2w3) wY?
(28)



and rj1, 7j2, Sj15 Sj2, tj1, tj2 are given in the appendix. We
have checked that x = By + By™?, y = B + B0 and
z = BY®! 4+ BY*! transform Hs, the third-order part of the
Hamiltonian, to zero.

4. Second-Order Coefficient in the Frequencies

Proceeding as in the work of Hallan and Mangang [6],
the third-order components By*°, B$™, and BY*' in the
coordinates x, y, z and the second-order polynomials f,, &,
and h; in the frequencies ¢;, ¢, and ¢s satisty the partial
differential equations

A1 ABYY = (D? — B+ + 3up) X; + 2aDY3,

A ABYY = (D? — B —2u — 6up) Y5 — 2aDX;,  (29)

0,01 _ s
A3B3 - Z3,

where
2 p1,0,0 52B100
X, = X5 =20, oo — 2whgr
3 1 f ago% 28 Bq)%
GBM0 gl
+2 +2 N
f 091 2 09,
2 0,1,0 2B
Y} = Y3 — 2whg 55— — 20 fr— (30)
3 28 9<p% 1/ a(p%
g 2B aBl
8<p2 8q)1 ’
, , azBO,O,l
Zy =75 — 205hy—5—

093

and X3, Y3, Zj are the homogeneous components of order 3
obtained, respectively, from (9/0x)(Ls + L4), (3/9y)(Ls + La),
(0/0z)(Ls + Ly) by substituting

x = BI04 B9,
0,1,0 0,1,0
y = B] + 32 5 (31)

0,0,1 0,0,1
z= Bl + Bz .

1,0,0 50,10 0,0,1 .
The components By, By >, and By are not required to be

found out. We find the coefficients of cos ¢;, sin ¢; (i = 1,2,3)
on the right-hand side of (29). They are the critical terms as
A100 = Ao,1,0 = Agp,1 = 0.

We eliminate these terms by choosing properly the
coefficients in the polynomials

fo = frooli + forolr + fop213,
o = @00l + 820l + 00215, (32)

hy = hooolh + hooolh + ho 5.
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We find that

fro0 = —(a1 +b1)2[wPd) + wP(1 - 2a)B]
twi(f—p—3up’ - 2a)a;
+(B—u—3up’)Bils

£02,0 = — (a2 + bz)/Z[(L)&S(X’Z + wf(l - Z(x)ﬁé
+wy(B—p—3up’ —2a)a;
+ (B —u—3up’)Bil;

ﬁ),2)0 = —(03 + b3)/2[w130£’1 + w'lz(l — 206)/31 (33)
+ (B —u—3up’ —2a)a)
+(B—u—3up )il

hao0 = fooz 2wy

— — )
ho,z,o = £0,0,2 2w§y’ >
hoo, = 72(0;)/”
where

ay = 3[,{(/37#—3#1)’_’_(012)
B I r 2
X (1+4P,)(‘271“1—T;(X1+1T51)—(x13+%],

ay = 3p(B - = 3up’ + @7)
X (l+4p')<—2r§a§—r§ag+%)—(x§3+

a;ﬁ?]
2 bl

as = 3u(B — p = 3up’ + wy’)

’ + 7
x |(1+4p") [ —2rya, — “;("§+Té)+ﬁ§(s4 sk )]

2
2
-]
0(1< %) 2
by = 3iop (1+49))(— st = 2Bir{ + Biry)

367,
+ ﬂ _alzﬁl:l’

b = 3o (1+49) (— s, — 2Byrt + fort)
3 ! ’
t Tz - “22/32]’
by = 3fag (1+49) (— as — asss — 26175+ P

3B1B5 -
122 _4[;1“22]’

—rsf) +
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- ., /t/ /t/ 2.7
= —3u (1+4p’)(r1y “‘21+“122) ﬁ 1y])
- t /t/ 2.7
o =-3u (1+4p')<r2y +“223+%) Pry +cx§2y]
[ N AN A
c3 = -3y (1+4p)(r3y+ )— ,
L 2 8
06,1 =a|1+ ((X14 + &)E + ((X/M + @>€1 s
i 2 2 J
(X; =a| 1+ (0615 + &)E + (0(,15 + %>El s
L 2 2 J
ﬁi =ﬂ1 1+ <0¢21 — &)G'l' ((Xél — ﬂ)61:|,
| 2 2
ﬁé Zﬂz 1+ (0(22 - &)E'F ((X&z - @)61],
i 2 2
, 3p’€1:|
=v|1= ,
y=y[1-2
ap = (2601)1/2‘114,
/2
a = (sz)l ais,
( 2 )1/2
=\—- azi,
w1
( 2 )1/2
=\—- az,
wy
_ (2w3)1/2
(34)
If the normalized Hamiltonian is written as
4 ! 14 1
H=wl+w+wsls+ -
2 (35)

X (aIIZ + bIzz + CI; + 2f1213 + 2g1311 + 2]’11112),

then, from Hamilton’s equations of motion

oH .
Qi = j (l = 1>2>3) (36)
1
and (21), we find that
a= fz,o,o; b= £0,2,05
¢ = hop; f =002 = ho20; (37)
g = fo,o,z = hz,o,o; h = £,00 = fo,z,o-

5. Stability

Now we apply Moser’s modified form of Arnold’s theorem
[11] to discuss the nonlinear stability. We have

1>w;>w), >0 >0. (38)

The condition (i) of the theorem is satisfied provided the
basic frequencies do not satisfy the equations
(@D w; = 2w,
(1) w) = 3w},
(IM) w} = 2w5,
(IV) w} = 3w),

(V) w3 = 2wy,

(VD) w; = 3w},
(VII) —w] +2w; — wi =0,
(VI w; + 2w, — wj =0,

(IX) —w} + w) + 2w] = 0,

(X) wi — w; —w) =0.

Out of these ten equations (I)—(X) in w], w), w3, (IX) and
(X) along with (12) and (13) do not give the values of ¢ in the
interval y. < y < 1. The remaining eight from (I) to (VIII) are
the resonance cases. Taking any of the equations from (I) to
(VIII) and eliminating w}, w5, w3 from that equation as well
as (12) and (13), the eliminant is an equation in p. Solving
those equations, we get only five roots in the range y, < p < 1.
They are

U1 = 0.93711086... — 1.12983217...€ + 1.50202694.. . €;

U2 = 0.9672922... — 0.5542091...€ + 1.2443968. .. €;

Uz = 0.9459503... — 0.70458206... € + 1.28436549... €,
ts = 0.9660792 ... —0.30152273...€ + 1.11684064. .. €,
Us = 0.893981... — 2.37971679...€ + 1.22385421...€;

(39)

For these values of y, the condition (i) of the theorem does
not hold.

The determinant D occurring in the condition (ii) of the
theorem is

D = —[A'w}? + B'w} + C'w} + 2F' w)w)
(40)
+2Gl w0 + 2H 0] w)],

where A, B!, C!, F!, G', H! are the cofactors of a, b, ¢, f, g,
h, respectively, in the determinant

a h g
hb f]. (41)
g fec

D #0 if the value of y, in the range p. < y < 1, does not
satisfy the equation obtained by eliminating w}, @}, w3 from
the equation
Alw?+B'o} + Clw +2F wiwy+2G wiw) +2H w)w)y = 0
(42)

and (12) and (13).



Using Mathematica 5.1, the eliminant is F(u)/E(u),
where

F(u)
= 9[1166400 — 4195800u — 120985128y

+79509593 14 + 1392485938u* — 243071510514°

+44309723920u° + 1971727755897

— 851956684990u® + 3875261402871°

+3651296279676u'0 — 7972159671396

+26908519415044'% + 12969939666960u"

— 23537135400768u'* + 18735235848000u"°

— 7546662494208 + 1253826625536 ]

— 9¢[ — 2332800 + 359154004 + 321195312y
— 7793527551 + 30709728342u*
+198150784114p° — 1924757627794u°
+ 2843702230896y + 244986915975464°
— 1103059663820264° + 33587405088162u'°
+800597584579759u'! — 1881092505237568'
—277273410185040u" + 7617265518396384u'*
— 11775715112691360u"° + 815590824157440u'°
+19637242384981248u'7 —28895247571129344u'®
+20274247679816448u'° —7392979726368768u*°
+11284439629824004" |
/(2(=1+u) (1 +2u) (1 — 7u+ 18u2))
+7€;[— 2332800 + 35915400u + 32119531247

— 7793527551 + 30709728342u*
+198150784114y° — 1924757627794u°
+ 2843702230896y + 244986915975464°
— 1103059663820264° + 33587405088162u'°
+800597584579759u'! — 1881092505237568'
—277273410185040u" + 76172655183963844'*
— 11775715112691360u"° + 815590824157440u'°
+19637242384981248u'7 —28895247571129344u'®
+20274247679816448u'° —7392979726368768u*°
+11284439629824004" |

/(=14 )’ (1 +2u) (1 — 7u + 18u2)),

Advances in Astronomy

E(u)
= 64(—1+pu)(1+2u)°(—8 +9u)’
X (1= 7u+18u2)7 (= 9 — 41y + 5442)°
+ €[ — 801765 — 38408219y + 293041877y*
+1080522466° — 123789496404
+11333130123p° + 1369930033524°
— 269966516193y — 431307890203°
+1383753363508u° — 253101310518u!°
— 2003772335421 + 2056877130018
— 619768477598u"° ]
+€1[1065886 + 51060841y — 389577148
— 14364733964° + 16456883028u"
— 15066544594u° — 182121900273u°
+35890019005547 + 5733914188654
— 1839596080857y + 336479166857u'°
+2663864697552u'! — 2734463530113

+823935603334u' .
(43)

So condition (ii) of the theorem is not satisfied for those
values of y which satisfy the equation

F(u) =0 (44)

and also for the value y; = 0.93711086...—1.12983217... €+
1.50202694...€;, where E(y) = 0, F(u)#0, and conse-
quently D is not defined. The roots of the equation F(u) = 0
when €,€; = 0 are seventeen in number, [6], out of which
nine are real and they are

p={—0.522377,-0.393899, —0.296358, —0.221747,

—0.0991954,0.153075,0.350508, 0.540579, 0.857062}.
(45)

When €, €; # 0, let the roots be y; +x;€ + y;€; (i = 1,2,...,9).
Putting these roots in (44) and solving for x;, y; after
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neglecting higher-order terms in €, €, we have

p = {—0.522377 + 1.044754¢ — 1.56713€,,
—0.393899 + 0.787798¢ — 1.181697¢,,
—0.296358 + 0.592716€ — 0.889074¢,,
—0.221747 + 0.443494€ — 0.665241¢,,
—0.0991954 + 0.198391¢€ — 0.297586¢,, (46)
0.153075 — 0.30615€ + 0.459225¢,,

0.350508 — 0.701016¢€ + 1.05152¢,,

0.540579 — 1.08116€ + 1.62174¢€,,

0.857062 — 1.71412¢ + 2.57119¢, }.
None of these roots lie in the range y. < p < 1. Hence, the
equilibrium point —u + pe/(1 + 2u),0,0) is stable in the
nonlinear sense in the range of linear stability p, < p < 1
for all values of y except yi, a, s, Ha, 4s, where the KAM
theory is not applicable and consequently no conclusion
about stability can be drawn for the five mass ratios. The
result is in agreement with that result found out by Hallan

and Mangang [6] when there is no perturbations in Coriolis
and centrifugal forces (€,€; = 0).

Appendix

—12(1 - puht
(llml + 27’!1)0)10)%

r =

x [ = B (mi(p1+2p2) +8pr1ai)
+40i(—4+4u+n( =2+ p+2p2) + miprw?)
+17(8 — 8u—2n1 (3p1 +2p2) +2m prw?)
+2hwi(my( =2+ p1+2p2) +2p1 (2n1 + w}))],

. —12uhilm,
2= (l]]’l’l] +2n1)w1w§

X [1=(1—p)(3q1 +2q2) +4p" — 7up’
— 4w ((1 — ) (Buprmy —my — mqwi — niq
—2mqa) +m(1+4p" — 7up"))
—2B((1 = p) (g1l — miquw? +3n1q1 +2n1q2)
= m(1+4p" = 7up’))
+ 20 (1 — ) (2ny + 4nqrwi — 6mpp’
+2q10] + mwiq1 + 2miqaw?)

—wim (1+4p" —7up’))],

12(1 — w)uh3

(lgﬂ’lz + 2712)60%602

X [B(ny(4p1 +6p2) — 8(1 — )
+ lg (m2(2p1 + pz) + 8p2w§)

1 =

—460%(— 4(1 — [J)+l’l2(— 2 +2p1 +p2) + I’I/Izpza)%)
— 212w§ (TH2( -2+ 2p1 +p2+ llpz)
+2p2(2n2+w§))],

R 7
2 (lzﬂ’lz + 21’12)(4)%(4)2
X [Bmy(— (1= p)(2q1 +3q2) + 1 +4p" = 7p'u)
—2B((1 = ) (2maq1 + 3m2gs + qrw3 — Mrqrw3)
—m(1+4p" = 7p'y))
+4w3 (1 — ) (2qiny + naga — my + 3upimy
— gamyw3) —my(1+4p" —7p'u))
+ 2L ((1 = ) (2n2 — 6m2p" s — 4q2my05 — 2quw3my
— qaw3my — 20203)
—myw3(1+4p" = 7p'u))],
_ —12p( - Wh3(py + p2) ws
31 = 7 5 N
wi w3
6uhiw’ ,
32 = #23 23 [(1—w(gs —3p1 —2q1 —2q2) + 1 = 3p'u],
Wiw;
4uh3
T4 = i)

 (bmy + 2m) 0y (0} — 403)’
X [403(—1+ p — 4w3)
X (Wi(—4+4u+ny(—2+42p; + p2) + maprw3)
— 43 ( — 4+ 4p+ny(— 243p2) +maprw?))
+2B(— 4w} (4(-1+p)’
— (16(-1+p)+my (8+(=9+u)p) ) w3
+4(5+m;) prws+napa (—5+5u—12w3))
+©f (4(=1+0)*+ (= 16(=1+p)
+m; (= 8+8p1+pr—pp)) w3
+4(5+ my) prwy
+m(2pi(—1+p—403)
+p2( =3+ 3u — 4w3))))
+B(8pawi (= 1+ p — 4w3) (0] — 403)
+my(2p10i( = 1+ p — 403)
+ p2(4w3 (3 — 3p + 4w3)
+wi(—1+u+403))))
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+ 2L w2 (402 (my (2( = 1+ p — 40?)
+p2(3 - 3u+4w3))
+2(= 16(=1+p)+ prw3 (1 — pt4w3)
+2m; (44 pa (= 7+p—4w3))))
+ i (my(2 —2u+ 8w3

+2p1(— 1+ u—4w3)

+po(— 1+ pu+4wl))
=2(=16(=1+u)+prwi (1 —p+4w3)
+1(8—8p1+2p2 (—3+pu—4wd))))],

4uh3
Ty = 2 2
(Lmy + 2ny) ws (0] — 4w3)

X [Bmy(—4w3(1+4p" —7p'u+16p’ w3
+q2(—5+5u—12w3))
+wi(l+4p —7p'u+16p w3
+2q1(— 1+ u—4w?)
+q2( = 3+ 3p — 403))
—4w3 (my (= 1+ p — 403) (0] - 403)
X (= 143p'u— qow3)
+ 1y (4ws (—3+4p"+5p u+16p’ w3
+3q2( = 1+p - 403))
+wi(3—4p —5p'u—16p w3
+q2(1 — pu+4w3)
+q1(2 = 24+ 8w3))))
—2B(n (4w (1+4p" = 7p'p+16p w3
+q2(—5+5u— 1203))
twi(—1-4p" +7p'u—16p w3
+q2(3 = 3u+4w?)
+q1(2 = 2 + 8w3)))
+03 (= (1 +p) g2 (0] —403)
+my(w? (16p" — 84
+q2( =5+ p — 4w3))
+4w3 (—16p’

+q2 (13— p+403)))))
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+2L(2n( — 403 ((—1+p) (= 1+3p'y)
—2(—-2+8p +6p'u
+ (=74 uq2) w3 + 8q2w3)
+ i ((=1+mw(=1+3p'y)
—2(=2+48p +6p'u—4q
+(=3+ 1)) w3 +8q:w3))
+ w3 (2203 (1 + p — 4w3) (0] — 403)
+my( —4w3(5+4p" — 19p"u+16p w3
+q2( =3+ 3u - 403))
+wi(5+4p —19p' u+16p w3
+2q1(— 14y — 4w?)
+q2( = 1+p+4w3)))))],
4uh3

(Lmy +2m) w; (w0} - 4“’%)2

rs) =

X [4w3(— 14y — 4w3)
X (Wi(—4+4u+ny(—2+42p; + p2) + mprw3)
—4wi(—4+4p+n(—243p2) + myprw3))
+ 2B ( — 405 (4(=1+p)*
= (16(=1+p) + my(8 + (=9 +p)p2))
X w3 +4(5+ my) prws
+mpa( =5+ 5u—12w3))
+ @ (4(—1+p)’
+(—16(-1+u)
+my( = 8+8p1+pr—up))w;
+4(5+ my) pw
+m(2pi (= 1+ — 40})
+p2( =343 — 403))))
+ B (8p2wi (= 1+ p — 4w3) (0] — 4w))
+my(2p10i( = 1+ — 4w?)
+ p2 (403 (3 = 3u + 4w?)
+wi(—1+p+403))))
+2Lw3 (4w3 (my (2(—1+p—403) +p2 (3-3u+4w?))
+2(=16(-1+p)+ prw3 (1 — p+4w?3)

+2my (44 p2 (= 7+p — 403))))
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+ @t (ma(2 — 2u+8wi+2p1 (— 1+u—4w?)
+p2(—1+u+403))
= 2(— 16(-1+u) + prw} (1 -p+4w?})
+1,(8 — 8py

+2p2 (= 3+p — 4w3)))],
4uh3

(Lymy + 213 wa (w0} — 4w§)2

I'sy =

X [Bmy(— 4w (1+4p" = 7p'u+16p w3
+q2(—5+5u—1203}))
+wi(1+4p" —7p'u+16p w3
+2q1( - 1+p - 4w3)
+q2(—3+3u—4w3)))
— 43 (my( — 1+ p — 403) (@} - 403)
x (= 1+43p'u—qrw)
+ 1y (403 (— 3+ 4p" +5p u+16p w3
+3q2(— 1+ u—4w?))
+0i (3~ 4p" —5p'u — 16p' w3
+q2(1 — p+4w?)
+q1(2 - 2u+8w3))))
— 2B (ny (402 (1 +4p" — 7p u + 16p w?
+q2(—5+5u— 1203))
vwi(—1—4p +7p'u—16p w}
+q2(3 = 3u +4w3)
+q1(2 - 2u+8w3)))
+@i(— (-1+wq (0} - 403)
+my(wi(16p" — 8q;
+ (= 5+p—4w3))
+4w3 (—16p" +q2
X (13—p+4w3)))))
+2L(2my (= 403 (=1 + @) (= 1+3p'y)
—2(=2+8p +6p'u
+(=7+4) q2) w3 +8q2w3)
+wi((1+w(-1+3p'n)
—2(—2+8p +6p'u—4q

+(B3+p)q2) w3 +8q2w3))

11

+ w3 (2q2w3 (1 +p — 4w3) (w] — 4w3)
+my(—4w3(5+4p —19p'u
+16p' Wi+ qa
X (—3+3u—4w3))
+wl(5+4p —19p'u+16p w3
+2q1(— 1+ u—4w?)

+q2( = 1+p+403)))))];

re1 = —12uh3w3 (1 — p + 4w})

Te2 =

71 =

X (prw3 (@] — 4w3) + prot (w3 — 4w3))

2 21
x((wf — 4w3) (03 — 4w3)")
3uh3w3

2 2
(0 = 4w3)" (03 - 403)

x [(0f - 403) (@3 — 4w3) (2 = 3p" (1 +p) + 12p’w3)
+4(—1+pu— 40})
x (= 6p'w3(w] + w3 — 8w3) + g2} (wf — 4w3)
+ qii (03 - 4w3))],

12yh1h2
,/(4)1(02(2(4)1 + (Uz) (w1 + 2(4)2)

X |: - 4((4)1 + (UQ) (p1w1 +p2(4)2) (Z]lz + 2(4)1(02)

1

(2(1)1 + wz)z(wl + 20)2)2

X (4(p1 (3w} + 501w, + w3)
+ pa(@? + 5010; + 3w3))
X (L (= 2wz (w1 + wy)
+L(1 - p+ 0l +2w 1w + w3))
+ 201 (— L(w + wy)
+wr (1 —p+wf + 200 + 03))))
—4(1 — p)wiw;

1 4—4u+2n (1+p1) — m prw}
X<_2(pl+p2)+ Limy +2m

N L(mi(1+p1) - prof)
llﬂ’l] +2m

+ 4 — 4[4 +21’l2(1 +p2) — I’}’ZQ‘DQG)%
Lm, + 20,

. L (my(1+ py) = paw3)

Lmy +2n;

)- (- whk:
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—4B prwi + 4n prw}
l1 (l1m1 + 2111)

X (p1+p2+2<

b4 —du—2mp + m prwi)
ll (llml + 27’11)

—4l§p2w% + 47121)260%
lz(lzl’)’lz + 21’12)

CEE 2n2p2+mzpzw§))>
I (lzﬂ’lz +21’12)

- (wl + w2)2

X (4w1w2< — %(pl +p2)

4—4p+2n(1+p) —miprwi
+
Limy +2m

N Li(mi(1+p1) — proi)

Iymy +2m
N 4—4p+2m(1+ pr) — myprws
Lmy +2n,
N L (my(1+ ps) —pzwﬁ))
Lm, + 20,
+1112(P1 + p2

+ 2( *41%‘1)160% + 41’11])160%
l] (llml + 21’11)

D= dp=2mpi+mipiei)
l] (llml + 2711)
—4l§p2w§+4n2p2w§
I (lzﬂ’l2 + 21’12)

IO 2n2pz+mzpzw§))>>
L (lzn’lg + 2112)

- 2( = 2(hwy +hw) ((1+ p1)w + (1 + p2)wz)

+ (w1 + ;)

><<—11w2<P1 - P2

+2<—4l%p1w%+4n1p1w%
ll (llm1 + 21/11)
I (4 — 4u — 2ny pr+my praw?)
L (hmy +2m)

4= 4t 2m (14 py) = prw;
lzﬂ’lz +2n,

+l2(m2(1+P2) - PZ“’%)»

l2 my + 21,

—lzwl(—p1+pz

+2(4—4‘u+2n1(1 +p1) — miprw?
llm1+2n1
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L(my (14 p1) = prowt)
+
limy +2m

+ ( - 41%1)260% + 4?’121)2(0% +1

X (4 = 4y — 2nypr + myprw3))

x (L (Lm, +2n2))_1>>)>],

12[4”11]12
1/(4)1(02(2(4)1 + a)z) (w1 + 20)2)

X [ —4(w1 + w2) (qrowy + qawa) (hla + 2wy w3)

1
(2(1)1 + wz)z(a)l + 2602)2

X (4(q1 (3w? + 50103 + w3)
+ g2 (w? + 5w w5 + 3w3))
X (I (= 2w; (w1 + wy)
+hL(1 - p+ ol + 2w 0, + @3))
+2w; (= L(w + )

+ @ (1 = p+ @ + 200 + w03))))
1
—4w1w2(1+4p' —7p"u+5(—1+/4)

X (q1+q2) +(1-u)

(q1 (2n — Lw?)
w (1= U
l1ml +2m

N mi(—1+43up; +Lhq1 — qw?)
l1m1 +2n

L 922 — he3)

lzl’f’lz +2n,
my(—14+3p'u+hq — QZ‘U%) ))
+
lzl’?lz + 2n;

= 2( = 2(Lw, + hw;)
X ((4p" +q1)wr + (4p" + g2) w2)
+ (w1 + w2)
X (hqiwy — hgaw,
+ 2hwi (g1 ( = 2n1 + hw?)
+my (1-3upi —Liq1+qiwi)))
x (Lymy +2m) "
- hqiw, + L,
+ 2(hg(hm = (= 1+m)w?)
+2m (—143p u+h g1 —2q1w?)) w>)

X (l]?l’l] +27’l1)71
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+ (2w (hqz (hmy — (— 1+m;) w3)
21y (= 143p u+hqy —2q202)))
x (Lmy +2m;) "
+ (2hwy(q2( = 212 + bw3)
+my(1-3p" u—hqr+q2w3)))

x (Lmy +2m) "))
(= (< 1+ (@ + )

+2<1+4p’ —7p'u+ (1 —p)

<—11Q1(llm1 - (- 1+m)wi)
X
L (Lmy +2m)

m (2 —6p'u—2Lhq +4qw})
ll (l1m1 + 2111)

—bLay(bmy — (= 1+ my)w3)
lz(lzmz +2n2)

ny(2—6p'u—2hLgr+4qrw3) )))
l2 (lz?’l’lz + 2}’12)

— ((Ul +a)2)2
o1
x (4w1w2 <4p + 5( —q1— q2)

q1(2n; — hw?)
l1m1 +2m

N ml( -1+ 3‘14‘171 + l1¢]1 — qlw%)
l]ﬁ’l] + 21

q2(2n2 — lzw%)
Lmy + 20,

N my(—1+3p u+hq — qﬂu%))
Lmy +2n,

+ Ll <CJ1 +q2

~ligi(hmy — (= 1+m)w])
ll (llm1 +2n1)

+2<4p+

m (2 -6p'u—2hq +4qw?)
l1 (llml +21’11)

Ly (bmy, — (= 1+ my)w?)
lz(lzﬂ’lz +27’12)

(2 —6p'u—2hq, + 4qzw§))))]
+ >
lz(lzmz + 21’[2)

13

1
2
Jor1w; (w1 — 2w;)

31 =

1
X (4(p1(3w? — 501w; + w3)
+ pa(w? — 5010; + 3w3))
X (I (2(w) — w2) w;
+hL(1 - p+wl = 2w 0, + @3))
— 2w (L(w; — wy)

+ @ (1 - p+w? — 20w +w?))))

3 1
2(4)1 — Wy

X ((wl - 2w,)

X (4((01 —w)

X (prwr — prw2) (= hbh + 2w 02)
+2(1 - plwiw;
X (= p1— p2+8hiwi

X (4 —4p+2n (14 p1) — mprw}

+ 1 (m (1+ p1) — prwy))
+8h3w3 (4 — du+2m (1 + pa) — myprw3
+ 5 (m2(1+ p2) = paw3)))

-1 -whh

X (P1+P2

¥ 2(%(4}:%«;%( 4B p1 + 4y pra?
+1(4—4pu-2mp
+miprwi)))
+ i(ﬁlh%w%( — 4B prw3 + 4my prw3

+ lz (4 — 4‘l/l — 2”2P2

+mpad)) ) )

2
+ (w; — w7)
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X (—Zwlwz
X (= p1 — p2+ 8hw}
X @4 —4p+2n(1+ py)

—miprw} + 1L (mi(1+p1) — prw}))

+8h505 (4—4pu+2n; (14 ps) —ma prws
+hL(my(1+4 p2) — prw3)))

+ Il (Pl + p2
+ 2(l (4h?w?
h
X ( - 4l%p1wf + 4111}71(0%
+ ll (4 — 4‘14 — 21’11p1
+miprwi)))
+ L (423
b
X (—41%1)260%4'41’[2])2(0%
+ l2 (4 - 4{,{ - 21’121)2

#mps3))))
- 2(2( —hw, + L)
X ((1+p)or = (14 p2)wy) + (w1 — w2)
X (—llw2<p1(— 1+ 8hiw?
x<(411 —m)w?

i (25)

+8(4(—1+p)hiw?

+h§(—4+4y—lzmz—2n2)w§)
+ pa(1+ 8h3w3
X (= 21y + myw?
+lz(—m2+w§)))>
flzw1(7p1+p2+2
X (4hiw?(4 — 4p+2m
><(1+p1)—m1p1w%
+ll(m1(l+p1)

1
- le%))ﬂ*
2
x(4h3 w3
X (— 4l§p2w§+4n2p2w§ + lz

X(4 - 4/4 - 21’12])2

emopra )]
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1

)
Jo10; (W) — 2wy)

1

— 2wy + wz)z

X (4(q1 (3wt — 5010, +w3) +q2 (W — 501wy +3w3))

X (I (2(w; — W) wa+h(1 — ptw! — 2w 0+ w3))

— 2w (L(w, — w;)
+wr (1 —p+ i — 20w +w}))))

1

2w — Wy

X ((wl —2w,)

% (401 - @2) (guen = g20) (-~ il + 20102)

+4w1w2<1+4’p -7p'u+ %( —1+u)
X (q1+q2) + (1 — )
X (= 4hiwl (g1 (- 2m+Lw?)
+my (1 = 3up;
~hqi+qi0i))
— 43 w3 (g2 (—2m+hw3)

+m2(1*3p,‘bl*lzq2
+.a)))

=2(2(=hoi1thw) (4p"+q1) w1 — (4p"+q2) w2)
+ (01 — w2) (bqiwr — hqrw; + 8M L}
X (q1 (= 2n + hw?)
+my (1=3up1 —hq1+q10})
+hqiw; — L gaw; — 8hiw?
X (Ligy (hmy — (= 1+my)w?)
+2m(—14+3p'u
+hq1 = 2q107)) w2
+ 8hiw w3
X (L (bmy— (= 1+my) w3)
+2m( = 143p'u+hq
—2quw3)) —8h3l w3
X (q2( = 2my + hw?)
+my(1=3p'u—hq
+ q203))))
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—lllz<—(—1+#)(ql+qz)

+2<l+4p’ -7p'u+ %
182

X(4(=1+p)
x (WL w?
X (hqy (hmy = (= 14+m;) w?)
+2n; (= 143p u+hq
- 2qi07))

+h%ll w%

X (hqa (hmy— (= 1+my) w%)

+2n; (—1+3pl‘l/l+l2q2
~2:69)))))
— (@ — wz)2
X ( —2w102(8p" — q1 — 2 + 8hjw]
X (q1(2m - Lot)
+my (—1+3upi1+hq —qiw?))
+8h3w3(q2(2ny — hw3)
+my(—143p'u
+hq — ‘12“’%)))

+hhL <CI1 +q2

+8(p’ +ll
1
x (hjwi(=hq
x(llml—(—1+m1)w%)
+n; (2 - 6p,[/l—2l1ql
1
)+
2
x (h3w3 (- Lq»
X(lez—(_l'i'mZ)w%)

+1n(2-6p"u — 2hqs

i)}

8uh?
(- 4w} + w%)z(llml +2n1)

S11 =

x [(25 (m1 - 8pwi)
+1B(16 — 16p+n, (4 — 8p1)
+5p10} + 10up w? +20p 0}

15

+my(—1=2u+ (1+2u)p1 — 4w?))
X 2L (m (= 142p1) (14 2u + 4w?)
+2(—2—2u+4y?
+ (= 8+8u+3m)wi —2p1w}))
— 4w (— 8+ 8u+2m prw?
+11(=6+p1 (1+2u+4w1)))) (4o - w3))
— (=28 — 40} + L (1 +2u+4w}))
X (= 8p1wi +2prw3)],
8uhi
(hmy +2m) ( — 4w? + w%)2

S12 = —

X [ = 4Em (g0} + q1 ( — 8wi + w3))
+B( - qi(—3+2u+40?) (40! — w3)
- 8n1(qaw3 + q1( — 8wt + w3))
+my (16(4p” - 3q1) w}
+(—1—4p —14p'u+ 2+4u)qu
+ (2+4u) q2) w3
+ 4w (1+4p +14p'u+ (—4p +2¢q,)
Xwi+qi(—4—-8u+w3))))
—2( = 4mw}(1 = 3up; + qw?) (40} — w3)
+ (= 32q1008 — (1+2) (= 1+ 3p ) w?
+2wi (2(1+2p) (- 1+3p'u)
+(2—6p'u+q+2uq +4q:)w3)
+8wi(—2+6p'u
+qi(=5-2u+w3))))
+h(qwi(—1-2u+40?) (40 — w3)
+my(16( = 1+ 3upy +2q1) w?
—(1+2u) (= 1+3up1) w3
+4wi(—1-2u+(1-2g)) w3
+3upr (142 — w3)))
+2n1 (64(p" — q1) @}
+(3—4p —26p' u+ (2+4u)q
+ (2 +4u) q2) w3
+4wi(—3+4p +26p'u
+(—4p +2q2) w3

+q1( =4 8u+2w3))))],
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8uh;

2
(wf — 4w3)

$1 =

X[J@m+mwfmm

X (=28 — 40} + L(1+2u+4w3))

1
- lzl’l’lz +2n,

x (0] — 4w3)
X (2B (my(1+2p2) — 8prw3)
+2L (= (1 +2u + 4w3)
+2(—2-2u+44?
+(8(—1+u) +ma(3+2p2))
X w3 = 2prw;3))
—4w3(— 8+ 8+ 2my prw?
+m(—6+pa(—3+2u+4w3)))
—B(—16+ 16y —4n,

— 5pyw3 — 10uprw3 — 20prw5
+m2(1+2y+4w§+p2(1+2y+8w§)))))],

T (@i - dad)’
x| - 20t + g} - 503)

X (=28 — 40} + L(1+2u+4w3))

1
+
lzl’l’lz +2n,

x ((wf — 4w3)

X (b(qaw3 (=1 - 2p+ 4w3)
+m(—6+8p +52p u+32p w3)
+my((1+2u) (= 1+3p'y)

+4( = 143p'p - 292) w3))
+ 5 (q203 (3 — 24 — 403)
+my(1+4p” +14p'u
+4(4p" + g2)w3))
+2(4myws (1 = 3p" p+ qw3)
+my( = (1+2u) (- 1+3p'u)
+@-12p'p+ (- 6+4u)q) w3

+3g.09)) |,
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24uh3 w3
1= N2/, 2 2)2
(wi - 4“’3) (03 — 4w3)
x [403((1 = 2p2) w3 — 4w3)
+ @i ((=142p1+2p2)wl +4(1 - 2p1)w3) ],
48uh3w;
$2= N2/ 2 212
(i — 4w3)" (w3 - 4w3)
X [ —6p wi(wi+ w3 — 8w3)
+ @03 (0] — 403) + o (03 — 4w3)],
12[1]’11]’12
S41 =

Vwrw; (2w + wz)z(wl + 2602)2
X [4(1)1 (3(1)% +5wiwy + w%)

+ pa(@? + 50105 + 3w3))
X (h(wi - 2w + 2wiw,
+ (142 - 2L +w3))
+ wy( — 4w (w1 + wy)
+ 0 (1+2u+ @ + 20102 + 03)))

+ (2(1)1 + a)z) ((Ul + 2(4)2)
X ( —4(w1 + @2) (hw + hwy) (prwr + prw>)
+(1+2p)

X (lzplwl —bhprwy — m

X (2Lhwi (4 —4p+2n1 (1 + p1)
— mlplwf

+h(mi (14 p1) — pro?})))

-1 +hprwy + ———
1p1w2 + L paw2 Iimy + 2,

X (2(4B prw? — 4niprw?
+1 (—4+4u+2n1 p1 —mi prwi)) @)

1
B lzi’l’lz +2n;

X (211&)2(4 — 4[1 +21’l2(1 +p2)
—myprw3+h(my (14 p2) — p2w3)))

1
S
Lm, +2n,

X (2(,4)1 (4]%[7260% - 4n2p2w§

+h(— 4+4u+2nps —mzpzwg))))
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+ (w1 + a)2)2

X (lzplwl —bLpw — m

X (2Lhwi (4 —4p+2n1(1+ p1)

—myprwi+ (m (1+p1) —prwi)))

-1 +1 o
1p1w2 + L pawr Loy + 2

X (2(48 prw} — 4n prw?
+h (—4+4p+2nm pr—mi prwi))wy)

1
B Lmy + 20,

X (211(1)2(4 — 4‘1/1 + 27’[2(1 +p2)
—myprwi+h(my (14 p2) — prw?)))

1
[
lzﬂlz +2n,

X (2w; (45 prw3 — 4ny prw3
+hL( —4+4u+2nypy — myprw3))))
+ 8w w;
1
X <p1w1+p2w2—5(p1+1)2)(w1+w2)+(w1+“’2)

1

X (14—
< llm1+2n1
X (4 = 4p+2n, (14 p1) — miprw?

+ 1L (m(1+p1) — prw?))

1

+m(4—4u+2ﬂ2(1+p2)

— myprw;
o (ms (14 p2) ~ p2) )
+ 2l1lz<(P1 +P2)(w1 + w2)

+2<p1a)1 +p2(4)2 + ((4)1 + wz)

X(l —41%1)10)%4—41’11‘1)10.)%
ll (llml + 2711)

I (4 - 4‘14 — 27111)1 + mlplw%)
ll(llml +2}’l1)

—41%1)260% + 4n2p2w%
lz(lzﬂ’lz + 2}’12)

. bL(@4—4u—2nypy+m; pyu%)))))]’

lz (lz my+ 2712)

17

12[1h1h2
JOT@; (20, + 05)° () + 2w,)°

S42 =

X [4(q1(3w% + 5010, + @)
+ 2 (w? + 5010, + 3w3))
X (L(w? - 2wy + 20w,
+ i (1+2p — 21 + w3))
+ wy( — 4w (w1 + wy)
+ 0 (1424 + 0 + 2010, + 03)))

+ (2(,4)1 + (1)2) (w1 + 2(1)2)
X ( - 2(1 + 2p'(2 + 7[4)) (lzwl + l](t)z)

— 4(6()1 + (4)2) (lzwl + 11(4.)2)

X ((Zp’ + ql)wl + (Zp, + q2)a)2) + 8w w;

X <q1w1 + qawy + (w1 + w3)

1
X (E( —q1— q2)
@1 (2m — hot)
llm1+2n1

" ml( - 1+3‘Llp1 + llql - qlw%)
limy +2m

32(2m — hws)
Lymy +2n;

N my(—1+3p'u+hq — qm)%)))
lzﬂ’l2+21’l2

+(1+2u)

X (—llwz

X (Q1 —q2
+2( — llq1 (l]Wl] — ( — 1+m1)w%)
+n(2—6p'u—2hq +4qw?))

X (ll (llml + 2711))_1

L2
lzﬂlz +2n,

x (q2(2n; = hw?)

+my(=1+3p'u+hq —512(0%))))
—12w1<—q1 +q2

1
t2(——
(llml +2m
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x (q1(2m — hw?) . nz(z—1612.;4—2126154")1‘12015))»]’
2lamy + 2n;
+m1(—1+3;4p1+llq1—q1wf)) bk
uniny

,/(4)1(02((4)1 — 2(02)2( — 2(4)1 + a)z)z

+ ( — lez(lelz — ( -1+ mz)w%) S51 =

+1(2-6p u—2Lq,+4q:w?))
e x[4(p1(3w%—5w1w2+w§)

b, +2m)) )
[ b(Lmy +2ny) + p2 (@ — 5wiw; + 3w3))
+ (01 + @)’ X (= L(w] +2hw - 20iw,
y (—llwz + w1 (1+2p = 2L + w3))
+(4)2(4a)1(—(U1+w2)
X<q1—QZ + 10 (14 24+ 0} - 2w1w; + 3)))
+2<(—l1q1(llm1—(—1+m1)w%) - !
26()1 — Wy
_ o 2
+m(2-6p'u—20Lq +4qwi)) % ((w1 —2w,)

/ll(llml + 2111)

1
T
lzﬂ’lz +2n,

X (q2(2ny — hw3)

+my(— 1+3p'y+lzq2—q2w§)))>

—lzwl
X ( —q1t+q2
1
2(111’”1 +2m
X (ql (21’11 - llwf)
+ ml( -1 +3‘blp1 +11Q1 +q1w%))
+ (= by (bmy — (= 1+ my)w3)
+m(2 - 6p'u—2hLgy +4qrw3))
/lz(l2m2+2n2)))>
+21112

X (2(q1w1 + q2w3) + (w1 + w2)

X <(J1 +q2

+2(—llq1(llm1 - ( -1+ ml)w%)
ll(llml +21’11)

n (2 - 6p,‘l/l - ZZlql + 46]160%)
l] (l]ml + 27’1])

*lzt]z (lzi’l’lz - ( -1+ mz)wﬁ)
lz(lzf’l’lz +21’l2)

X (4(“)1 —w) (= hw +hw) (prw; — prwz)

+ (1+2u)

X (bprwr — hprw;
—2bw; (4—4p+2n; (14 p1) —m prw}
+ 1 (mi(1+ p1) — prwt))
x (Lymy +2m) "
+hiprwy — L prws
- 2(4Bprw? — 4niprw?
+h (—4+4p+2nm pr—mi prwi) ) wa
X (Lymy +2my) "
+20 Wy (4—4u+2n; (14 p2) —ma prw?
+L(my(1+ p2) = prw3))
X (Lmy +2m) "
+ 2w, (4B prwl — 4ny prw3
+h (—4+4p+2npr —myprw3))
x (Lmy +2m) ")
+ (w; — w2)2
X (bprwr — hprw;
—2bw; (4—4p+2n; (14 p1) —m prw?
+h (mi (1+p1) = prwt))

X (llml + 21’[1)71
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+hprws — hprw;
—2(4Bp w0} — 4nprw}
+1y (—4+4u+2n1 p1 —my pro?) ) w;
x (hmy +2m) "
+2lw, (4—4u+2ny (14 py) —my prw3
+L(my(1+ p2) — prw3))
x (Lmy +2m,) "
+2w; (4B prw3 — 4ny prws
+h (—4+4u+2n,py —my prw) )
X (Lmy +2my) ")

— 8wiw,

1
X (lel - E(pl +p2) (w1 = w2) = prws

+ (01 — ws)

4—4u+2 - 2
x(1+ +2n(1+p1) — miproi
Limy +2m

+11(m1(1 +p1) — proi)

Iym; +2m,
+4 —dp+2my(1+ py) — myprw3

lzl’i’lz +2n;

+lz(m2(1 +p2) — paw3) ))

lz my + 21,

+2l1]2
X ((Pl + p2) (w1 — wy)

+2<p1w1 — p2w2 + ((Ul - a)z)

y <1 —4l prwi + 4ny pw?
Zl (llml +27’11)

N (4 — 4[4 - 2n1p1 + mlplw%)
ll(llml +2}’l1)

—41%1)2(1)% + 47’!21)2(1)%
Zz(lzl’)’lz + 21’12)

+ lz (4—4[/1—2}’[21724'1’}’12})2(0%)))))]
lz(lzﬂ”l2+21’lz) ’

12{4”11]”12
Jorw; (w0 — ng)z( —2w; + a)z)2

S50 =

X [4(q1(3w% — 5w10y+@3) +q2 (0} — 501w +3w3))

X (= L(wi+2lhwy — 2wiwy+w; (1424 — 2l +w3))
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+w2(4w1( — w1 +(L)2)
+h(1+2u+ 0! — 20w + w3)))

o
2601—(02

X ((a)l —2w,)

X (2(1+2p'(2+7‘u))( — by + has)
+4(w1 - wz)( — lzwl + ll(L)z)
x ((2p" +q1)w1 = (2p" + q2) w2)
— 8wiwy (qlwl — gw; + (w1 — )

1 @1 (2m —hwi)
X(Z( g q2)+ l]H’Z] +2m
+ ml( — 1+3[«lp1+l]q1 — qﬂl)%)
limy +2m

q2 (21’!2 — lgwﬁ)
Lmy + 21,

. my(=14+3p u+hqa —qgwg)))
lzﬂ’lz +2n,

+(1+2u)
X (—hw(—q+q
+2(hqi (hmy — (= 1+m;)w?)
+2n; (= 143p u+hiqy —2q1w?))
x (I (lymy +2m)) ™!
+2(q2( = 2m + Lw3)
+my(1=3p'u—hq + qw3))
x (Lms +2m) ")
b (—q1+q
+2(q1(2n — Lw?)
+m (= 1+3up1+hqi - q107))
X (Lymy +2my) "
+2(—hgy(bmy — (= 1+ my)w3)
+1my(2—6p u—2hL g, +4qrw3))
x (L (Lms +2n:)) ")
+ (w; — a)z)2
X (= hoy(—q1+q

+2(llq1 (llml — ( -1+ ml)w%)
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+2m (= 14+3p'u+hLq
- 2q1w7))
x (I (hmy +2m)) )
+2(q2( = 2mp + hw3)
+my(1=3p'u—Lqy + qa03))
x (Lm;y + an)_l)
b (—q1+q
+2(q1(2n; — ho?)
+my (= 143up1+hqi—qi1w}))
x (Limy +2m) "
+2(=hq(bmy — (= 14+ my)w?3)
+1m(2—6p' u—2hL g +4qrw3))
X (L (bmy +2m)) ")
+2hL2qiw = 2qw; + (w1 — w))
X (q1+q
+2( = hLg (hmy — (= 1+m)w?)
+n1(2-6p u—2Lq1+4q10))
x (I (lymy +2m1))
+2( = hqa(bmy — (= 1+my)w3)
2

+12(2-6p u—2hLgr+4q,w3))
X (L (Lmy + 2712))71)))>)]’

6[1]’[1]’13]1(1)32,
J@1@s (@) +2w3)°

X [2p1w1 + P1 (a)l + 2(4)3)

=

+2(4Bprwi — 4 prwi
+h(—4+4u+2np —mpwi))

X (@1 +2ws3) X (I (hmy +2m)) '],
3yh1h3llw§
\/W(wlﬂws)z(ll(l1m1+2n1))+4(qlw1+3p’w3)

X [(Bmi(19p" +6q1) +8ny (= 1+3p'u — 2q1w?)

tp =

+2h (m (19p" +6q1) = 2(— 1+ m)qiwt))
X (w1 +2w3)],
6uhahslhw?
J@@3 (@ + 2w3)°

X [2])2(1)2 + pz(wz + ZLU3)

1 =
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+ (2(4B prw3 — 4ny prw?
+ l2( — 4+4[/l+ 2n2p2 — msza)g))
X (w2 +2w3)) X (L (lLm, +2"2))71]»

3yh2h3l2w§
@23 (w2 +2w3)°

X [4(q2w2 + 3p’w3)

I =

+ ((Bmy(19p" + 6q2) +8my( — 1+ 3p'u — 2qr03)
+2L (12 (19p" + 6q2) — 2(— 1+ my)qaw3))
X (a)z + 2w3))/l2 (lzﬁ’lz + 2"2)],

6[4]’11]/1311(4)%
(w1 — 2ws)” Jaor@3
X [ - 2p1w1 - pP1 (a)1 - 2(4)3)

f3 = —

- (2(41%171(0% - 41’11171(0%
+ ll( -4+ 4{4 + 21’[11)1 - mlplw%))
X (w1 = 2ws3))/ (L (lhmy +2my)) ],

3[4]’[1]’1311(4)%
(w1 — 2603)2\/601603
X [ — 4q1(U1

f3 = —

+((—Bmi(19p" +6q1) + 8 (1 —3p'u+2q1w?})
- 211(1’11(19‘17, + 6ql) - 2( -1+ ml)qlwf))
X ((U] - 2w3))/(l1 (llm1 +27’l1)) + 12p’w3],

6[1]12]’1312(1)%
(w2 — 2ws)" /@023
X [ — 2p2w2 — pz(ﬁ)z - 2(1)3)

fy = —

— (2(4B prw} — 4nyprw?
+h(—4+4u+2mp; — myprw3))
X (w2 = 2w3))/ (L (mz + 2m3)) ],

3[4}12]’1312(4)%
(wy — 2(03)2\/(02(03

X [ — 4an)2

typ = —

+((— Bmy(19p"+6q2) + 8ny(1 — 3p"u + 2qaw3)
- 2]2(1’[2(1917’ + 66]2) - 2( -1+ mZ)qu%))

X (w2 - 2(4)3))/([2 (Zzi’l’lz + 21’12)) + 12p’w3].
(A.1)
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