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Twisted Morita—Mumford classes on braid groups

NARIYA KAWAZUMI

Evaluating the twisted Morita—Mumford classes ﬁp (Kawazumi [12]) on the Artin
braid group B,, we give the stable algebraic independence of the h,’s on the
automorphism group of the free group, Aut(F,). This is sharper than the results
obtained by restricting them to the mapping class group (Kawazumi [9]).

20F36; 14H15, 20J06, 20F28, 32G15, 57R20, 57M50

Introduction

In the cohomological study of the mapping class group for a surface, the Morita—
Mumford classes, ¢; = (—1)i+1/<;i, i > 1, [19, 17] play some important roles. As
was proved by Miller [16] and Morita [17] independently, they are algebraically
independent in the stable range * < % g. Madsen and Weiss [15] proved that the
rational stable cohomology algebra of the mapping class groups, H*(Mo; Q), is
generated by the Morita—Mumford classes. The Morita—Mumford classes have
twisted variants, m;; € H2i+j72(./\/lg71 ; /\jH), i,j > 0, introduced by the author
[11]. Here we denote by >, a 2—dimensional oriented compact connected C*
manifold of genus g with 1 boundary component, M, ; its mapping class group,
Mg 1 := moDiff(3, 1,id on 0%, 1), and H the integral first homology group of the
surface X, 1. The mapping class group M, 1 acts on H in an obvious way. The twisted
variants also satisfy the algebraic independence. More precisely, the algebra
H*(./\/lg,l;/\*H)®Q is the polynomial algebra in the set {miJ; i>0,j>1,andi+j >
2} over the algebra H*(M, 1; Q) in the range where the total degree < % g (Kawazumi
[9, Theorem 1.C].) Hence, from the theorem of Madsen and Weiss [15] stated above, the
algebra H*(M,1; \"H) ® Q is stably isomorphic to the polynomial algebra in the set
{m;j;i>0,j>0,andi+; > 2} over Q. Similar results hold for any other symplectic
coefficients (Kawazumi [9, Theorem 1.B].) Furthermore all the cohomology classes
on the mapping class group obtained by contracting the coefficients of the twisted
ones using the intersection pairing H®?> — Z are exactly the algebra generated by the
(original) Morita—Mumford classes e;’s (Morita [18], Kawazumi and Morita [13]).

Some of the twisted ones have the advantage over the original ones of being defined on
the automorphism group of a free group, which has the mapping class group and the

Published: 25 February 2008 DOI: 10.2140/gtm.2008.13.293


https://core.ac.uk/display/194838413?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.ams.org/mathscinet/search/mscdoc.html?code=20F36,(14H15, 20J06, 20F28, 32G15, 57R20, 57M50)
http://dx.doi.org/10.2140/gtm.2008.13.293

294 Nariya Kawazumi

braid group as proper subgroups. Let n > 2 be an integer, F,, a free group of rank n
with free basis x1,x,...,x,

Fn - (-xlu-xz;" . 7xn>7

and Aut(F,) the automorphism group of the group F,,. The Dehn—Nielsen theorem
tells us the natural action of the group M, ; on the free group 71(2, 1) of rank 2g
induces an injective homomorphism M, ; — Aut(F2,). In view of a theorem of Artin
[2] the braid group B, of n strings is embedded into the group Aut(F,).

Now we denote by H and H* the first integral homology and cohomology groups of
the group F),
H:=H\(FyZ) = F,2% = F /[F, F,] and H*:= H(F,;Z) = Hom(H, Z),

respectively, on which the automorphism group Aut(F},) acts in an obvious way. We
write [v] (=~ mod [Fy,,F,] € Hfory € F,and X; :=[x;]] € Hfori, 1 <i<n.In
[12] we introduced cohomology classes

h, € HP(Aut(F,); H* @ H®?*D) and h, € H?(Aut(F,); H*P)

for p > 1. Restricted to the mapping class group M, ; they coincide with the twisted
Morita—Mumford classes

@+ D!yl am,, = mopia € H (Mg 1; HEPH?), and
p!EP|Mg,1 =—myp € Hp(Mg,l?H@p)-
Here H and H* are isomorphic to each other as M, ; modules because of the

intersection pairing of the surface > ;. The class p!ﬁp can be regarded as an element
in HP(Aut(F,); \'H).

In this note we confine ourselves to studying the behavior of Ep ’s restricted to the braid
group B, and consider the rational coefficients

Hq:=H®zQ and Hj:=H" ®zQ.
In this paper we prove the following result:

Theorem 1 The cohomology classes Ep s are algebraically independent in the algebra
H*(B,; \"Hgq) in the range where the total degree < n.

Here the total degree of h, is defined to be 2p. Theorem 1 implies the algebraic
independence on the automorphism group Aut(F,). This is sharper than that obtained
by restricting them to the mapping class group M, | [9, Theorem 1.C], where the range
is given by the inequality the total degree < % g = %n
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Theorem 1 was announced in [10]. Its proof given in Section 3 is based on some kind
of primitiveness of the Ep ’s (Proposition 1.2) and the evaluation of /,_; on the pure
braid group of n strings, P, (Lemma 2.4). In Section 4 we will give some remarks on
the cohomology of the automorphism group Aut(F,).

1 Twisted Morita—Mumford classes on the automorphism
group Aut(F,)

Throughtout this paper we denote by C*(G; M) the normalized standard complex of a
group G with values in a G—module M, and use the Alexander—Whitney cup product
U: C(G; M) ® C*(G; M) — C*(G; M, ® M3). Moreover we denote by Z7(G; M),
p > 0, the p—cocycles in the cochain complex C*(G; M).

Now we recall the definition of the twisted cohomology classes 4, and &, on the
automorphism group Aut(F,) for p > 1. The semi-direct product

A, = F, X Aut(F),)
admits an extension of groups
(1-1) Fy =4, = Aut(F,)
given by «(y) = (v,1) and 7w(v,¢) = ¢ for v € F, and ¢ € Aut(F,). The map

ko : A, — H, (v, ) — [7], satisfies the cocycle condition. We write also kg for the
cohomology class [ko] € H Y(A,;; H). For each p > 1 we define h, by the image of the
(p + 1)-st power of the cohomology class kg under the Gysin map of the extension (1-1)

(1-2) hy = my(ko®PTV) € HP(Aut(F,); H* @ HYPTD)

[12]. Contracting the coefficients by the GL(H)—homomorphism

(1-3) ry: H* ®H®(p+1) _ H®p’ fRvWRV®--- vy — f(vo)v) @ - - - ® vp,
we define

(1-4) hy = 1, (hy) € HP(Aut(F,); H®P).

The p-th exterior power ko” = plko®” can be regarded as a cohomology class with
coefficients in A\”H. Hence, if we consider the rational coefficients Hg, we may regard

hy, as a cohomology class in HP(Aut(F,); N Hg).

A Magnus expansion 6 of the free group F), gives an explicit cocycle representing the
class h,. The completed tensor algebra generated by H, T = T(H) := [[>> ;H®",
has a decreasing filtration of two-sided ideals 7}, := HmZpH@”", p > 1. It should
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be remarked that the subset 1 + 7} is a subgroup of the multiplicative group of the
algebra T. We call a map 6: F, — 1 + T, a Magnus expansion of the free group
F, if0: F, > 1+Tisa group homomorphism, and if 6(y) = 1 + [y] (mod Tz)
for any vy € F,,. We write 0(7) = > 0n(7), Om(y) € H®™. The m-th component
Opn: F, — H®™ is a map, but not a group homomorphism. A Magnus expansion
std: F, — 1+ Tl is defined by std(x;) := 1 + X;, 1 < i < n. Here we denote
X; := [x;] € H, the homology class of the generator x;. We call it the standard Magnus
expansion. As is described in classical references, the value std(vy) for any word v € F),
is explicitly computed by means of Fox’ free differentials. All the results of this paper
can be derived from the expansion std.

We define a map 7¢: Aut(F,) — H* @ H*? by
(1-5) (@I = 027) = |*2020™ (1) € HP?

for v € F, and ¢ € Aut(F,). Here || € GL(H) is the automorphism of H = F,20¢l
induced by ¢. This map 719 satisfies the cocycle condition [12, Lemma 2.1]. Now we
introduce a GL(H)—homomorphism

5 (H* @ H®*)® = Hom(H, H®*)*P — Hom(H,H*?*V) = H* @ H®"TD
foreach p > 1. If p > 2, we define
(1-6) Uy @ up) @ -+ Qup—1y ® up))
= (w0 ® 15°07V) o (e ® 15%77) 0 0 (ugp-1) ® 1a) 0 ug),
where ug, € Hom(H, H*?) = H* ® H*?, 1 < i < p. In the case p = 1, we define
1 := ly«gye2. Then we have:
Theorem 1.1 [12, Theorem 4.1]
hy = 55 ([T1%F) € HP(Aut(F,,); H* @ H®PTD)
for any Magnus expansion 6 and each p > 1. In the case p = 1 we have [719] =h €

H'(Aut(F,); H* ® H®?).

Some kind of primitiveness of the cohomology classes &, and ﬁp follows from
the theorem. We write simply A, := Aut(F,) for the remainder of the section.
Suppose n; +ny < n. Let A, act on the words in the letters x,y1,Xn,+2,
.-+, Xn,+n, in an obvious way. Then we have a natural homomorphism

L= lpnyt Any X Ap, — Ap.

We denote by w;: A, X A,, — A, and wy: A, X Ay, — Ay, the first and the
second projections of the product A, X A,,, respectively, and by H,,), H,) and

Geometry & Topology Monographs 13 (2008)



Twisted Morita—Mumford classes on braid groups 297

H(1—n,—ny the submodules of H spanned by {Xi,..., X}, {Xn+1,-- s Xny4m }
and {Xp,4+n,+1,-.-,Xn}, respectively. Then we have a direct-sum decomposition
H = Hg,y ®© Hpuyy © Hpy—n,—n,), and can consider the map
* * 1
"t HY (Angs Hyyy @ HOS™D) — HY (A, x Anyy H @ HEPTD)

for k =1 and 2. For any p > 1 we have:

Proposition 1.2

(1) *hy =@ *hy + @2 hy € H (An, X Apy; H* @ HEPFY),
(2) *hy = w1 *hy + w2k, € HP(A,, X Any; HEP).

Proof Using the standard expansion std, we write simply
0 = S e 204, x A HY @ HY),

Clearly we have std(y;) € H;io H(n,)®P c T for any word y; in the letters xp, ..., Xy, .
Similar conditions hold for any word ~, in the letters x,, 41, ..., Xn,4x, and any 73 in
Xn+ny+15 - - - » Xn. Hence, from the definition of 7'19 (1-5), we have

prstd 40 Z AL ) A HE @ HEY),

If we use the GL(H)~homomorphism ¢, : (H* @ H®?)®? — H* @ H®? in (1-6), then
we have

(1-7) 2. (TP = 0, (7P = 0 € Z2(A,, x Ay H* @ H®).

In fact, f(u) = O for any f € H(, ) and u € H(,,) and vice versa. From Theorem 1.1
follows

Chy = 6, IS9P = ¢, (7D + 7?)=P)
= 6 (D)) + 6, (D)) = w1 Iy, + 2"y,

Here ¢, of each mixed term in 7! and 7® vanishes by (1-7). Applying r,, to (1),
we deduce (2). This completes the proof of the proposition. a

2 Evaluation on the Artin braid groups

The n-th symmetric group &, acts on the space C" by permuting the components. The
open subset

Y, :={(z1,20,...,20) € C"; z; # zj for i # j}
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is stable under the action of the group &,,. By definition, the Artin braid group of n
strings, By, is the fundamental group of the quotient space Y,,/S,, B, := m1(Y,/S,).
As was shown by Artin [2], the group B,, admits a presentation
generators: o, 1<i<n-—1,
2-1) relations: oioj = gjoj, if|i—j| >2,
0i0i410; = 0i+10i0i+1, forl <i<n—2.

The pure braid group of n strings, P,, is defined to be the fundamental group of the
space Y,,, P, := m(Y,). We have a natural extension of groups

P, — B, — G,.
Asisknown, A;;, 1 <i<j<n,givenby
._ 2 -1 —1 1
Ajji=0j-10j—2 - 0i410{ Oiy1 -+ 0j—2 0Oj-]

can serve as a generating system of the group P,. For details, see Birman [3].

The braid group B,, admits a natural homomorphism into the group Aut(F,), £: B, —
Aut(F,). To recall how to construct it, we consider an action of the group &,, on the
space Y, 1 C C™1 = C" x C given by

P(Z1y -5 Zns Znt1) = (Zp=1(1ys - -+ 5 Zp=1(m)s Tnt1)

for p € &,,. We denote by f?; the fundamental group of the quotient space Y, 11/S,,

o~

B, = 7r1(Yn+1/6n)-
The forgetful map Y,+1 — Y, (21, .-, 20, Zn+1) — (21, - - -, 24), induces a fibration
C\ {n points} — Y,+1/6, — Y,,/&,

with a section s: Y,/6, — Y,11/6, given by (zi,...,20) — (21,2,
1\ . n ) 1 ) s . . . .

S iiZi Zj:1|Zj — > _i1zi]) (Amol’d [1]). This fibration with the section s
induces an extension of groups

(2-2) F,~B, 5B,

with a split homomorphism s: B, — E; . Thus we obtain a morphism of extensions of
groups

F, B, B,
|4
F, A, Aut(F,).
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The homomorphisms ¢ and §A are explicitly given by
(@O = s@ys™!
EuMs) = (7,€() € Fy x Aut(F,) = A,

for x € B, and vy € F,,. The group B, is embedded into B, 11 in an obvious way. Then
the homomorphisms s and ¢ are described as

2-4) s(o)) = o forl <i<n-—1,
2 -1 -1 _ -1
L(xj) = OpOnp—1'"°0j+105 Oj+1 " Op—1 On
= Aju1 forl <j<n

in terms of the presentation (2—1). So the homomorphism ¢ is explicitly given by

Xit+1, ifj = i,
(2-5) Eo)(x) = < xi1 xixia 1, ifj=i+1,
Xj, otherwise.

We now evaluate the cohomology classes /; and h,_1 on the braid group B, . Here we
use the standard Magnus expansion std: F, — 1+ T introduced in Section 1. For the
rest of this section we write simply ko, 71, h, and Ep for g*ko, §*TIStd, §*hy, and & hy,,
respectively. Let {/;}!"_, C H* denote the dual basis of {X;}" | = {[x;]]}/_, C H.

Lemma 2.1
(o) =1 ® (X; ® Xiy1 — Xip1 ® X;) € H* @ H®?
Proof From (1-5)
no) = > L@ (stda() — Joi|“stda(or ()
1(0; =1 2LXj i 210 j
—1; @ |0y ®2stda(o; " (0)) — i1 @ |0 ®%stda(oy (xi1))

= —1; ® |0y P stda(xixip 1) — lip1 @ |0y %stda(x;)

= —1; ® |og|stda(xixig 1 ).
On the other hand, we have

stda(xixi 16 ) = Xi @ Xit1 — Xip1 ® X

In fact, X; @ Xiy1 = stdo(xixiy1) = stda(xixip 1 ') = stda(rixip1x; 1) + stda(x;) +
Xiy1 ® X; = stdz(x,'xiﬂxi_]) + Xit1 ® X;. Therefore we obtain 7((0;) = —; ®
07| 2(X; @ Xi1 — X1 @X) = —L @ (Xip1 @ X; — X; ® Xi41), as was to be shown. O

The pure braid group P, acts on the homology H trivially. Hence, from [12, Theorem
3.1], the restriction of 7; to P, does not depend on the choice of Magnus expansions.
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Lemma 2.2
T1(Ai) = Ui = ) @ (X ® Xj — X; @ X;)

Proof Recall the map 7 satisfies the cocycle condition on the automorphism group
Aut(F,). When we set v := 0;_10j_2---0jy1, we have A;; = 'ya,-zfy_] , So that
T1(A; )
= 7oy = 1) +yned) +yoin(y
= 1 +m©@A) +9nG7 ) = 1) + o) = 10
Y(11(0:) + oimi(04)
= Yl ® X @ Xit1 — Xit1 ® Xp) + yoilli @ (Xi @ Xip1 — Xir1 ® X))
V(i = liv1) ® (X @ Xit1 — Xit1 © X))
= L-HeXeX —X;®X),

as was to be shown. O

To prove the nontriviality of 4,_; on the group B,,, we recall some basic facts on the
cohomology of the pure braid group P,. The space Y, is an Eilenberg—-MacLane space
of type (P, 1). The subspace ¥, N {z; + - -+ + z, = 0} is a deformation retract of the
space Y, and a Stein manifold of complex dimension n — 1. Hence the cohomological
dimension of the group P,, cdP,, is not greater than n — 1. Let A*(Y,,) be the algebra
of all the complex-valued differential forms on the space Y,. As was shown by Arnol’d
[1], the Z—subalgebra generated by the 1-forms

iy = 1 dz; — dz;

2rv/—1 zi—z '
is isomorphic to the cohomology algebra H*(Y,;Z) = H*(P,;Z). Especially in the
case * = 1, {[w;j]}1<i<j<n is a Z—free basis of HY(P,;Z), so that {[Aij1}i<icj<n isa
Z—free basis of H;(P,;Z) = p,abel

1<i<j<mn,

Lemma 2.3

(1) k" #0 € H' (Yyt1; /\"HQ), where P, = m1(Y,+1) is regarded as a subgroup
of B, = Wl(YnJrl/Gn)v

@) o1 #0 € H' (P Ho* © \"Hg).

Proof (1) From (2-3) and (2-4) we have

0, ifi<j<n,
ko(A;j) = o
X, ifi<j=n+1,
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that is .
ko=  wine1 @X; € H' (Vuy1:H).

If we restrict the n—form
n
W1 W21+ W1 = (1/27V _l)nHizl(dZ" —dz,11)/ (@i — Zns1)

to the subspace Y,+1 N {z,+1 = 0}, then we obtain the non-zero n—form (1/2mw/—1)"
[T ,(dzi/z). Hence the cohomology class

ko" = nlwi pr1wrpgt - Wi Xt AXo Ao A Xy € H' (Vo1 /\nHQ)
does not vanish, as was to be shown.
(2) Since cdP, < n — 1, the Gysin map of the extension
F, 5P 5P,
gives an isomorphism
my: H' Pyt M) = H'™ (P H* © M)
for any P,—module M. Hence h,_ = m3ko" # 0 by (1). O

The map r,: Ho* ® N"Ho — A" 'Hg is an isomorphism because dimg Hg = 7.
Hence we obtain:

Lemma 2.4
T n—1 n—1
i1 #£0€ H' Py [\" Ho).

3 Proof of Theorem 1

Our proof of Theorem 1 is based on Proposition 1.2 and Lemma 2.4. For ¢ < n we denote
by P,—4(g) the set of all the non-negative partitions A = (A\; > Ay > --- > X,y > 0)
of g into n — g parts. For A = (A\; > Ay > --- > N,y > 0) € P,_,(g) we introduce
a cohomology class 4, and a subgroup Py C P, by

hy = hyhy, - 'E\,H, c H‘I(B,,;/\qHQ) C H‘I(Pn;/\qu), and
Py = P/\1+1 X P>\2+1 XX P/\n—q‘H C Pn,

respectively. Here Poi; = P; is the trivial group {1}. Denote by ty\: Py — P,
the obvious inclusion map and @y : Py — P), 4 the obvious projection. Theorem 1
follows from:

Geometry & Topology Monographs 13 (2008)



302 Nariya Kawazumi

Theorem 3.1 The cohomology classes {hy; \ € Pn—q(q)} are linearly independent
in H1(P,; NHg).

In fact, when g < n/2, the set of all the non-negative partitions of ¢ into n — ¢ parts
does not depend on n.

Endow the partitions P,_,(g) with the lexicographic order. For example, (g > 0 >
- > 0) is the maximal partition. Theorem 3.1 is reduced to the following

Assertions For any A\ and u € P,_,(g) we have:

(A) tx\*hy #0 € H1(Py; N'Hg)

(B) If 4o = A, then t)\*h, = 0 € HY(P\; N'Hg).

In fact, assume we have a nontrivial linear relation

Z C)\E)\ =0¢e Hi(P,; /\qHQ).

AEPu—q(q)

Choose the minimum A satisfying ¢y # 0. Applying ¢)\* to the relation, we obtain
cxta*hy = 0 from Assertion B. Assertion A implies ¢y = 0, which contradicts the
choice of \.

Proof of Assertion A Let by > by > --- > by, > by, 41 = 0 be the dual partition of
A. The number of A;’s equal to p is b, — b,1. We abbreviate Ep k1= Tk E Since
cdPy,+1 < Ak, we have hp r=0if p > M\, or equ1valently, k > b,. Moreover we have
Ty ihp k= 0 forany p > 1 since HM¥P(Py, 115 A\ MtP g @) = 0. From Proposition 1.2
we have

- n—q— p
Why =) ok € H'(Px: [\'H),
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so that
n—q Al
Wy = H Why, = I_I(LA*Ep)b”_b”Jrl
k=1 p=1
Al
= l_I(Ep’1 + Ep,Z 4ot Ep,nfq)hp_bp-H
p=1
Al Al
= l_I(E[“1 +hpo+ -+ prp)bp*bp-‘—l - H(Ep,bﬁl-&-l NN Epﬁp)bp*bl)#-l
p=1 p=I1
Al
= H(bp - bp+l)! hp,bp+1+l T hp,bp
p=1
Al
= | JI® = bpsD! | Bailnga - Ba_yngr
p=1

Here the fifth equal sign comes from the equation E&,k%p,k = 0. Clearly ry :=
H;‘: 1(by, — bpy1)! is a positive integer. From Lemma 2.4 and the Kiinneth formula

hay by %Anfq,n—q # 0 € H1(Px; N"Hg). This proves Assertion A. ]

Proof of Assertion B Suppose p > A with respect to the lexicographic order, namely,
PL =AU =X > 2> lp= Ay > phpt1 > A\pgq forsome h, 0 < h < n—gq.
Let v := (v > vy > - -+ > 1y,) be the (truncated) partition of ¢/ := A\ + Xy + -+ + Ay,
defined by vy := Ay = pk, k < h. From Assertion A

* /7 T 7 7 7 7 ! q
I\ gy -+ hyy) = rohy by, 2 by, € HT (P /\ H).

In fact, from p, > Apy1, we have E,Uhi = 0if i <j. Since ppy1 = A for any
k> h+1, we have

LA*(EM T 'E,u/ﬁuhﬂ) = rVﬁth o 'E,U«hvh(E#thhl +oet E,U«Hlah) =0

Hence ¢ A*(ﬁﬂ) = 0, as was to be shown. O

This completes the proof of Theorem 3.1 and Theorem 1.

4 Concluding remarks

We conclude this note by giving some remarks on the twisted cohomology of the
automorphism group Aut(F,) and the braid group B,,.
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The TA—automorphism group /A, is defined to be the kernel of the action of the
group Aut(F,) on the homology group H = F, nabel. We have an extension of groups
1A, — Aut(F,) — GL(H). The map 7'19 restricted to /A, gives an isomorphism of the
abelianization of the group IA,, onto the module H* ® /\ZH

1 14,25 2 g g /\ZH
(Cohen and Pakianathan [5], Farb [6], Kawazumi [12]). Here we embed /\ZH into
H®? by X; ANX;j— X;i@X; —X;®@X; for 1 < i,j < n. Lemma 2.2 implies
& H YA, Z) — H' (P,;Z) is surjective. From the result of Arnol’d [1] quoted in
Section 2, the cohomology algebra H*(P,;Z) is generated by the first cohomology
classes. Hence we obtain:

Corollary 4.1 The algebra homomorphism
£ H'(IAZ) — H™(Py; Z)

induced by the homomorphism &: P, — IA, is surjective.

It should be remarked that it does not imply that the map £*: H*(Aut(F,); M) —
H*(B,; M) is surjective for a Q[GL(H)]-module M. In fact, the quotient groups
Aut(F,)/IA, = GL(H) and B, /P, = &, differ from each other.

Fred Cohen [4, Lemma 7.2, page 261] described the action of the symmetric group S,
on the integral cohomology of the group P,,, H*(P,;Z). Later Lehrer and Solomon [14]
gave another explicit description of the Q[&, ]-module H*(P,; Q). Moreover Cohen
[4, Theorem 3.1, page 225] computed the twisted cohomology H*(B,; H®" @ ) for
any field F and any m > 0. It would be interesting if one could describe the submodule
of H*(B,; M) generated by all the possible algebraic combinations coming from the
twisted Morita—Mumford classes /,’s in an explicit manner. Here we should remark
the &, —invariant inner product -: H ® H — Z defined by X; - X; = 9;;, 1 <i,j <n,
gives a B,,—isomorphism H = H*.

As was stated in Introduction, the algebra H*(M, 1; /\"Hg) is stably isomorphic to the
polynomial algebra in the twisted Morita—Mumford classes m;;’s. The intersection
pairing of the surface ¥, H®? — Z, gives an isomorphism H = H* of Mg -
modules, so that the cocycle 7'19 restricted to M, 1 can be regarded as a cocycle
7'1‘9 P M1 — H ®3 . As was proved by Kawazumi and Morita in [13], for any twisted
Morita-Mumford class m;; we have an M, ;—homomorphism C': (H®3)®Citi=2)
— Z obtained from the intersection pairing such that C.[7/]%*/~2 = m;;. In other
words, the natural map

(\ H'(Ty1:Q) @ M — H (Mg 13 M)
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is stably surjective for any finite dimensional Q[Sp(H)]-module M. Here Z, ; is the
Torelli group, i.e, the kernel of the action of M, ; on the homology H.

Recently Galatius [7] proved the rational reduced cohomology H *(Aut(F,); Q) vanishes
in a stable range. It would be very interesting to know whether a similar result holds
also for twisted coefficients.

Expectation 4.2 For a finite dimensional Q[GL(H)]-module M, the natural map
(N "H' WA Q) ® M — H (Aut(F,); M)

is surjective in some stable range.

In the case M is the trivial module Q, this expectation is exactly the fact that
H*(Aut(F,); Q) vanishes in some stable range, which Galatius [7] proved. A result of
Hatcher and Wahl [8] tells us it holds also for M = (H*)®™ for any m > 1.
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