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Abstract

In this paper, we derive a best proximity point theorem for non-self-mappings
satisfied proximal cyclic contraction in PM-spaces and this shows the existence of
optimal approximate solutions of certain simultaneous fixed point equations in the
event that there is no solution. As an application we consider a nonlinear
programming problem. Our results extend and improve the recent results of (Sadiq
Basha in Nonlinear Anal. 74(17):5844-5850, 2011).
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1 Introduction

Best proximity point theorems are those results that provide sufficient conditions for the
existence of a best proximity point and algorithms for finding best proximity points. It is
interesting to note that best proximity point theorems generalized fixed point theorems
in a natural fashion. Indeed, if the mapping under consideration is a self-mapping, a best
proximity point becomes a fixed point.

One of the most interesting is the study of the extension of Banach contraction princi-
ple to the case of non-self-mappings. In fact, given nonempty closed subsets A and B of a
complete PM-space (X, F, %), a contraction non-self-mapping T': A — B does not neces-
sarily has a fixed point. Eventually, it is quite natural to find an element x such that F, 7,.(¢)
is maximum for a given problem which implies that x and Tx are in close proximity to
each other.

Many problems can be formulated as equations of the form Tx = x, where T is a self-
mapping in some suitable framework. Fixed point theory finds the existence of a solution
to such generic equations and brings out the iterative algorithms to compute a solution to
such equations.

However, in the case that T is non-self-mapping, the aforementioned equation does
not necessarily have a solution. In such a case, it is worthy to determine an approximate
solution x such that the error F, 7,(¢) is maximum.

2 Preliminaries
Throughout this paper, the space of all probability distribution functions (briefly, d.fs) is
denoted by A* = {F: RU{-o00, +00} — [0,1] : F is left-continuous and non-decreasing on
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R, F(0) = 0,and F(+00) = 1} and the subset D* C A* istheset D* = {F € A* : ["F(+o0) = 1}.
Here [ f(x) denotes the left limit of the function f at the point x, [~ f(x) = lim;_, - f(¢). The
space A* is partially ordered by the usual point-wise ordering of functions, i.e., F < G if
and only if F(£) < G(¢) for all ¢ in R. The maximal element for A* in this order is the d.f.
given by

ey = L=
1, t>0.
Definition 2.1 ([1]) A mapping *:[0,1] x [0,1] — [0,1] is a continuous ¢-norm if * satis-
fies the following conditions:
(a) * is commutative and associative;
(b) * is continuous;
() axl=aforallael0,1];
(d) a*xb<cxdwhenevera <cand b <d, anda,b,c,d € [0,1].

Two typical examples of a continuous ¢-norm are a * b = ab and a * b = min(a, b).

A t-norm x is said to be of HadZic type if

n

Vee(0,1)35€(0,1): a>1-8 = axax---*xa>l-¢ (n>1).

The t-norm minimum is a trivial example of a t-norm of Hadzi¢ type, but there exists a

t-norm of Hadzi¢ type weaker than minimum (see [2]).

Definition 2.2 A probabilistic metric space (briefly, PM-space) is a triple (X, F, %), where
X is a nonempty set, * is a continuous ¢-norm, and F is a mapping from X x X into D*
such that, if F,,, denotes the value of F at the pair (x,y), the following conditions hold: for
allx,y,z in X,

(PM1) F,,(t) = eo(t) for all £ > 0 if and only if x = y;

(PM2) Fx,y(t) = Fy,x(t);

(PM3) Fi (¢ +5) > Fy,(t) x Fy(s) forall x,y,z € X and £,5 > 0.

For more details and examples of these spaces see also [3-5].

Definition 2.3 Let (X, F, *) be a PM-space.
(1) A sequence {x,}, in X is said to be convergent to x in X if, for every € >0 and A > 0,
there exists a positive integer N such that Fy, .(¢) >1— A whenever n > N.
(2) A sequence {x,}, in X is called Cauchy sequence if, for every € > 0 and A > 0, there

exists a positive integer N such that Fy, ,, (€) >1 — A whenever n,m > N.

n-Xm

(3) A PM-space (X, F, ) is said to be complete if and only if every Cauchy sequence in X

is convergent to a point in X.

Definition 2.4 Let (X, F, x) be a PM-space. For each p in X and X > 0, the strong A-neigh-
borhood of p is the set

N,(\)={geX:F,,(0)>1-1},
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and the strong neighborhood system for X is the union Upev-/vp where N, = {N,(}) :
A >0}

The strong neighborhood system for X determines a Hausdorff topology for X.

Theorem 2.5 ([1]) If (X, F,x) is a PM-space and {p,} and {q,} are sequences such that
Pn— p and g, — g, then lim,,_, oo Fy, 4, (t) = F, 4(t) for every continuity point t of F, ;.

Lemma 2.6 ([2]) Let (X, F, x) be a Menger PM-space with x of HadZié-type and {x,} be a

sequence in X such that, for some k € (0,1),
Fxn,xn+1 (kt) > Fxn_l,xn (t) (}’l >1,t> 0)
Then {x,} is a Cauchy sequence.

Let A and B be two nonempty subsets of a PM-space and ¢ > 0, the following notions
and notations are used in the sequel.
Fu p(t) := sup{Fy,(t) :x € A,y € B},
Ag:={x € A: F,,(t) = F4,5(t) for some y € B},
By :={y € B: Fy,(t) = F p(t) for some x € A}.

Definition 2.7 Let (X, F,*) be a PM-space. Given non-self-mappings S: A — Band T :
B — A, the pair (S, T) is said to form a proximal cyclic contraction if there exists a non-
negative number o <1 such that

Fu,Sx(t) = FA,B(t), ) E
F,13(t) = Fa(t) Funlt) mm{l—"x,},<a >'FA,B(t)}

forallu,xin A and v, yin Band ¢ > 0.

Note that, if S is a self-mapping that is a contraction, then the pair the pair (S, S) forms

a proximal cyclic contraction.

Definition 2.8 Let (X, F, x) be a PM-space. A mapping S: A — B is said to be a proximal
contraction of the first kind if there exists a non-negative number « < 1 such that

F, t) = F4 5(2),
w151 (£) = Fas(£) } Fo (@t > E o ()

Foiy 52, (t) = Fp p(t)
for all uy, ua, %1, %3 in A and ¢ > 0.

Definition 2.9 Let (X, F,*) be a PM-space. A mapping S: A — B is said to be a proximal
contraction of the second kind if there exists a non-negative number « < 1 such that

Ful,le (t) = FA,B(t)r

54 FSu ,Su (Olt) > FSx ,Sx: (t)
Fuy 53, (t) = Fap(t) } . e

for all uy, us, %1, % in A and £ > 0.
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Definition 2.10 Let (X, F, ) be a PM-space. Given a mapping S : A — B and an isometry
g:A — A, the mapping S is said to preserve isometric distance with respect to g if

Fngl,ng2 (t) = Fle,sz (t)
for all x; and x, in A. and £ > 0.

Definition 2.11 Let (X, F,*) be a PM-space. An element x in A is said to be a best prox-
imity point of the mapping S: A — B if it satisfies the condition that

Fi5x(t) = F,(t)
forallxin A and £> 0.

It can be observed that a best proximity reduces to a fixed point if the underlying map-
ping is a self-mapping.

Definition 2.12 Let (X, F, x) be a PM-space. B is said to be approximatively compact with
respect to A if every sequence {y,} of B satisfying the condition that forall ¢ > 0, F,,, (t) —
F, 5(t) for some x in A has a convergent subsequence.

It is easy to observe that every set is approximatively compact with respect to itself, and
that every compact set is approximatively compact. Moreover, Ao and By are non-void if
A is compact and B is approximatively compact with respect to A.

3 Proximal contractions
The following main result is a generalized best proximity point theorem for non-self prox-
imal contractions of the first kind. Our results extend and improve some results of [6].

Theorem 3.1 Let A and B be non-void closed subsets of a complete PM-space (X, F,*)
with % of HadZié-type such that Ay and By are non-void. Let S: A — B, T : B— A and
g:AUB — AU B satisfy the following conditions:

(a) Sand T are proximal contractions of the first kind.

(b) S(Ag) S By and T(By) C Ay.

(c) The pair (S, T) forms a proximal cyclic contraction.

(d) gisan isometry.

(e) Ao S g(Ao) and By < g(Bo).
Then there exist a unique element x in A and a unique element y in B satisfying the condi-
tions that

ng,Sx(t) = FA,B(t)7
ng,Ty(t) = FA,B(t):

Fx,y(t) = FA,B(t)'
Further, for any fixed element xy in Ay, the sequence {x,}, defined by

Fax, 1,50, (£) = FaB(2),
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converges to the element x. For any fixed element y, in By, the sequence {y,}, defined by

ngn+1:TJ’n (t) = FA,B (t)r

converges to the element y.
Omn the other hand, a sequence {u,} of elements in A converges to x if there is a sequence
{en} of positive numbers for which

lim H(l -€)=1
i=0

in which

n
1_[61,‘=6l()*--->k6l,,
i=0

fora; € (0,1] and
Fuprzn () Z 1= €,

where z,,1 € A satisfies the condition that
F,,...5u,(t) = F45(2)

fort>0.

Proof Let xy be an element in Ay. In view of the facts that S(A) is contained in By and
that Ay is contained in g(Ay), it is ascertained that there is an element x; in A such that

ngl,Sxo (t) = FA,B(t)

for t > 0. Again, since S(A) is contained in By, and Ay is contained in g(Ay), there exists
an element x5 in Ay such that

Faxy .50, (t) = Fa,8(2)

for t > 0. One can proceed further in a similar fashion to find x, in Ay. Having chosen x,,,

one can determine an element x,,,; in Ag such that

ngnﬂvsxn (t) = FA,B(t)’

because of the facts that S(Ay) is contained in By and that Ay is contained in g(Ay). In light
of the facts that g is an isometry and that S is a proximal contraction of the first kind,

Fxn,xml (at) = ngn,gxml (at) > Fxn,l,xn (¥)

for t > 0. Therefore, by Lemma 2.6, {x,} is a Cauchy sequence and hence converges to
some element x in A. Similarly, in view of the facts that T'(By) is contained in Ay and that
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By is contained in g(By), it is guaranteed that there is a sequence {y,} of elements in By
such that

ngrHl:T}’n (t) = FA,B (t)

for £ > 0. Because g is an isometry and 7 is a proximal contraction of the first kind, it
follows that

FJ’nr}’m—l (at) = ngnvgynﬂ (Olt) = FJ’n—l:}’n (t)
for ¢ > 0. Therefore, by Lemma 2.6, {y,} is a Cauchy sequence and hence converges to

some element y in B. Since the pair (S, T') forms a proximal cyclic contraction and g is an
isometry, it follows that

. t
Fxnﬂd’ml (t) = ngml»gyml (t) Z min {Fxnd’n <;) ’ FA'B(t) }

for t > 0.
Letting n — oo, since Fj,(t) < F,(t/a) we have,

Fx,y(t) = FA,B(t)
for t > 0. Thus, it can be concluded that x is a member of A and that y is a member of By.

Since S(Ap) is contained in By, and T'(By) is contained in Ag, there exist an element u in A
and an element v in B such that

Fu,Sx(t) = FA,B(t);

F,1(t) = Fap(t)
for ¢ > 0. Because S is a proximal contraction of the first kind,
Fugn,.i (@t) = Fux, (2)
for t > 0. Letting n — 0o, we have the result that u = gx. Thus, it follows that
Fo52(t) = Fap(t)
for ¢ > 0. Similarly, it can be shown that v = gy and hence
Fgy,1y(£) = F4,5(t)

for t > 0. To prove the uniqueness, let us suppose that there exist elements x* in A and y*
in B such that

ng*,Sx* (t) = FA,B(t):

ng*,Ty* (t) = FA,B(t)
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for ¢ > 0. Since g is an isometry, and the non-self-mappings S and T are proximal contrac-
tions of the first kind, it follows that

Fx,x* (Olt) = ng,gx* (Olt) = Fx,x* (t),

Fy,y* (Ott) = ng,gy* (O[t) > Fy,y* (t)

for ¢ > 0. Therefore, x and x* are identical, and y and y* are identical.
On the other hand, let {1,,}52,, in which u, = x, be a sequence of elements in A and {¢,}
a sequence (0,1) such that

n
li —€)=
Jm [ 0= =1
i=0
and
Fun+1,2n+l (t) = 1- €ny
where z,,,; € A satisfies the condition that

F,,.1 5u,(t) = Fa5(t)

for t > 0. Since S is a proximal contraction of the first kind,

F.

Xn+1,Zn+1

(at) > Fy,p 0, (0).
Given § € (0,1), for all # > N we have

Fxn+1vun+1 (t + 8) = Fxn+1v2n+1 (t) * an+lv”n+l (8)

t
> Fx,,,u,, <_) * (1 - En)
o

t
> Fxn,un (ﬁ) *(1—€,m1) % (1—€y)

n

t
> > FxO:”O <W) * l_[(l - Gl‘)

i=0
for t > 0. Since § € (0,1) was arbitrary, we have
n
Fxn+1vun+1 (t) 2 1_[(1 - Gl‘)
i=0

for t > 0. Now,

Fum.l,x(Zt) Z Fu”+1,xn+1 (t) * Fan,x(t)
n
> (1 - El') * Fxml,x(t)
i=0
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for ¢t > 0. Then
lim F, . .(2t) — 1
n— o0

for ¢ > 0, and it can be concluded that {u,} converges to x. This completes the proof of the
theorem. O

The following example illustrates the preceding generalized best proximity point theo-
rem.

Example 3.2 Consider the complete PM-space (R, F, min) where

_ t
St le—yl

Fyy(2)
when ¢ > 0 and

Fuy(8) =0,
when £ <0 for x, y in R.

Let A =[-1,0] and B = [0,1].
LetS:A— B, T:B— A,and g: AUB — AU B be defined as

S(x) = ‘7’6
_7

T0) =<

g(x) = —x.

Then it is easy to see that
Fap(t) =1,

Ao = {0} and By = {0}. The mapping g is an isometry and the non-self-mappings S and
T are proximal contractions of the first kind, and the pair (S, T) forms a proximal cyclic
contraction. The other hypotheses of Theorem 3.1 are also satisfied. Further, it is easy
to observe that the element 0 in A and B satisfy the conditions in the conclusion of the
preceding result.

If g is assumed to be the identity mapping, then Theorem 3.1 yields the following best
proximity point result.

Corollary 3.3 Let A and B be non-void closed subsets of a complete PM-space (X, F, x) with
x of HadZi¢-type such that Ay and By are non-void. Let S: A — B and T : B — A satisfy
the following conditions:

(a) Sand T are proximal contractions of the first kind.

(b) S(Ag) S By and T(Bo) < Ay.

(c) The pair (S, T) forms a proximal cyclic contraction.
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Then there exist a unique element x in A and a unique element y in B satisfying the condi-
tions that

Fus5x(t) = Fa (),
Fy,Ty(t) = FA,B(t),
Fx,y(t) = FA,B(t)

fort>0.

Theorem 3.4 Let A and B be non-void closed subsets of a complete PM-space (X, F, x) with

x of HadZic-type such that Ay and By are non-void. Let S: A — Band g : A — A satisfy the
following conditions:

(a) S is a proximal contraction of the first and second kind.
(b) S(Ay) is contained in By.

(c) gisan isometry.

(d) S preserves isometric distance with respect to g.

(e) Ag is contained in g(Ao).

Then there exists a unique element x in A such that
Fo52(t) = Fa,p(t)
fort > 0. Further, for any fixed element x, in Ay, the sequence {x,}, defined by
Faxyp1,50, (£) = Fa8(2),
converges to the element x for t > 0.

Omn the other hand, a sequence {u,} of elements in A converges to x if there is a sequence
{e,} of positive numbers for which

n
lim 1_[(1 -€)=1

i=0

and
F”n+lvzn+1(t) >1-¢€p
where z,.1 € A satisfies the condition that
F,, .1 5u,(t) = Fap(t)
fort>0.

Proof Proceeding as in Theorem 3.1, it is possible to find a sequence {x,} of elements in
Ag such that

ngnﬂvsxn (t) = FA,B(t)
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for ¢ > 0 and for all non-negative integral values of n, because of the facts that S(Ay) is
contained in By and that Ay is contained in g(Ao). Due to the facts that S is a proximal
contraction of the first kind and g is an isometry,

Fxnvxm-l ((Xt) = ngnvgxn+1 (at) = Fxn—l:xn (t)

for ¢t > 0. Therefore, by Lemma 2.6, {x,} is a Cauchy sequence and hence converges to
some element x in A. Because of the facts that S is a proximal contraction of the second
kind and preserves the isometric distance with respect to g,

Fan,Sx,Hl (at) = Fngn,ngml (at) > FSx,,_l,an (2)

for ¢ > 0. Therefore, by Lemma 2.6, {Sx,} is a Cauchy sequence and hence converges to
some element y in B. Thus, it can be concluded that

ng,y(t) m ngml,an () = Fu (®).

=1l
n—00

Eventually, gx is an element of Ao. Because of the fact that Ay is contained in g(Ao), gx = gz

for some member z in Ag. Owing to the fact that g is an isometry, Fy () = Fgup () = 1.

Consequently, the elements x and z must be identical, and hence x becomes an element

of Ay. Because S(Ag) is contained By,
F5:(t) = Fp5(t)

for ¢ > 0, for some element & in A. On account of the fact that the mapping S is a proximal
contraction of the first kind,

Fu,gx,,+1 (Olt) = Fx,xn (t)

for ¢ > 0. As a result, the sequence {g(x,)} must converge to u. However, because of the
continuity of g, the sequence {g(x,)} converges to gx as well. Therefore, # and gx must be
identical. Thus, we have the result that

Fx,5x(t) = F54(t) = Fa,5(t)

for £ > 0. The uniqueness and the remaining part of the proof follow as in Theorem 3.1.
This completes the proof of the theorem. O

The preceding generalized best proximity point theorem is illustrated by the following
example.

Example 3.5 Consider the complete PM-space (R, F, min) where

_ t
St le—yl

Fry(2)

when ¢ > 0, and
F,,(t) =0,

when ¢ <0 for x,y € R.



Saadati Fixed Point Theory and Applications (2015) 2015:79 Page 11 of 12

Let A =[-1,1] and B=[-3,-2] U [2,3]. Then F4 5(t) =
Let S: A — B be defined as

Ag = {-1,1}, and By = {-2,2}.

L
t+1°

2 if x is rational,
Sx = )
3 otherwise.

Then § is a proximal contraction of the first and second kind, and S(A¢) € By.

Further, let g: A — A be defined as gx = —x. Then g is an isometry, S preserves
the isometric distance with respect to g, and Ay € g(Ao). It can also be observed that
Fg(_l),g(_l)(t) = Fy5(t) for t > 0.

If g is assumed to be the identity mapping, then Theorem 3.4 yields the following best

proximity point theorem.

Corollary 3.6 Let A and B be non-void closed subsets of a complete PM-space (X, F,*)
with * of HadZi¢-type such that Ao and By are non-void. Let S : A — B satisfy the following
conditions:

(a) S isa proximal contraction of the first and second kind.

(b) S(Ay) is contained in By.

Then there exists a unique element x in A such that
Fx,Sx(t) = FA,B(t)~
Further, for any fixed element x in Ao, the sequence {x,}, defined by

Fxml,an (t) = FA,B(t)r
converges to the best proximity point x of S.

4 Application

A solution to the nonlinear programming problem
max Fy, 7,,(¢)
x€A

is fundamentally an ideal optimal approximate solution to the equation Tx = x which is
shifting to have a solution when T is supposed to be a non-self-mapping.

Considering the fact that F, 7,,(¢) is at least F4 g(¢) for all x in A, a solution x to the afore-
mentioned nonlinear programming problem becomes an approximate solution with the
lowest possible error to the corresponding equation Tx = x if it satisfies the condition that
F,7.(t) = Fap(t) for ¢ > 0.
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