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HDEEZTJHJi?vtefsfig?;hui?sa%3000’ In the article, we provide a monotonicity rule for the function [P(x) + AX))/[P(x) + B(x)],
China where P(x) is a positive differentiable and decreasing function defined on (=R, R)
Full st of author information is (R>0),and AX) =Y ax" and B(x) =Y o2 b,x" are two real power series
available at the end of the article 0 0

converging on (=R, R) such that the sequence {an/bn}g‘;no is increasing (decreasing)
with dp,/bp, = (<) 1and b, > 0 for all n > ng. As applications, we present new bounds

for the complete elliptic integral £(r) = O”/Z V1 =r2sin?tdt (0 <r< 1) of the second
kind.
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1 Introduction
The most commonly used monotonicity rule in elementary calculus is that f is increasing
(decreasing) on [a, D] if f : [a,b] — R is continuous on [a, b] and has a positive (negative)
derivative on (a, b), and it can be proved easily by the Lagrange mean value theorem. The
functions whose monotonicity we prove in this way are usually polynomials, rational func-
tions, or other elementary functions. But we often find that the derivative of a quotient
of two functions is quite messy and the process is tedious. Therefore, the improvements,
generalizations and refinements of the method for proving monotonicity of quotients have
attracted the attention of many researchers.

In 1955, Biernacki and Krzyz [1] (see also [2], Lemma 2.1, [3]) found an important crite-

rion for the monotonicity of the quotient of power series as follows.

Theorem 1.1 ([1]) Let A(t) =Y rop axt’ and B(t) =Y o, bit* be two real power series con-
verging on (—r,r) (r > 0) with by > O for all k. If the non-constant sequence {ay/by} is increas-
ing (decreasing) for all k, then the function t — A(t)/B(t) is strictly increasing (decreasing)
on (0,r).

In [4], Cheeger et al. presented the monotonicity rule for the quotient of two functions.

Theorem 1.2 ([4]) If f and g are positive integrable functions on R such that f/g is de-
creasing, then the function x — [y f(¢)dt/ [ g(¢)dt is decreasing.
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Unaware of Theorem 1.2, Anderson et al. [5], Lemma 2.2 (see also [6], Theorem 1.25)
established 'Hopital’s monotone rule that can be applied to a wide class of quotients of
functions.

Theorem 1.3 ([5]) Let —oco <a < b <00, f,g:[a,b] - R be continuous on [a, b] and dif-
ferentiable on (a,b), and g'(x) # 0 on (a,b). If ' (x)/g' (x) is increasing (decreasing) on (a, D),
then so are the functions

fx) - f(a) fx) - f(b)
g —gla)  glx)—gb)’

Iff'(x)/g'(x) is strictly monotone, then the monotonicity in the conclusion is also strict.
Pinelis [7] provided the following monotonicity theorem.

Theorem 1.4 ([7]) Let f and g be differentiable and g’ never vanish on an open interval
(a,b) C R. Then the following statements are true:
(1) Ifgg' >0 on (a,b),lim supxwgz(x)(f(x)/g(x))’/Ig/(x)| > 0 and f'/g’ is increasing on
(a,b), then (f/g) >0 on (a,b).
(2) Ifgg’ >0 on (a,b), liminf,|, g*(x)(f(x)/g(x))'/|g'(x)| < 0 and f'Ig is decreasing on
(a,b), then (f/g) <0 on (a,b).
(3) Ifgg <0 on (a,b), liminfu, g*(x)(f (x)/g(x)) /g’ (x)| <0 and f'lg is increasing on
(a,b), then (f/g) <0 on (a,b).
(4) Ifgg’ <0 on (a,b), lim supx¢bg2(x)(f(x)/g(x))’/Ig/(x)| > 0 and f'|g’ is increasing on
(a,b), then (f/g) >0 on (a,b).

Recently, Yang et al. [8], Theorem 1.2, established a more general monotonicity rule for
the ratio of two power series.

Theorem 1.5 ([8]) Let A(t) =Y 12, artt and B(t) = > o byt* be two real power series con-
verging on (—r,r) and by > 0 for all k,and Ha g = A'B/B' — A. Suppose that for certain m € N,
the non-constant sequence {ax/by} is increasing (decreasing) for 0 < k < m and decreasing
(increasing) for k > m. Then the function A/B is strictly increasing (decreasing) on (0,r) if
and only if Hyp(r™) > (<) 0. Moreover, if Hag(r™) < (>)0, then there exists ty € (0,r) such
that the function A/B is strictly increasing (decreasing) on (0,ty) and strictly decreasing
(increasing) on (to, ).

The foregoing monotonicity rules have been used very effectively in the study of special
functions [9-23], differential geometry [4, 24], probability [25] and approximation theory
[26]. The main purpose of the article is to present the monotonicity rule for the function
[P(x) + Ziino ax"]/[P(x) + ZZ‘;HO b,x"] and to provide new bounds for the complete el-
liptic integral of the second kind. Some complicated computations are carried out using
Mathematica computer algebra system.

2 Monotonicity rule
Theorem 2.1 Let P(x) be a positive differentiable and decreasing function defined on (0, r)

(r>0),let Alx) = o2 o k" and B(x) = Zf:no bux" be two real power series converging on

n=n
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(=1,1). If apy/byy > (<) 1, by, > 0 for all n > ny and the non-constant sequence {an/b,,}fﬁno
is increasing (decreasing), then the function x — [P(x) + A(x)]/[P(x) + B(x)] is strictly in-

creasing (decreasing) on (0,r).

Proof Letx € (0,r), and

L= [nP(x) - 2P (%)) (an - ba)a" ",
nzo 0 [ 00 (21)
I, = Z nax"t Z b,x" - Z a,x" Z nbyx™ L.
Then differentiating [P(x) + A(x)]/[P(x) + B(x)] gives
Px)+Ax) ]
56| Bt

= (P’(x) + i mzy,x’H) (P(x) + i b,,x”)
- <P(x) + i a,,x”) (P’(x) + i nbnx’H)

n=ng n=ng

=11 +12. (22)

Note that I; can be rewritten as

o) 00 00 00
[2 = Z]’d]‘x‘ifl Z b,-xi - Z a,»xi Zjbjxj’l

J=no i=ng i=ng J=ngo
—ZZ;bb( “_> i+j-1
i=ng j=no
—ZZzbb( d )Hfl
j=ng i=ng
ISy eaa- (G- 23
i=ng j=no bj

If a,y/byy > (<) 1, b, > 0 for all n > ny and the non-constant sequence {a,/b, }Z"no is in-

creasing (decreasing), then we clearly see that
an Z (5) by (2.4)

for all n > ng and

Zbe(z ])< > X775 (<) 0 (2.5)

lVl()] no

forallx € (0,r).
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It follows from P(x) is a positive differentiable and decreasing function on (0, 7) that
nP(x) —xP'(x) >0 (2.6)

for all x € (0, r).
Therefore, [(P(x) + A(x))/(P(x) + B(x))]’ > (<) 0 for all x € (0, r) follows easily from (2.1)-
(2.6), and the proof of Theorem 2.1 is completed. d

3 Bounds for the complete elliptic integral of the second kind
For r € (0,1), Legendre’s complete elliptic integral [27] of the second kind is given by

/2
E(r) = / J1 = r2sin?(¢) dt.
0

Itis well known that £(0*) = 7/2, £(17) =1, and £(r) is the particular case of the Gaussian

hypergeometric function

mea@=zfmammn

n=0

© P (-1<x<1),

where (a),, = T'(a+n)/T'(a) and T'(x) = fooo t*Le7t dt (x > 0) is the gamma function. Indeed,

we have

g(r)—zF _l l.l.rz _Ziw,ﬂ” (3 1)

) 2’27 _2n:0 (n!)2 ’ ‘
Recently, the bounds for the complete elliptic integral £(r) of the second kind have been
the subject of intensive research. In particular, many remarkable inequalities for £(r) can

be found in the literature [28—41]. Vuorinen [42] conjectured that the inequality

1+ r/3/2 )2/3

&ﬂz%( :

(3.2)
holds for all € (0,1), where, and in what follows, 7’ = (1—r%)"/2, Inequality (3.2) was proved
by Barnard et al. in [43].

Very recently, the accurate bounds for £(7) in terms of the Stolarsky mean S, ;(1,7') were
given in [44, 45]:

11
%&1/4,7/4 (Lr) <&@ < 7511/4,7/4 (L7), 3.3)
25
ESS/Z,Z (Lr) <&@ < %55/2,2 1r), (3.4)

where S, ,(a,b) = [q(a? — b?)/(p(a? — b))V P9,

In this section, we shall use Theorem 2.1 to present new bounds for the complete elliptic
integral £(r) of the second kind. In order to prove our main result, we need three lemmas,
which we present in this section.
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Lemma 3.1 (see [46], Lemma 7) Let n € N and m € NU {0} with n > m, a; > 0 for all

0<i<ma,a,>0and
m n
P,(t) =- Za,»t’ + Z a;t.
i=0 i=m+1

Then there exists ty € (0,00) such that P,(ty) = 0, P,(t) < 0 for t € (0,ty) and P,(t) > 0 for
te (t(), OO)

Lemma 3.2 (see [47, 48]) The double inequality

1 I'x+a) 1
< <
x+a)e Tx+1)

holds for all x > 0 and a € (0,1).

Lemma 3.3 Let n € N, py(n), p2(n), p3(n) and w,, be defined by

pr(n) = 125n* + 1,4821% +1,6011> — 7,532n + 1,944, (3.5)
pa(n) = 4,375n° + 213,247n° + 1,696,697n" — 4,433,167n>

—1,571,8321% + 4,662,3601 — 1,555,200, (3.6)
ps(n) = 625n° +22,583n° — 304,413n* + 234,1811°

+1,906,3281> — 2,918,0641 + 675,360, (3.7)

W, = —648np1(n)(%> +p2(n)<%> + 5;543_(? (Z) , (3.8)
n-2 n-3 n-3

respectively. Then w, > 0 for all n > 3.
Proof Let po(n), pa(n), ps(n), a,, and B, be defined by

po(n) = 625n* —2,0181> + 3,9851n — 4,032n + 1,080, (3.9)
pa(n) = 875n” — 81,128n° — 2,341,8941° — 10,120,9281n* + 19,839,7191°
- 22,615,904#1> + 73,667,340n — 71,971,200, (3.10)

ps(n) = 2501 —1,834n° + 391,275n* + 975,0001° — 7,770,415

+7,980,844n + 298,140, (3.11)
1
o, = L (1) (3.12)
nn+1)\2/,.4

(3.13)

n

_10(n-D)ps(n) (3
T 2n-3)2n-5) (1>n_3’

respectively.
Then from (3.5)-(3.13) and elaborated computations we get

W3 =Wgq = W5 = Wg = 0, (314)
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2,848,355
wy = T >0, (3.15)
Whsl (n—7/4)w,

m+Dp(n+1)  npi(n)

_ pn+l) 1 (n—=7/4)py(n) (1
T+ Dp(n+1) (E)n[ npy () (E)H
.\ 5p3(n +1) (é) ~ 5(n—7/4)p3(n) (E)

2n-3)pn+1)\4/,, (@u-5pin) \4/,,

B |:(n ~5/2)pa(n+1)  (n— 7/4)172(71)] <1>
L m+D)pr(n+1) npy(n) n-3

2
.\ [5(}1 -9/4)p3(n +1) B 5(m - 7/4)p3(n)i| (§>
n-3

(2n-3)p1(n+1) (2n - 5)p1(n) 4

__ po(n+1)pu(n) (l)
dn(n+ )p1(mp1n+1)\2 /4

5(n —1)po(n + 1)ps(n) (3)
3

* 22n-3)2n-5pi(mMp1(n+1)\4/,
___poln+l)
= ap, (n)pl(n 1) (oty + ,31'1)7 (3-16)
@y (2n-3)2n—5)pa(n) (3)ns
By~ 100~ D+ Vps() By’ 317
o7 7,313,056 (318)

B; 7,313,875

10()n3 (w1 aty
<9n1<mﬁ'ﬁﬁ
_(2n-1)2n-3)(n-5/2)ps(n+1)  (2n-3)(2n - 5)p4(n)
n(n+1)(n+2)(n-9/4)ps(n+1) n(n—-1)(n+1)ps(n)
B (2n = 3)(2n = 5)(n - 3)(n — 4)(125n* + 1,9821° + 6,797n> + 6161 — 2,380)
ndn—-9)(n-1)n+1)(n + 2)ps(n)ps(n + 1)

x (1,7501° — 802,264n" — 54,353,513n° + 811,227,431n° — 4,748,597,075n*
+21,568,863,9891° — 80,185,046,2021

+144,028,552,644n — 85,225,499,160)

(21 =3)(2n = 5)(n - 3)(n — 4)(125n* + 1,982n> + 6,797n* + 6161 — 2,380)
n(dn-9)(n-1)(n+1)(n+2)ps(n)ps(n +1)

x [-420,331,641,120 — 714,515,222,844(n - 7) — 475,749,995,856(n — 7)°
—152,526,681,341(n — 7)® — 25,642,525,865(1 — 7)*
—2,263,535,771(n — 7)°

-91,263,449(n - 7)°® = 704,264(n — 7)” +1,750(n - 7)*]. (319)

From Lemma 3.1 and (3.19) together with the facts that p5(n) > 0 and ps(n + 1) > 0 for

n > 7, we clearly see that there exists 7y > 7 such that the sequence {a,,/8,}5 is increasing



Yang et al. Journal of Inequalities and Applications (2017) 2017:106

for 7 < n < ny and decreasing for n > ngy, which implies that

)Tn-2+32) TE)n-8)

( <
s TOTE-%:0 " Q)

forallm=>7.
From (3.10), (3.11), (3.17), (3.18), (3.20) and (3.21) we get

forallm>7.

Page 7 of 13

(3.20)

(3.21)

(3.22)

Therefore, Lemma 3.3 follows easily from (3.14)-(3.16) and (3.22) together with the facts

that p1(n) >0, po(n+1)>0and p1(n+1) >0 forn > 7.

Theorem 3.4 The double inequality

40(r-2) . 5l7—160
I

<&(r) < %](r/)
holds for all r € (0,1), where

5172 + 207/A/7 + 507 + 20/7 + 51
16(5¢ + 2/7" +5)

J(r) =
Proof Letr € (0,1), x = 2, P(x), fi(r), fo(r) and F(r) be defined by

P(x) = 1,536 — 1,248,

fir) =2,592(2 - ) (1-r?)** + 15(425/* — 624> +192) (1 - )"
~50(r* =967 +96) (1 - *)"* —105/* + 3,600r” + 2,880,

fo(r) = 625r* —3847% + 384,

1-J(r)

FO = T5eom

respectively.
Then from (3.1) and (3.24)-(3.28) we have

[ee]

_3 [e%e)
£i(r) = 2,880 + 3,600r* — 105r* +2592<2Z a)n 2n Z( ri)? n
n-—
=1

1 1
+15<4252(( _)2)2' 21 _ Z )’1; 71192y _(;'

O

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)
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2

(=32 5, D o l)n,,
(Z 2;2_ Z( 1;2 962 2)

2 4 > ( 7)( )n 1 2
= 6,144 — 7,6807* — 105r +2,59227 "

n=2

7n* —367n-720 P
530 D o,

n!

n*—121n+ 270 e
503 27012
n!

n=2

= 6,144 - 7,680r* + 11,248r* -19442& 2n
n=3

> (7n® -367n - 720)( )n3 2

n!

n=3

<. (n? —121n+270)( V3 o

n!

n=3
16/2(r) = fi(r)

(n* = 121n + 270)(2) 13 2

n!

4
=1,536r* — 1,248~ —72
n=3

15 <A (712 = 3671 - 720)(3)n-3 o, =)Dz o,
-5 2 1944272

n!
n=3 n=3

o0
=1,536r% —1,248r* + Z u, ",
n=3

where

9722n-7) (1
Uy =———-|~—
n! 4/,

15(7n* - 367n—720) [ 1 25(n* —121n +270) (3
2 n-3 4 n—S’

2! 2! (3829)

1- E<E'(r)

_ ( l)n )n 2,,,_ > (%)n—l(%)n m

i} Z (nl)? ‘2 22
16 2¢

f2<r><1— 2 (r))

(DB,
- 8(625r* — 384 + 384) 21: n'l)z P

o0
=1,536r% —1,248r* + Zvnr”‘,
n=3
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where

B 8po(n) (1 1
Vn = (n!)Z (E)n3(§>n2 (330)

and py(n) is defined by (3.9).

(5172 + 207V + 50¢ + 203/ + 51)(5r — 2/ +5)(25r7 — 467" + 25)

J(7
) 16(57" + 2+/7 + 5)(57 — 2+/7 +5)(25r"% — 461 + 25)
_AO)
16£(r)’
16, - P o Ui X"
F(r) = fZ(r) {1("‘) _ (x) + Zgz Up1X ) (3.31)
16f,(r)1—2E(r))  Px) + D .2 V"
It follows from (3.9), (3.29), (3.30) and elaborated computations that
sy (3.32)
V3
Vsl 15(2n - 5)
g = Ly ” 3.33
tnt Vi “ 8(n+ 1)po(n)(n + l)lw ( )
where w, is defined by (3.8).
It is not difficult to verify that
po(n) = 625n* —2,0181° + 3,985n> — 4,0321 + 1,080 > 0 (3.34)
for all n > 3.
From Lemma 3.3, (3.30), (3.33) and (3.34) we know that
v, >0 (3.35)
for all » > 3, and the sequence {u,/v,}, is decreasing.
Equation (3.25) implies that
P(x)>0 (3.36)

for x € (0,1), and P(x) is decreasing on (0, 1).
It follows from Theorem 2.1, (3.31) and (3.32) together with the monotonicity of the
sequence {u,/v,}.c, and the function P(x) on (0,1) that the function F(r) is strictly de-

creasing on (0,1) and

lim F(r) < F(r) < lim F(r) (3.37)

r—1- r—0%

forall r € (0,1).
Note that (3.24), (3.28) and (3.31) lead to the conclusion that

, 1-J(0*)  1-51/80 297 _
_ _ - . lim F(r) = 1. 338
o —2e)n - 1-2/n “80r=2) AmFE( (3:38)
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Therefore, Theorem 3.4 follows from (3.28), (3.37) and (3.38). O

Remark 3.5 Let

b4 11
A(r) = 5511/4,7/4 (1,7), wa(r) = 7511/4,7/4 (L,7), (3.39)
25 b4
da(r) = 555/2,2 wLr), a(r) = 5 Ssi22 (17), (3.40)
40(r -2) , , 51w -160 T,
Ar) = — , = — , 41
(r) 29 J(r) =3 w(r) 2/(7’) (3.41)

where J(r’) is defined by (3.24). Then simple computations lead to

N 7 1
M(17) = oy = 0:999597..., m(0%) = = =1571428..., (3.42)
A2(0%) = % =15625,  up(l7) = 2?” =1.256637..., (3.43)
20%) = 5 = 1(07) = 15707963.., (3.44)
A(17) =1 (1) = 217 ) oo13s (3.45)
=1, " = 160 =1. .

From (3.3), (3.4), (3.23) and (3.39)-(3.45) we clearly see that there exists small enough
8 € (0,1) such that the lower bound given in (3.23) for £(r) is better than the lower bound
given in (3.3) for r € (§,1 — §), the lower bound given in (3.23) for £(r) is better than the
lower bound given in (3.4) for r € (0, §), the upper bound given in (3.23) for £(r) is better
than the upper bound given in (3.3) for » € (0,4), and the upper bound given in (3.23) for
&(r) is better than the upper bound given in (3.4) for r € (§,1 - 8).

Corollary 3.6 Let J(r') be defined by (3.24). Then the double inequality

T, 51w T,
E](r)—(ﬁ—l)<5(r)<§](r) (3.46)
holds for all r € (0,1).

Proof Let F(r) be defined by (3.28) and

A(r)=J(r) = =E&(r). (3.47)

Then we clearly see that

A(0%) =J(1) - ;5(0*) —0, A()=J(0%)- %5(1-) - w, (3.48)
A(r) = [1 - gg(r)} [1 - %] = [1 - ;E(r)] [1-F(m)]. (3.49)

From (3.49) and the proof of Theorem 3.4 we know that F(r) is strictly decreasing on
(0,1) and A(r) is strictly increasing on (0,1). Therefore, inequality (3.46) follows from
(3.47) and (3.4.8) together with the monotonicity of A(r) on the interval (0, 1). O

Page 10 0of 13
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Corollary 3.7 Let J(r') be defined by (3.24). Then the double inequality

85—(1)] (r) <& < %] (r') (3.50)

holds for all r € (0,1).
Proof Let A(r) be defined by (3.47) and

B(r) = z]g(:). (3.51)

Then we clearly see that

n_ J@) J(0*) 51
B(0) = 2E0) (1) = 2EQ) %’ (3.52)
B(r) =5 gl(r) [J(r’) - %60)] +1= 2Ag(2) +1. (3.53)

From (3.53) and the proof of Corollary 3.6 we know that both A(r) and B(r) are strictly
increasing on (0,1). Therefore, inequality (3.50) follows from (3.51) and (3.52) together
with the monotonicity of B(r) on the interval (0,1). a

Remark 3.8 From Corollaries 3.6 and 3.7 we have

51w
<—-1=0.001382....

160

’5(”_%] )] < S0

517 E(r) - T](r)
——-1=0.001382..., _
< 0.00138 ‘ 20

for all r € (0,1), which implies that both the absolute and relative errors using 7J(+')/2 to
approximate &(r) are less than 0.14%.

4 Conclusions

In this paper, we find a monotonicity rule for the function [P(x) + ZZZ,,O ax"]/[P(x) +
Z;ﬁno b,x"]. As applications, we present new bounds for the complete elliptic integral
Er) = 0”/2 V1 -r2sin®tdt (0 < r < 1) of the second kind, and we show that our bounds

are sharper than the previously known bounds for some r € (0,1).
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