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1 Introduction
We consider the existence of eigenvalues yielding positive solutions to the system of inte-
gral equations

u(t) = A fol ki(t, s)f (s, u(s), v(s), w(s))ds, 0<t<]1,
(i) V(O = 1 fy kot 8)g(s,u(s), v(s), w(s)ds, 0<t=<1,
w(t)=¢ fol ks(t,$)h(s, u(s),v(s), w(s))ds, 0<t<l,

where A, i, ¢ are positive numbers and
(H1) f,g,h € C([0,1] x R* x R* x R*,R*).
(H2) ki,ky, ks :[0,1] x [0,1] — R* are continuous functions and there exist an interval
[€,7n] C [0,1], positive constants 1, y», y3, and functions &4, &5, &3 € C([0,1],R*)
such that

ki(tx S) = CD,‘(S), for (t»S) € [0’1] X [01 l]rl =12, 3;
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and
ki(t,s) > y;®(s), for (¢,s) €[&,n] x[0,1],i=1,2,3.

Here we denote y = min{yy, y», y3}.

Systems of differential equations or integral equations containing three equations have
gained considerable popularity and importance due mainly to their demonstrated appli-
cations in widespread fields of science and technology. For example, to describe the de-
velopment of an infectious disease, compartmental models have been given to separate
a population into various classes based on the stages of inflection [1]. The classical SIR
model is described by partitioning the population into susceptible, infectious, and recov-
ered individuals, denoted by S, [, R, respectively. Assume that the disease incubation pe-
riod is negligible so that each susceptible individual becomes infectious and later recovers
with a permanently or temporarily acquired immunity, then the SIR model is governed by
the following system of differential equations:

& = =BSOI() - mS(®) + b,

o = BSOI(E) = mal () - el (2),

@R = al(t) - usR(2),
where the total population size has been normalized to one and the influx of the suscep-
tible comes from a constant recruitment rate . The death rates for the S,1, R classes are
given by w1, (e, 3, respectively.

It is well known that the predator-prey model, which was proposed by Volterra in 1926,
is one of the basic and important models for the interacting species in both ecology and
mathematical ecology due to the fact that the predator-prey interaction is the fundamental
structure in population dynamic. Since then, various types of predator-prey models de-
scribed by differential systems have been proposed and the dynamics of these systems has
been considered. For example, Song and Chen [2] proposed the following predator-prey
system with stage structure:

% =ouy(t) — rua(£) — ae T uy(t - 1),
U = ac sl =) = m(0) - e (OW0),

D —v(t)[ry + arun(t) - bv(®)],

where u;(t), us(¢) represent the densities of immature and mature population of the prey
species, respectively, v(£) represent the density of the predator.

Positive solutions of a n-dimensional differential equation system or fractional differ-
ential equation system with some boundary conditions have received wide attention due
to its distinguished applications in engineering, science, mathematical biology and other
fields. For n =1, see, for example, [3—8] (ordinary differential equations), [9-15] (differen-
tial equations on time scales), and [16—20] (fractional differential equations). For # = 2, see
[21-25] (differential equations on time scales), [26—-36] (ordinary differential equations),
and [37-54] (fractional differential equations) and references along this line. A consider-
able number of these problems can be formulated as integral equation or integral equation
system usually by finding the corresponding Green’s function of these problems. Thus the
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integral equation system can be seen naturally as an effective generalization of these types
of boundary value problems. The advantage of studying the integral equation system is
that we can avoid considering various boundary value problems of differential equations
ad hoc.

The aim of this paper is to give a general approach of positive solutions to cover various
systems of boundary value problems for differential equation on continuous interval and
time scales or fractional differential equations in a unified way, which avoids treating these
problems on a case-by-case basis. We consider the existence and nonexistence of positive
solutions of integral equation system (P, ,, ;) under the conditions (H1)-(H2) and so the
results obtained in this paper may include some known results as a special cases and can
be applied to unconsidered boundary value problems which can be formulated as a system
of integral equations like (P} ;).

Motivated by Webb and Infante [3, 5] and Webb and Lan [4], who established new ex-
istence results of positive solutions of a Hammerstein integral equation in an unified way,
under some growth condition imposed on the nonlinear term, we obtain explicit ranges
of values of A, i, and ¢ with which the problem (P, , ) has a positive solution and has
no positive solution, respectively. By giving some examples, we will show how our results
may be applied to obtain eigenvalues yielding the existence of positive solutions to a vari-
ety of system of boundary value problems of differential equations, differential equations
on time scales or fractional differential equations.

The main tool used is the following fixed point theorem by Guo and Krasnoselskii [55].

Lemma 1.1 [55] Let E be a Banach space and K C E be a cone. Assume 2,2, are open
bounded subsets of E with 0 € ©; C Q1 C Qy, and let

A KN (2 \Q)— K
be a completely continuous operator such that
JAul| < |lull, ueKNIRQ, and |Au| > |ul, ueKNay
or
lAu|| > |ull, ueKNdR, and |Au| <|ul, ueKNaiy,
then A has a fixed point in K N (2 \ Q).
2 Existence results of positive solutions
In this section we shall consider sufficient conditions on A, u,¢,f, g, and & such that a

positive solution with respect to a cone for the problem (P, ) exists.
Let the Banach space X = {u € C[0,1]} be endowed with the norm

llu]| = sup |u(t) , ueX
o0<t=<1

and the Banach space ¥ = X x X x X with the norm

e, v,w) |y, = llull + [Iv] + ]l
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We define the cone P C Y by
P= {u € E|u(t) > 0,v(t) > 0, w(t) > O’gi?f (u(t) +v(t) + w(t)) >y ||(u,v,w)||y}.
<t<n

Define the operators 77 : Y — X, T5: Y — X, T5: Y — X,and T: Y — Y by

1

T (u(t), v(t), w(t)) = A/O lq(t,s)f(s, u(s), v(s), w(s)) ds,
1

T, (u(t), v(?), w(t)) = ,u/o ka(2, s)g(s,u(s), V(s),w(s)) ds,
1

T (u(2), v(), w(t)) := ¢ /0 ks (t, )h(s, u(s), v(s), w(s)) ds,

and
T(u,v,w) = (T1(, v, w), To(u, v, w), To (1, v, w)).

Itis obvious that the fixed points of the operator T are the positive solutions of the problem
(P)»,u,{ )

Lemma 2.1 T :P — P is completely continuous.

Proof The operator T : P — Y is nonnegative and equicontinuous in view of the non-
negativeness and continuity of functions ki (¢, s), k2 (£, ), ks(¢, s) and f(¢, u, v, w), g(t, u, v, w),
h(t,u,v,w).

Let Q@ C P be bounded. Then there exists a constant Ry > 0 such that ||(z, v, w)|ly <
Ry, (1, v, w) € Q. Denote

’

R= max{ max [f(t, u,v,w)|, max \g(t, U, Vv, w)
0<t<1,(u,v,w)eQ 0<t<1,(u,v,w)eQ

max |h(t, u,v, w)|} +1.
)eQ

0<t<1,(u,v,w
Then for (u,v,w) € , we have
1 1
| T3ty v, )| < / ka6, )| (5, u(s), Ws), w(s)) | ds < AR / ®y(5)ds,
0 0
1 1
’Tz(u, v, w)’ < /L/ kﬂt,s)[f(s,u(s),V(s),w(s))|ds§ ,LLR/ D, (s)ds,
0 0
1 1
|T3(u, v, w)| < {/ kg(t,s)[f(s,u(s), v(s),w(s))|ds < {R/ D3(s)ds.
0 0
Hence T(2) is bounded.
By means of the Arzela-Ascoli theorem, we see that T is completely continuous. Fur-

thermore, considering

inf Tl(u) v, W)(t) 2 " Sllp Tl(l/l, v, W)(t,);
E=t=n vel0,1]
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inf TZ(uy v, W)(t) = Y2 sup T2(u1 v, W) (t/),
§=st=n vel0,1]

inf T5(u,v,w)(¢) > y3 sup T3(u,v,w)(t).
E<t<p t€[0,1]

Hence

éinf |T1(u, v, w)(t) + To(u, v, w)(t) + T5(u, v, w)(t)|
<t=n

> inf Ti(u,v,w)(t) + inf To(u,v,w)+ inf Ts3(u,v,w)(t)
£<t<n g<t<py g<t<py

> 4! || Tl(u) v, W) || + Y2 || T2(M: v, W) || + V3 || T3(M: v, W) ||
=y Tl

Thus, we show that 7': P — P is a completely continuous operator.
Here we introduce the following extreme limits:

'S . f(t7 u; V; W) i . . . f(ty u, V) W)
fo= lim sup max ————, fo= lim inf min ———,
u+v+w—0+ telol] u+v+w u+v+w—0+ telén] U+v+w
< . f(t,u,v,w) ; . . . ftu,v,w)
foo= lim  sup max ———, foo= lim inf min ———,
UAVHW—> 00 tel01] U+v+w utviw—o0  telgn] U+V+W
. gt u,v,w) ; . .. gt u,v,w)
gy = lim sup max =——, g = lim inf min =———,
u+v+w—0+ tel0l]] Uu+v+w u+v+w—0+ telgn U+V+W
. g(t,u,v,w) ; . . . gt u,v,w)
&= lim supmax =——, &= lim inf min =———.
UHV+W—> 00 telol] U+v+w utviw—oo  telEn] U+V+W
S . h(t) u? V) W) l . . . h(t’ u} V’ W)
hy= lim sup max ———, hy=lim inf min —————,
u+v+w—0+ tel0l] Uu+v+w u+v+w—0+ telgn] u+v+w
. . h(t,u, v, w) ; . . . h(tu,v,w)
hi,= lim sup max ———, hy, = lim inf min ————.
U+V+W—> 00 tel0l] U+v+w UtV+w—00 telgn]l u+v+w

Denote the positive constants

b
I<1=~—,r I<2=_s’ I<3= ~a )
VASS Afo VBg
Ko d K_l—a—b K_l—c—d
4 Bg(s)r 5 yéhloo ) 6 C]’lf) ’

where f§, 85, 15, f1, g, bl € (0,00),a € [0,1],b € (0,1),c € [0,1],d € (0,1), and

1 1 1 » n
A= / ®1(s) ds, B-= f D, (s)ds, C= / D3(s) ds, A=y / ®1(s) ds,
0 0 0 3

n . n
B= y/ D, (s) ds, C= y/ ®3(s) ds.
3 3

Theorem 2.1 Assume that (H1)-(H2) hold. f§,g5,h,f, g\, hi, € (0,00),a € [0,1],b €
(0,1),c € [0,1],d € (0,1), K < K3, K3 < Ky, and K5 < Kg, then for . € (K1,Ky), 0 € (K3,Ky),
and ¢ € (Ks, Ke), the problem (P, ;) has at least one positive solution (u(t), v(t), w(t)),t €

[0,1].

Page 5 of 26
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Proof Let & € (K1,K3), u € (K3,Ky),¢ € (K5,Kg), and € be a positive number such that

fi,g\ hi >e and

= b <A< ¢ ,

VA(fL, —¢) Alfg +¢)
a d

VB —o) " B +e)

l-a-b ; 1-c-d
~ <l< .
yC(hi, —¢) Clhi +¢)

By condition (H1), there exists R; > 0 such that for ¢ € [0,1], u(t) > 0, v(¢) > 0, w(¢t) > 0 and
u(t) + v(£) + w(t) < Ry,

S (& u(e), v(e), w(t)) < (f5 + &) (u(®) + v(2) + w(t)),
g(t, u(®), v(e), w(t)) < (g5 + &) (u(®) + v(t) + w(t)),
h(, u(0),v(t), w(t)) < (} + &) (u(t) + v(£) + w(2)).

We define the set

Q= {(u(t),v(t), w(t)) €Y,

(u,v,w)HY <R1}.

Let (u,v,w) € PNy,
1
Ti(u, v, w)(t) = )L/o ky(£,5)f (s, u(s), v(s), w(s)) ds
1
< A/ ki(6,8)(fs + &) (u(s) + v(s) + w(s)) ds
0

1
<(fy +8)/0 k(e s)(llull + vl + Iwl) ds

<345+ )| @],

<(|

(v, W) |y

1
Ty (u,v,w)(t) = ,u/o ka(t, 9)g (s, u(s), v(s), w(s)) ds
1
< u/ ka(t,s) (g + €) (uls) + v(s) + w(s)) ds
0

1
< (g + s)fo ke, )l + VI + wl) ds

< 1uB(gs + =) G v,

SdH(u,v, w)

Y’

1
T3(u, v, w)(t) = ¢ /0 ks (¢, s)h(s, u(s), V(s),w(s)) ds

1
<¢ /O ks(t,s)(H + €) (us) + v(s) + w(s)) ds
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1
< ¢ (hg +8)/0 ka(t,s) (Il + vl + llwll) ds

<¢C(h +£)||(u,v,w)||Y
<(1-c-d

(u,v,w) H v
Then for (i, v,w) € PN 08y,

1T (v, w)”Y = | T v, w)| + | T2, v, w) | + || T30, v, w) |

§C| (M’V’W)HY

(u,v,w)HY+d{ (u,v,w)||Y+(1—c—d)|

(u,v, w)||Y.

On the other side, by condition (H1) and the definition of f’, g _, and 4. , there exists
R, > 0 such that for £ € [£, 5], u(£) > 0,v() > 0, w(t) > 0, and u(t) + v(¢) + w(t) > Ry,

(& u(®), v(e), wt)) = (£ — &) (u(t) + v(t) + w(t)),
g(t,ule), v(e), w(t)) = (g, — &) (u(2) + v(£) + w(2)),
h(t, u(t), v(¢), w(t)) > (hgo - 8) (u(t) +v(t) + w(t)).

We consider Ry, = max{2R;, R,/y}, and we define the set

Q= {(u(®),v(t), w(1)) € Y,

(u,v,w)||Y<R2}.

Let (i, v, w) € PN Qy, then for (&, v, w) € P with ||(i, v, w)|| = Ro, we have

1
Ti(u, v, w)(t) = )L/o ky(£,5)f (s, u(s), v(s), w(s)) ds
n
>4 / Ka(t,5)f (5, (s), v(s), wls) ds
5
rl .
> A/ ki(t,8)(f2 — €) (u(s) + v(s) + w(s)) ds
§

n .
> M//s kit 9)(fy —¢)|

> Ay A(fL —¢)|

> b|

(u, v, w) || Y ds

(w,v,w),

v, W),

1
i 0)6) =0 [ (515109, v09, w(9)) s
n
- /g ka(t,5)g (5, u(s), Vs), wis)) ds
n .
> u/g ko (2, s)(gc‘,O - 8) (u(s) +v(s) + w(s)) ds

n .
>y /E k(6,9 )| v, W), ds
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= nyB(es - o) v,

> al|(u, v, w)|

1
Tyt v, W)(0) = ¢ /O kst (5, u(s), (s)) ds
n
- fg Kks(t, ) (s, 1), V() w(s)) ds
n ,
> /g ks(t, s) (h‘oo - 8) (u(s) +v(s) + w(s)) ds

n .
= oy [ hate )i ~) [ v ds
§

>ty Clhe —e) | v, W

>(1 —a—b)”(urv’w)”Y'
Thus,

|| T(u,v, w)||Y = || T1(u, v, w)|| + || Ts(u, v, w)|| + || Ts(u,v, w)||
> h||(u,v,w)||y+a“(u,v,w)||y+(l—a—b)H(u,v,w)”Y

- sl
By using Lemma 1.1, T has a fixed point (&, v,w) € PN (2 \ Q1). 0

By a similar analysis, we can consider the case that the above limits reach 0 or co. We

give the main results here and the proofs are omitted.

Theorem 2.2 Assume that (H1)-(H2) hold. If f3 = 0,g5, 15, f, g'., b, € (0,00),a € [0,1],
be(0,1),ce[0,1],d € (0,1), K3 < Ky, and Ks < K, then for ) € (K,00), 0 € (K3,K4), and
¢ € (Ks5,K), the problem (P .. ) has at least one positive solution (u(t), v(t), w(t)), t € [0,1].
Theorem 2.3 Assume that (H1)-(H2) hold. If g§ = 0,13, 1, f1, 8., h., € (0,00),a € [0,1],
be(0,1),ce[0,1],d € (0,1), K1 < Ky, and K5 < Kg, then for ) € (K1, K3), u € (K3, 00), and
¢ € (K5, K), the problem (P, ;) has at least one positive solution (u(t), v(t), w(z)), t € [0,1].

Theorem 2.4 Assume that (H1)-(H2) hold. If i, = 0,£5, 85, /%, 8., h., € (0,00),a € [0,1],
be(0,1),ce[0,1],d € (0,1), Kj < Ky, and K3 < Ky, then for A € (K1,K), 0 € (K3,Ky), and
¢ € (Ks,00), the problem (P, ,,.¢) has at least one positive solution (u(t), v(t), w(t)), t € [0,1].

Theorem 2.5 Assume that (H1)-(H2) hold. If f§ = g5 = 0,h,fi, g, b, € (0,00),a €
[0,1],b € (0,1),c € [0,1],d € (0,1), K5 < K, then for A € (Ky,00), u € (K3,00), and ¢ €
(Ks, Ks), the problem (Py,,, ;) has at least one positive solution (u(t), v(t), w(t)),t € [0,1].

Theorem 2.6 Assume that (H1)-(H2) hold. If f§ = K = 0,g5.f%,g..,h., € (0,00),a €
[0,1],6 € (0,1),c € [0,1],d € (0,1), K3 < Ky, then for A € (Kj,00), 0 € (K3,Ky) and ¢ €
(K5, 00), the problem (P,,,,;) has at least one positive solution (u(t), v(t), w(t)),t € [0,1].
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Theorem 2.7 Assume that (H1)-(H2) hold. If g§ = i, = 0,f3.f%. 8., b, € (0,00),a €

[0,1],b € (0,1),c € [0,1],d € (0,1), Ky < Ky, then for A € (K1,K3), 1 € (K3,00) and ¢ €
(Ks,00), the problem (P, ) has at least one positive solution (u(t), v(t), w(t)),t € [0,1].

Theorem 2.8 Assume that (H1)-(H2) hold. If f§ = g§ = h = 0,f%,g.., hi, € (0,00),a €
[0,1],6 € (0,1),c € [0,1],d € (0,1), then for A € (Kj,0), 1 € (K3,00), and ¢ € (Ks,00), the
problem (P, ;) has at least one positive solution (u(t), v(t), w(t)), t € [0,1].

Theorem 2.9 Assume that (H1)-(H2) hold. If i, = oo,f5,85, h, g, i, € (0,00),a €
[0,1],6 € (0,1),c € [0,1],d € (0,1), K3 < Ky, and K5 < K, then for A € (0,K3), n € (K3, Ky),
and ¢ € (Ks, Ks), the problem (P, ;) has at least one positive solution (u(t), v(t), w(t)),t €
[0,1].

Theorem 2.10 Assume that (H1)-(H2) hold. If g = co,f5, g5, h,fL, hi, € (0,00),a €
[0,1],b € (0,1),c € [0,1],d € (0,1), K < Ky, and Ks < K, then for A € (K1,K3), 0 € (0,Ky),
and ¢ € (Ks, Ke), the problem (P, ;) has at least one positive solution (u(t), v(t), w(t)),t €
[0,1].

Theorem 2.11 Assume that (H1)-(H2) hold. If hi = oo,f3,g5,h5.fL, g € (0,00),a €
[0,1],6 € (0,1),c € [0,1],d € (0,1), Kj < K3, and K3 < Ky, then for ) € (K1, K3), 1 € (K3, Ky),
and ¢ € (0,Kq), the problem (P, ;) has at least one positive solution (u(t), v(t), w(t)),t €
[0,1].

Theorem 2.12 Assume that (H1)-(H2) hold. If fi, = g', = 00,3, 85, h, h.y, € (0,00),a €
[0,1],b € (0,1),c € [0,1],d € (0,1), K5 < K, then for . € (0,K,), 0 € (0,Ky), and ¢ €
(Ks, Ks), the problem (Py,,, ) has at least one positive solution (u(t), v(t), w(t)),t € [0,1].

Theorem 2.13 Assume that (H1)-(H2) hold. If fL, = ki = co,f3, 85, 1, g5, € (0,00),a €
[0,1],b € (0,1),c € [0,1],d € (0,1), K3 < Ky, then for A € (0,K;), 0 € (K3,Ky), and ¢ €
(0,Ks), the problem (P, ;) has at least one positive solution (u(t), v(t), w(t)), t € [0,1].

Theorem 2.14 Assume that (H1)-(H2) hold. If g’ = h. = oo,f3,g5, K. fL, € (0,00),a €
[0,1],6 € (0,1),c € [0,1],d € (0,1), Ky < Ky, then for 1 € (K,Ky), 0 € (0,Ky), and ¢ €
(0,Ks), the problem (P, ;) has at least one positive solution (u(t), v(t), w(t)),t € [0,1].

Theorem 2.15 Assume that (H1)-(H2) hold. If f%, = g\, = hi, = 00, f3, g5, 1 € (0,00),a €
[0,1],b € (0,1),c € [0,1],d € (0,1), then for A € (0,K3),u € (0,Ky), and ¢ € (0,Ks), the
problem (P,,.;) has at least one positive solution (u(t), v(t), w(t)),t € [0,1].

Denote the positive constants

L= {9,, LZZL, 3= ?‘,
YAS Af%, yBg,

L- d , 5=1_f1_Ab, 6=1—C—d
Bgs, y Chj Che

Theorem 2.16 Assume that (H1)-(H2) hold, fi,gb, Wi, f5,, g5, kS, € (0,00),a € [0,1],b €
(0,1),c€[0,1],d € (0,1),L;1 < Ly, L3 < Ly, and Ls < L. Then for » € (L1, La), it € (L3,L4),¢ €
(Ls,L¢), the problem (P, ;. ;) has at least one positive solution (u(t), v(t), w(t)), t € [0,1].
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Proof Let A € (Ly,Ly), i € (L3,L4), ¢ € (Ls, Lg), € > 0 satistying fi > ,g} > &,hi > &, and

= b <A< ¢ ,
YA(fi—¢) A(fs +¢)
a d
yBg—e) | BlL+e)
l-a-b l-c-d
Ui —e) * Tl o)

By condition (H1), there exists R3 > 0 such that for ¢ € [, n], u(t), v(t), w(¢) > 0 and u(¢) +
v(t) + w(t) < Rs,

f(t, u(t), v(t), w(t)) > (foi - 8) (u(t) +v(t) + w(t)),
g(t,ule), v(), w(t) = (g — &) (u(t) + v(£) + w()),
h(t, u(t), v(e), w(t)) = (h — &) (u(t) + v(t) + w(t)).

We define the set

Q3 = {(u(t), V(t),w(t)) ey,

(u,v,w)||Y<R3}.

Let (u,v,w) € PN 0Q3,

1
Ti(u, v, w)(t) = k/(; ky (£, 5)f (s, u(s), v(s), w(s)) ds
n
> A/ ki (¢, s)f(s, u(s), v(s), w(s)) ds
H
r] .
> A/ ki(t,8)(fy — €) (u(s) + v(s) + w(s)) ds
5

77 .
> )Ly/é ki(t,9)(fy — )|

> Ay A(fy - ¢)|

z b v, wy,

(u, v, w) || Y ds

(wv,w,

1
Tyl v, w)(0) = 1t fo Ka(t, 5)g (5, (), Vs), w(s)) ds
n
> /L/S ko (t, s)g(s, u(s), V(s),w(s)) ds
" .
> u/g ko (2, s) (gf) - 8) (u(s) +v(s) + w(s)) ds

n .
> M)//E ka(t,s) (g5 — €) |

(u, v, w) || yas

> uyB(gy —e)| wv.w,

> al

v, wW)|,

Page 10 of 26
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1
Ts(u, v, w)(t) = ¢ /0 ks(t,$)h(s, u(s), v(s)) ds
n
> fé ks (¢, s)h(s, u(s), V(s),w(s)) ds
n .
>¢ /; ks (t,s) (hé) - s) (u(s) +v(s) + w(s)) ds

n .
> g“)//é ks(t,s)(hg — €) ||(u,v, W)“YdS

= ¢y Clhy —e) | v w

>(1 —a—b)”(u,v,w)”Y,
Then for (u,v,w) € PN 023,

|| T(u,v, w)||Y = || Ti(u, v, w)|| + || Ts(u, v, w)|| + || T3(u,v, w)||
> b||(u,v,w)||Y+aH(u,v,w)||Y+(1—a—b)H(u,v,w)||Y

= [@v.w,.
On the other side, we define the functions f*,g*, #*[0,1] x R* — R*,

f*t,x)= max f(tuv,w), te[0,1],x>0,

O<u+v+w=<x

g'(t,x)= max g(tu,v,w), t€[0,1],x>0.

O<u+v+w=<x

h(t,x)= max h(t,u,v,w), tel0,1],x>0.

O<u+v+w<x

Then

flt,u,v,w) <f(t,x), tel0,1l,u,v,w>0,u+v+w<ux,
gtiu,v,w) <g*(t,x), tel0,1,u,v,w=>0,u+v+w=<x,
h(t,u,v,w) <h*(t,x), tel0,1,u,v,w>0,u+v+w=<x.

The functions f*(t,-),g*(¢,-), h*(t, -) are nondecreasing for each ¢ € [0,1] and satisfy the
conditions

[t %) g (t,x)

lim sup max ——— <f> lim sup max <g
x—oo te[0]] X oo’ x—oo te[0]] X oo’
W (t,x)
lim sup max < n,
x—oo t€[01] X

which can be proved similar to Lemma 2.8 in [56]. Thus, for ¢ > 0, there exists R, > 0such
that for all x > Ry, t € [0,1],
S*(t, %) SH(tx)
x

<limsup max —— +¢& <f5 +¢,
x—>o0 t€[0,1] X

< lim sup max

*(t, % *(t,x
g_( ) g )+8§g’oo+8,
x rooo tel01] X
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nE(t,x) . h* (¢, x)
< lim sup max
x

+e<hi +e.
x—o0 t€[0,1] X

Then

Fitx) < (£, +e)x, gitx) < (& +¢)x, W (t,%) < (M, +€)x.

Let Ry = max{2Rs,R,} and Q4 = {(u,v,w) € Y, ||(it, v, W)|ly < Ra}. Let (i1, v, w) € P N 9,
then

Sf(tu,v,w) <f*(t,

gtu,v,w) <g*(t,

(v, w)| ,) tel01],

(u,v,w) || Y), t€[0,1],

h(t,u,v,w) <h* (t, H(u, v, w)H Y), t e [0,1].

Thus

1
Ty v, W) = 1 / Ka(t,5)f (5, u(s), v(s), wis)) ds
0

1
S)\/ kl(t,S)f*(t; (”’V’W)Hy)ds
0

1
< A/ kl(t,s)(fosO + 8) || (u,v,w)”Yds
0

<aa(rs )|l

<c|@,v,w) -

1
Ty (u, v, w)(t) = M/o ka(t, $)g (s, u(s), v(s), w(s)) ds

1
< /0 ka(t,9)g" (& | Ga, v, W) ) dis

1
§u/0 k(6,9 +€) | v, W), ds

< uB(g:, +6) v )],

Sdn(u,v,w)

Y’

1
T3(u, v, w)(t) = ¢ /0 ks(t, s)h(s, u(s), V(s),w(s)) ds

1
5{/0 kg(t,S)h*(t: (u,v,w(s)) ||Y) ds

1
< ;/ kg(t,s)(hf)o +s) ||(u,v,w)||yds
0

=¢Clig+e) [y,

<(U-c-ad)|(wv,w|,.
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Then for (i, v,w) € PN 082y,

|| T (u,v, w)||Y = || Ti(u, v, w)|| + || Ty (u,v, w)|| + || T5(u,v, w)||
§c”(u,v,w)HY +d”(u,v,w)HY+(1—c—d)||(u,v,w)HY

- vl
By using Lemma 1.1, T has a fixed point (i, v,w) € PN (4 \ R3). O
We can also consider the case that the above limits reach 0 or oco.

Theorem 2.17 Assume that (H1)-(H2) hold. If f3, = 0,fi,gb,hi, g5, h5, € (0,00),a €
[0,1],6 € (0,1),c € [0,1],d € (0,1), L3 < Ly, and Ls < Lg, then for A € (L1,00), u € (L3, L4),
¢ € (Ls, L), the problem (P, ;. ;) has at least one positive solution (u(t), v(t), w(t)), t € [0,1].

Theorem 2.18 Assume that (H1)-(H2) hold. If g5, = 0,f%, b hy,fS, b, € (0,00),a €
[0,1],b € (0,1),c € [0,1],d € (0,1),L; < Ly, and Ls < L, then for A € (L1,L;), n € (L3, 00),
¢ € (Ls, L), the problem (P, ,, ;) has at least one positive solution (u(t), v(t), w(z)), t € [0,1].

Theorem 2.19 Assume that (H1)-(H2) hold. If K, = 0,fi,gb,hi, g5, 13 € (0,00),a €
[0,1],6 € (0,1),c € [0,1],d € (0,1),L; < Ly, and L3 < Ly, then for A € (Ly,Ly), i € (L3, La),
¢ € (Ls,00), the problem (Py ;. ;) has at least one positive solution (u(t), v(t), w(z)), t € [0,1].

Theorem 2.20 Assume that (H1)-(H2) hold. If f3, = g5, = 0,f3,gb, i, hS, € (0,00),a €
[0,1],6 € (0,1),c € [0,1],d € (0,1), and Ls < Lg, then for i € (Lj,00), 0 € (L3,00),¢ €
(Ls,Ls), the problem (P, ;) has at least one positive solution (u(t), v(t), w(z)), t € [0,1].

Theorem 2.21 Assume that (H1)-(H2) hold. If 5, = i, = O,ﬂ,gé,hf),ggo € (0,00),a €
[0,1],b € (0,1),c € [0,1],d € (0,1), and Ls < Ly, then for A € (L1,00),u € (L3,L4),¢ €
(Ls,00), the problem (P,,,,.;) has at least one positive solution (u(t), v(t), w(t)), t € [0,1].
Theorem 2.22 Assume that (H1)-(H2) hold. If K, = g5, = 0,f3,85, hb,fS, € (0,00),a €
[0,1],6 € (0,1),c € [0,1],d € (0,1), and Ly < Ly, then for A € (Ly,Ly), 0 € (L3,00),¢ €
(Ls, 00), the problem (Py,,, ;) has at least one positive solution (u(t), v(t), w(t)),t € [0,1].

Theorem 2.23 Assume that (H1)-(H2) hold. If 5 = g5, = kS, = 0,fi,gb, hiy € (0,00),a €
[0,1],6 € (0,1),c € [0,1],d € (0,1), then for 1 € (Ly,00), u € (L3,00),¢ € (Ls,00), the prob-
lem (P;,,,,c) has at least one positive solution (u(t), v(t), w(t)),t € [0,1].

Theorem 2.24 Assume that (H1)-(H2) hold. If f = oo,gb, hi,f5, g5, iy € (0,00),a €
[0,1],6 €(0,1),c € [0,1],d € (0,1),L3 < Ly, and Ls < L, then for A € (0, L), € (L3, L4), ¢ €
(Ls, L), the problem (P, ;.. ) has at least one positive solution (u(t), v(t), w(t)), t € [0,1].

Theorem 2.25 Assume that (H1)-(H2) hold. If g = oo,fe, hi,f5, g5, B, € (0,00),a €
[0,1],6 € (0,1),c € [0,1],d € (0,1),L; < Ly, and Ls < Lg, then for € (L1,Ly), u € (0,L4),¢ €
(Ls, L), the problem (P, ;) has at least one positive solution (u(t), v(t), w(?)), t € [0,1].
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Theorem 2.26 Assume that (H1)-(H2) hold. If hi) = co,gb,fi,fS g5, K, € (0,00),a €
[0,1],b0 € (0,1),c € [0,1],d € (0,1),L3 < L4, and Ly < Ly, then for . € (L1,Ly), i € (L3, La),
¢ €(0,Ls), the problem (P, ) has at least one positive solution (u(t), v(t), w(t)),t € [0,1].

Theorem 2.27 Assume that (H1)-(H2) hold. If fi = g = 0o, h),f5, 85, kS, € (0,00),a €
[011]7b € (0’ 1),C € [011]7d € (071)¢ and LS < L61 L‘henfor A€ (OjLZ))H’ € (0:L4)7 ; € (LS)L6)¢
the problem (P, ;) has at least one positive solution (u(t), v(t), w(t)), t € [0,1].

Theorem 2.28 Assume that (H1)-(H2) hold. If fi = W}y = 00,8}.f5, 85, 1, € (0,00),a €
[0,1],6 €(0,1),c € [0,1],d € (0,1), and L3 < Ly, then for A € (0,L), u € (L3, L4), ¢ € (0, Lg),
the problem (P, ;) has at least one positive solution (u(t), v(t), w(t)), t € [0,1].

Theorem 2.29 Assume that (H1)-(H2) hold. If hi) = g = 00,5, 13,85, 1, € (0,00),a €
[0,1],b € (0,1),c € [0,1],d € (0,1), and L, < L,, then for A € (L1,Ls), u € (0,L4),¢ € (0, Lg),
the problem (P, ;) has at least one positive solution (u(t), v(t), w(t)), t € [0,1].

Theorem 2.30 Assume that (H1)-(H2) hold. If fi = g} = hi) = 0o,f5 g5, K5, € (0,00),a €
[0,1],b € (0,1),c € [0,1],d € (0,1), then for A € (0,L;), 1 € (0,L4),¢ € (0,Ls), the problem
(Pyu,c) has at least one positive solution (u(t), v(t), w(t)), t € [0,1].

The proof is similar to Theorem 2.16, we omit it here.

3 Nonexistence results of positive solutions
In this section we shall consider sufficient conditions on A, u,¢,f, g, and 4 such that the
problem (P, ) has no positive solution.

Theorem 3.1 Assume that (H1)-(H2) hold. If 5,13, 85, 850, 1, 1., < 00, then there exists a
positive constant o, [Lo, $o such that for every X € (0,X), i € (0, ko), ¢ € (0, &o), the prob-
lem (P, ;,,r) has no positive solution.

Proof From the conditionf§,f3, g5, 85, 1§, Il < 00, there exist M; > 0, M3 > 0, M3 > 0 such
that
f(t,M,V,W)SM](M"'V‘FW), g(t,u,V,W)EMZ(u‘*'V‘*'W)»

h(t,u,v,w) <Mz(u+v+w), tel0,1],u,v,w>0.

Define the positive constants

a b _l—a—b

A= —— -2 _
0= AM, Ho=Bar, 0= T M,

Let A € (0,40), it € (0, 1o), ¢ € (0, o), suppose that the problem (P, ;) has a positive so-
lution (u(t), v(¢)), t € [0,1]. Thus,

Ti(u, v, w)(t) = A /01 ki (¢, s)f(s, u(s), v(s), w(s)) ds

1
< )»/ ki (t, s)M; (u(s) +v(s) + w(s)) ds
0
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1
Slef ki(e,s)(lull + vl + (Iwl) ds
0

< AAM; (Jlull + V]| + Iw])

< MAM; || (u,v,w) || v

<a”(u,v,w)‘ -
1
T (ut v, W)(0) = 1 / Kol )¢ (5, 14(5), v(s), wls)) di
0
1
< /L/ ko (t,8) M, (u(s) +v(s) + w(s)) ds
0
1
< usz ka(t,)(lull + V] + 1)) ds
0

< uBM; (Jlull + IIv]l + [lwll)

< MOBMZ || (M, v, W) | Yy’

< b||(u,v,w)’ -

1
Tyl v w)(0) = € /0 Kks(t, ) (5,145, V), w(s)) ds
1
<¢ f ks(t,s)M3 (u(s) +v(s) + w(s)) ds
0

1
< ;Mgf ks(6,)(lull + V] + 1w)) ds
0

< CCM(Jlull + VI + lwll)
< COCM?) H(ur v, W)” Y

< (1—a—b)||(u,v,w)||y.
Then

[Gvwly = [T v )| + [ TaG v, w)] + [ oG v )

<a||(u,v,w)”Y+b||(u,v,w)||Y+(1—a—b)||(u,v,w)||Y

=[Gy,

which is a contradiction. So the boundary value problem (P; , ) has no positive solu-
tion. 0

Theorem 3.2 Assume that (H1)-(H2) hold. Iffi,fi, > 0, then there exists a positive constant
Lo such that for every A € (Lo, 00), i > 0,¢ > 0, the boundary value problem (Pruc) has no

positive solution.

Proof From the definitions of f{, £, and the condition f{,f%, > 0, there exist positive num-

bers m; such that

f(f,M,V,W)Eml(M‘FV‘FW), te[%-’n])u’VyWZO-
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Define thepositive constants

~ 1
Ao

) VAml ‘

Let A € (ho,00), 14 > 0, > 0, we suppose that the problem (Py,u,c) has a positive solution
(u(t), v(£), w(t)), t € [0,1]. Then for ¢ € [0,1], we have

1
T1(u, v, w)(t) = k/o ky(¢,5)f (s, u(s), v(s), w(s)) ds
n
> )L/ /q(t,s)f(s, u(s), v(s), w(s)) ds
§

> A /7/ ky (¢, 8)my (u(s) + v(s) + w(s)) ds
&

"
Z)NV/ /(1(t,S)m1‘}(”rV’W)||YdS
§

> )»J/Aml || (I/l, v, W) || Y

>l
Thus,

[Gvwlly = [ TGy )] > |Gy w)]

Y’

which is a contradiction. So the boundary value problem (P; , ) has no positive solu-
tion. g

Theorem 3.3 Assume that (H1)-(H2) hold. If g}, g’ > 0, then there exists a positive con-
stant [Ly such that for every [ € (flg,00), A > 0,¢ > 0, the boundary value problem (P, ¢)
has no positive solution.

Theorem 3.4 Assume that (H1)-(H2) hold. If i, i\ > 0, then there exists a positive con-
stant Lo such that for every ¢ € (Zo,00),A > 0, > 0, the boundary value problem (P ;)
has no positive solution.

Theorem 3.5 Assume that (H1)-(H2) hold. If f,f%., g}, g, > 0, then there exist positive
constants hg, flo,a € [0,1], such that for every ) € (Ao, 00), it € (fLg,0), ¢ > 0, the boundary
value problem (P, ,..;) has no positive solution.

Proof From the definitions of f{,f% , b, g’ , and the condition f{,f% ,gb, g’ > 0, there exist
positive numbers m1;, m, such that
fu,v,w)=m@u+v+w), tel&nluv,w>0.

gt u,v,w) >my(u+v+w), tel&nlu,v,w>0.

Define the positive constants

7 a - l-a
0= —= Mo = —= .
yAm yBm,
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Let A € (Ag,00), it € (flg,00),¢ > 0, we suppose that the problem (Py,uc) has a positive
solution (u(t), v(¢), w(t)), t € [0,1]. Then for ¢ € [0,1], we have

1
Ty (1, v, w)(¢t) = )»/ ki (£, 8)f (s, u(s), v(s), w(s)) ds
0
n
> A/g ki (¢, s)f(s, u(s), v(s), w(s)) ds
n
> A/ ki (¢, s)ml(u(s) +v(s) + w(s)) ds
H

n
>y / kit s)m |, v, w) |, dis
&

> kyAml || (u,v,w) H v

> al|(u, v, w)|

1
Ta )0 = s [ et s)g(s 5,6 ) s
0
n
= /s ky(t,5)g (s, u(s), v(s), w(s)) ds
n
> /L/s ka (2, s)my (u(s) + v(s) + w(s)) ds

n
Zlﬂ/f ko (t, s)my ”(”:V’W)Hyds
3

= MVBMZ || (Mr Vs W) || Y

>(1 —a)” (u, v, w) ||Y

Thus,

[ev.wy > alGvwl, + 0 -a)|@vw], = [@v.w],,
which is a contradiction. So the boundary value problem (P; , ) has no positive solu-
tion. g

Theorem 3.6 Assume that (H1)-(H2) hold. If fi,fi, b, il > O, then there exist positive
constants Lo, Co such that for every & € (ig,00), ¢ € (£9,00), it > 0, the boundary value prob-

lem (P;,,,c) has no positive solution.

Theorem 3.7 Assume that (H1)-(H2) hold. If g}, g'., i, i > 0, then there exist positive
constants flo,Co such that for every u € (ft9,00),¢ € (Co,00), A > 0, the boundary value

problem (P,,,,.¢) has no positive solution.

Theorem 3.8 Assume that (H1)-(H2) hold. Iff,fi., gb, g5, i, hi > O, then there exist posi-
tive constants Lo, flo, Co such that for every ) € (Ro,00), i € (fLo, o0), ¢ € (Lo, 00), the bound-

ary value problem (P, ;) has no positive solution.
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Proof From the definitions of f{,f,gl, g, ki, ki, and the condition
Jorfoer 80850 Ho i > 0,
there exist positive numbers m1;, m5,, m3 such that

fu,v,w)=mu+v+w), te€l[0,1],u,v,w=>0,
gt,u,v,w) = my(u+v+w), tel0,1],u,v,w=>0,

h(t,u,v,w) > ms(u+v+w), tel0,1],u,v,w>0.

Define the positive constants

5 c N d E l-c-d
0= —= Ho=—=> 0= =~ .
yAm yBm, yCms

Let & € (Ag,00), i € (flo,00), ¢ € (Zo,00), we suppose that the problem (P, ;) has a posi-
tive solution (u(t), v(t), w(¢)), t € [0,1]. Then for ¢ € [0,1], we have

1
Tt v, w)(0) = 2 / Ko, 5)f (5, (s), (s), w(s)) dis
0
n
> /%_ ka6, )f (s, 1(s), ¥(s), w(s)) ds
n
> A/ ki (t, s)m; (u(s) +v(s) + w(s)) ds
3

n
>y / a(t,sym | v )| ds
&

> Ay Am ” (u, v, w) H v

> c||(u, v, W),

1
i 0)6) =0 [ Kot 5)g (509,09, w(9)) s
n
> u/g ko (2, s)g(s, u(s), v(s),w(s)) ds
n
> u/g ko (8, 8)my (u(s) +v(s) + w(s)) ds

n
ZM)// ka(t,)ms || (u, v, w) ||, ds
&

> jty Bms |[(w, v, W),

ZdH(u,v,w)|

Y’

1
Ts3(u,v,w)(t) = ¢ /0 ks (t, s)h(s, u(s), v(s), w(s)) ds

n
> ;‘/E ks(t, s)h(s, u(s),v(s),w(s)) ds

Page 18 of 26
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>¢ /En ks (¢, s)ms3 (u(s) +v(s) + w(s)) ds

n
> gy/ ks(t, s)ms3 | (u, v, W)”Yds
&

> ¢y Cms| (w, v, )|,

> (1-c—d)|wv,w)],.
Thus,

[avwy = [ Tivw) | + | Tale v, w)| + [ T30 v, w)|
>cH(u,v,w)||Y +dH(u,v,w)||Y + (l—c—d)H(u,v,w)HY

= |yl
which is a contradiction. So the boundary value problem (P; , ) has no positive solu-
tion. g

4 Examples

In this section we show how our results may be applied to consider the existence and
nonexistence of positive solutions for a system of boundary value problems for differential
equations of integral or fractional order. The study of these problems was mainly initiated
by II'in and Moiseev [57, 58]. Since then positive solutions of boundary value problems
have been extensively studied by many researchers in recent years, not only because of

their mathematical interest but also because of their wide use in a variety of applications.

4.1 Application to system of boundary value problems of ordinary differential
equations

Consider the system of nonlinear second order differential equation (the problem (P1))

u’(t) + Af (¢, u(t),v(t),w(t) =0, te][0,1],
V() + ng(t, ul), v(t),w(t)) =0, te[0,1],
w'(t) + ¢h(t, u(t),v(t), w(t)) =0, te][0,1],

subject to the boundary conditions

u(0) =0, u(1) = Bru(m),
V(0) =0, v(1) = Bav(n2),

w'(0) =0, w(l) = Bzw(n3),
where 0 < 11, 1m2,13 <1, and

FE70w + v+ w) +1)(3 +sin(v)(u + v+ w)
ftu,v,w) = ,
u+v+w+l

VE+1(40(u +v+w) +1)(4 + cos(w))(u + v+ w)
gt,u,v,w) = ,
u+v+w+l
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t+ u+v+w)+ +cos(u))(u+v+w
(e, v, w) = V£ +1(50( ) +1)(3 ())( )
’ u+v+w+l )
By using the Green’s functions, we can formulate the problem (P1) as
ult) = x [ ki(t,8)f (s, u(s), vis), w(s))ds, 0<t<1,
v(t) = fol ko (t,8)g(s, u(s), v(s), w(s))ds, 0<t<1,
w(t) = £ [ k(& 9)h(s, us), v(s), w(s)) ds, 0<t<1,
where
Lo Bt (p_g), 0<s<t<ls<m,
e esisen
kl(t! S) = £(1-s)
m 0<t<s<ls>mn,
2k~ (t-9), ms=s<t=<l,
11__/;2 ﬂzings —(t=s), 0<s<t<l,s<mn,
s - |15 R 0<t<s<m,
2 b =
tl(:;;;); O§t§S§1y5>772,
~(t-s), m<s<t<l,
and
i - B _(t-s), 0<s<t<ls<n,
5 - PR 0<t=s<m
kB(t’S) = £(1-s)
155 7 0<t<s<l,s>ns,
15~ (E-9), mss<t=<l
We consider the case n; = % Ny =1n3 = g, B = 3, Br=PpB3=75. After an easy computation,
we conclude
1 ~ 1 13 ~ 26 13 ~ 26 1
A:—, A:—, B:—, B:—, = —, C:—, y:—
5 30 9 45 9 45 6
S i 3 1 s i 3 1
5 =3, fo=3 X f5, =280, fo, =140 X
&=4v2, g=4, g, =200v2, g =
B =32,  hi=3, K, =200v2, K_=100,
M; =280,  M;=2002,  Ms=200+2,
1 1
my =3 =, my =4, ms =3, a=b=c=d=-,
1 5 2 3 3
and
b a 1-b
Ky = —— = 0.5400, Ky = — 0.5556, K3 = —— = 0.0288,
YAfL, Afs vBg,
K=17% 00408, K-1"%"P 00346 Ko=1°"%~00544
4= = U. ’ 5=——=——~=U. ’ 6= 45 ~0U ’
Bg} yChi, Chy
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l-a-b
Ao = ~0.0060, = ~0.0008, - ~0.0008,
0 M, o BM, o CM;
o= S ~251894 o= -2 ~08654 G- 79 11538
0= —= ~ Zo. » Ho = —= ~ 0. » 0= = ~ L .
yAmy y Bm, yCmg
Then:

(1) from Theorem 2.1, for A € (K1, K3), i € (K3,Ky), ¢ € (K5, Kg), the problem (P1) has a
positive solution;

(2) from Theorem 3.1, for 1 € (0, A0), 1 € (0, 140), ¢ € (0, &), the problem (P1) has no
positive solution;

(3) from Theorem 3.8, for A € (Aq,00), 4 € (fig, ), ¢ € (Zo,00) the problem (P1) has no

positive solution.

4.2 Application to system of boundary value problems of differential equations
on time scales

Consider the system of boundary value problems of nonlinear differential equation on

time scale T (the problem (P2)),

utY (8) + M (&, u(®), v(t), w(t)) =0, te[0,TICT,
vAY(8) + ng (6 u(t), v(t), w(t)) =0, tel0,TICT,

whV () + ch(t, u(®),v(t), w(t)) =0, te[0,T]ICT,
subject to the boundary conditions

u(0) = Bru(m), u(T) = cyu(m),
v(0) = Bav(n2), W(T) = aav(n2),

w(0) = B3w(n3), w(T) = azw(ns),

T—an
T and

where T isatime scaleand 0 << T,0 <« < %,O<ﬂ<

VEt+3w+v+w+1)@B +sin(v)(u+v+w)
ft,u,v,w) = ,
4,000 +v+w)+1

VEt+1lu+v+w+1)4 +cos(w)(u+v+w)
6,000 +v+w)+1

Vt+1u+v+w+1)3 +cos(u))(u+v+w)
6,000 +v+w)+1 ’

g(tr u,v, W) =

’

h(t,u,v,w) =

We can formulate the problem (P2) as

u(t) = A fol ki(t, s)f (s, u(s), v(s), w(s))Vs, t€][0,T],
v(t) = fol ka(2,8)g(s, u(s), v(s), w(s))Vs, te[0,T],
w(t)=¢ fol ks(t,s)h(s, u(s), v(s),w(s))Vs, tel0,T],
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where

ki(t,s) =

k2(t’ S) =

kg(t,S) =

Lemmad4.l LetO< ;<

then

A=pyt+prm)(T=s) _

(Br—e)t=p1 T)(m-s)

T-a1m)-p1(T-m)

T—aym)-p1(T-m)

(Br=e)t=p1 T)(11-5)

T-aym)-p1(T-m)
(A=py)t+p11)(T=s)

(
(
2(1 Bt+pim)(T—s)
(

(T-a1m)-pr(T-m)’

(A=B)t+p1m)(T-s)
(T—eym)-p1(T-m)

((A=po)t+Bom)(T=s)

T-arm)-p1(T-m) ’

- (t—S),

((Ba=02)t=B2T)(12~5)

(T-agn2)-Pa(T-n2) —
((A=Bo)t+Bom)(T=s)

Ba—a2)t=P T)(12-5)

(T-azn2)-Bo(T-m2)
(A=B2)t+P2a12)(T—s)

(T-agn)-p2(T-n2)’

(A=B2)t+Pan2)(T-s)
(T—an2)-P2(T-n2)

((A=B3)t+B3n3)(T=s

(

(T-azn2)=P2(T-n2)
«

(

T-agn2)-p2(T-n2) ’

- (t—S),

_ ((B3—a3)t— ﬂsT)(na—S

(T-aznz)-p3(T-n
(A=B3)t+B3n3) (T~

(T-a3n3)-B3(T-n3)
((B3~a3)t=B3T)(n3-s)

((A=B3)t+B3n3) (T~
(T'-a3n3z)-p3(T-n

((A=B3)t+p3n3)(T—s

)

3)

s)
(T-a3n3)-B3(T-n3)
5)

3)

)

)

(T-a3nz)-P3(T-n3

min u(t) >y max u(t),
elo,T

£€[0,T]

where

Y = min{

We consider the case

T=1,

)

O<ﬁl

(T-a3n3)-B3(T-n3) ’

(t—S),

_a"” , (u(2), v(t), w(t)) be a solution of the problem (P2),

min v(£) > y, max v(t),
tel0,T] t€[0,T]

After an easy computation, we conclude

—(t-s),

-(t-s9),

—(t-s),

(T —n) omi B(T—-m) BT .
_—, , — , i=1,2,3.
T—O{im T T T

cmemee  h=hiepieg
'71—772—?73—16, 1=p2= 3—3,

48 1 ~ - . 65
A:B:C:—, Y=— A=B=C= )
27 48 1,296
1 , J3
S =6, =34/3, A p— - )
Jo f3=3v3 Joo 500 Joo 2,000
, V2 , 1
= 4 2, L = 4-, = 5 ! =
H=4V2 & 8= T200° 4~ 2000
4 V2 : 1
1 =342, W =3, K= , W=
0=3v2 0 © 71,500 <~ 3,000
M, =6, M, =4+/2, M; =32,
V3 1 1
my = ) my=_——- ms3
2,000 2,000 3,000

0<s<t<T,s<n;3,
O<t=<s=<mns,
OEtSSST;SZn:‘}r

m=<s<t=<T.

min w(t) > y3 max w(t),
t€[0,T] £€[0,T]

o1 =y =a3 =8.
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Choose a = %,b = %,c = %,dz % Then
b C a
L = —— ~613945  L,=— ~93.7500, L3=—— ~79.7538,
yAfi Af3, v Bg,
d l-a-b
Ly= — =~159.0990, Ls=-——— ~106.3385,
Bgt, y Chi,
1-c-d 1988738
6 = ~ . ,
Chs,,
A ~0.0313 -2 o033 _1-a-b 00442
0=, SO o= g RO035L Lo = o A 0.0442,
- c 5 d ~ l-c-d
*o = —— =~ 368,370, flo = —— =~ 638,370, fo= — ~ 957,050.
y Anm y B, yCms

Thus
(1) from Theorem 2.16, for A € (L1,L3), i € (L3, L4), ¢ € (Ls, Lg), the problem (P2) has a

positive solution;
(2) from Theorem 3.1, for . € (0, 10), 1 € (0, o), ¢ € (0, %o), the problem (P2) has no

positive solution;
(3) from Theorem 3.8, for A € (ho,00), it € (fLg,o0), ¢ € (Zo,00) the problem (P2) has no

positive solution.
4.3 Application to system of boundary value problems of fractional differential

equations
Consider the system of nonlinear fractional differential equation (the problem (P3))

0, te(0,1),
t€(0,1),

te€(0,1),

D, u(t) + M (£ u(®), v(t), w(t))
Dy, v() + ;Lg(t, u(t), v(¢), w(t)) =0,
D, w() + th(t, u(t), v(t), w(t)) =0,

subject to the boundary conditions
u(0) =u/'(0) =/(1) = 0, [D,u(®)],, =0,

v(0)=v(0)=v(1)=0,  [D),v(®)]_, =0

w(0)=w(0)=w(1)=0,  [D},w(®)],_ =0,

where a = 3.5,8 = 1.5, and
100(+v+w) +1
f(t,u,v,w)=(u+v+W)M(3+sin(u+v+w)),
u+v+w+l

80(u+v+w)+1
g(t,u,v,w):(u+v+w)u(4+sin(u+v+w)),
Uu+v+w+1

125(u+v+w) +1
h(t,u,v,w):(u+v+w)¥(3+cos(u+v+w)).
Uu+v+w+1
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We can check that

ta—l(l_s)a—ﬁ—l_(t_s)u—l 0
_ _ _ (o) ’
ki(t,8) = ky(t,s) = k3(t,8) =
0

tu—l(lis)a—S—l

IA
v
IA
~
A

11
1

IA
=~
IA
“
IA

') ’

It is easy to verify that max,e[o,1) ki(¢,s) = ki(1,5),i = 1,2,3, for each s € [0,1] and there is a
positive constant y € (0,1) such that [58]

. (@2t 1\t
min k;(t,s) > yki(1,s), 0<s<1,i=1,2,3,y = mm{%, (—) }
reld 1] 2-1 '\2

Thus

1 3 1\*
A=B=C= | kl,s)ds= ~0.0645, (=),
/0 L9)ds = =45 Y (2)

fs=3,  fl=3,  f5 =400, f. =200,
&=4  g=4, g =400, ¢ =240,
Wy=3,  hy=3, K, =500, k=250,

M1 = 4:00, M2 = 400, M3 = 500, my = 3, my = 4', ms = 3.

Choose a = %,b: é,c: %,d: %,S = %,n:l. Then

1-b
Ki=—— ~08269, K= — 17227, K3=——2 ~0.6891,
i a5

VA% 0 yBgs,
Ky = 1-a 12920, K= ﬂ ~0.6615, Kg=-—— ~17227,
Bg; y Chi, Chy
o= —— 00129,  po = b 0.0129, o= l-a-b 0.0103,
AM, BM, CM;

~ c . d ~ l-c¢c-d
Ao = —= =~ 55.1249, o = —= =~ 41.3437, Lo = —=— ~55.1249.

yAm, yBmy yCms

Thus,

(1) From Theorem 2.1, for A € (K3,K3), u € (K3,Ky), ¢ € (Ks,Kg), the problem (P3) has a
positive solution;

(2) from Theorem 3.1, for A € (0, A9), 1 € (0, o), ¢ € (0, &), the problem (P3) has no
positive solution;

(3) from Theorem 3.8, for A € (Ao, o0), 4 € (Lo, 00), ¢ € (Zo,00) the problem (P3) has no
positive solution.
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