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1 Introduction
Let ABC be a triangle (in the Euclidean plane) of area S and sides a, b, c. The following
inequality [1, 2] is well known:

A+ b+ >4V38+(@-b)?*+ (b-c)* + (c—a)’. (1.1)

Equality holds iff this triangle is regular.

Let 2, be an n-dimensional simplex (in the #-dimensional Euclidean space E") of vol-
ume V and edge lengths 4; (i =1,2,..., %n(n +1)). Let A; (i = 0,1,...,n) be the vertices of
Q,,, F; be the (n — 1)-dimensional volume of the ith face f; = Ay - - - A; 1A;11 - - Apr (m—1)-
dimensional simplex) for i =0, 1,...,n. In 1989, Chen and Ma extended the inequality (1.1)
to an n-simplex and established Finsler-Hadwiger type inequality for the edge length and
the volume of an n-simplex as follows [3, 4]:

%n(nﬂ) (Vl')2 % ) 9
Z aizzn(n+1)|:n;1:| | P Z (a; — ). (1.2)
i-1

1<i<j< % n(n+1)

Equality holds iff €2, is regular.
In 1997, Leng and Tang established another kind of Finsler-Hadwiger type inequality for
the face areas and the volume of an n-simplex as follows [4, 5]:

> (F-F). (L3)

0<i<j<n

n 3 1
nwwm+1)n _ 20-1

§ F32(72)V "ot

=0 (n!)H n_l

Equality holds iff €2, is regular.
In this paper, we will discuss problem for generalized Finsler-Hadwiger type inequali-
ties for k-dimensional face areas and the volume of an #-simplex, and establish generalized
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Finsler-Hadwiger type inequalities for an n-simplex. From these inequalities, generaliza-

tions of some inequalities for an n-simplex are obtained.

2 Main results

Let R and r be the circumradius and the inradius of the simplex €2, respectively. Let
Vo denote the volume of the n-dimensional regular simplex with circumradius R. For
k=0,1,...,n -1, we put i = (Zﬁ) = % Let Vi(k) (i=1,2,..., k) denote the
k-dimensional volumes of the k-dimensional subsimplices of €2,,. Our main results are the

following theorems.

Theorem 1 Let 2, be an n-simplex, nature number k € [1,n — 1], real numbers a € (0,1]
and ) € (0,n +1—k]. Then we have

2ka

MZkVZ“(k)> R\ nrr1)(n-1)2 k+1 [ (n)? éavzﬂ
W=\ Pk | ey e

i=1

1
Mnk — A

Y (VR - V) (21)

1si<j=tnk

+

Equality holds iff 2, is regular.

Theorem 2 Let 2, be an n-simplex, nature number k € [1,n — 1], real numbers a € (0,1]
and A € (0,n +1 - k]. Then we have

timk Vo \ mrm i k+l/(m?\ "]
V?a k > _0 K Mkt | —— . VTa
2V ”‘(\/) Honk [(kl)Z(ml) ]

i=1

1
Mnk — A

+

DA EA) (2.2)

1<i<j<ppk
Equality holds iff 2, is regular.

Notice From the inequality R > nr and Lemma 3, we have % > 1 and % > 1, respec-
tively. Further, according to the conditions of equalities hold, we now consider a class of
n-simplices ¢ inscribed in an (n — 1)-dimensional sphere of radius R (where R is constant

number). If the radius r of an #n-simplex in ¢ is sufficiently small, then % is large enough.
Yo

Similarly, if the volume V of an n-simplex in ¢ is sufficiently small, then v

is sufficiently
large.

Take A =n + 1 -k, from Theorem 1 or Theorem 2 we derive an inequality for a simplex
as follows.

Corollary 1 Let 2, be an n-simplex and real number o € (0,1]. Then

Mok k

' k+1/(m)2\ "% e
20 N n

> VZK) = i [(k!)2<n+1) } |4

i=1

LS (e - V) (2.3)

Mnk — (I’l+1—k) L<i<j<pt, i

Equality holds iff 2, is regular.
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By taking k =1 and & =1 in the inequality (2.3) we can obtain the inequality (1.2). Take
k =n-1and o =1 in the inequality (2.3) we can obtain the inequality (1.3).

Take k =1, @ =1 and A = n in Theorem 1 and Theorem 2, we get generalizations of the
inequality (1.2) as follows.

Corollary 2 For an n-simplex 2, we have

1
yn(n+1) 2 9 1
R\ n(n+1)(n-1)2 I
Z a?z(—) et ~n(n+1)~[(n) ] vi
= nr n+1l
Y ooy 4
n(n—1) - R '
1<igj<gn(n+l)
1
yn(n+l) 2 9 1
Vi n(n+1)(n-1)2 n! n
Za?z 20 ot n(n+1)- () V%
- Vv n+1
i=1
— Y (@-a) (2.5)
n(n-1) Y

1<i<j< %n(n+1)
Equality holds iff 2, is regular.

Take k =n—1,® =1, and A =2 in Theorem 1 and Theorem 2; we get generalizations of
the inequality (1.3) as follows.

Corollary 3 Let 2, be an n-simplex. Then we have

n 2 1
R\ w2y rP(m+1)7n 201 1
Y F> <—> VI > (FE-F (2.6)
-0 nr (n!)n m=1 0 ligen
n _2 1
Vi n(n2-1) 1’13 n+1)n (n-1) 1
Y E> <—°) Vo n e 3 (E-F) 2.7)
i=0 v (n!)n n-1 0<i<j<n

Equality holds iff 2, is regular.
To prove the above theorems, we need some lemmas as follows.

Lemma 1 [4, 6] For an n-simplex Q,, we have

noo\ " I ul o Balnel) G
F; >| —— v a | , 2.8
[0[ ' - |:2(n + 1)”‘2(n!)2:| , ! (2.8)
with equality iff 2, is regular.

Lemma 2 [4,7] Let 2, be an n-simplex with edge lengths a;; = |A;A;| (0 <i<j < n), then

we have
2n+1 % " ;
I1 asz( ) (n)2(VR)?, (2.9)
0<i<j<n n

with equality iff 2, is regular.
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Lemma 3 [4, 8] For an n-simplex Q,,, we have

(n+1)n+l % Y
V< [W} R", (2.10)

with equality iff ,, is regular.

Lemma 4 [4, 6] For an n-simplex 2,,, we have

n n-1
<]‘[ Fi) > [ + 1) DD (iR, (2.11)
i=0

Equality holds iff Q,, is regular.

Lemma 5 [4, 9] Let 2, be an n-simplex and natural number k € [1,n—1). Then

1 1 k
K Hnk )m |:(n_1)!<n )m:|m
Vi(k) > F; , (2.12)
(T s\l

with equality iff 2, is regular.

Lemma 6 For an n-simplex 2,,, we have

1
V>———7r7 Rn, (2.13)
with equality iff 2, is regular.

Proof Let P be an interior point of ©2,, and d; the distance from the point P to the ith face
fiof @, fori=0,1,...,n. Obviously, we have Y " d;F; = nV. Then

i=0

Using the arithmetic-geometric means inequality we get

n n n+l
1—[ d,‘Fl‘ < 1 Z d,‘Fi _ 1 ,
nV n+1 nV (n + 1)1

i=0 i=0
namely
n n-1 w21
<]_[di) < }E?_‘? — (2.14)
] (n+ 1> ([T )

Substituting (2.11) into (2.14) we get

n n-1 Ly
(l_[ dl) < (n|)n [(l’l + 1)n(n+l)nn2_2]_§ V? (215)
i=0



Yang and Wang Journal of Inequalities and Applications (2015) 2015:56 Page 5 of 14

We now take the point P is the incenter of 2, then d; = r for i = 0,1,...,n. Thus from
(2.15) we can obtain the inequality (2.13). It is easy to see that equality holds in (2.13) iff
Q,, is regular. O

Lemma 7 For an n-simplex Q, and k=1,2,...,n -1, we have

1
ok Mk ﬁ 1 ! z
(]‘[ vmo) = ()R () 216)
i nr k! Vn+1

1
Lk ik s !
(]_[ W(k)) z(%) ey ];f ( s v) . (2.17)
i=1 :

n+1l

Nt

Equality holds iff Q,, is regular.
Proof We have the well-known inequality [4, 10, 11]

n+1) 2

V< Ry, (2.18)

n-2

nz n

Equality holds iff €2, is regular.
Using (2.18) and (2.11) we get

n n-1 34 3 Vi("hﬁ(nfl) R
[15) = — —. (2.19)
i (m + 1) (n")Vn
From (2.19) and (2.18) we have
n 7+l -1 3
R n(nz— ) 2 n—

[16) = (—) L (2.20)
ic0 nr m)n(n+1)2

Thus, inequality (2.16) is valid for k = n — 1. We now prove that inequality (2.16) is valid
for 1 < k < n — 1. Substituting (2.20) into (2.12) we can obtain inequality (2.16). So the
inequality (2.16) is valid for 1 < k < n—1. It is easy to see that equality holds in (2.16) iff ©,,
is regular.

By Lemma 3 we have

n+l !
[

Substituting (2.21) into the right of (2.9) we get

%n(;ﬂl) v % on WT+1
[1 «= (—") <—) nv)=. (2.22)
i Vv n+l

From (2.8) and (2.22) we have

1
n s 1 3
Vi n(n2— 2 n—
[1&) = (_0) v (2.23)
i=0 4 (n)n(n+1) 2
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Thus the equality (2.17) is valid for k = n — 1. Now we prove that inequality (2.17) is valid
for 1 < k < n—1. Substituting (2.23) into the right of (2.12) we can obtain inequality (2.17).
So the inequality (2.17) is valid for 1 < k < n—1. It is easy to see that equality holds in (2.16)
iff Q, is regular. 0
Lemma 8 [4, 5] Let 2, be an n-simplex and real number o € (0,1]. Then

3

n 1_,
o o 20 2 n n+1\” 2(n-1a
2 Z FE —ZE > (n ‘U[m(w) ] Vo, (2.24)

0<i<j<n i=0
with equality iff 2, is regular.

Proof of Theorem 1 and Theorem 2 The inequality (2.1) can be written as

Mok Mok
DVERA2 Y VERIVIKR) =AY VK
i=1 1<i<j<pux i=1

2ka

k
R n(n+1)(n-1)2 A/ k +1 n! n 2a 2ka
= Mk (e = A - Ve, (2.25)
nr k! NS

Now we prove that the inequality (2.25) is valid.
Let p(k, «, 5) denote the left of the inequality (2.25). Then

Mk Mk
plko,8)=2 Y VERVIR) - (n=K) > VR +(n+1-k=21) Y V*(k)

1<i<j<ppi i=1 i=1

k+2
- X (2 > Vilvito -3 Vi (k))
(i1,025miks2)€0 N 1<p<q<k+2 p=1
Hnk
#2 ) VERVER) + (n+1-k=2) Y V2(K), (2.26)

ip)ig€T i=1

where o = {(i1,i2,...,ix+2)| there exists a (k + 1)-subsimp1exA' Ay, Ay, of Q,, such that
its k+2 side areasare Vj, (k), Vi, (k),..., Vi ,(k) 1 < i <ip <--- < ik+2,un,k)}, and t = {(iy, ig)|
there is not a (k + 1)-subsimplex of Q,,, such that its two side areas are V;, (k), Vi, (k)}.

On the other hand, we easily get

'a'=</}:;)' |r|=(“;‘k) (Z:) ik~ =R+ 1) -1].

n+l) _ n-k

We put m = |o |, then m = (k+2 Ty Mk U (i1, 02, ..., iks2) € 0, we use Vi(k +1) to denote

the volume of k + 1-subsimplex with side areas V;, (k), Vi, (k),..., V;,,, (k). By Lemma 8 we
have
k+2
2 Y VERVE) - Z V2 (k)
1<p<q<k+2 =1
1
k+1)3/ k+2 \®&1T* 2k
k(k +2 —_— Vilk +1)) %1, 2.27
z k(k+ )[ k+2 \(k+1)2 (Vilk +1)) @27

Equality holds iff the simplex A; A;, - - - A;

ir,, is regular.
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Using the arithmetic-geometric means inequality, (2.27), and (2.16) we get

k+2
L=y (2 > mz(/<>mj(k)—2mi“(/<))
)eo

(61,82 peemifs2 1<p<q=k+2 p=1

(k+1)P [ k+2 \®1] 2
=L k(k+2)[k+2 ((k+1)!2) }(Vl’(k”))k

(i1,12,.mig42) €O

e [Hnka (k+l?]ia
(k+1) ( k+2 \FI kel
> ks k(k + 2)[ | | Vilk +1)
k+2 \(k+1)12 i

2ka 1
R\ s )(n-1)? k+1)3( k+2 \®&1]*
= 2
Z(nr) klk+ )[ k+2 ((k+1)!2> ]
«/k+2< n! )%]i’%vzm
(k+D!'\Vn+1

2ka X
R\ nine)(n-1)2 k+1 n! n2e ket
=(— k(= k)| [ ——— v 2.28
(i)™ b 5 (G ) 02

: :Uvn,k+1|:

By the arithmetic-geometric means inequality, and by (2.16), we get

M,k
L= Y 2VEVEK) +(n+1-k=2) ) V7*(k)
(ipsig)eT i=1

20 2a

Honk ok Mok Pk
> pnk [k — (1 = k) (k +1) =1] (1‘[ wm) + (4 L=k =2k (1‘[ v,»(k>>

i=1 i=1

2ka k
R\ nir+1)(n-1)2 Vk+1 n i R
= (5) " b0l 5 ()

IS]
NS

(2.29)

From (2.26), (2.28), and (2.29) we get

plka, ) =15+

2ka k
R\ nlrr1)(n-1)2 k+1 n! Ch
NE SO (Y
nr (k)! n+1

Thus the equality (2.25) is valid. It is easy to prove that the equality holds iff €2,, is regular.
O

Similarly, we can prove that (2.2) is true by the same method.

3 Some applications

Geometric inequalities for simplices which are the simplest and useful polytopes have
been a very attractive subject for a long time. Mitrinovi¢, Pecari¢, Volenec, Zhang and
Yang and other authors have obtained a great number of elegant results (see [8]). Specially,
we mention the well-known Euler inequality for a simplex, inequalities for the width of a
simplex, and inequalities related the interior point of a simplex. In this section we shall
improve these inequalities by using the results in the above section.
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LF Téth extended the Euler inequality R > 2r for a triangle to an n-dimensional simplex

and obtained the Euler inequality for an #-simplex as follows [8, 10]:
R > nr. (3.1)

Equality holds iff €2, is regular.
Let O and I denote the circumcenter and the incenter of an n-simplex £2,,, respectively.
Let G be the barycenter of €2,,. Klamkin [8, 12] and Yang and Wang obtained the following

generalizations of (3.1):

R*—|OI = (nr)?, (3.2)

R* - |OG|?* = (nr)*. (3.3)
Equality holds iff €2,, is regular.

We shall use these results in the above section to study related inequalities, and we obtain

a strengthened Euler inequality as follows.

Theorem 3 For an n-simplex Q,, and k =1,2,...,n—1, we have

2%
R n(n+1)(n-1)2 1 2
R*-10GP) > (—) () 4 —————— Vi(k) = Vi(k))",
( ) nr Unk — (m+1-k) 15i<],ZSM k( / )
(3.4)
Vo \ s 1
n(n+1)(n-1) 2
R - 0GP > (2 ey - Vilk) = Vi(k))".
(R*=10GP")" = ( 7 i e s paye 2. (Vi -vih)
1§t<1§u,1,k
(3.5)
Equality holds iff 2, is regular.
If take k =1 and k = n—1in (3.4) and (3.5), we get two corollaries as follows.
Corollary 4 For an n-simplex Q,, and k =1,2,...,n—1, we have
R\ oot 2
n(n+1)(n-1)
R —|0GP* > — 2 i—a)’ 3.6
067z ()" et g Y e 6:6)
1<i<j<gn(n+l)
A= 2
) 2 0 n(n+1)(n-1) 2 2
R*-10G|* > (7) (nr)? + prPy 21: (@i - @), (3.7)
1<i<j<gn(n+l)
with equality iff 2, is regular.
Corollary 5 For an n-simplex Q, and k =1,2,...,n -1, we have
R\t 1
2 2\n-1 nin=-1) 2n-1) 2
(R -10G] ) = <;) (nr)™" +ﬁ Z (Fi-F), (3.8)

0<i<j<m
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2

vt (Vo\mE 1
(R - 10GP)"" > <7°> " (2D 3 (E-F) (3.9)

n-1
0<i<j<m

Equality holds iff 2, is regular.

Proof of Theorem 3 Iftake @ =1and A =n +1 -k in (2.1) and (2.2), we obtain

tmk R\wme®  k+1/(m)?\" x
V2/ S (X n(n+1)(n— . . v
2 ’(()‘<nr> Honk (k!)2<n+1)

+m > (Vi - Vi)', (3.10)

I<i<j<pini

ok Vo \ mrnon? k+1 [ (n)? -
V2 / . _0 n(n+1)(n— e ! V7
Z ’(()_<V> Honk (k!)2<n+1>

i=1

S (- V) (3.11)

Mn,k_(n+1_k) 1<i<j<pins

We use the well-known equality [8, 12]

a’=(n+1)°R? (3.12)

and the well-known inequality [4, 13]

iy n! %n(nJrl) k
E 2 ! )

| v 1
- Vl (k) = Vlk(k!)g(l’l _k)!(l’l + l)k_l ( 12:1: (ll> (3 3)

Equality holds iff ©2,, is regular. When k = 1, then (3.13) is the identity.
By (3.12) and (3.13) we get

Mok
‘ (n + 1)1 p!
Vi) < —— Rk, 3.14
; P (k)= (kD3nk(n - k)! (314)

We use the well-known inequality in [8]

3 ( +1)”T+1
nz(n
>—7" (3.15)
n!
with equality iff €2,, is regular.
From (3.10), (3.14), and (3.15) we can obtain (3.4). By (3.11), (3.14), and (3.15) we can

obtain (3.5). It is easy to see that equality holds in (3.4) or (3.5) iff 2, is regular. O
Let w be the width of ©2,,. We put

5 ML)
" (n+1)2
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In 1977, Alexander [8, 14] proved Sallee’s conjecture and obtained the inequality
o> B,R2 (3.16)

Equality holds iff €2, is regular.
In 1983, Yang and Zhang [8, 15] improved (3.16) and established an inequality as follows:
n+l
1)
> ﬂnu Vi, (3.17)

n- (n!)n

with equality iff 2, is regular.
In this section, we shall give generalizations of the equalities (3.16) and (3.17) by using
(2.4) and (2.5) in the above section.

Theorem 4 For an n-simplex 2, and k =1,2,...,n -1, we have

o (RY#, (DT eV e,
©= (””) & n-(n)n vor b n*(n-1) Ofizq’fn(Fl_F/) ’ (3.18)
2 (o L” 2, g OV ey
’ ‘(V> K PR Ty Oﬁ%n(ﬂ E)*. (3.19)

Equality holds iff 2, is regular.

Proof We use the well-known inequality in [15] as follows:

ns(n+1) :|% Vv
ok

w§|:n+l il
(5 1(n+1-[77]) "o F?)

Equality holds iff €2, is regular.

The above inequality can be written as

n+1y " F?
=By — Z"’/"Q : (3.20)
By (3.20) and (2.6) we can get (3.18), and from (3.20) and (2.7) we can get (3.19). O

Substituting (2.10) into (3.18) and (3.19) we obtain generalizations of the inequality (3.16)
as follows.

Corollary 6 For an n-simplex 2, and k=1,2,...,n -1, we have

R nnz 1) 1 V_z
w—2 > (ﬁ) " ,BnR 2 ﬁn% Z (Fl _Fj)Z! (321)
0<i<j<n
_ Vi n(n (}’l + 1) V_
= (—0> ;BnR ~ ﬂn— (F; - F)). (3:22)
1% t(n-1) Osi;n !

Equality holds iff 2, is regular.



Yang and Wang Journal of Inequalities and Applications (2015) 2015:56 Page 11 of 14

For i=0,1,...,n, let i; be the altitude of the ith face of the simplex €2,,. The following

inequality is well known (see [8]):

2n

) Vln n 4 n+l
Viz o (]_O[h) : (3.23)

Equality holds iff €2,, is regular.
By using the results in Section 2 we can obtain generalizations of the inequality (3.23)

as follows.

Theorem 5 For an n-simplex Q,, and k =1,2,...,n -1, we have

2%k " 2 (12 -1)k
paome o (R sz ot [
~\nr (n")2(m + 1)1 o !

2(m3-n-1)k n+1 7 (n°-1)
M:ZV—) e [(:: (1’1!)2 } > (Vilk) - VY,  (324)

1<i<j<pnk

2% ; " 21— (2 -1)k
Y2021k < Vo \rwvoe2 |  m" 1_[ I
=\v (n")2(n + 1)1 o !

2(m3-n-1)k nel 7 (m2-1k
(nr) |:(n+1) i| Z (W(k)—\/j(/())z. (3.25)

Tk — (1= k) |7 (12

1§i<j§ptn,k
Equality holds iff 2, is regular.

Proof We take k = n—11in (2.16) and (2.17), and get

n+1)

]_[F > (m> —— V', (3.26)

()" (n+1) 7!

n +1)

Vi w2
]_[E z( °> — V' (3.27)

() (n+ 1) 2n

Using the formula F; = ”;l—‘l/ (see [8]) and (3.26) we get

TR
Y2 -k h; . 3.28
= (nr)?k | (n!)2(m + 1)L [0[ (3:28)
By Theorem 3 we get
R\ oo 1
n(n+1)(n-1) 2
R¥* > (= oy - Vi(k) - Vi(k))". 3.29
_(m) s L (M=) (3.29)

1§i<j§/4n,k
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Substituting (3.29) into (3.28) we get

2ka Y " 2o (P -1k
V2(n2—1)/< > 5 D=1 . 7;1 l_[ /7
~ \nr (n)2(n + 1)1 i !

1 o " 28 2 (2 -1k
+ . h;
() i = (m+ 1= K)] | ()2(n+ 1)1\ ]

Y (Vitk) - vik)™. (3.30)

L=i<j=<pnk

We use the well-known inequality in [4, 8] as follows:
[]# = G+ 12, (3.31)
i=0

with equality holding iff 2, is regular.

From (3.30) and (3.31) we can obtain (3.24). It is easy to see that equality holds iff Q, is
regular.

By a similar method we can prove that inequality (3.25) is also valid. O

Let P be an interior point of €2, and d; the distance from the point P to the ith face f; of
Q, fori=0,1,...,n. In [8], Gerber established the following inequality:

-2 1
n n(n+1) (n+1)2 7 5
n n+l " (n+1)
| |di > —( ) V_2 e . (3.32)
(n!)Z(nJrl)
i=0

For any natural number m > 0, Leng and Ma [16] obtained an inequality as follows:

|: Z (didi)™ — (an,l)lim 2- r2mi| " = [(:U«n,l)lim ((Mn,l)m - 1)n2mR*2m] o . (3.33)

0<i<j<n

Equalities hold in (3.32) and (3.33) iff 2, is regular and P is the center of €2,,.
By using the results in the Section 2 we can obtain generalizations of (3.32) and (3.33)
as follows.

Theorem 6 For an n-simplex 2, we have

=
(ﬁ p ) - ( R ) ey |:n”*1(n +1)0mD? ] i -2
o=\, TG !
o nr (m?)20m+

nn—Z(n + 1)n+2 V—4 )
+W Z (Fi_Fj) ’ (3.34)
0<i<j<m
-2
- 4 Vo 2_1> w4 1)+ %V*M
l_()[ i — V (n!)2(n+l)
i=
n'"- 2(1’1 + 1)n+2v—
0<i<j<n

Equality holds in (3.32) or (3.33) iff 2, is regular and P is the center of 2,,.
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Proof By (2.14), we have

(n +1)20D —2(n+1) . 2
(Hd) >V [17 (3.36)

i=0
We use the well-known inequality in [7] as follows:

n n3n
P> ——— 2D\ 2 3.37
0 L= (n')z(n + l)n Z ( )
Equality holds iff €2, is regular.
Using (3.37) and (2.6) we get

2
-1 p301+1) 2n2-1)
l_[F2 2(+1) 2 Vo
nr (n') n+ nn—l

n3n V2 n-1)

+(1’1!)2(n+1)”(n 1) Z (Fi - B’ (3.38)

0<i<j<m

From (3.36) and (3.38) we can obtain (3.34). It is easy to see that equality holds in (3.34)
iff 2, is regular and P is the center of €,,.
By a similar method we can prove that (3.35) is valid. d

Theorem 7 Let 2, be an n-simplex and m > 0 a natural number, then we have

[ > (did) " = ()" 2m}

0<i<j<n

Sls

2
= ()" e (- )2

nr
ymm)®R) Y (- a) (3.39)
1<i<j<pin
[Z (i)™ = ()" -2’"}’"
0<i<j<n
> ( Y,°>) ) ()" — 1) 2R
ym®R) D (ai-a) (3.40)
1<i<j<ppa

Equality holds iff 2, is regular and P is the center of Q2,,, where

2
712”+3(Vl _ 1) :

Sl=

Ynm = [(,U«n,l)l_m ((My,,l)m - 1)]

Proof We use the following well-known inequality (3.8) in [16]:

e P R e e

0<i<j<n Vo
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[ > (didj)m—(ltm)lmrzm}

0<i<j<n

> ()1 4 1) (”};) [ -1 (3.41)

Equality holds iff 2, is regular and P is the center of €2,,.
From (2.18) we have

1 n? . n" )
vz = (n+ 1)”+1R2”(nr)2R ’ (3:42)

Substituting (3.42) into (3.42) and using (3.6) we can obtain (3.39). It is easy to see that
equality holds in (3.39) iff 2, is regular and P is the center of €2,,.
The proof of (3.4) is similar. |

In fact, the strengthening of some well-known inequalities for simplices can be derived
from Theorem 1 and Theorem 2. In this paper, we omit the details.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The authors co-authored this paper together. All authors read and approved the final manuscript.

Author details
TSchool of Mathematics and Statistics, Hefei Normal University, Hefei, Anhui 230601, PR. China. ?Department of
Mathematics and Physics, Anhui Xinhua University, Hefei, 230088, PR. China.

Acknowledgements

This work is supported by the Doctoral Programs Foundation of Education Ministry of China (20113401110009) and
Foundation of Anhui higher school (KJ2013A220); Natural Science Research Project of Hefei Normal University (2012kj11).
The authors are grateful for the help.

Received: 6 July 2014 Accepted: 22 January 2015 Published online: 19 February 2015

References
1. Finsler, P Hadwiger, H: Inequalities for triangles. Comment. Math. Helv. 10, 316-326 (1937/1938)
. Bottema, O: Geometric Inequalities. Springer, Berlin (1989)
. Chen, J,Ma, Y: A class of inequalities involving two simplices. J. Math. Res. Expo. 9(2), 282-284 (1989) (in Chinese)
. Shen, WX: Introduction on Simplices. Hunan Normal University Press, ChangSha (2000) (in Chinese)
. Leng, GS, Tang, LH: Some generalizations to several dimensions of the Peode inequality with applications. Acta Math.
Sin. 40(1), 14-21 (1997) (in Chinese)
. Su, HM: An inequality concerning the volume, edge-lengths and side faces of a simplex. J. Math. 13, 453-454 (1993)
(in Chinese)
7. Zhang, JZ, Yang, L: A class of geometric inequalities concerning to mass-point system. J. Univ. Sci. Technol. China 11,
1-8 (1981) (in Chinese)
8. Mitrinovi¢, DS, Pecari¢, JE, Volenec, V: Recent Advances in Geometric Inequalities. Kluwer Academic, Dordrecht (1989)
9. Lindensttauss, J, Milman, VD: Geometric Aspects of Functional Analysis. Springer, Berlin (1991)
10. Toth, LF: Extremum properties of regular polytopes. Acta Math. Acad. Sci. Hung. 6, 143-146 (1995)
11. Kuang, JC: Applied Inequalities. Shandong Science and Technology Press, Jinan (2004) (in Chinese)
12. Yang, SG, Wang, J: Improvement of n-dimensional Euler inequality. J. Geom. 51, 190-195 (1995)
13. Yang, L, Zhang, JZ: A class of geometric inequalities for the point system. Acta Math. Sin. 23, 740-749 (1980)
(in Chinese)
14. Alexander, R: The width and diameter of a simplex. Geom. Dedic. 6, 87-94 (1977)
15. Yang, L, Zhang, JZ: Metric equation applied to Sallee’s conjecture. Acta Math. Sin. 26(4), 488-493 (1983) (in Chinese)
16. Leng, GS, Ma, Y: Inequalities for a simplex and interior point. Geom. Dedic. 85, 1-10 (2001)

v w N

[}



	Generalized Finsler-Hadwiger type inequalities for simplices and applications
	Abstract
	MSC
	Keywords

	Introduction
	Main results
	Some applications
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


