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Abstract

Itis shown in a previous work that Faber-Pandharipande-Zagier's and Miki's identities
can be derived from a polynomial identity, which in turn follows from the Fourier
series expansion of sums of products of Bernoulli functions. Motivated by and
generalizing this, we consider three types of functions given by sums of products of
higher-order Bernoulli functions and derive their Fourier series expansions. Moreover,
we express each of them in terms of Bernoulli functions.

MSC: 11B68; 42A16
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1 Introduction
Let r be a nonnegative integer. Then the Bernoulli polynomials BY (%) of order r are given
by the generating function (see [1-7])

N e ey P
xt _ 7]
(ef—l> er = EOBm (x)—!. (1.1)
i m

Whenx =0, Bﬁ,r,) = Bﬁf,) (0) are called the Bernoulli numbers of order r. In particular, B, (x) =
BY (x) are the ordinary Bernoulli polynomials.

As we can see from (1.1), the higher-order Bernoulli polynomials BY (x) are Appell poly-
nomials and hence they satisfy

d
%Bg‘)(x) = mB(,:,)_l(x), m>1. (1.2)

Further, from (1.1), we can easily show that
BY(x+1) =B (x) + mBU V(%) (m=>1), (1.3)
which in turn gives

m

BY1)=BY + mB
For any real number x, we let

(x) =x—[x] €[0,1)
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denote the fractional part of x. Then we recall here the following facts about the Fourier
series expansion of the Bernoulli function B, ({x)):

(a) form > 2,

o 27 inx
Bulfw) =-mt 3 oo (15)
n=-00,n#0

>~ gminv | Bi((x)), forx¢Z, (1.6)
2mwin 0, forx € Z. '

n=—00,n#0

In this paper, we will study the following three types of sums of products of higher-order
Bernoulli functions and find Fourier series expansions for them. Moreover, we will express
them in terms of Bernoulli functions. Let r, s be positive integers.

& am( ) = S B () B ((9) (m = 1

(2) Bl )—ZkOklmk V(B () (m > 1);

(3) Ym((x) Zk 1 km k) ( )Bm (%) (m > 2).

For elementary facts about Fourler analysis, the reader may refer, for example, to [8-10].

As to y,,({x)), we note that the polynomial identity (1.7) follows immediately from the

Fourier series expansion of y,,({(x)) in Theorems 4.1 and 4.2:
m-1

> o BB

k=1

I R

where, for each integer [ > 2,

-1
1 S r 7
- Z k(I - k) (=B BE, + kBIBY, + kU= B B), (1.8)

and H,, = Z L are the harmonic numbers.

Itis remarkable that the famous Faber-Pandharipande-Zagier identity (see [11, 12]) and
the Miki identity (see [12—-16]) can be easily derived from (1.7) and (1.8), with r = s = 1.
Below, we will give an outline for this and thus this may be viewed as our main motivation
for the present study.

Indeed, from (1.7) and (1.8), with r = s = 1, we get

m-1 1
B (%)By—i ()
%1: k(m - k)

= iz (Bm + 1) + — <m)3m-k3k(x) + EHm_le(x) m=>2). (19)
m 2 — k m
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Simple modification of (1.9) yields

m-1

i BB ) + - 2 B (9)Boms (%)
m—1

£ 2k(2m — 2K)

1
=— Z % ( >BZkBZm 2k (%) + —Hzm 1Bo (%)

+

BBy (m=2). (1.10)

Letting x = 0 in (1.10) gives a slightly different version of the well-known Miki identity

(see [15]):
m-1
—————— BBy
22 —2k 2k D2m-2k
k=1
11 /2m 1
=— — By By, —Hs,, 1By, >2). 1.11
mZZk(2k) 2k D2 2k+m 2m-1D2 (m ) ( )

k=1

Setting x = % in (1.11) with B,, = (Lzm—l )B,y = (217 —1)B,, = Bm(%), we have

om-1

m-1

—————— BuBoy-
- 22 —2k) 2kB2m-2k

m

1 1 (2m — 1 _
=— E — BokBom—ok + —Hopm1Boy,  (m>2), (112)
m = 2k \ 2k m

which is the Faber-Pandharipande-Zagier identity (see [11]). Some of the different proofs
of Miki’s identity can be found in [13 16]. Miki in [15] exploits a formula for the Fer-
mat quotient £

i-Yokoyama in [16] employs p-adic analysis, Ges-
sel in [14] is based on two dlfferent expressions for Stirling numbers of the second
kind S;(n, k), and Dunne-Schubert in [13] uses the asymptotic expansion of some spe-
cial polynomials coming from the quantum field theory computations As we can see, all
of these proofs are quite involved. On the other hand, our proofs of Miki’s and Faber-
Pandharipande-Zagier’s identities follow from the polynomial identity (1.9), which in turn
follows immediately the Fourier series expansion of y,,((x)) in Theorems 4.1 and 4.2, with
r = s = 1, together with the elementary manipulations outlined in (1.9)-(1.12). Some related
recent work can be found in [17-21].

2 The function «,,,({x))
Let o (%) = Y 1y Bg) (x)B(,Z)_k(x) (m > 1). Then we will consider the function
=Y B ()B4 (%) (m=1),

k=0

defined on R, which is periodic with period 1.
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The Fourier series of a,,,({x)) is

Z A 271mx (21)
where
1 ) 1 )
A = / (%)) e 2" dx = / ()27 0%y, (2.2)
0 0

To continue our discussion, we need to observe the following:

o), (®) = Y (kB (x)BY) (%) + (m — k)B, (x)BY) _, (x))
k=0

m-1
Z KB, (B () + D _(m = OB ()8, 1)

k=0
m-1
Z(k+1 'WBY () +Y (m-kB x)BY,_ (x)
k=0
m-1
=(m+1)Y_ BY®)BY | (x6) = (m + Dty (). (2.3)
k=0
From this, we obtain
(“n’jj(;‘) ) = ) (2.4)
and
! 1
[ et = 2 (@) = 0). (25)

For m > 1, we set

m
A = (1) —n(0) = Y (BY MBS, (1) - BY'BY. )

m
= D> (B + kB (B, + m=00B,7 ) - BB, )
k=

0
m

=3 (m-0BYBS + kBUBS)  + k(m — K)BBS) ). (2.6)
k=0

Now, we have

an(l) =a,(0) < A,=0 (2.7)

and

1 1
/ 0 (x) dx = Al (2.8)
0

m+2



Kim et al. Journal of Inequalities and Applications (2017) 2017:221 Page 5 of 16

We now would like to determine the Fourier coefficients Aﬁ,m)
Casel:n #0.

1
Ail”’) = / 0 ()27 1% oy
0

1 , 1 1 ,
= _2_ [am(x)e—ermx] + 5 a:n(x)e—Zmnx dx
Tl Tin
1 +1 ,
= _27-”',1 (am(l) - 0(,,,(0)) + Z/lnin [ -1 (x)e—zﬂmx dx
0
m+1 1
= A(WI—I) _ A, 29
win’ " 2min " (2.9)

from which by induction on m, we can easily derive that

1 & (m+2),
A = LA prisl 2.10
" m+2],2__1: Qminy ="M (210
Case2:n=0.
1 1
Al = / (%) dx = ——— Aoy (2.11)
0 m+2

ay,((x)) (m > 1) is piecewise C™. In addition, «,,((x)) is continuous for those positive in-
tegers m with A,, = 0, and discontinuous with jump discontinuities at integers for those
positive integers with A, # 0.

Assume first that A, = 0, for a positive integer m. Then «,,(0) = «,,(1). Hence a,,({x})
is piecewise C* and continuous. Thus the Fourier series of o,,({(x)) converges uniformly
to a,,({x)), and

1 = 1 N (m+2)
- E _ § ] . 27 inx
(@) = m + 2Am+1 * ( m+2 S (2miny A"””)e

n=—00,n#0
1 1 & (m+2 O, gminx
= A + A | =7 -
m+2 " m+22( j ) m“l(] Z (2miny
j=1 n=—00,n#0

m

1 1 m+2
m+2Am+1+m+2;( ; )Am,+1Bj(<x>)

B , f ¢ 7,
+A,, % (), forx (2.12)
0, forx e Z.

We are now ready to state our first result.

Theorem 2.1 For each positive integer [, let

!
Z (-k)B +kBUVBY, + k(1- kB BEY)).
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Assume that A, = 0, for a positive integer m. Then we have the following.

(@ > B(kr ((x))Bffq)f «((x)) has the Fourier series expansion

ZB x))BY, ((x))

n=—00,n#0

1 > 1 & (m+2);
S - L Apring | €277, 2.13
TETND  Crrd e 213

for all x € R, where the convergence is uniform.

- 1 2
®) DB (B (W) = —— (’”]* )Am_,+1B,»(<x>), (214)
k=0 j=0,A1
forallxin R.

Assume next that A, #0, for a positive integer m. Then «,,(0) # «,,(1). Hence a,,({x))
is piecewise C*°, and discontinuous with jump discontinuities at integers.

The Fourier series of «,,({x)) converges pointwise to «,,({x)), for x ¢ Z, and converges
to

%(am(o) + (1)) = (0) + %Am, (2.15)

forx € Z.

Now, we are ready to state our second result.

Theorem 2.2 For each positive integer I, let
I
A=Y (U-0B B + kBIUBY, + k(- BB,

k=0

Assume that A, # 0, for a positive integer m. Then we have the following.

(a) LN + i 1 Z(WHz)’A 2ina
m+2 m+2 (2miny ol

n=—00,n#0
s @NBY (%), forx¢Z, .16)
Zko mk+ A, forxeZ.
1 & (m+2
b) —— }ZO ( ; )Am_,+18;(<x>)
=Y B (0B (), forxéZ; (2.17)

k=0



Kim et al. Journal of Inequalities and Applications (2017) 2017:221 Page 7 of 16

1 & 2
s 2 (m/ )

j=0,#1
ZB Am, forx € Z. (2.18)

3 The function Bm((x))
Let B, (x) = > 10 T k (x)Bm «®) (m > 1). Then we will study the function

Zk,m i B ((%))By () (m=1),

m
k=0

defined on R, which is periodic with period 1.
The Fourier series of 8,,({x)) is

Z Bglm)eZHinx’ (31)
n=—00
where
R e 62)
0 0

Before proceeding, we need to observe the following:

“ k -k
A0t~ 2| B ) P P

IR N S I
- ; =Dl — 0 B @B ®)

m-1

D o ki W)

k=0

+

m-1

Zk‘m AL

k=0

m—

1
Z k!(m

71,(),3“( )BY (%)
= 2B01(%). (33)

From this, we get

and

1
/0 B0 dx = 2 (Bra(D) ~ B 0)). (3.5)
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For m > 1, we put

Qm = ,Bm(l) - ﬁm(o)

m
1 " 1\ R )

= 2 7iom =71 B¢ B, () - BB

£k !

“ 1

") . ppr-DY (R®) (5-1) ")

= Z k'(m—k)‘((Bkr + kB[ ") (B, + (m—k)B,,_} ) -B/,'B

£ ko !

“ 1

(1) ps-) (r-1) (o)

= Z ey ((m-k)B’B; ), + kB 'B; ,

£ ki !

+ k(m - k)BYBE ).

Now
/Sm(o) = lgm(l) — Qm =0

and
1 1
f Bul@)d = Q.
0 2

We now want to determine the Fourier coefficients B;m).
Casel:n#0

1
Bgﬂ) :/ ﬁm(x)e—Zm'mc dx
0

1 —2minx]1 1
=—— x)e +
2win ['BM( ) ]0

2min

1
/ ﬁ;n(x)e—Zninx dx
0

: 2 ' —27inx
=~ (Bu) = Bu(0) + 5 /0 B (e > i

_ 2 gy L
2mwin " 2min

me

From this, we easily get the following result by induction on m:

m_ N~ 2

B = — —— Q-
" ;(2nin)1 mH
Case2:n=0

1
1
BE)m) :/ ﬂm(x) dx = _QWI+1'
0 2

Page 8 of 16

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

Bm({x)) (m > 1) is piecewise C*°. Moreover, B,,({x)) is continuous for those positive in-

tegers m with ,, = 0 and discontinuous with jump discontinuities at integers for those

positive integers m with Q,, # 0.
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Assume first that 2, = 0, for a positive integer m. Then 8,,(0) = 8,,(1). Hence B,,({x))
is piecewise C* and continuous. Thus the Fourier series of §,,({x)) converges uniformly
to Bm((x)), and

1 - - Zj_l T inx
:Bm(<x>) = EQmH + Z (— 12:1: mgm—ﬂl)ez

n=—00,n#0

oo

1 m 21’—1 e2rmx
_ = o -
5 St Z i S| 2 Qriny
j=1 n=—00,n#0

2 Bi((x), forx¢?Z,
_ _Qm+1 N Z Q1B () + D 1{(®)),  for (3.12)
J! ! 0, forx € Z.

Now, we can state our first result.

Theorem 3.1 For each positive integer [, let
!

1 50 " )
Ql:;kl(l—k)!((l BB + kBB + k- BB, (3.13)
=0

Assume that Q,, = 0, for a positive integer m. Then we have the following.
(@) X, k!(W}_k (( ))B %)) has the Fourier expansion

m 1 ; ;
2 WBQ)(W)B%((M)
k=0

o0 i—
— lQmH + E — Em Lls‘zm 1 eZﬂmx (3‘14,)
2 Qminy ™ "7

n=—00,n#0 j=1

for all x € R, where the convergence is uniform.

m 1 m 21'—1
(b) Zm32’>(<x>)3<,;>_k(<x>) = > QB (), (3.15)
k=0 j=0,j#1
forallx e R.

Assume next that Q,,, # 0, for a positive integer m. Then B,,(0) # 8,,(1). Hence ,,({x)) is
piecewise C*, and discontinuous with jump discontinuities at integers. Then the Fourier

series of B,,({x)) converges pointwise to S,,({x)), for x ¢ Z, and converges to

S (B10) + B1) = ul0) + 30 (3.16)

forx € Z.

Now, we can state our second result.
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Theorem 3.2 For each positive integer [, let

!
Z l k)' (U= RBY B, + kBB + k(U= KB B, (3.17)
k=0

Assume that Q,,, # 0, for a positive integer m. Then we have the following:

- 2j71 Q 27w inx
Z(Znin)/ oyl )€

@ 50w+ Y (—

n=—00,n#0 j=1
Y B x)), forx¢Z,
_ [ sl . 5 .
Zk=0 WB]( BWI7I< + EQW” forx €.
m 2}'_1
(b) Z }TQm—HlB/((x))
0 7

= Z FB,({)((@)BQJ(((X)), forx & Z; Z ]' —}+1Bj(<x>)

ke =0 j0jA
m
1 1
=2 mB,ﬁ’)Bﬁik + 5 Sm forxeZ.

(3.19)

4 The function ym((x))

Let y(x) = > 1 1 Ton L g) (x)B(;l)_k (%) (m > 2). Then we will investigate the function

<« 1 T S
D=2 wo B (@B (),

k=1

defined on R, which is periodic with period 1.

The Fourier series of y,,({x)) is

[o¢]
Z C}(qm)eZJrinx’ (4.1)
n=—00
where
1 1
c = [ () dn= [ ptare > @2)
0 0

To proceed, we need to observe the following:

m-1 m-1

! 1 r S, 1 r S
V) = D —— BB () + D B @B, ()
k=1 k=1
m-2 m-1
1 1
=) BU @B @+ Y BYWB ()

=0 k=1

f
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n2 1 1 ©
:Z<7m - /—) (x)B 1k(x)+

1 1
— B @) + B ()

k=1
w2 1 1 1
(") (. RS) ) )
=(m-1 - B"”«)B B B
(m )kZﬂj R T B WELL @ + B )+ B @)
1
= (m—=1)yma(x) + p— © @) + p— " (). (4.3)
From this, we easily obtain
1 1 ") 1 ) '
(= - B -~ B 4.4
Yim(x) (m <Vm+1(x) P Y a1 (%) o E— a1 (%) (4.4)
and
1 1 1 1 1
(X)) dx = — | Vi - B” (x)- ———BY
[ st = ) B0 - 0|
1 1 r r
- (ymﬂ(l) = Ym0 = s (BY (1) - B!, (0))
1 ©
- (B¥ . ()-BY (0
o B -5 0)
1 1 1
= <Vm+1(1) — Ym1(0) - ZB(’Z_D - %Bii;”). (4.5)
Let A1 =0, and for m > 2, we let
Am = Vm(l) - Vm(o)
m-1 1
T s) 7, s)
=D i BB - BB
k=1
m-1 1
) (r-1) 1) () pls)
= Z m((Bk +kBy_; )( i+ (m— k)BnSq k- 1) By Brit—k)
k=1
m-1 1
r) p(s—1 (r-1) p(s
= k(m —k) ((Vl’l - k)Bz )Bin—k)—l + kBk—l )Bffn)—k
k=1
+k(m - kBB ). (4.6)
Then evidently we have
Ym(0) =yu(1) & A,=0 (4.7)
and
1 1 1
f Vi (%) dx = o (A,,,+1 - —B(’ D mng, 1>>. (4.8)
0

We now would like to determine the Fourier coefficient Cﬁ,m)
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Casel:n#0

1
C}Elm) — / ym(x)e—Zninx dx
0

1 N 1 1 .
__27-”‘;,[ [)/m(x)e 27szc]0 + 27_”»}1/ yr/n(x)e 2minX .
0

L (D) = ym(0)

" 2min
¥ / (om =Dy + B0 )+ ——BY () )2
2win J, m-1 """ m—-1"""
m—1 1
_ (m-1) —2minx
= - x)e dx
2mwin " 2min Am+ 277m(m 1) _/ 1@

1 1 ,
(s) —2minx
+ — B x)e dx
2min(m —1) /0 m-1(%)

ey L 1 g0
2mwin " 2min 2min(m —1)
1
- (4.9)
2min(m —1)
where
mz (m - l)k
— (2mwin)k B, k v
1 . DBV for n#0,
/ BY (x)e "% dy = Zlk ! 2’”" A 7 (4.10)
BE’ ), forn=0.
Thus we have shown that
m-—1 1 1 1
clm _ clm-1) _ _ " _ b, 411
" 2min " 2win. " 2minm—-1) ™ 2minim-1) ™ (4.1
from which, by induction on m, we can show that
m— 1 Wl 1)
J— 1 (r) (s)
P [} +d ). 4.12
Z (an)/ 1 Z (271m)1(m /) ( m—j+l ’"‘“1) (4.12)

e m-1) Z(m Pk
= miny(m —j) (2min)k ”’” k
m-1 m—j

m 1)]+k 1 (r-1)
Qriny*(m - j) j) Ik
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_WIZ_I 1 m](m 1)/+k1 (r-1)
- i k m=j-k
TG Qminy*
-1
_ MZ: 1 zm: (m =1 B
= -j 4 Qmin)k Mk
k-1
B Z (m -1 o1 1
- Nk m—k _
P (2min) = j
m
(m — 1)
_Z 3 kl (rl(Hml_Hmk)
P (2min)
1~ (me
- (2nm)k35;-1k)(H’”‘1 —Hpp). (4.13)

Finally, we get the following expression of ci forn #0:

= Z (27{”1)/( Apks1 + (Hm—l - Hy k)( m— k +B )) (414)
Case2:n=0
e 1 1 1
cy = / Ym(®)dx = — (Am+1 - —BU_ —Bﬁj”). (4.15)
0 m m m

Ym({x)), (m > 2) is piecewise C*. In addition, y,,({(x)) is continuous for those integers
m > 2 with A, = 0, and discontinuous with jump discontinuities at integers for those
integer m > 2 with A,, #0.

Assume first that A, = 0, for an integer m > 2. Then y,,(0) = y,,(1). Hence y,,({x)) is
piecewise C*, and continuous. Thus the Fourier series of y,,({x)) converges uniformly to
Ym((x)), and

1
J/’”((x)) = m (Am+l - ;Bg;l) - ZBS’D)

m
< i e2m’nx )
x | —k! —
Ty
ey (2min)

1 1 . 1
= <Am+1 - EB;Z Y- ZB(,Z D)
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”/’:) m—k+1 + (Hyp1 = Hypy k)( - ?"’B )}Bk(< ))

3

k=2

§|*—‘

(
l ), forx¢Z,
(¥

forxeZ
1 m
% Z ) m—ke1 + (Hypy = Hipy_ k)( m—, k +B )}Bk(( ))
k=0,k+1
N Am « Bl(<x>)) forx ¢ Z, (416)

0, forx € Z.
Now, we are ready to state our first result.

Theorem 4.1 For each integer [ > 2, let

-1
1 () pls-1) (1) p(s)
A= kXI: =i - RBIBEE + kBB,

+ k(- BB, (4.17)

with A1 =0. Assume that A, = 0, for an integer m > 2. Then we have the following.
(a) Zk 1 km 5B ( )Bm (X)) has the Fourier expansion

m-1

ka k >)B(s (< >)

k=1

1 1 o 1 .
= %<Am+1 - %Bﬁg ) — ZBﬁ; >)

—— 2\ (m)x
T Z {_ k2=1: (27Ti1;)/< (At + (Hyps = Hyit)

n=—o0,n#0

y (Bg,j() N BS,—_lk))) }e2ninx’ (4.18)

for all x € R, where the convergence is uniform.
m-1

1 r S
mBlg ((@))By (%)
k=1

1 m
= Z Z <7:> {Am—k+1 + (H-1 — Hyx) (B(r:lj() + Bii:lk))}Bk((x» (4.19)
forall x e R.

Assume next that A, # 0, for an integers m > 2. Then y,,(0) # y,»(1). Hence y,,({(x)) is

piecewise C*°, and discontinuous with jump discontinuities at integers. Thus the Fourier
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series of y,,({x)) converges pointwise to y,,((x)), for x ¢ Z, and converges to

1 1
E(Vm(o) + ym(l)) = ym(0) + EAm;

forx € Z.
Now, we can state our second result.

Theorem 4.2 For each integer [ > 2, let

—

I
1 () pls=1) (r=1) p(s)
A= e (1= kBB, + kBB,

+ k(- BB,

>
I

with Ay = 0. Assume that A,, # 0, for an integer m > 2. Then we have the following:
1 _ L pe
(a) ; Am+l - ;Bm - ;Bm

1 < " (m)
* a Z {_ Z m (Am—k+1 + (Hp1 — Hik)
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(4.20)

(4.21)

(4.22)

(4.23)

It is shown in a previous work that Faber-Pandharipande-Zagier’s and Miki’s identities

can be derived from a polynomial identity, which in turn follows from the Fourier series

expansion of sums of products of Bernoulli functions. Motivated by and generalizing this,

we consider three types of functions given by sums of products of higher-order Bernoulli

functions and we obtain some new identities arising from Fourier series expansions associ-

ated with sums of products of higher-order Bernoulli functions. Moreover, we will express

each of them in terms of Bernoulli functions. The Fourier series expansion of the sums of

products of higher-order Bernoulli functions are useful in computing the special values
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of the zeta and multiple zeta function. It is expected that the Fourier series of the sums
of products of higher-order Bernoulli functions will find some applications in connection
with a certain zeta function and the higher-order Bernoulli numbers.

6 Conclusion

In this paper, we considered the Fourier series expansion of the sums of products of higher-
order Bernoulli functions which are obtained by extending by periodicity of period the
Bernoulli polynomials on [0, 1). The Fourier series are explicitly determined.
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