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1 Introduction

In 1836 to 1837, the French mathematicians Jacques Charles Frangois Sturm (1803-1855)
and Joseph Liouville (1809-1882) published several papers that initiated a new subtopic of
mathematical analysis: the Sturm-Liouville theory. Sturm and Liouville were concerned

with the general linear homogeneous second-order differential equation of the form
(p(x)u’)/ +qxX)u = awx)u ifx € [a,b], (1.1)

where the potentials are given functions. Under various boundary conditions, Sturm and
Liouville established that solutions of problem (1.1) can exist only for particular values of
the real parameter A, which is called an eigenvalue. Relevant examples of linear Sturm-
Liouville problems are the Bessel equation and the Legendre equation.

The classical Sturm-Liouville theory does not depend upon the calculus of variations but
stems from the theory of ordinary linear or nonlinear differential equations. Linear Sturm-
Liouville equations can be also studied in the context of functional analysis by means
of self-adjoint operators or integral operators with a continuous symmetric kernel (the
Green’s function of the problem). Certain applications involving linear partial differential
equations can be treated with the help of the Sturm-Liouville theory, for instance the nor-
mal modes of vibration of a thin membrane. We also refer to [1], where a perturbed nonlin-
ear Sturm-Liouville problem with superlinear convex nonlinearity is studied. In the recent
paper [2], the authors study a class of discrete anisotropic Sturm-Liouville problems. We
also refer to [3-5] for related properties of solutions of Sturm-Liouville problems.
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In the present paper, we are concerned with a class of nonlinear Sturm-Liouville prob-
lems and we establish some qualitative properties of the eigenvalues by using variational
principles. A feature of our work is the presence of the derivative in the nonlinear term,
which creates further technical constraints.

Our main purpose in this paper is to establish a range of eigenvalues in a suitable interval
in order to create at least one eigenfunction. As a consequence, we establish sufficient
conditions for the existence of two or three solutions.

Consider the following quasilinear Sturm-Liouville problem with Dirichlet boundary

condition on a bounded interval [a, b] in R:

—(p =D @)P2u" (x) = M (x, wh(x,u), x € (a,b), 12)
u(a) = u(b) = 0.

We assume that p > 1, A is a positive parameter, 4 : [a,b] x R — [0, +00) is a bounded

and continuous function with m := inf(, ye[q 5« A(x, ) > 0 and f : [a,5] x R — R is an

L'-Carathéodory function.

Dirichlet boundary value problems have been widely studied because of their applica-
tions to various fields of applied sciences such as mechanical engineering, control systems,
computer science, economics, artificial or biological neural networks and many others.

In this connection, several existence and multiplicity results for solutions to second-
order ordinary differential nonlinear equations, with the nonlinearity dependent on the
derivative and Dirichlet conditions at the ends, have been investigated making use of vari-
ational methods.

For instance, Graef et al. in [6], by using a three critical point theorem of Ricceri (7],
proved the existence of at least three classical solutions for the Dirichlet quasilinear elliptic
system

—(pi = D|uj(x) 1P uf (x)
= [)\Fui(x; ulr'-‘run) +MGui(x,u1,...,un)]hi(x, u:)r LS (ﬂ,b), (13)
ui(a)=u;(b)=0 forl<i<n,

where p; >1for1 <i<mn, A >0 and u > 0 are parameters, a,b € R with a < b, h; : [a,b] X
R — [0, +00) is a bounded and continuous function with m1; := inf(y e[qp)xr #:i(%, £) > 0
for 1 <i <wmn, F:[a,b] x R" — R is a function such that the mapping (t,t,...,t,) —
F(x,t1,t,...,t,) is in C! in R” for all x € [a, b], F;, is continuous in [a,b] x R” for 1 <
i <mn,and F(x,0,...,0) = 0 for all x € [a, b]. Here, F;, denotes the partial derivative of F
with respect to ¢;. Similarly, G : [4,b] x R” — R is a function such that (¢, %,...,t,) —
G(x,t1,t2,...,t,) is in C' in R” for all x € [a,b], and G,, is continuous in [a,b] x R” for
1<i<n.

Successively, in [8], the authors considered the system (1.3) in the case u = 0, finding
the existence of infinitely many classical solutions for certain values of the parameter X by
using variational methods.

Further, the authors in [9], applying a recent critical point theorem of Ricceri [7], estab-
lished the existence of at least one nontrivial solution for the problem

—u” = [M(x,u) + g(u)]h(x,u4’) in(0,1),
u(0) = u(1) =0,
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where A is a positive parameter, f : [0,1] x R — R is an L!-Carathéodory function, g :
R — R is a Lipschitz continuous function with g(0) =0, and %: [0,1] x R — [0, +00) is a
bounded and continuous function with m1 := inf(, (0,1 xRk /(% £) > 0.

In the present paper, first we obtain the existence of at least one solution for problem
(1.2). It is worth noticing that, usually, to obtain the existence of one solution, asymptotic
conditions both at zero and at infinity on the nonlinear term are requested, while here
it is assumed only a unique algebraic condition (see (A4) in Theorem 3.3). As a conse-
quence, by combining with the classical Ambrosetti-Rabinowitz condition (see [10]), the
existence of two solutions is obtained (see Theorem 4.1). Subsequently, an existence re-
sult of three nonnegative solutions is obtained combining two algebraic conditions which
guarantee the existence of two local minima for the Euler-Lagrange functional and ap-
plying the mountain pass theorem as given by Pucci and Serrin (see [11]) to ensure the
existence of the third critical point (see Theorem 4.5).

As an example, we state here the following special case of Theorem 4.5.

Theorem 1.1 Let i : R — [0,+00) be a bounded and continuous function with m :=
infier h(£) > 0 and M := sup,cg h(t), and g : R — R be a nonnegative continuous function
with g(0) # 0 such that

t t
lim & = 400, lim & =
t—0t t—>+00

0,

and

1 77 2
Ag(x)d&mﬁfo g(x) dx.

Then, for each

32 2
WIS
m [y gx)dx M [, g(x)dx
the problem

(1.4)

—u"(x) = 2xgw)h(@), =x€(0,1),
u(0)=u(1)=0

admits at least three positive classical solutions in Wé’z([O, 1]).

Finally, we point out that Theorem 1.1 ensures a precise conclusion in the sense that
a location of the parameter X in order to obtain at least three distinct solutions is also
provided.

2 Preliminaries
For a given nonempty set X and two functionals ®, ¥ : X — R, we define the following

functions:

su - W(u)—¥(v
B(r,ry):=  inf Puco-tgnrp ¥ () v)
ved-L(rm)) ry — ®(v)

’
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\D(V) - Supuedfl(]—oo,rl]) \IJ(M)
pa(r,re) = sup
ve®-1(1n,m) dW) -n

for all r1,ry € R, with r; <y, and

\I/(V) — Supu€¢f1(]_ooyr]) \If(u)
W) -r

p(r):=  sup

ved-1(]r,+00[)
for all r e R.

Theorem 2.1 ([7]) Let X be a real Banach space; ® : X — R be a sequentially weakly lower
semicontinuous, coercive and continuously Gateaux differentiable function whose Gdteaux
derivative admits a continuous inverse on X*; W : X — R be a continuously Gdteaux dif-
ferentiable function whose Gdteaux derivative is compact. Put I, := ® — AV and assume

that there are r1,ry € R, with r1 < ry, such that

B(r1,12) < pa(r1, 12). (2.1)

Then, for each X e]m, m[, there is ug € ©(ry, ral) such that L, (uo,) < I, (u)

Sorall u € ®7(Iry, r2[) and I, (ug,,) = 0.

Theorem 2.2 ([7]) Let X be a real Banach space; ® : X — R be a continuously Gdateaux
differentiable function whose Gdteaux derivative admits a continuous inverse on X*; W :
X — R be a continuously Gateaux differentiable function whose Gdteaux derivative is

compact. Fix infy ® < r < supy ® and assume that
p(r)>0, (2.2)

and for each A > ﬁ the function I, = ® — AW is coercive.
Then, for each A > ﬁ, there is up,, € ®71(|r, +0o[) such that I, (uo,) < I (u) for all u €
&(]r, +o0[) and I} (uo,) = 0.

Let &1 : [a,b] x R — [0, +00) be a bounded and continuous function with

m:= inf  h(x,t) >0,
(x,t)€la,b] xR

and f : [a,b] x R — R be an L!-Carathéodory function.
We recall that f : [a, b] x R — R is an L!-Carathéodory function if
(@) x> f(x, &) is measurable for every & € R;
(b) &+ f(x,&) is continuous for almost every x € [a, b];
(c) for every p > 0, there is a function [, € L'([a, b]) such that

sup [f (%, &) < 1,(x),

[El<p

for almost every x € [a, b].



Afrouzi et al. Boundary Value Problems (2015) 2015:81

Corresponding to f and %, we introduce the functions F : [a,b] x R — R and H : [a, b] x

R — [0, +00), respectively, as follows:

Flao,) = /0 Flo€)dt

and

_ [ [ e-Disr
H(x,t).—A < A W{M)dr

for all x € [4,b] and t € R. Also, we use the following notation:

M:= sup h(x,1t).
(x,t)€la,b] xR

Here and in the following, let X := W&’p ([a, b]) equipped with the norm

b 1/p
o] == </ |u'(x)|pdx) .

Then, X is a reflexive real Banach space. Since p > 1, X is compactly embedded in C°([a, b])

and

(-Dip
lulloo < ¥II Il (2.3)

for all u € X (see, e.g., [12]).

By a classical solution of problem (1.2), we mean a function u such that u € C!([a, b]),
u' € AC([a, b)), and u(x) satisfies (1.2) a.e. on [a, b]. We say that a function u € X is a weak
solution of problem (1.2) if

fJ(/O (Ph(lyz,h;PZd) x) dx — kffx, Ju(x)dx = 0

forallveX.
The following lemma is taken from [6], Lemma 2.2.

Lemma 2.3 A weak solution to (1.2) in X coincides with a classical solution to (1.2).

We cite recent monographs [13—-15] as general references for the basic notions used in

the paper.

3 Main results

In this section we present our main results. To be precise, we establish an existence result
of at least one solution, Theorem 3.1, which is based on Theorem 2.1, and we point out
some consequences, Theorems 3.2, 3.3 and 3.4. Finally, we present another existence result

of at least one solution, Theorem 3.7, which is based in turn on Theorem 2.2.

Page 5 of 17
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Throughout the sequel, «, 8 are two positive constants such that o + 8 < b —a. Now, put

D: a‘p+1+ﬁ_p+1).

_ (p - 1)19—2 (
p
Given two nonnegative constants c, d, with

m(2c)’ #Dd? (b — a)’pM,

put

) fab max| <. F(x,t) dx — fﬂbj F(x,d)dx
Aal) = m(2c)? — DdP(b — a)P-1pM '

Theorem 3.1 Assume that there exist a nonnegative constant ¢, and two positive constants
¢y, d, with

(b- a)(p_l)/p(pD)l/p m 1/p
< d< (—) Co,
2 M

such that

(A1) F(x,t) >0 forall (x,t) € ([a,a+a] U [b-B,b]) x [0,d];

(A2) aqlca) < aqlcr).

Then, for each

Ne 1 :| 1 1 |:
(b—ay-\pmM | aq(cr)’ aq(co) |
problem (1.2) admits at least one nontrivial classical solution u € X such that

2m1/p

b —aye it <l <

(b—a)e-Dir >

Proof Our aim is to apply Theorem 2.1 to our problem. To this end, for each u € X, let the
functionals ®, ¥ : X — R be defined by

b
d(u) :=/ H(x,u/(x)) dx
and
b
W (1) ::/ F(x,u(x)) dx,
and put
L(u):= ®(u) - AV (u) YuelX.

Note that the weak solutions of (1.2) are exactly the critical points of I;. The functionals ®
and W satisfy the regularity assumptions of Theorem 2.1. Indeed, by standard arguments,
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we have that ® is continuously Géteaux differentiable and its Gateaux derivative is the
functional ®'(u) € X* given by

, B b u (x) (p_l)l.L.lp—Z ,
D' (u)(v) —/u (/0 W d‘L’)V (x) dx

for every v € X. Since &’ is monotone (see the proof of [6], Lemma 2.1), by applying
[16], Proposition 25.20, ® is sequentially weakly lower semicontinuous. Again by [6],
Lemma 2.1, @' : X — X™* admits a continuous inverse. On the other hand, the fact that X
is compactly embedded into C°([a, b]) implies that the functional ¥ is well defined, con-
tinuously Gateaux differentiable and with compact derivative, whose Gateaux derivative
is given by

b
\IJ/(u)(v)zf £ (% u(x))v(x) dx

for every v € X.
Also, since m < h(x,t) < M for all (x,t) € [a,b] x R, we see that

1 1
—||u|lP < ®(u) < —||u||? forallu € X. (3.2)
M pm
Now, put
27 27
rn:= ry:

(b a)P‘lpMcf’ T (b- a)P‘lpMcg’

and
#d(x—oz)”‘1 ifa<x<a+a,
w(x):=1d ifa+ta<x<b-8,
#d(b—x)ﬁ‘1 ifb—B<x<bh.

It is easy to verify that w € X and, in particular, one has
[wll? = df (p — 1) (a« ™ + B7*) = pDd .

So, from (3.2), we have

Dd? Dadr
— <P(w) < —.
M m
From condition (3.1), we obtain r; < ®(w) < ry. For all u € X such that ®(u) < ry, taking
(2.3) into account, one has |u(x)| < ¢, for all x € [a, b], from which it follows

b
sup U(u) = sup / F(x, u(x)) dx
ued-1(]—oo,r[) ued1(]-oo,rm[) Ya

b

=< max F(x, t) dx.
a |tI=e
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Arguing as before, we obtain

b
sup W(u)f/ max F(x, t) dx.
)} a

ued-1(]-oc0,r ltl=ey

Since 0 < w(x) < d for each x € [a, b], assumption (A;) ensures that

b-p
W(w) Z/ F(x,d)dx.

+a

Then we get
b b-8
Hlax F(x,t)dx > / F(x,d)dx,
a ltI=c2 ata

and thus a,4(cy) > 0. At this point, one has

SUP e 100,y ) ¥ () — W (W)
ry — ®(w)

}3(7’1,7’2) <

- f:maxmﬂz F(x,t) dx — fab;f F(x,d)dx
= — v _ D@
(b-app-lpM ™2 m

[P maxjy<c, F(x,0)dx — [ F(x,d) dx

a+o

m(2¢y)? — DdP (b — a)P-1pM
= [(b—ay " pmM]aa(c,).

= (b-a)f ' pmM

Since a;(c;) > 0, hypothesis (A;) implies that

b b-B
max F(x,t) dx < / F(x,d)dx.

a ltI=ca o

So, one has
\IJ(W) — Supued)—l(]_oo 1) \Ij(u)
< ,
p2(r1, 1) > dw) -1
b— b
- famﬂ F(x,d)dx — [ max, <, F(x,t)dx
- DdP _ » P

m  (-ap1pM "1

S P, d) d = [ maxzo, F(x,£) dx
Ddr (b — ayp-pM — m(2¢)?

= [(b-a) " pmM]aq(cy).

= (b-af ' pmM

Hence, from assumption (A,), one has 8(r,r3) < p2(r1, 72). Therefore, from Theorem 2.1,

1 1 1 . . s c . =
for each A € m] L) [, the functional I, admits at least one critical point u
such that

ag(c)

r < ®u) <ry,
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that is,

2ml/r

e < 1l <

2
(b—a)r-Dip
So, applying Lemma 2.3, the conclusion is achieved. d
Now, we point out an immediate consequence of Theorem 3.1.

Theorem 3.2 Assume that there exist two positive constants c, d, with

(b-a)eVeED)r (i \ P
d< ( > c

2 M

such that assumption (Ay) in Theorem 3.1 holds. Furthermore, suppose that

(A3)
[P maxy < Fx,t)dx (7 F(x,d)dx
m(2c) “ Dar(b—aypM’
Then, for each
. ] Dd? (2c)? [
m ﬂbj F(x,d)dx (b— a)p-pM fﬂh max| <. F(x,t) dx ’

problem (1.2) admits at least one nontrivial classical solution u € X such that |u(x)| < c for
all x € [a, b].

Proof The conclusion follows from Theorem 3.1, by taking ¢; = 0 and ¢, = ¢. Indeed, owing
to assumption (A3), one has

[? maxy< Fx,t)dx — [P F(x,d) dx

a+o

m(2c)? — DdP(b — a)P\pM

aq(c) =

P (h-a)p~! b
1- W)[a max <. F(x, £) dx

m(2¢)? — Dd? (b — a)r'pM

1 b
=— f max F(x, t) dx.
m(2c)? J, ltl<c

On the other hand, one has

[7P F(x,d) dx

%0) = Db —ap-ipai’

Hence, taking assumption (A3) and (2.3) into account, Theorem 3.1 ensures the conclu-
sion. O

Now, we point out a special situation of our main result when the nonlinear term has
separable variables. To be precise, let y € L!([a, b]) such that y (x) > O a.e. x € [a,b], y #£ 0,
and let g : R — R be a nonnegative continuous function. Consider the following Dirichlet
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boundary value problem:

:—(p — D) ()72 (x) = Ay ()g(Wh(x, i), x € (a,b), 653)

u(a) = u(b) = 0.

Put G(¢) := f(fg(é) dt forall t € R, and set ||y |y := f: y (x) dx.

Theorem 3.3 Assume that there exist two positive constants ¢, d, with

(b — )P~V (pD)VP m\"?
d< ( > c

2 M

such that

(Ag)

GO _ ( 2 [t v (5) dx ) G(d)
[ D(b-aypMlylh) dr

Then, for each

re ] D a 2’ e’ [
m [7P () dx G@)' (b—appMiy I GO |

problem (3.3) admits at least one positive classical solution u € X such that uu(x) < c for all
x € [a,b].

Proof Putf(x,&):=y(x)g(&) forall (x,&) € [a,b] x R. Clearly, one has F(x, t) = y (x)G(t) for
all (x,¢) € [a,b] x R. Therefore, taking into account that G is a nondecreasing function,
Theorem 3.2 ensures the existence of a non-zero classical solution z. We claim that it
is nonnegative. In fact, arguing by contradiction and setting A := {x € [a,b] : u(x) < 0},
one has A # @. Put v := min{#, 0}, one has v € X. So, taking into account that « is a weak

solution and by choosing v = v, from our sign assumptions on the data, one has

it (x) (P _ 1)|.L.|p—2 y ) ) ) <
A(A W dt)u (x)dx = AAy(x)g(u(x))u(x) dx <0.

On the other hand,

1 ‘O p-niep
— @l ,, < e )i (x) d.
M||u||Wé,p(A)_/;</o o) r)u(x) x

So, llull e w = 0, which is absurd. Hence, our claim is proved. Now, owing to the strong
0

maximum principle (see, e.g., [17], Theorem 11.1) the classical solution #, being non-zero,

is positive and the conclusion is achieved. O

We now give a special case of our main result as follows.

Theorem 3.4 Assume that

(As) lim;_, o+ % = +00.
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Furthermore, for each ¢ > 0, set

20 g
Mo
© (b-appMllyl Gle)

Then, for every A €10, 1:[, problem (3.3) admits at least one positive classical solution.

Proof Fix c¢>0and X €]0,A[. From (As) we get lim;_, o+ % = 0. Thus, there exists a pos-

itive constant d satisfying

2ml/p

< b= e P (pMD)

such that
D ar or o
b—B <A< ) —_—
m [, 7y (x)dx G(d) (b - ay-pM|ly I G(c)

Hence, owing to Theorem 3.3, for every A €10, %[, problem (3.3) admits at least one pos-
itive classical solution # € X. The proof is complete. g

Remark 3.5 We claim that under the above assumptions, the mapping A +— L, (%) is
negative and strictly decreasing in ]0,1%[. Indeed, the restriction of the functional I, to
®71(]0,7,[), where 5 := %, admits a global minimum, which is a critical point (lo-
cal minimum) of I; in X. Moreover, since w € ®71(]0, r,[) and
D(w) DdP
<

A
V)~ mGd) [Ty dx

a+o

we have
L) < L(w) = d(w) — A¥(w) < 0.

Next, we observe that

L(u) = & ( (Di”) - \Il(u))

for every u € X and fix 0 < A1 < A3 < . Set

iy, = (‘DG‘I) - \Il(ﬁl)> - inf (Q(”) - \Il(u))

A ued-100nD\ A1
and
(i ®
m, = ( ) _ \11(512)> = inf < W) _ \Il(u)>.
A2 ue® (0D \ A2

Clearly, as claimed before, m;, < 0 (for i = 1,2), and m,, < m,, thanks to A; < A,. Then the
mapping A > I, (&) is strictly decreasing in ]0, A}[ owing to

L, (i) = Aoy, < hommyy < hamy, = I, ().

This concludes the proof of our claim.



Afrouzi et al. Boundary Value Problems (2015) 2015:81 Page 12 of 17

Remark 3.6 Inother words, Theorem 3.4 ensures that if the asymptotic condition at zero
(As) is verified, then, for every parameter A belonging to the real interval ]0, A*[, where

2¢ led
A= —————————sup ——,
(b —a)p~'pM|y Il 0 G(c)
problem (3.3) admits at least one positive classical solution & € X.

Finally, we present an application of Theorem 2.2 which we will use in the next section
to obtain multiple solutions.

Theorem 3.7 Assume that there exist two constants ¢, d, with

b — a)e-Vp(pD)P _
) : WD) 5

’

such that

(Ag) fabmaxmigl-"(x, t) dx<f:j F(x,d)dx;

(A7) limsupy, % < 0 uniformly in x.

Then, for each A > i, where

Dd?(b — a)?'pM — m(2c)?
(b - aypmM (" F(x,d)dx — [” maxy < F(x,t) dx)

at+o

A=

problem (1.2) admits at least one nontrivial classical solution u € X such that

2m1/p ~

”u” > (b _ a)(p—l)/PMl/p c.

Proof The functionals ® and W defined in the proof of Theorem 3.1 satisfy all regularity
assumptions requested in Theorem 2.2. Moreover, by standard computations, assumption
(A7) implies that I, A > 0, is coercive. So, our aim is to verify condition (2.2) of Theo-
rem 2.2. To this end, put

2P —p
(b—aypM®

and
051,1—_16_1(x—oz)1”‘1 ifa<x<a+a,
w(x):={d ifa+t+a<x<b-p8,
ﬁo_i(b—x)”‘1 ifb—B<x<bh.

Arguing as in the proof of Theorem 3.1, we obtain that

f::aﬂ F(x,d)dx — f: max <z F(x, t) dx

—a)?
P = b ) e b L — (22

So, from our assumption it follows that p(r) > 0.
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Hence, from Theorem 2.2 for each A > A, the functional I, admits at least one local

minimum # such that

1/p

11> G

and the conclusion is achieved. O

4 Multiplicity results
The main aim of this section is to present multiplicity results. First, as a consequence of
Theorem 3.1, taking into account the classical theorem of Ambrosetti and Rabinowitz, we

have the following multiplicity result.

Theorem 4.1 Let the assumptions of Theorem 3.1 be satisfied, and f(-,0) # 0 in (a,b).
Moreover, let

(Ag) there exist positive constants v and R such that vm > pM, and for all |t| > R and x €

[a, b, one has
0 <VvF(x,t) <t-f(x,0).

Then, for each

N 1 i| 1 1 |:
€ ) )
(b—a)y-tpmM |a(c1) aq(cs)
problem (1.2) admits at least two nontrivial classical solutions uy, i, such that

zml/p

(b — a)e-Dipplp (4-1)

< il < Gy
Proof Fix A as in the conclusion. So, Theorem 3.1 ensures that problem (1.2) admits at least
one nontrivial classical solution #; satisfying condition (4.1) which is a local minimum of
the functional I, .

Now, we prove the existence of the second solution distinct from the first one. To this
end, we must show that the functional /, satisfies the hypotheses of the mountain pass
theorem.

Clearly, the functional I, is of class C' and I, (0) = 0.

We can assume that #; is a strict local minimum for I, in X. Therefore, there is p > 0
such that infy,_z, -, [, (4) > I (it1), so condition [18], (I;), Theorem 2.2, is verified.

From (Ag), by standard computations, there is a positive constant C such that

F(x,t) > Clt|" (4.2)
for all x € [4, b] and |¢| > R. In fact, setting a(x) := minz_g F(x,£) and

©i(s) := F(x,st), Vs>0, (4.3)
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by (As), for every x € [a,b] and |£| > R, one has
0 < vg,(s) = VF(x,s8) < st - f(x,s8) = sp;(s), Vs> —.
Therefore,
/1 ¢i(s) dsz/l de,
Rije #2(8) RIltl S

Then

R\ (2"
1) > — =
@i )_(pt<|t|)R“

Taking into account (4.3), we obtain

R LY L’
F(x,t) > F|x, —t 1l za(x)uzcm",
lt| ) RY RY

where C > 0 is a constant. Thus, (4.2) is proved. Now, choosing any u# € X \ {0}, one has
t b ’
L(tw) = (& — AW (tu) < — ||ull? - u”c/ |u(x)|" dx — o0
pm a

as t — +00 (since v > p). So, the functional I, is unbounded from below and condition
[18], (1), Theorem 2.2, is verified. Therefore, I, satisfies the geometry of mountain pass.

Now, to verify the Palais-Smale condition, it is sufficient to prove that any sequence of
Palais-Smale is bounded. To this end, taking into account (Ag) one has

Ulk(un) - ||I),\(un)

> v (uy) — I () (4)

x| ¢l

=v®(u,) — AW (1) — D () ) + AV (1) (14,

S 1 P ’ F d
—(W_Z>”u”“ - fa[u (26, 1 (%)) —f (%, 100 (%)) 10 (%) ]

> (lﬁ - %) 2417 (4.4)

If {u,} is not bounded, from (4.4) we have a contradiction. Thus, I, satisfies the Palais-
Smale condition.

Hence, the classical theorem of Ambrosetti and Rabinowitz ensures a critical point i,
of I, such that I, (iz5) > L, (it1). So, i1 and u, are two distinct classical solutions of (1.2) and
the proof is complete. d

Corollary 4.2 Assume that there exist two positive constants c, d, with

b - a)(p_l)/p(pD)l/p m\ P
d< (—) ¢
2 M

such that (Ay) holds. Assume also that
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(Ag) there exist positive constants v and R such that vim > pM, and for all |t| > R, one has
0<vG(t) <t-g(r).

Then, for each

he ] D & 2 i[
m (7P y(x)dx G@) (b= appMily [l G|

problem (3.3) admits at least two nonnegative classical solutions uy, thy such that u,(x) < c
forall x € [a, b].

Corollary 4.3 Assume that (As) and (Ag) are satisfied. Then, for each A €]0,\*[, problem
(3.3) admits at least two nonnegative classical solutions.

Next, as a consequence of Theorems 3.7 and 3.2, the following theorem of the existence
of three classical solutions is obtained, and its consequence for the nonlinearity with sep-
arable variables is presented.

Theorem 4.4 Assume that (A7) holds. Moreover, assume that there exist four positive con-
stants ¢, d, ¢, d, with

)

_ \p-1) 1/ 1/p _ -1/ Up _
(b—a)?""P(pD) Pd< (ﬁ) c<z< (b—a)?~""?(pD) Pd
2 M - 2

such that (A3), (Ag) and

(A1) -
[P maxy< Fx,t)dx  m(["F F(x,d)dx — [ max < F(x, ) dx)
<

a+o

(2c)p Ddp (b — a)P~pM — m(2c)?

are satisfied. Then, for each

AEA = ]max[i, Dd? } ey [,

m [P7P F(x,d) dx ’ (b- a)l’—lprab max <. F(x, t) dx

a+o

problem (1.2) admits at least three classical solutions.

Proof First, we observe that A # @ owing to (Ajg). Next, fix A € A. Theorem 3.2 ensures
a nontrivial classical solution # such that

el < ma
which is a local minimum for the associated functional J;, as well as Theorem 3.7 guaran-
tees a nontrivial classical solution # such that

Zml/p

121> e

which is a local minimum for I, . Hence, the mountain pass theorem as given by Pucci and
Serrin (see [11]) ensures the conclusion. O
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Theorem 4.5 Assume that

(App) limsup,_, o+ th = +00;
(Ar2) limsup,_, % =0.

Further, assume that there exist two positive constants c, d, with

(b—a)PVP(pD)lp _
c< 5 d

)

such that

(A13) ,

6@ _ ( 2m [7F y(x)dx )G((E)

2 D(b-ap'pMlyli) dar

Then, for each

A€ ] D ar 2 i [
m [Py (x)dx 6@ (b-ap-pMlylh G@

problem (3.3) admits at least three nonnegative classical solutions.

Proof Clearly, (A;) implies (A7). Moreover, by choosing d small enough and ¢ = ¢, simple
computations show that (Aj;) implies (A3). Finally, from (A;3) we get (Ag) and, arguing as
in the proof of Theorem 3.2, also (Ajo). Hence, Theorem 4.4 ensures the conclusion. [

Remark 4.6 If g(0) # 0, Corollaries 4.2 and 4.3 ensure two positive classical solutions
while Theorem 4.5 ensures three positive classical solutions (see the proof of Theo-
rem 3.3).

Finally, we present the following example to illustrate our results.
Example 4.7 Consider the following Dirichlet problem:

—u'(x) = Ae* (¢ + lulPuwh(), x€(0,1),

(4.5)
u(0) = u(1) =0,
where
1 ift <0,
h(f):= 1% ifo=<t<l,
3 ife>1.

Then /: R — [0, +00) is a bounded and continuous function with

5
m=infh(t)==>0 and M=suph(t)=1.
teR 6 teR

Let g(¢) := ¢ + |¢[*¢ for all £ € R. Obviously, g(0) #0. Since

t 1
lim 80 _ lim (— + |t|2> = +00,

t—0t t—0* \ 6¢
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condition (As) holds true. Choose v = 3 and R = 2, we have v > pM, and

0<3G(t) <t g(t)

for all |£| > 2. Moreover, one has

y 2 c 2 12 (2 12¢ 96

=———Sup —— = su = .
[Tedx G \e-1)¥23e = \ec1)2+38 11 T 19(e-1)

Then, owing to Corollary 4.3 and Remark 4.6, for each A €]0, % [, problem (4.5) admits

at least two positive classical solutions.
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