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1 Introduction
Let p be chosen as a fixed odd prime number. In this paper Z,, Q,, C and C, will, respec-
tively, denote the ring of p-adic rational integers, the field of p-adic rational numbers, the
complex numbers, and the completion of an algebraic closure of Q,.

Let v, be a normalized exponential valuation of C, by

—Vp([’)

lpl,=p

When one talks of a g-extension, ¢ is variously considered as an indeterminate, a com-
plex number g € C or a p-adic number g € C,,. If g € C, we assume that |g| <1.If g € C,,
we assume that |1 - g, < 1 (see, for details, [1-16]).

The following measure is defined by Kim: for any positive integer n and 0 < a < p",

«(1+9)
1+g7"’

nq(a+p"Z,) = (-q)

which can be extended to a measure on Z, (for details, see [5-11]).

Extended g-Euler polynomials (also known as weighted g-Euler polynomials) are de-

fined by
~ 1— g\
EO(w) = /Z p <ﬁ> dgl®) 1)
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forneZ,:={0,1,2,3,...}. We note that
lim Eﬁ,“)(x) =E,(x),
g—1 &

where E, (x) are nth Euler polynomials, which are defined by the rule

ZE(x t+1 |t <

(for details, see [13]). In the case x = 0 in (1), then we have E( q(0) := ,,q, which are called
extended g-Euler numbers (or weighted g-Euler numbers).
Extended g-Euler numbers and polynomials have the following explicit formulas:

F@ _ l+q < ) I

n,q 1- qa)n Z (-1 1+ qozl+1’ ()
ey 1t4q " (n 1 q"‘["
Fe - g 2 () i ©

=) " In wl 1-g**
En,,,(x>-2<l)q "¢ (1 e ) : (4)
1=0
Moreover, for d € N with d =1 (mod 2),

n d-1
- (1) (2 ) Zevia(s)
nvq(x) 1+q ;( 1 (5)

see [13].
For any positive integer /1, k and m, Dedekind-type DC sums are given by Kim in [5, 6],

and [7] as follows:

k-1

S M (i
Sl 1= 3 (1) kEm( k),

M=1

where E,,(x) are mth periodic Euler functions.

Kim [6] derived some interesting properties for Dedekind-type DC sums and consid-
ered a p-adic continuous function for an odd prime number to contain a p-adic g-analog
of the higher order Dedekind-type DC sums &™S,,,1 (%, k). Simsek [15] gave a g-analog of
Dedekind-type sums and derived interesting properties. Furthermore, Araci et al. stud-
ied Dedekind-type sums in accordance with modified g-Euler polynomials with weight
a [14], modified g-Genocchi polynomials with weight o [4], and weighted g-Genocchi
polynomials [16].

Recently, weighted g-Bernoulli numbers and polynomials were first defined by Kim in
[11]. Next, many mathematicians, by utilizing Kim’s paper [11], have introduced various
generalization of some known special polynomials such as Bernoulli polynomials, Euler
polynomials, Genocchi polynomials, and so on, which are called weighted g-Bernoulli,
weighted g-Euler, and weighted g-Genocchi polynomials in [1, 2, 11-13].
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By the same motivation of the above knowledge, we give a weighted p-adic g-analog of
the higher order Dedekind-type DC sums kS,,,.1 (%, k) which are derived from a fermionic
p-adic g-deformed integral on Z,.

2 Extended g-Dedekind-type sums associated with extended g-Euler
polynomials
Let w be the Teichmiiller character (modp). For x € Z;, := Zy/pZy, set

1-
i) =wit) (7L,
1-q
Let a and N be positive integers with (p,a) =1 and p | N. We now consider
1 j~(a)
oot e (26
J=

In particular, if m + 1 = 0 (mod p — 1), then

~ 1= g% m m 1- N\ J

C(“)(m,a,N:qN): q Z Wl qaa/E() qa

‘ 1-¢) Z\j 1- g
l_qotN m 1- q E+N)

= _— d .
(1—q“> /Z( g ) We®
Thus, C, (m a,N : gV) is a continuous p-adic extension of

1-g"N\"+

L) e (2,

1-g* ma= \ N

Let [-] be the Gauss symbol and let {x} = x — [x]. Thus, we are now ready to introduce

the g-analog of the higher order Dedekind-type DC sums J,;, Zl(h, k : 4') by the rule

k-1 a(le+1{ Ay \ m
1-¢4 1-4°
M-1
(kg = (-1) (1 W)/( v ) dp g (&),
M=1 19

Ifm+1=0 (modp-1),

hM

l1-¢4 m+l k-1 M l_an l_qak(§+T) m
(1—q°‘> A;( 1) <1_qak>/2p( > ) dp (&)
k-1 l_qozk m 1- q k(E+ kM)
M-1
= 1-g"" %) dar(E),
Z( 1) ( q )( 1_q0{ ) /%p( l_qak > H’q (g)

where p | k, (hM, p) =1 for each M. By (1), we easily state the following:
1- qak m+1~( )
—_— < (h,k -
()
k-1

- 1_an)<1_qak>m Ml
- (-1)
;1( 1-g* 1-g*
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1 _ gk B\ m
x /Z (%{qu ) i g (&)
/2
=2 (ﬁ) Cy? (s, (e 1), ©)
M=1

where (M), denotes the integer x such that 0 < x < »n and x = & (mod k).
It is not difficult to indicate the following:

1-— a(x+E)\ K
[ (55 o
Zp -9
1-qg*" 1+q / m(&+%) \ kK
= d m . 7
(l—q‘”> 1+q’" zp( 1— g Ha(8) 7
On account of (6) and (7), we easily see that
l_an m 1_an(§+%) m
(1—q°f> /Z< i—gn ) W@

—1 N(§+a+N) m
1+gV < (1 — g NP\ 1-4"
= —1) — ) d . 8

1+qM Zo( A /Zp 1-gq#N o ©) ®

Because of (6), (7), and (8), we develop the p-adic integration as follows:

~ 1+ qN o~ .
(@) . - § : iC(@) :
CY (S, zz,N.qN) s PN (-1) C, (s, (a+ lN)pN,pN . qu)'

a+iN#0 (mod p)

(a 1_an m 1 q E+N)
C;)(m,a,N:qN):(l_qa) /Zp(ﬁ> dqu(g)
l_anp m 1 qole§+ Ny
_( 1-g ) /Zp(w> Apgn (€),

where (p~'a)y denotes the integer x with 0 < x < N, px = a (mod N) and m is integer with

m +1=0 (modp —1). Therefore, we have
1-— M
Z( 1)M1( 7 ) 9 (m, kM, k - q*)

l—qak m+1~( ) . l—qak m+1
= (1, k- —
(1—q“) Tk ) (l—q")

(e

where p 1 k and p 1 hm for each M. Thus, we give the following definition, which seems
interesting for further studying the theory of Dedekind sums.
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Definition1 Let /1, k be positive integer with (/1,k) =1, p { k. For s € Z,, we define a p-adic
Dedekind-type DC sums as follows:

k-1 M
~a ~ l_qa ~ .
]15,;(5 chk: qk) - A;(_I)M 1<W)CL(I )(m,hM,k . qk).

As a result of the above definition, we state the following theorem.

Theorem 2.1 For m+1=0 (modp —1) and (p™'a)x denotes the integer x with 0 < x < N,
px = a (mod N), then we have

~ P l_quk m+1~ .
ww’““(ﬁ) T (ke )
l—qak m+1 1_th/<p . )
_<1—q“) (1_qak )]r(n,)q((p lh);k:qpk).

In the special case @ =1, our applications in theory of Dedekind sums resemble Kim’s
results in [6]. These results seem to be interesting for further studies as in [5, 7] and [15].
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