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1 Introduction

The lasso of Tibshirani [1] is formulated as the minimization problem
1 2 .
min —||Ax - b||; subjectto x| <t (1.1)
xeR" 2

where A is an m x n (real) matrix, b € R”, t > 0 is a tuning parameter. The regularization
minimization problem which is equivalent to (1.1) is

o1
min — [[Ax - bll3 + v [lx]l1, (1.2)
xeR" 2

where y > 0 is a regularization parameter. As the ¢; norm promotes the sparsity phe-
nomenon that occurs in practical problems such as image/signal processing, machine
learning and so on, the lasso has received much attention in recent years.

In fact, both (1.1) and (1.2) are equivalent to the basis pursuit (BP) of Chen et al. [2]:

min |lx|l; subjectto Ax=b.
xeR”
So we mathematically study the inverse linear system in R”:
Ax =D, (1.3)

where A is an m x n matrix, b € R” is an input, and x € R” stands for the image of
interest to be recovered in imaging science. As m < n, the system (1.3) is underdeter-
mined. Donoho [3], Candes, and others [4—6] pioneered the theory of compressed sensing
showing that under certain conditions the underdetermined system (1.3) can determine a
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unique k-sparse solution. Then Cipra [7] pointed out that the ¢; norm is ideal as it ensures
not only the parsimony of ¢, but also the computation efficiency of ¢, in sparse recovery.
However, the error of measurements always results in an inaccuracy of the system (1.3):

Ax=b+e.

In this case, the BP (1.3) is reformulated as

min ||x]|; subjectto [[Ax—b|y <e, (1.4)
xeR”
where € > 0 is the tolerance level of errors and || - || is a norm on R”. If we let Q := B.(b) be

the closed ball in R” around b and with radius of €, then (1.4) is rewritten as
m]ilgl‘l lzl1 subjectto Axe Q. (1.5)
xeR”

As Q is a nonempty, closed, and convex subset of R™, we let Py be the projection from
R™ onto Q. The condition Ax € Q is equivalent to the condition Ax — Py(Ax) = 0, so the
problem (1.5) can be solved via

m}%@n llx]li  subject to (I — Pq)Ax = 0.
xeR”
Applying the Lagrange method, we obtain the so-called Q-lasso:

1
min E” (I - PQ)Ax|); + v Ixlly, (1.6)

xeRM

where y > 0 is a Lagrangian multiplier.
The Q-lasso is connected with the split feasibility problem (SFP) of Censor and Elfving
[8-10]. The SFP is mathematically formulated as the problem of finding a point x with the

property:
xeC and AxeQ, 1.7)

where C and Q are nonempty, closed, and convex subset of R” and R”, respectively. An
equivalent minimization formulation of the SFP (1.7) is given as

1
min = [|[Ax — PoAx|3.
min - [l A% — Podx[}
The ¢; regularization is given as the minimization problem
.1 2
min — [|Ax — PoAx|5 + v %l (1.8)
xeC 2
where y > 0 is a regularization parameter. If the constrained set C is taken to be the entire

space R”, then the problem (1.8) is equivalent to the problem (1.2).
Recently, Xu [11] exploited the following proximal algorithm:

Xn+l = (PTOXAng ol - )‘nvf))xn (1.9)
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to solve lasso (1.1), and Alghamdi et al. [12] also discussed an iterative algorithm for solving
Q-lasso (1.6) via a proximal-gradient method. However, their iterative algorithms only
obtain weak convergence.

Recall that Moudafi [13] proposed the viscosity iterative method in 2000 as follows:

KXn+l = arzf(xn) + (1 - an) Txn, n= O, (110)

where f is a contraction on a real Hilbert space, {, } is a sequence in (0,1). In 2004, Xu [14]
proved that if {«,} satisfies certain conditions, the sequence generated by (1.10) can con-
verge strongly to a fixed point x* of T, which is also the unique solution of the variational

inequality
((1 —x*,x —x*) >0, forxeFix(T).

In this paper, based on the viscosity iterative algorithm (1.10), we propose a modified
formulation of the proximal algorithm (1.9). It is proved that the algorithm we propose
can obtain strong convergence. Then we also apply this algorithm to solve the lasso and

Q-lasso.

2 Preliminaries
Let H be a Hilbert space and let 'y be the space of convex functions in H that are proper,

lower semicontinuous, and convex.

Definition 2.1 The proximal operator of ¢ € I'g(H) is defined by
() =argminl o)+ Sv—xi?|, xeH
prox,, (x —argll}g]? o(v +5||V—x|| , x€H.
The proximal operator of order A > 0 is defined as the proximal operator of L¢, that is,
@ =argminlo()+ —lv-xl?|, xeH
Prox,,(x) = argmin) o(v) + —|lv—#|"r, x€H.

Proposition 2.2 Let ¢ € I'g(H) and X\ € (0,00).
(i) prox,,, is firmly nonexpansive (hence nonexpansive). Recall that a mapping
T :H — H is firmly nonexpansive if

| Tx — Ty|? < (Tx — Ty,x—y), «x,y€H.
(i) prox,, = (I +21d¢p)™! = J2%, the resolvent of the subdifferential d¢ of ¢.

Combettes and Wajs [15] shows that the proximal operator prox;, can have a closed-
form expression in some important cases, for example, if we take ¢ to be the norm of H,
then

A .
A= g, if xll > 4,

rox, . (x) =
Pro; .4 (%) 0, if |||l < A
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In particular, if H = R, then the above operator is reduced to the scalar soft-thresholding
operator:

prox; . (x) = sgn(x) max{ |x] = A, O}.

Lemma 2.3 [11] The proximal identity

w w
Prox;, & = prox,,, xx +11- o prox;, x

holds for ¢ e T'o(H),x € H, . >0, and p > 0.

Recall that the function H — H is convex if

FA=2)x+2y) < Q= 2)f () + Af ()

for all » € (0,1) and x,y € H. (Note that we consider finite-valued functions.)
The subdifferential of a convex function f is defined as the operator df given by

of %) ={& e H:f(y) = f(x) + (§,y —x),y € H}. (2.1)

The inequality in (2.1) is referred to as the subdifferential inequality of f at x. We say that f
is subdifferentiable at x if 9f (x) is nonempty. We know that for an everywhere finite-valued
convex function f on H, f is everywhere subdifferentiable.

Example
(i) If f(x) = |¢| for x € R, then 9f(0) = [-1,1];
(i) if fx) =

[lx|l1, for x € R”, then df (x) is given componentwise by

sgn(x;), if x; #0,

(0/); = g§el-1,1], ifx=0,

forl<j<n.

Consider the unconstrained minimization problem:
minf(x). (2.2)
xeH

Proposition 2.4 Let f be everywhere finite-valued convex on H and z € H. Support f is
bounded below (i.e., inf{f(x) : x € H} > —00). Then z is a solution to minimization (2.2) if
and only if it satisfies the first-order optimality condition:

0 € 3f ().
Lemma 2.5 [16] Assume that {a,}52, is a sequence of nonnegative real numbers such that
a1 < (L= Yu)an + Yubu + By, 120,

where {y, )2, and {B,}52, are sequence in (0,1) and {8,};°, is a sequence in R such that
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(i) Z:io Vn = OQ;
(i) either imsup,,_, 8, <0 0r Y o2 Vuldul < 00;

(i) Y_nog Bu < 00.
Then lim,_, o a,, = 0.
Lemma 2.6 Let H be a Hilbert space, then, for all x,y € H, we have the inequality
ll+ yI> < lll® + 20y, + ).
Lemma 2.7 [17] Let H be a Hilbert space, C a closed convex subset of H,and T : C — C a
nonexpansive mapping with Fix(T) # . If {x,}52, is a sequence in C weakly converging to
x and if {(I — T)x, )32, converges strongly to y, then (I — T)x = y. In particular, ify = 0, then

x € Fix(T).

Lemma 2.8 [14] Let H be a Hilbert space, h : H — H a contraction with coefficient
0<p<l. Then

=y, U-mx—I-hy)=1-p)lx-yl*>, xyeH.
That is, I — h is strong monotone with coefficient 1 — p.
We will use the notation — for weak convergence and — for strong convergence.
3 Strong convergence of proximal algorithms

Let H be a real Hilbert space and let T’y be the space of convex functions in H that are

proper, lower semicontinuous, and convex. Consider the following minimization problem:
minf(x) + g(x), (3.1)
xeH

where f,g € To(H).

Proposition 3.1 [11] Letf,g € To(H). Let x* € H and 1 > 0. Assume that f is finite-valued

and differentiable on H. Then x* is a solution to (3.1) if and only if x* solves the fixed point

equation:
x* = (proxxg o(l - AVf))x*.

Consider a mapping S; on H defined by

Si(x) = th(x) + (1 - t)(proxkg o(l - AtVf))x, (3.2)

where / is a contraction with the coefficient 0 < p <1, £ € (0,1), 0 < A; < % Assume that
Vf is L-Lipschitzian.

Proposition 3.2 The mapping prox;,, o (I — A, Vf) is nonexpansive.
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Proof We show it in two cases.
Casel: As A; = %, we have

|t = 29 f)x = (1= 29y

|-z (i)

- (5=5= 2 (2109 - V) -3~ 2 (9700 - 5 0)

2

= b=yl + 90 - O] - s~ % /) - TS0

- 29769 - ¥ 0)x )

2

4 1
<M=l + V@) = VO - 7 - 2|V @ - Vro)”

-2 2 vrw - vro)l
< lx-yI*
Hence,
[T =2)Vf ) = U= 2)VF G| < llx = yll.
As the mapping prox;,, is nonexpansive, we get
| (prox;,q o (I = A, Vf))x = (prox,,, o (I = 2. Vf))y|
<[ T-2)Vf(x) - U - 2)VFQ)|

< Ix=yl.

Page 6 of 15

Case2:0 < A; < % We follow the proof of [16]. Since Vf is L-Lipschitzian, Vf is (1/L)-ism
[18], which then implies that A, Vf is (1/A,L)-ism. So I — A, Vf is (A;L/2)-averaged. Since
the proximal mapping prox;, is (1/2)-averaged, the composite prox, , o (I — A,)Vf is (2 +
AtL)/4)-averaged for 0 < A, < 2/L, so the mapping prox, , o (I = 1) Vf is nonexpansive. [

By Proposition 3.2 it is not hard to see that S; is a contraction on H. For x,y € H, we

have

|:60) = 5:)]|

= | t[nx) - h(»)] + A - t)[(proxktg o(I - 1:Vf))x - (proxhg oI -2VN)]|

<tplx-yll+0-)lx-yl

=(1-¢(1-p))llx—yll.

Hence, S; has a unique point, we denote it by x;. Thus x; is the unique solution of the fixed

point equation

xp=th(x) + (1 -1¢) (proxktg o (I = 1 Vf))x:.

(3.3)
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We will use the following notation in Proposition 3.3 and Theorem 3.4:

Vi=Vy, = Prox; , o (I = 1 Vf);

V' =V; = prox,, o (I - AVf).
The properties of V; and V are helpful for the following proof [19].

Proposition 3.3 Assume that (3.1) is consistent, and let S denote its solution set. Assume
that L; is continuous with respect to t. Since 0 < A, < 2/L, we assume that Ay = & (t—0)
and that ) > 0. Let x; be defined by (3.3), we have
(i) {x:} is bounded for t € (0,1);
(i) Timy o |2 — (prox, o (I — AVf))xi]| = 0;
(ili) x; defines a continuous curve from (0,1) into H.

Proof (i) Take a p € S, then we have p € Fix(V), and

lloez = pll
= | th(x) + (1 = ) Vixe - p||
< (=) Vixe — pll + £ hlx) - p|
= (L= )| Vixe = Vipll + £ h(x0) - p

<@ -0)llx - pll +t]|(x) - p|.

It follows that

llx. - p
< | nx) - p
< [ = )| + [ 1) - p
< plx—pll + |h@) - p|.

Hence, ||x; — p|| < ﬁllh(p) - pll, and {x;} is bounded, so are {prox,,o (I — AVf)x;} and

{h(x.)}.
(i) By the definition of {x;}, we have, for any {¢;} — 0,

”xtj - (prox,\g o(l - AVf))xtj H
= ||t1h(xt/) + (]. - t/) th.xtj - th]. ||

5 t]”h(xt/) - Vt/'xtl' || + ” ‘/t,‘xtj - thi ”
and

Ve, — Vi |l

= | (prox,\t]_g o(I- At/.Vf))xt/. — (prox,g o (I - )»Vf))xtj [
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= H (proxkg <)%(I = Ay Vf))xt/, + (1 - %) (proxkt/g o(I - Ay Vf))xt/.)

5

- (prox,\g o(l - AVf))x,j

A A
< A_(I - Athf)xtj + <1 - A_> (proxxtjg o(l - Athf))xti - - )»Vf)xt/,
tl' t,‘
A A
=I{—-1)x+({1-— (proxh_go (- )\t/.Vf))xtj
)"t/’ )"t/' 7

A
=1- E : ||xt]. - thxtl‘”'

Then we obtain

[, ~ prossg 1 =29, | < o)~ Vi, | +

A
1- E : ”xt/' - ‘/tjxt/‘”' (34)
7

Since {x;}, {h(x;)}, and {V,x;} are bounded, and hg = A (¢; — 0), we can obtain by (3.4)
that

giirz) ||x,¢l, — Prox;, o - ka)xtj || =0.
By the arbitrariness of ¢, we get
}E?)||xt — Prox;, o (I = AVf)x, || =0.
(iii) For any given ¢, £, € (0,1),

lloce = %z, |
= | th(xe) + (1 = ) Vi, — toh(xyy) — (1= o) Vigasys |
< |I(& = to)h(e) + to (M) — hlxy)) |
+ | (@ = 20) Vi = (1 = £0) Vigsy + (1= £) Vi, — (1= £) Vgt |
<lt—tol - | hlxe)| + toplloce — 2 |l + (1= o) lloce — x|

+ | Vixs = Vigxell + [8Vixs — to Vigore |l

A
<lt—tol - | hlxe)| + toplloce — 2o || + (1= o) llove — 2y || + |1 - A—t“ e = Vel
t
+ |10 Vixe — to Vgt || + 1EVixy — to Vi ||
}\.to
<(1-6@1- P))”xt =% |l + (G0 + 1) |1 - il [loc: = Vi
t
+ 1t = tol (| AGee) | + 1 Vaell).
Hence,
(A + Ve ll) (to+1) A
1% — iy | < ——— St = bl + = (1= | [l — Vil (35)
to(1-p) to(1-p) At
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Since A; is continuous with respect to ¢, we can obtain by (3.5) that x; — x;, as t — ty, that

is, {x;} defines a continuous curve from (0,1) into H. |

Theorem 3.4 Let {x,} be defined by (3.3). Assume that the minimization problem (3.1) is
consistent, and let S denote its solution set. Assume that lim,_,o A; = A > 0 and that A, is
continuous with respect to t. Assume that Vf is L-Lipschitzian. Then x, converges ast — 0
to a solution x* of (3.1), which also solves the variational inequality

(U -h)x*,x-x*)>0, x€S. (3.6)

Proof By Lemma 2.8 we know that / — /1 is strongly monotone, so the variational inequality
(3.6) has only one solution. Below we use x* € S to denote the unique solution of (3.6).

To prove that x; — x* (¢ — 0), we write, for a given ¥ € S,
Xy —X=thx)+ 1 -t) Ve, —X = t(h(xt) — 5c) + (1 =t)(Vxy — X);
ll; — ZII?
= (X — X, % — X)
=1 -)(Viwy —%,x: — %) + t(h(xt) — X, % — 5c>
<@ -0l - &)1 + tlhlx,) — h(Z), % — X) + t{h(Z) - X, %, — )

< (L-t@ - p))llxe = 11> + t{h(%) - %%, — X).

Hence,

(h(x) — %, %, — X)

1 » (3.7)

=112
lloee = %[I” <

Since {x,} isbounded as t — 0, itis obvious that if {#;} is a sequencein (0,1) such that t; — 0
(j > 00) and x;; — %, then by (3.7) we get x;, — x. Since 0 < A; < %, we may assume that
Ay = A€ (0, %] and that A > 0, then by the proof of Proposition 3.2 we see that prox, (I -
AVf) is also nonexpansive. Applying Lemma 2.7 and Proposition 3.3(ii), we get x € S.
Next, we show that x € S solves the variational inequality (3.6). Indeed, we notice that

x; solves the fixed point equation
xp =thx,) +(1-1¢) (proxktg o(I - )»tVf))xt,
h(x,) = %[xt -(1-1 Vtxt],
I -h)x; = —%(l — Vi)xs.
Since V, is nonexpansive, I — V; is monotone, so for any x € S,

((1 - h)xt,xt - 55)

1-¢
= —T<(1— Vi), —55)

- —$<(1- Voose — (I - V)i, — 7) - 1—;7(1— V)i, — 7)
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SR (R

=0.
Taking the limit through ¢ = ¢, — 0, we obtain
(1 -h)x,x-x)<0.
Therefore x = x* by uniqueness. O

Initialize xy € H and iterate

%1 = @phi(,) + (1= ) (prox, o (I = 1, V)%, (3.8)

where {o,} is a sequence in (0,1), 0 < A, < %, liminf,_,s A, >0,and 4 : H — H is a con-

traction with the coefficient 0 < p < 1.

Theorem 3.5 Let f,g € To(H). Assume that the minimization problem (3.1) is consistent
and let S denote its solution set. Assume in addition that

(Cl) Vf is L-Lipschitzian on H;

(C2) a, — 0;

(C3) D020ty = 00

(C4) Y% |t — oy < 00;

(C5) D20 [hma1 = Al < 00,
Then the sequence {x,};’  generated by (3.8) converges to x* as defined in Theorem 3.4.

Proof Putting

V= Vi, =prox; ,o (I =21, V));
V' =V; =prox, o (I - AVf).

We then get x,,41 = o, h1(x,) + (1 — &) Vi,
First we show that the sequence {x,}2, is bounded. Indeed, we have, for x € S,

%1 = %Il
= [l auh () + (1 = ) Vi — X ||
= [ln(Pxn) = h(R)) + au(BE) = &) + (1 = 00) (Vi — ) |
< anpllocn — x| + | (&) = x| + (1 — ) 2 — ]|
= (1= au(1 - p)) 1%, — &Il + | (%) - %

h(x) - x|/(1-p)}.

< max{ [l — x|,

So, an induction argument shows that

ll, — %Il < max{lxo - ZIl, | h®) - %[ /1 - p)}, n=o0.

Page 10 of 15
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We next prove that |x,,; — x,| — 0 as n — oco. For the sake of simplicity, we assume
that0<a<Xi,<b< %

We compute

%41 = %l

||anh(xn) + (1= ) Virtn — a1 h(xy1) = (1= 1) Viaxn H
letn[ 1) = Hx-1) ] + [otnbt(n-1) — ctur ()] |

+ ” (1 - an)(vnxn - ann—l) + (1 - an)vnxn—l - (1 - O[Vt—l)vn—lxn—l H

IA

= anp”xn _xn—ln + |an - an—1| ”h(xn—l)H + (1 - an)”xn _xn—IH
+ (1 - an) ” ann—l - Vn—lxn—l ” + ”an Vn—lxn—l —Op-1 Vn—lxn—l ”
= (1 - an(l - p)) ”xn - xn—l” + |an - an—1|(||h(xn—l)H + || Vn—lxn—ln)

+ || ann—l - Vn—lxn—ln

and
An
” ann—l - Vn—lxn—lll = 1- . ”xn—l - ann—l ”
}Ln—l
|An = Anal
= —_ ”xn—l - ann—l“y
so we obtain
”xn+1 _xn” = (1 - Ol,,(l - p)) ”xn _xn—IH + M(lan - an—ll + |)"n - )\n—1|)r (39)

where M < max{||h(x,-1)|| + |Vic1®u-all, 121 — Vuxy1ll/a}. By assumptions (C3)-(C5)
in the theorem, we have Y 7 o, = 00, and Y - (| — &t1| + [Ay — Ayi]) < 00. Hence,
Lemma 2.5 is applicable to (3.9) and we conclude that ||x,41 — x,|| — 0.

Since {x,} is bounded, there exists a subsequence {2} such that Xny = 25 below we will

prove that z € S. Since 0 < A, < %, we may assume that An; = A We have
”xnl. — prox;, o - ka)x,,}. H < oy = 20y, 1 + ||9c,,j+1 — prox;, o - ka)x,,}. || (3.10)
We compute

”x,%l = prox;, o (I = AVf)xy, ||
= ||a,,/,h(x,,].) +(1- oz,,j)(prox,\njg o (I = A V)%, — prox,, o (I = AVf)x,, l

= Oy Hh(xnl) - Vxnj ” +(1- an,')” Vn,'xn/ - Vxnj l
and

” Vn,'xnj - Vxnj ”

= ||pr0xkn]_g o (I = A Vf)%u; = prox;, o (I = AVf)xy, I
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A A
= )‘-_n/(l - )‘rl/ Vf)x”/‘ " <1 - )‘_”’1> (Proxknig o(l - )L”i Vf))xni - )va)xn/
A A
A
= 1 - E N ||xn/v - anxn/”
j
Xy — VX,
. 2 = Vol
a

So we obtain

||xn/,+1 — prox;, o - ka)xn/ ||

< oy || lxey) = Vit || + (1= ) |, —A|M. (3.11)
Combining (3.10) and (3.11) we get
”xnl. - (proxkg o(l - AVf))xnj ||
< 1y = F |+ || ) = Vit || + (1= ) [, = A L (3.12)
Since )»n]. — A, and o, — 0, by (3.12) we get
||xn/. — (prox,, o (I = AVf))x,, | —o. (3.13)

By the proof of Theorem 3.4 we know that prox;, o (I — AVf) is nonexpansive. It follows
from Lemma 2.7 and (3.13) that z € S.
We next show that

lim sup(h(x*) —x*, %, — x*) <0, (3.14)

n—0o0

where x* is obtained in Theorem 3.4. Indeed, replacing # with #; in (3.14), and letting

j — 00, we have

limsup{h(x*) — &%, %, — x*) = lim (h(x*) - X", — x").

n—00 J—>00

Hence, by (3.6), we obtain

limsup(h(x*) — &%, %, — x*) = (h(x*) — 2%,z - x*) < 0.

We finally show that x,, — x*. We have

[ =]
= ”anh(xn) + (1= 0) Vi —x* H2

= ||a,,(h(xn) = h(x*)) + 1= o) (Virn — &%) + (B (x*) — x%) ||2
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< ”Oln (h(x,,) - h(x*)) +(1- an)(an,, —x*) ||2 + 2<oz,,(h(x*) —x*),xml - x*>
<ay ||h(xn) - h(x*) “2 +(1-ay,) || VX —x* ||2 + 2(01,, (h(x*) - x*),x,,+1 —x*)
<a,p? ||xn —x* ||2 +(1- ozy,)nxn —x* ||2 + 2(01,, (h(x*) —x*),x,,+1 —x*)

< (L-an(1=p%))[xn - ||2 + 20, (B (x*) — &%, 2001 — 27).
It then follows that
letnh(n) + (1 = ) Vit — % ||2 < (L-an(1=p?))[on —=* ||2 + 0,8, (3.15)

where §, = 2(h(x*) — x*, %41 — x*). Applying Lemma 2.5 to the inequality (3.15), together
with (3.14), we get x, — x* as n — oo. O

4 An application of proximal algorithm to the lasso and Q-lasso

Take f(x) = %HAx — b||% and g(x) = y|l%|l1, then lasso (1.2) can be solved by the proximal

algorithms (3.8). We have Vf(x) = A*(Ax - b), and we show that Vf is Lipschitz continuous
with constant L = ||A|3 as follows:

|Af(Ax —b) ~A'(4y - B)|, = [A"AGx =), < 1413112 -yl
Then the proximal algorithm (3.8) is equivalent to

KXpa1 = Ah(x,) + (1 - ozn)[proxm,w1 (1 — M AN (Ax - b))]xn. (4.1)
Here we have, for o > 0 and x = (x;)* € R”,

prox,., (®) = (prox, (1), . ..,proxm,‘(xn))t,
and proxal,l(ﬁ) =sgn(B) max{|B| — «,0} for B € R.

Theorem 4.1 Assume that

(C1) 0 <y < 2/IAI%

(C2) a, — 0;

(C3) D020ty = 00

(C4) 3020 lotust — | < 005

(C5) Y520 et = Aul < 00.
Then the sequence {x, )., generated by (4.1) converges to a solution x* of lasso (1.2), which
also solves the variational inequality (3.6).

For Q-lasso (1.6), we take f(x) = (1/2)/(I — Pq)Ax||3 and g(x) = y||x|;. Since Pq is %-
averaged, I — P is nonexpansive, so we can show that Vf(x) = A“(I — Pq)Ax is Lipschitz
continuous with constant L = [|A||? as follows:

|A*(I - Po)Ax — A'(I - Po)Ay|,

< IAll2|| (I - Po)Ax - (I - Po)Ay|,
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=< [All2llA%x — Ayll

< Al 1% = yll2.
Then the proximal algorithm (3.8) is reduced to the following algorithm for Q-lasso (1.6):
K1 = f () + (L= o) [prox, ., (I = 2A'(I = PQ)A) |, (4.2)
The convergence of Theorem 3.5 reads as follows for Q-lasso (1.6).

Theorem 4.2 Assume that

(C1) 0 <y <2/[Al3;

(C2) ay,— 0;

(CS) Zzio o, = 00;

(C4) 2020 lotuan = otu| < 005

(C5) 3o et = Aul < 00
Then the sequence {x,},°, generated by (4.2) converges to a solution x* of Q-lasso (1.6),
which is also a solution of the variational inequality (3.6).

5 Conclusion

1. We modify the proximal-gradient algorithm based on the viscosity proximation
method; thus, we obtain strong convergence of results in [11]. Then we apply our
results to the lasso and the Q-lasso.

2. Theorem 3.4 proves the continuous version of Theorem 3.5, which is not presented
in [11].

3. In our main result, we extend the scope of L, that is, the condition in our main
results is weaker than the condition in [11] and [12].

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All the authors read and approved the final manuscript.

Acknowledgements

The authors are thankful to the anonymous referees for their valuable comments and suggestions, which helped to
improve the presentation of this paper. The first author is supported by the Foundation of Tianjin Key Lab for Advanced
Signal Processing and the Fundamental Research Funds for the Central Universities (No. 3122015L015).

Received: 21 October 2014 Accepted: 29 April 2015 Published online: 16 May 2015

References

1. Tibshirani, R: Regression shrinkage and selection via the lasso. J. R. Stat. Soc,, Ser. B 58, 267-288 (1996)

2. Chen, SS, Donoho, DL, Saunders, MA: Atomic decomposition by basis pursuit. SIAM J. Sci. Comput. 20(1), 33-61 (1998)

3. Donoho, D: Compressed sensing. IEEE Trans. Inf. Theory 52(4), 1289-1306 (2000)

4. Candes, EJ, Tao, T: Near-optimal signal recovery from random projections: universal encoding strategies? IEEE Trans.
Inf. Theory 52(12), 5406-5425 (2006)

5. Candes, EJ, Romberg, J, Tao, T: Stable signal recovery from incomplete and inaccurate measurement. Commun. Pure
Appl. Math. 59(2), 1207-1223 (2006)

6. Candes, EJ, Romberg, J, Tao, T: Robust uncertainty principles: exact signal reconstruction from highly incomplete
frequency information. IEEE Trans. Inf. Theory 52(2), 489-509 (2006)

7. Cipra, BA: [;-magic. SIAM News. 39, 9 (2006)

8. Censor, Y, Elfving, T: A multiprojection algorithm using Bregman projections in a product space. Numer. Algorithms
8(2-4),221-239 (1994)

9. Censor, Y, Elfving, T, Kopt, N, Bortfeld, T: The multiple-sets split-feasibility problem and its applications for inverse
problem. Inverse Probl. 21, 2071-2084 (2005)



Tian and Gong Journal of Inequalities and Applications (2015) 2015:161 Page 15 of 15

11.
12.

13.
14.
15.

16.
17.

. Censor, Y, Elfving, T, Martin, B, Trfimov, A: A unified approach for inversion problems in intensity-modulated radiation

therapy. Phys. Med. Biol. 51, 2353-2365 (2006)

Xu, HK: Properties and iterative methods for the lasso and its variants. Chin. Ann. Math,, Ser. B 35(3), 1-18 (2014)
Alghamdi, MA, Alghamdi, MA, Shahzad, N, Xu, HK: Properties and iterative methods for the Q-lasso. Abstr. Appl. Anal.
2013, Article ID 250943 (2013)

Moudafi, A: Viscosity approximation methods for fixed-points problems. J. Math. Anal. Appl. 241, 46-55 (2000)
Xu, HK: Viscosity approximation methods for nonexpansive mapping. J. Math. Anal. Appl. 298, 279-291 (2004)
Combettes, PL, Wajs, R: Signal recovery by proximal forward-backward splitting. Multiscale Model. Simul. 4(4),
1168-1200 (2005)

Xu, HK: Averaged mappings and the gradient-projection algorithm. J. Optim. Theory Appl. 150, 360-378 (2011)
Geobel, K, Kirk, WA: Topics in Metric Fixed Point Theory. Cambridge Studies in Advanced Mathematics, vol. 28.
Cambridge University Press, Cambridge (1990)

. Baillon, JB, Haddad, G: Quelques propriétés des opérateurs angle-bornés et n-cycliquement monotones. Isr. J. Math.

26, 137-150(1977)
Marino, G, Muglia, L: On the auxiliary mappings generated by a family of mappings and solutions of variational
inequalities problems. Optim. Lett. 9, 263-282 (2015)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Strong convergence of a modiﬁed proximal algorithm for solving the lasso
	Abstract
	Keywords

	Introduction
	Preliminaries
	Strong convergence of proximal algorithms
	An application of proximal algorithm to the lasso and Q-lasso
	Conclusion
	Competing interests
	Authors' contributions
	Acknowledgements
	References


