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Abstract

In this paper we consider the existence of nonoscillatory solutions of higher-order
neutral differential equations with distributed coefficients and delays. We use the
Banach contraction principle to obtain new sufficient condition for the existence of
nonoscillatory solutions.
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1 Introduction
In this paper, we consider the higher-order nonlinear neutral differential equation with

distributed coefficients

b (n)
[CD [r(t)x(t) + / p(t,0)x(t—06) d@:” +q1 ()@ (x(t - r)) —q2(6)g (x(t - o)) =h(t). (1)

Throughout this paper, the following conditions are assumed to hold.
(1) n>1isa positive integer, r € C([to,00),R*),0<a<b, v >0,0 >0;
(2) p € C([to, 00) x [a,b],R), q1 € C([tr,00), R"), q2 € C([t0,00),R¥), h € C([t9, 00), R);
(3) P(u) is a continuously increasing real function with respect to u# defined on R, and
®~1(u) satisfies the local Lipschitz condition;
(4) gi € C(R,R), gi(u) satisty the local Lipschitz condition and ug;(x) >0, i = 1,2, for
u#0.
Recently there have been a lot of activities concerning the existence of nonoscillatory
solutions for neutral differential equations with positive and negative coefficients. In 2002,
Zhou and Zhang [1] studied the higher-order linear neutral delay differential equation

n

% [%(2) + ex(t - 7)] + ()" [P(e)x(t - o) — Q()x(t - 8)] = 0.

In 2005, the existence of nonoscillatory solutions of first-order linear neutral delay differ-
ential equations of the form

%[x(t) + P()x(t - 7)] + Qut)x(t — 01) — Qa(B)x(t — 02) =0
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was investigated by Zhang et al. [2] and, in the same year, Yu and Wang [3] studied
nonoscillatory solutions of second-order nonlinear neutral differential equations of the
form

[r@)[x(t) + POx(t - T)] ] + Q) (2t — 01)) — Qa(t)g(x(t — 32)) = 0.

In 2010, Candan and Dahiya [4] studied nonoscillatory solutions of first-order and second-

order nonlinear neutral differential equations with positive and negative coefficients,

k

d b d
Gl +POse- 0]+ [ aeee-5ds - [ miex-pdu=0, k=12

In 2012, Candan [5] studied the higher-order nonlinear differential equation

[r©[x®) + POx( - 1)]" ] + (D" [QuDg (x(t — 01)) — Qu(O)ga (x(t — ) £ (8)] = 0.

As can be seen from the development process of the above equations, the delays of the
neutral part in the discussed differential equations were all constant delays, and the main
thought in the employed verification method also was kept the same in which the coeffi-
cient neutral part in the neutral were all discussed in four cases, that is, (—o0o,-1), (-1, 0),
(0,1), (1,+00), and then they were verified by constructing the corresponding operator.
However, studies of the case for distributed deviating arguments are rather rare. In 2013,
Candan [6] studied a first-order neutral differential equation with distributed deviating

arguments,

b vy pd
[[x(t)—/ Pz(t,E)x(t—E)dE} } +/ Q(t,6)G(x(t - §)) d& =0, ()

where y is a ratio of odd positive integers, however, the discussion only covered the con-
dition for the coefficient being 0 < f: p2(t, &) dé < 1, while without the other three condi-
tions, which might be caused by the difficulty in establishing feasible operator. In view of
the above, here, in this paper, the difficulty of an operator establishment was settled and
sufficiency conditions for the existence of nonoscillatory solutions of differential equa-
tion with coefficient of fab Pp2(t,€) d& in the four cases were obtained. Thus, this paper may
have theoretical value as well as practical application value. For related work, we refer the
reader to [7-17].

As usual, a solution of equation (1) is said to be oscillatory if it has arbitrarily large zeros.
Otherwise the solution is said to be nonoscillatory.

A solution of equation (1) is a continuous function x(¢) defined on [f; — i, 00), for some
t1 > to, such that ®[r(¢)x(¢) + fab p(t,0)x(t—6)dO] is n times continuously differentiable and
equation (1) holds for all n > 1. Here, 1 = max{b, t,0}.

Let L;, i =1,2. denote the Lipschitz constants of the functions g;, i = 1,2 on the set A,
K denote the Lipschitz constants of functions ®~*(u), respectively, and L = max{L;, Ly},
Bi = maXyeq gi(x), i=1,2.

Let © be the set of all continuous and bounded functions on [ty,00) and the norm be

IOl = SUP) <t<+o00 x(t).
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2 The main results

Theorem Assume that

/ s"qi(s)ds <00, i=1,2,
t
o 3)
/ " Lh(s) ds < oo,

t

and | : p(t,0) do satisfies one of the following conditions:

(a) OS/hp(t,Q)d9<1,
(b) 1</bp(t,9)d9<+oo,
©) —1</bp(t,9)d9§0,
(d) —oo</bp(t,9)d9<—1.

Then equation (1) has a bounded nonoscillatory solution.

Proof Case (a): 0 < f:p(t,e)dé <p1<l.SetA={xe AM <x(t) <Myt > ty}, where
My, M, are two positive constants such that py M, + %1 <a <My, 1<r(t) < pil. From (3),

one can choose a t; > £y + b, and a sufficiently large ¢ > ¢; such that

[

oo P + [ ds < 0 ()~ b(@) @)
oo _ -1

/t %[ﬂzqz(” +[1(s)|] ds < (@) - <I><P1M2 + %) 5)
> (s—o)! .

/t ﬁ[ql@) + Q2(S)] ds < Tl}:)l’ .

and define an operator T on A as follows:

L= [ p(t,0)x(t — ) do

F D) + [ 0 (4 ()gu (x5 — 7))

= q2(8)g2(x(s — 0)) — h(s)] dsl}, t>t,
(Ix)(t1), th<t=<t.

(Tx)(2) =

It is easy to see that T is continuous, for ¢ > £, x € A. By using (4), we have

o] _ #\n-1
(Tx)(t) < L {@1 |:d>((x) + / =D™ [q1()g1 (x(s — 7)) = h(s)] ds:| }

r(t) (n—1)!
o] _ £\n-1
< q>—1[<p(a)+ | (fn _”1)! B+ |h(s>|)ds]
§M21
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and taking (5) into account, we have

1 b
(T)(0) = @{— / (6, 0)x(t — 0)

o] _ -1
- [Cb(a) + / (zﬂ —t)l)! [qg(s)gz (x(s - a)) - h(s)] ds] }

[ed] _ #\n-1
ZP1{—P1M2 -9 [@(a) * / %(ﬂzﬂh(s) +[h(s)]) ds“
> M;.

These show that TA C A. Since A is a bounded, closed, convex subset of A, in order to
apply the contraction principle we have to show that 7' is a contraction mapping on A. For
Vx1,%0 €A, and t > 11,

|(Tx0) (2) — (T (2) |

b
5%{/ P(6,6)xa(¢ — 0) ~ (¢ - 0) | do

[od] _ #\yn-1
+ @1 |:<I)(o() + / % |q1(s)g1 (xl(s - ‘C)) - 42(8)g (xl(s - o)) - h(s)| ds:|

0 (o _ )11
- q>‘1[d>(a) +/ %Iql(S)gl(xz(s— 7))

- ()@ (%2(s — ) = h(s)| ds] }

_ #\n-1

1 00
8 @{”l"“ —al o [ a0l (s ) - a5 )
+ ()| (11(s — 0)) - & (a5 — 0)) [] ds}.

Using (6),

o] (S _ t)n—l

(m—1)!

[(Tx1)(8) = (Tw) ()] < |21 — %2 (pl +KL f [41(5) + q2(5)] ds)

< |xp —xo].
This implies with the sup norm that
1 Tx1 = Txz || < ll%1 — %21

which shows that 7' is a contraction mapping on A and therefore there exists a unique
solution, obviously a bounded positive solution of (1) x € A, such that Tx = x.

Case (b): 1< p3 < f:p(t,e)de <pr<2p3<+00.Set A ={xe A, Mz <x(t) < My, t > to},
where M;, M, are two positive constants such that poMy + 2py M3 < o < 2p3My, 2p3 <
r(t) < 2p,. From (3), one can choose a t; > f; + b, and a sufficiently large ¢ > ¢; such that

oo _ #\n-1
_/ %[ﬁﬂl@ + |(s)|] ds < D (2psMa) — D(w), @)
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n-1
/ %[ﬂzqz () + [n(s)| ] ds < @(e) — P(paMa ~ 2p2M3), ®)
i 2p3 —
-/t (znft)l)![111(S)+q2(5)]015S I9§<Lp2’ i

and we define an operator T on A as follows:

(= [ Pt 0)x(t - e)de
+ O 0(a) + [ S L [q1(9)g (x(s - 7))
— q2(8)g2(x(s — 0)) — h(s)] ds]}, t>t,
(Tx) (1), to<t<t.

(Tx)(2) =

It is easy to see that T is continuous, for ¢ > ¢, x € A. By using (7), we have

(Tx)(t><i{d>l[¢<a>+ / e et 1) - h(s)]ds“
=) PRSI

1 21 0 (S—t)”_l
5273{¢ [d)(ot)+/t W[ﬂlql(s)wh(s)uds“

= M47

and taking (8) into account, we have

1 b
(Tx)(2) = (){ /a‘n(t,@)x(t—e)de

o] _ #\n-1
+ @71 [cb(oz) + / %[qz(s)gz(x(s -0)) —h(s)] dsi| }

o0 _ #yn-1
> —{—p2M4 - d>‘1[<b(a) +/ %(ﬁng(s) + |h(5)|)ds]}

These show that TA C A. Since A is a bounded, closed, convex subset of A, in order to
apply the contraction principle, we have to show that T is a contraction mapping on A.
For Vx1,x5 € A,and t > ¢,

|(Tx1)(2) - (T2)(2) |

b
< %{f p(t,0)|x1(t - 0) — xa(t - 6)| db

o0 _ #\n-1
7 () + ind. il |71(8)g1 (%1(s — 7)) — q2()g2 (%1(s — &) — hi(s) | dis
(n-1)!

0 (o _ )1
— ¢! [d)(oz) + / % |q1(s)g1 (xz(s - T)) ) (xg(s - cr)) - h(s)| ds] }

0 _ £\yn-1
< (lt) {P2||9C1 x| +K/ (in _t)l)! [15)|@1 (%1 (5 = 7)) = g1 (%25 — 7))

+q2(9)]g2(x1(s - 0)) - @2 (v2(s - 0))|] ds},
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or using (9),

00 (S _ t)n—l

m[ql(s) +q2(5)] dS}

1
(@0~ ()0 = -l pr e st |
2p3 t
< |x1 — %],
This implies with the sup norm that

1Tx1 = Txo || < |loer = 2]l

which shows that T is a contraction mapping on A and therefore there exists a unique
solution, obviously a bounded positive solution of (1) x € A, such that Tx = x.

Case (c): —1<py < fabp(t,e)de <0.SetA={xe A,Ms <x(t) < Mg, t > ty}, where Ms,
Mg are two positive constants such that % <a<(1+py)Mg,1<r(t) < _%4. From (3), one
can choose a #; > £y + b, and a sufficiently large ¢ > #; such that

oo (S _ t)n—l
/ S g g15)+ ()| ] ds < D((1 + pa)M) - (),

(n-1)!
00 (o _ )11 v
/ %[ﬂzqz(sh\h(s)‘]dsfq)(a)_q)<_p_j)’
* (s—1)! )
/t‘ ﬁ[ql(‘g) +q2(s)] dSE 12[1:74

The remaining part of the proof of (c) is similar to the proof of part (a), therefore it is
omitted.

Case (d): —00 < 2p5 < pg < f:p(t,e)dé‘ <ps<-1.SetA={xe€ A,M; <x(t) < Mg, t>
to}, where M,, Mg are two positive constants such that —2pgM; < « < (—2ps + pg)Ms,
—2p5 < r(t) < —2pe. From (3), one can choose a f; > y + b, and a sufficiently large ¢ >
such that

oo _ #\n-1
/ %[ﬂlql(s)dt +|h(s)|] ds < ®(=2psMs + peMs) — D(a),

o] (S _ t)n—l
/ S 1 4a(s) + ()| ds < Bla) - D(~2psMy),

(n—1)
oo ( _ t)n—l -2
[ @0 o) ds < PP

The remaining part of the proof of (d) is similar to the proof of part (b), therefore it is
omitted. The proof is complete. g

3 Example
Example Consider a high-order neutral differential equation with distributed deviating

arguments

3 T 397
|:< —x(¢) + / elx(t-0) d@) ] + 36e‘tx<t - z) —36mwe Hx(t - n)
2 +sint .4 2

2

= (15 cos®t —30sin® ¢ + 637 sin ¢ — 187 cos® ¢
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1
t5 sin2¢(15cost — 27 sin* £ + 337) + 677> (cos t — 7sin¢) + 97r3>

+18¢7%(4ar cos t + cos 2t — sin2¢ — 47r) — 18! (2sint — 7w — 4). (10)
Here, n =2, r(t) = 52—, P(t,0) = ™', qu(t) = 36e”", qa(t) = 36me ™, D(u) = u?, g1(u) =
ew=uwa=%,b=n,1=%0=n.1<r(t)= 75— <3,f§e’td9 =Ze' <], ftzose’sds<

2

o0 _ oo . . .
00, fto se~> ds < 00, fto e |15 cos® s —30sin’ s + 637 sin® s — 187 cos? s + § sin2s(15cos s -

27sin’s + 337) + 67w%(coss — 7sins) + 93| + 18¢7 |47 coss + cos2s — sin2s — 47| —
18e~%|2sins — 7 — 4| ds < oco.

Then it is easy to see that all the conditions of Theorem are satisfied. In fact, x(t) =
2 + sint is a nonoscillatory solution of equation (10).

4 Results and discussion
We obtained a new sufficiency condition for the existence of nonoscillatory solutions of
higher-order neutral differential equations with distributed coefficients and delays.

5 Conclusions

In this paper we use the Banach contraction principle to obtain a sufficiency condition
for the existence of nonoscillatory solutions of a differential equation with coefficient of
fabpz(t, £)dg in the four cases.
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