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1 Introduction

Various closed invariant sets (transitive set, chain transitive set, homoclinic class, chain
component, etc.) in dynamical systems are natural candidates to replace Smale’s hyper-
bolic basic sets in non-hyperbolic theory of differentiable dynamical systems see [1-6]).
To investigate the above, we deal with the shadowing property. It usually plays an impor-
tant role in the stability theory and ergodic theory (see [7]).

Let M be a closed C* manifold, and let Diff(M) be the space of diffeomorphisms of M
endowed with the C*-topology. Denote by d the distance on M induced from a Rieman-
nian metric || - || on the tangent bundle TM. Let f € Diff(M). Let A be a closed f-invariant
set. For § > 0, a sequence of points {xi}f’:ﬂ (—o00 <a < b <o00)inM is called a §-pseudo orbit
of fif d(f(x;),%:41) < 8 foralla < i < b-1.For givenx,y € M, we write x ~~ yif forany § > 0,
there is a §-pseudo orbit {xi}f?za (a < b) of f such that x, = x and x;, = y. We write x « y if
x ~»y and y ~» x. The set of points {x € M : x «~ x} is called the chain recurrent set of f
and is denoted by R(f). Denote Cy(p) = {x € M : x ~> p and p ~ x} the chain component of
f containing p. For a closed f-invariant set A C M, we say that A is chain transitive if for
any point x,y € A and § > 0, there exists a §-pseudo orbit {x,»}fja(S C A (as < bs) of f such
that x,; =x and x5, = y.

Let A C M be a closed f-invariant set. We say that f has the shadowing property on A if
for every € > 0, there is § > 0 such that for any §-pseudo orbit {x,»}f’;bz CAoff(-c0<acx
b < 00), there is a point y € M such that d(fi(y),x,») <eforalla<i<b.

Now, we introduce the limit shadowing property which was introduced and studied by
Lee [8]. We say that f has the limit shadowing property on A if there exists § > 0 with the
following property: if a sequence {x;};,cz C A is a §-pseudo orbit of f for which relations
d(f (x;),x;41) = 0 asi— +oo,and d(f1(x;,1),%;) — 0 asi — —oo hold, then there is a point
y € M such that d(f(y),x;) — 0 as i — F00. Here, the sequence {x;},c7 is called a §-limit
pseudo orbit of f. It is easy to see that f has the limit shadowing property on A if and only
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if f” has the limit shadowing property on A for n € Z \ {0}, and the identity map does not
have the limit shadowing property.

Note that the above definition is not the shadowing property, also it is not the notion of
the original limit shadowing property in (see [8, Examples 3, 4] and [7, 9]).

We say that A is locally maximal if there is a compact neighborhood U of A such that
MyezS"(U) = A. We say that f has the C'-stably limit shadowing property on A if there
are a C'-neighborhood U(f) of f and a compact neighborhood U of A such that

1) A=Ar(U) =N,ezf"(U) (locally maximal),

(2) for any g € U(f), g has the limit shadowing property on A,(Ul), where

Ag(U) = M,,ez&"(U) is the continuation of A = Ag(U).
It is well known that if p is a hyperbolic periodic point of f with period k then the sets

Wi (p) = {x eM:f*"(x) > pasn— oo} and

W*(p) = {x eM:fMx) > pasn— oo}

are Cl-injectively immersed submanifolds of M. A point x € W*(p) N W¥(p) is called a
homoclinic point of f associated to p, and it is said to be a transversal homoclinic point of f
if the above intersection is transverse. The closure of the homoclinic points of f associated
to p is called the non-transversal homoclinic class of f associated to p, say, generalized
homoclinic class, and it is denoted by Hy(p), and the closure of the transversal homoclinic
points of f associated to p is called the transversal homoclinic class of f associated to p,
and it is denoted by Hy(p). Let p, g be hyperbolic periodic points of f. We say that p and g
are homoclinically related, and write p ~ g if

W (p)hW*(q) #9 and  W*(p)th W*(q) # 9.

It is clear that if p ~ ¢ then index(p) = index(g); i.e., dim W*(p) = dim W*(q). By Smale’s
transverse homoclinic point theorem, Hy(p) coincides with the closure of the set of hyper-
bolic periodic points g of f such that p ~ g. In this paper, we consider all periodic points
of the saddle type, because, if p € P(f) is a sink or a source, then Cy(p) is the periodic orbit
of p itself.

Note that if p is a hyperbolic periodic point of f then there is a neighborhood U of p and
a Cl-neighborhood U(f) of f such that for any g € U(f), there exists a unique hyperbolic
periodic point p, of g in U with the same period as p and index(p,) = index(p). Such a point
Pg is called the continuation of p = py.

Let A be a closed f-invariant set. We say that A is yperbolic if the tangent bundle TA M
has a Df -invariant splitting £° @ E* and there exist constants C > 0 and 0 < A < 1 such that

D" £ <Cr"

<C\' and | Dyf |

forallx € A and n > 0. Moreover, we say that A admits a dominated splitting if the tangent
bundle Ty M has a continuous Df -invariant splitting £ @ F and there exist constants C > 0
and 0 < A <1 such that

D"z | - | Daf " ey || = €A

forallx € A and n > 0.
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The following is the main theorem in this paper.

Theorem 1.1 Let p be a hyperbolic periodic point of f, and let C¢(p) be the chain component
of f associated to p. Then f has the C'-stably limit shadowing property on Cy(p) if and only

if Cr(p) is hyperbolic.

Let A be alocally maximal subset of M. In [8], Lee showed that if A is hyperbolic then it
is limit shadowable. Note that a hyperbolic set A has the local product structure if and only
ifit is locally maximal. Since the chain component C¢(p) has the local product structure, if
Cr(p) is hyperbolic, Cr(p) is locally maximal. Thus by the hyperbolicity of the chain com-
ponent Cy(p), f has the C'-stably limit shadowing property. Thus, in this paper, we show
that if f has the C'-stably limit shadowing property on Cs(p), then Cs(p) is hyperbolic.

2 Proof of Theorem 1.1
Let M be as before, and let f € Diff(M).

Lemma 2.1 Let A be a locally maximal subset of M. If f has the limit shadowing property
on A then the shadowing points are taken from A.

Proof Let § > 0 be the number of the limit shadowing property of f, and let U be a locally
maximal neighborhood of A. Suppose that f has the limit shadowing property on A. Let
{xi}icz C A be a §-limit pseudo orbit of f. To derive a contradiction, we may assume that
there is y € M \ A such that

d(fi(y),xi) —~0 asi— +oo.

Since A is compact, there is 1 > 0 such that B, (A) C U, where B,(A) is a n-neighborhood
of A. Since {x;};cz C A and by the limit shadowing property, we can find / € Z such that
f!(y) € B,(A). Since A is locally maximal in U and f-invariant,

A=()f"@) (V"B ()" W)= A.

nez nez nez

Then for all # € Z, f"(f'(y)) = f"*"(y) € A. Since A is f-invariant, y € f"7/(A) = A, this isa
contradiction. Thus the limit shadowing points are in A. O

Let us recall some notions for the proof of the following lemma. A compact invariant
set A is attracting if A =[),-of"(U) for some neighborhood U of A satisfying f"(U) C U
for all m > 0. An attractor of f is a transitive attracting set of f and a repeller is an attractor
for f7". We say that A is a proper attractor or repeller if # # A # M. A sink (source) of f is
an attracting (repelling) critical orbit of f.

Lemma 2.2 ([10, Proposition 3]) Let A be a locally maximal set. f|, is chain transitive if
and only if A has no proper attractor for f.

Lemma 2.3 Let A be a locally maximal set. If f has the limit shadowing property on A
then f | is chain transitive.
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Proof Suppose A has a proper attractor P in A. Then P ## and A \ P # . Since P is an
attractor, there exists § > 0 such that P attracts the open §/2-neighborhood B;/,(P) of P
in A. Choose g € A \ Bs/2(P) and p € P such that d(q, p) < é. Consider a sequence

x=f'p), i<0,
Xi :fi(Q), i>0

with i € Z. Clearly, the sequence {x;};cz is a §-limit pseudo orbit of f in A. Then by
Lemma 2.1, there is y € A such that

d(f'(y),x:) > 0 asi— =Foo.

Then there exists N > 0 large enough such that f “N(y) € Bsj2(P). Therefore, f*(f N (y)) €
Bsjo(P) for n > 0, since P is an attractor. Taking —N = —iy, we have that y = fi(f7(y)) €
Bjs/»(P). Thus, by definition of Bj/,(P), we have that

d(fi(y),fi(q)) -0 asi— oo.

This contradicts the definition of the limit shadowing property and completes the proof.
O

Lemma 2.4 Let A be a locally maximal set. Suppose f has the limit shadowing property
on A. Then for any hyperbolic periodic points p, q in A,

Wi (p) N W) 9 and W (p) N\ W'(g) #0.

Proof Suppose f has the limit shadowing property on locally maximal A, and let p,g € A
be hyperbolic periodic points for f. We will show that W*(p) N W¥*(q) # #. Other case is
similar. Since f has the limit shadowing property on locally maximal A, by Lemma 2.3, we
can take a §-chain {x;}7, from p to g such that xy = p, %, = g. Then we can construct a
S-limit pseudo orbit & as follows: (i) x; = fi(p), i < 0, (ii) d(f(x;),%i,1) <8,i=0,...,n—1and
(iii) %,.+; = f(q), i > 0. Then

s = {""f_l(p)’x() =P X Xp-1,%n = q,f(Q):}

Clearly, £ is a §-limit pseudo orbit of f in A. Then, by Lemma 2.1, there exists a pointy € A
such that

d(fi(y),xi) —0 asi— *oo.
This implies that y € W¥*(p) and f*(y) € W*(q) (y € W*(g)). Thus W*(p) N W*(q) #¥. O
The following so-called Franks lemma will play essential roles in our proof.
Lemma 2.5 Let U(f) be any given C*-neighborhood of f. Then there exist € > 0 and a C'-

neighborhood Uy(f) C U(f) of f such that for given g € Up(f), a finite set {x1,%3,...,xx},
a neighborhood U of {x1,%3,...,%n} and linear maps L; : Ty,M — Ty\M satisfying ||L; -
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D,.gll <eforalll <i<N,thereexistsg € U(f)suchthatg (x)=g(x)ifx € {x1,%2,...,x5}U
(M\U)and Dyg' =L, forall1 <i<N.

Proof See the proof of Lemma 1.1 [11]. O

Lemma 2.6 ([12, Lemma 2.4]) Let A be locally maximal in U, and let U(f) be given. If
p € Ag(U) N P(g) (g €U(S)) is not hyperbolic, then there is g € U(f) possessing hyperbolic
periodic points q, and q, in Ay (U) with different indices.

In this section, we will prove Theorem 1.1 by making use of the technique developed by
Maiié in [13]. That is, we use the notion of uniform hyperbolicity for a family of periodic
sequences of linear isomorphisms of R“™M, For this, we need several lemmas.

We say that a diffeomorphism f is Kupka-Smale if for any periodic point of f is hyper-
bolic and their invariant manifolds intersect transversely and denote the set of Kupka-
Smale diffeomorphisms by KS(M). It is well known that S (M) is residual in Diff(M).

Lemma 2.7 Let f € Diff(M), and let A be a closed f-invariant set. Suppose that f has the
C'-stably limit shadowing property on A. Then there exist a C'-neighborhood U(f) of f
and a compact neighborhood U of A such that for any g € U(f), every p € A (U) NP(g) is
hyperbolic for g, where A (U) = (o, g"(U).

Proof Since f has the C!-stably limit shadowing property on A, there exist a C!-
neighborhood U(f) of f and a compact neighborhood U of A such that for any g € U(f),
g has the limit shadowing property on Ag(U) = (1,7, &"(U). Let € > 0 and Uy (f) C U(f)
be the corresponding number and C'-neighborhood of f given by Lemma 2.5 with re-
spect to U(f). Suppose there is a point g € Agz(U) N P(g) which is not hyperbolic. Then
by Lemma 2.6, we can choose g € Uy(f) such that index p,, # index g,,, where p,,,q, €
Ag (L) N P(gy). Then dim W*(py,) + dim W*(g,,) < dim M or dim W*(p,,) + dim W*(qg,) <
dim M. We may assume that dim W*(pg, ) + dim W*(g,,) < dim M. By Lemma 2.5, we can
take /2 € U(g) N KS(M) such that index(p,, ) = index(p;) and index(gg, ) = index(g;,) where
Phs qn are the continuation of pg,, g, for 4, respectively. Then, since 4 is Kupka-Smale,
W(pr) N W*(gqpn) = 9. On the other hand, since & € U(f), k|, () satisfies the limit shad-
owing property so that W*(p,) N W*(g;,) # ¥ by Lemma 2.4. This is a contradiction and
completes the proof. O

It is a well-known result that the transversal homoclinic class Hy(p) is a subset of the gen-
eralized homoclinic class Hy(p), and it is a subset of the chain component Cs(p). However,
under the notion of the limit shadowing property with locally maximal, H¢(p) = Cs(p). It
is obtained by the following lemma.

Lemma 2.8 Let U be a locally maximal neighborhood of Cy(p). If f has the limit shadowing
property on Cy(p) then Cr(p) = Hy(p).

Proof Let p be a hyperbolic saddle. For simplify we may assume that f(p) = p. Let U be a
locally maximal neighborhood of C;(p). Suppose that f has the limit shadowing property
on a locally maximal Cy(p). For any x € Cs(p), we show that x € Hy(p). Let § > 0 be the
number of the limit shadowing property of f. Since x «~ p, there is a periodic §-pseudo
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orbit {xi}fz_l of f such that x_; = p, xp = x and x¢ = p for some [ = [(8), k = k(§) > 0. Then
the periodic §-pseudo orbit {x;}* ; C Cr(p) (see [14, Proposition 1.6]). Now we construct
a 8-limit pseudo orbit as follows: (i) x_;_; = f~/(p) for all i > 0, and (ii) xx,; = f*(p) for all
i > 0. Then we know the §-limit pseudo orbit

{. v Xy 1, % (= p)x_i1s e %0 (= %), X1, -, Xk (= P)y Kk - - } C Cr(p).

Since Cs(p) is locally maximal, by Lemma 2.1, for small ; > 0 we can take a point y € Cs(p)
such that d(x, y) < n and d(f*(y),x;) — 0 as i — F-o0. Since d(f(y),x;) — 0 as i — +o0, we

know
y € W (p) N W¥(p).

Furthermore, by Theorem 7.3 in [15], we see that y € B, (x) where B, (x) denotes the -
neighborhood of x. Thus we conclude that

y € W(p) N W¥(p) N B (x).
This means Cy(p) C Hy(p), and therefore Cr(p) = Hy(p). O

It is well known that a dominated splitting is always extended to a neighborhood. More
precisely, let A be a closed f-invariant set. Then if A admits a dominated splitting Th M =
E @ F such that dimE, (x € A) is constant, then there are a C'-neighborhood U(f) of f
and a compact neighborhood U of A such that for any g € U(f), ,,cz&" (1) admits a
dominated splitting

TN, cpemanM = E(g) @ F'(g)

with dimE’(g) = dim E.

From Lemma 2.7, the family of periodic sequences of linear isomorphisms of R4™M gen-
erated by Dg (g € Uy(f)) along the hyperbolic periodic points p € A4(U) N P(g) is uniformly
hyperbolic. That is, there exists € > 0 such that for any g € Uy (f), p € Az(U) N P(g), and any
sequence of linear maps L; : Tyi(,)M — Tiivi(,yM with [|L; = Dyi(,gll < € for 0 <i < m(p) -1,
197 L, is hyperbolic. Here Uy (f) is the C!-neighborhood of f given by Lemma 2.7. Thus
by Proposition II.1 in [13] and Lemma 2.7 above, we get the following proposition.

Proposition 2.9 Suppose that f has the C'-stably limit shadowing property on the
chain component Cy(p) of f associated to a hyperbolic periodic point p and let Uy(f) as
Lemma 2.7. Then there are constants C > 0, A € (0,1) and m > 0 such that

(a) forany g € Uo(f), if g € Ag(L) N P(g) has the minimum period m(q) > m, then

k-1

k-1
i my k im -m k,
!:()[”Dg”"(q)g |E:g,im(q) | <Ca* and !;[”Dg @8 |E§7im(q) | <Ca

where k = [t (q)/m], and A (U) = (), &"(U).
(b) Cr(p) admits a dominated splitting ch(p)M = E & F with dimE = index(p).
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Remark From Proposition 2.9(b) and Lemma 2.8, C;(p) = ﬁf(p) =Hy(p).

In general, a non-hyperbolic homoclinic class Hy (p) contains saddle periodic points with

different indices. Let p be a hyperbolic periodic point of f.

Proposition 2.10 Suppose that f has the C'-stably limit shadowing property on Cr(p).
Then for any q € Cr(p) N P(f),

index(p) = index(q),

where index(p) = dim W*(p).

Proof Suppose that f has the C!-stably limit shadowing property on Cy(p). Let U be a
compact neighborhood of Cy(p), and let U(f) be a C'-neighborhood of f. Then for any
g € U(f), g has the limit shadowing property on A,(U) = (., &"(U). By Lemma 2.7, for
any g € Cr(p)NP(f), q is hyperbolic. By contradiction, suppose that there is g € Cr(p) NP(f)
such that index(p) # index(g). This implies that

dim W*(g) + dim W*(p) <dimM or dim W*(g) + dim W*(p) < dim M.

Then we can choose g € U(f) N KS(M) such that index(p,) = index(p) and index(q,) =
index(q) for the continuations pg,q, € Ag(U) N P(Q) of p, g, respectively. Then we may
assume that dim W*(g,) + dim W*(p,) < dim M. Other case is similar. Since g is Kupka-
Smale, dim W*(q,) + dim W*(p,) < dim M implies that W*(g,) N W*(pg) = ¥. On the other
hand, by the definition of the C*-stably limit shadowing property, for p,, g, € Ag(U) NP(g),

Ws(qg) N Wu(pg) #0.
This is a contradiction and completes the proof. 0

Note that for any hyperbolic periodic point g in Cf(p) for a hyperbolic periodic point p,
there exist a C'-neighborhood U(f) of f and a neighborhood U of Cy(p) such that for any
g € U(f), there is unique p, € C,(p,) N P(g) which contained in Ag(U) N P(g), where p, is
the continuation of p for g.

We denote the index(p) by j (0 < j < dim M) and let P;(f | () be the set of periodic points
q € Hr(p) N P(f) such that index(q) = for all 0 <j < dimM. Set A;(f) = P/(f|Hf(p)), then

Hy(p) = £j(f) = Gr(p).

Lemma 2.11 Let Uy(f) be the C'-neighborhood of f given by Lemma 2.7 and Proposi-
tion 2.9 and let V(f) C Uo(f) be a small connected C*-neighborhood of f. If g € V(f) satis-
fying g =f on M\ U, then

index(gq) = index(p)

Jorany q € Ag(U) N Py.
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Proof Suppose the property is not true then there are g’ € V(f) and g € Ay N P(g’) such
that g’ = f on M \ U; and index(q) # index(p). Suppose that (g')*(q) = g, iy = index(g), and
define ¢ : V(f) - Z by

(g = ﬁ{y € A (U)NP(g):g"(y) =y and index(y) = io},

where fA is the number of elements of A. By Lemma 2.7, the function ¢ is continuous,
and since V(f) is connected, it is constant. But the property of g’ implies ¢(g’) > ¢(f). This
is a contradiction, so that the lemma is proved. 0

For any € > 0, denote by B.(x,f) a e-tubular neighborhood of f-orbit of «, that is,
Be(x,f) = {y e M:d(f"(x),y) <€, for some n € Z}.

We say that a point x € M is well closable for f € Diff(M) if for any € > O there are
g € Dift(M) with d,(f,g) < € and p € M such that p € P(g), g =f on M \ Bc(x,f) and
d(f"(x),g"(p)) < € for any 0 < n < 7 (p), where 7 (p) is the period of p, and d, is the C'-
metric. Let ¥y denote the set of well closable points of f. Then we know the following
fact.

Lemma 2.12 ([13, Theorem A]) For any f-invariant probability measure |1, we have
w(Zy) =1.

Proof of Theorem 1.1 Suppose that f has the C'-stably limit shadowing property on Cy(p).
Then there are a C'-neighborhood U(f) of f and a compact neighborhood U of Cs(p)
as in the definition. Let Uy(f) C U(f) of f given by Lemma 2.7 and Proposition 2.10.
Define A; as the set such that every periodic orbit in it has index j. To get the conclu-
sion, it is sufficient to show that A;(f) is hyperbolic since H(p) = Cr(p) = A;(f), where
0 < j = index(p) < dimM. Now Cy(p) admits a dominated splitting ch(p)M = E @ F such
that dim E = index(p) by Proposition 2.9(b). Thus, as in the proof of [13, Theorem B], we
can show that

liminf||Dyf" g | =0 and  liminf|| Dyf ™ |¢ | = 0,
n—00 n—oo

for all x € C;(p) and therefore the splitting is hyperbolic.
More precisely, we will prove the case of liminf,_, o [|D,f”|Ew) || = O (other case is simi-

lar). It is enough to show that for any x € Cy(p), there exists n = n(x) > 0 such that

n-1
H“Dfm'Efmi(x) || <L
j=0

If it is not true, then there is x € C¢(p) such that

n-1
H”Dfm'Efm/(x) ” = 1’
j=0
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for all # > 0. Thus

—zloganm R

forall n > 0.

From now, let C¢(p) = A. Define a probability measure
1 n-1
13
fM (%)
s

Then there exists u,, (k> 0) such that u, — pno € Msm(M), as k — oo, where M is

compact metric space. Thus

[ log | D", | dpo = Jim / log|| D"z, | d1n,

nlim Zlog Df" |Efm1 H_O.

By Maé ([13], p.521),

[ roelpr7ie o = [ tim zloganm,xf 1, | 420 = 0,

where (i is a f”-invariant measure. Let
B.(f,x) = {y € M:d(f"(x),y) < € for some n € Z},
and Xy as in Lemma 2.12.
Note thatifx ¢ P(f), 0 < 7 (y) = N such that d(fN(x),fN(y)) =d(fN(x),y) > 0as N — oo,

then d(x,y) — 0. So it cannot be.
By Lemma 2.12, we know that for any u € My (M),

w(y) =1
Then, for any u € Ms(A),
(AN =1,

since u(Cy(p)) =1and u(Xy) = 1. Hence it defines an f-invariant probability measure v on
Cr(p) by
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Thus, Cr(p) = Cr(p) N Z(f) almost everywhere. Therefore,

n-1

1
/Cf lim — Zlog”Df’”lEfm/(x) || du > 0.

(p)NZ(f) n—oon j=0

By Birkhoff’s theorem and the ergodic closing lemma, we can take zo € Cs(p) N X (f) such
that

' 1 n-1
lim - 2():10%||Dfm|5fm;<zc) | =0
pu

By Proposition 2.9, this is a contradiction. Thus by Proposition 2.9, zy ¢ P(f).
Let C>0,m>0and A € (0,1) be given by Proposition 2.9, and let us take A < Ao <1 and
ngy > 0 such that

n-1

1
l Zlog||Df”’|Efmj(z | || >loghg, ifn> ng.
ne 0

Then, by Mafié’s ergodic closing lemma (Lemma 2.12), we can find g € Vy(f), g = f on
M\ Ujand z, € A4(U) N P(g) nearby z,. Moreover, we know that index(z,) = index(p) since
g=f on M\ U;. By applying Lemma 2.5, we can construct g; € Vo(f) (C V(f)) C'-nearby
g such that

k-1
)‘15 = H||Dgfm(zg1)glrn|5gfm(zg1) ”
i=0

(see [13, pp.523-524]). On the other hand, by Proposition 2.9, we see that

k-1
!;[“Dg{'"(zgl)gfn £ ey | <cak

We can choose the period 7 (z,,) (> n9) of zg as large as )»’5 > C)\*. Here k = [n (zg)/m].

This is a contradiction. Thus,
liminf| Dyf”|E, | =0
n— 00

for all x € Cr(p). Therefore, C;(p) is hyperbolic. This completes the proof of the ‘only if
part’ of Theorem 1.1. O
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