View metadata, citation and similar papers at core.ac.uk

-

P
brought to you by .. CORE

Ahmad SpringerPlus (2016)5:521
DOI 10.1186/540064-016-2165-x

provided by Crossref

® SpringerPlus

RESEARCH Open Access

Integral inequalities under beta function

@ CrossMark

and preinvex type functions

Izhar Ahmad”

*Correspondence:
drizhar@kfupm.edu.sa
Department of Mathematics
and Statistics, King Fahd
University of Petroleum

and Minerals, Dhahran 31261,
Saudi Arabia

@ Springer Open

Abstract

In the present paper, the notion of P-preinvex function is introduced and new integral
inequalities for this kind of function along with beta function are establised. The work
extends the results appeared in the literature.
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Background

Convexity plays an important role in economics, management science, engineering,
finanace and optimization theory. Many interesting generalizations and extensions of
classical convexity have been used in optimization and mathematical inequalities. Han-
son (1981) introduced the concept of invexity. These functions were named invex by Cra-
ven (1981) and n-convex by Kaul and Kaur (1980). Weir and Mond (1988) introduced the
concept of preinvex function. Later, Mohan and Neogy (1995) presented few properties
of preinvex functions. Some refinements of the mathematical inequalities on convex and
generalized convex functions have been investigated in Barani et al. (2012), Chalco-Cano
et al. (2012), Dragomir (2001), Dragomir and Agarwal (1998), Fok and Vong (2015), Mat-
loka (2014), Muddassar and Bhatti (2013) and Pachpatte (2004).

Let S be a nonempty subset of R” and letn : § x § — R”".

Definition 1 The set S € R” is said to be invex with respect to n(x,v) if for every
u,ve Sandt € [0,1],

v+tn(u,v) €S.

It is obvious that every convex set is invex with respect to n(x,v) = u — v, but there
exist invex sets which are not convex (see Mohan and Neogy 1995).

Definition 2 (Weir and Mond 1988) The function f : S — R is said to be preinvex on
S with respect to n(u, v), if
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S +itnu,v) <A —t)f (V) + tf (u)

for everyu,v € Sand t € [0, 1],
The Gauss—Jacobi type quadrature formula has the following

b o
/ (=@l (b— 2 @dx =S Byif ) + Rilf . (1)

k=0

for certain By, k, yx and rest R}, |f| (see Stancu et al. 2002).

Recently, Liu (2014) obtained several integral inequalities for the left hand side of (1)
under the following P-convexity:

The function f : I — R, where I C R s said to be P-convex on a convex set, if

Su+ A=) <fu) +f).

for every u,v € I and ¢ € [0, 1]. For the applications of P-convex function and its gener-
alizations, we refer Akdemir and Ozdemir (2010), Barani and Barani (2012), Liu (2013,
2014), Tunc (2013) and Varosanec (2007).

The main purpose of this paper is to introduce the class of P-preinvex function and
derive new inequalities for the left hand side of (1) under these assumptions. The pre-
sented results generalize the results of Liu (2014) and references cited therein.

New integral inequalities
Definition 3 The function f:S — R is said to be P-preinvex on S with respect to
n(u,v), if

S +tnwv) <f@w +f).

for everyu,v € Sand t € [0, 1],
Note that every P-convex function (Liu 2014) is a P-preinvex function with respect to
n(u,v) = u—vforanyt € [0,1].

Lemma 1 Let f:S =[a,a+ nb,a)]l - R be a continous function on the interval of

real numbers S° (the interior of S) with a < a + n(b,a). If f is P-preinvex function on
[a,a + n(b, a)], then for some fixed p,q > 0,

a+n(b,a) 1
/ " = 0P (@t nb,a) — 0 ) dx = n(b, @ / (1 — 0)f (a + tn(b, a)dr.
a 0

Proof ltis easy to observe that

a+n(b,a) 1
[ aar@saba - owi = [ @tonea - o @t b -a- ey
Ja 0
X f(a+ tn(b,a))dt

1
= n(b,a)P Tt / (1 — 0)if (a + tn(b,a))dt
0

The following definition will be used in the sequel.
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Definition 4 The beta function is defined for x, y > 0 as
1
B(x,y) = / £ — ey .
0

Theorem 1 Let f:S = [a,a+ n(b,a)] — R be a continous function on the interval of
real numbers S° (the interior of S) with a < a + n(b,a). If |f| is P-preinvex function on
[a,a + (b, a)), then for some fixed p,q > O,

a+0(b,a)
/ (x — a)(a+nb,a) — x)Uf ®)dx < nb,a)’ 1 B+ 1,q + D(f (@] + [f (D).

Proof Since [f|is P-preinvex function on [a, a + 1(b, a)], we have
If (@ +tn(b,a)| < |f @]+ |f(b)]

for all ¢ € [0, 1]. By Theorem 1 and P-preinvexity of |f|, we get

a+1(b,a) 1
/ " = @@+ nb,a) — 07 )dx = n(b, ay / #(1— 7f (a+ tn(ba))lds
a 0

1
< n(b,ay / # (1 — DU(f@)] + [f (b))t
0

=nb,a)’ B+ 1,q + D(f @] + [f(B)])
(by the definition 4).

Theorem 2 Let f:S =[a,a+ n(b,a)] - R be a continous function on the interval of
I3

real numbers S° (the interior of S) with a < a + n(b, a). If|f | ¥ is P-preinvex function on

[a,a + n(b, a)], then for some fixed p,q > 0,

a+n(b,a)
/ (x —a)(a+ n(b,a) — x)If (x)dx
k—1
Tk

< r/(b,a)l?+q+1[/3(kp +1,kq + 1)]% ([f@mﬁ 4 [f(b)|kkj)

k
Proof The P-preinvexity of |f|¥-1 on [a,a + 1(b,a)] along with Lemma 1, Definition 4
and Holder inequality imply that

a—+n(b,a)
/ (x — a)(a + n(b,a) — x)If (x)dx
k-1
&k

1 £ op
< n(b,aP T V (1 — t)kql V If (@ + tn(b, a))|’<k1dt]
0 0

k=1
1 &
< n(b, &’ [B(kp + 1,kq + D]F V (r @i + lf(b)lkkl)dt]
0

k-1

k

— 5(b, @ T Blkp + 1, kg + DIF (lf(ﬂ)lﬁ i lf(b)lﬁ)

This completes the proof. O
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Theorem 3 Let f:S = [a,a+ n(b,a)] — R be a continous function on the interval of
real numbers S° (the interior of S) with a < a + n(b, a). If[fll is P-preinvex function on
[a,a + (b, a)), then for some fixed p,q > O,

a+n(b,a)
[ e et nem -0 s < 0. 5 + L+ D (@ + ).

Proof The P-preinvexity of IfI"ona,a+ n(b,a)] along with Lemma 1, Definition 4 and
Holder inequality give

a+n(b,a)
/ (x —a)(a + n(b,a) — x)If (x)dx

1 —1
= n(b,ay’tit! / [ (1 —1)7] T [ (1 —1)7] éf(a + tn(b, a))dt
0

T

1 1 T
< n(b,a)pTat! V (1 — t)th] V (1 —t)|f(a + tn(b, a))|dt]
0 0
%

= 1@ T BE+ La+ DIT | (If@! + BB+ g+ 1)

= nb.a* B+ La+ D (f @ + @)

This completes the proof. O

Intergal inequalities involving prequasi-invex
I state the following theorems as the proof follow on the same lines of the theorems of

“New integral inequalities” section.

Definition 5 (Pinni 1991) The function f :S — R is said to be prequasi-invex on S

with respect to n(u, v), if
ftu+ (1 — ) < max(f (u),f (V)
for everyu,v € Sand t € [0, 1].

Theorem 4 Let f:S = la,a+ n(b,a)] - R be a continous function on the interval of
real numbers S° (the interior of S) with a < a + (b, a). If f is prequasi-invex function on

[a,a + n(b, a)], then for some fixed p,q > 0
a+n(b,a)
[ @ ar@s b, -0t eds < 0. B+ Lg + Dmax (@) )

Theorem 5 Let f:S =[a,a+ n(b,a)] - R be a continous function on the interval of
real numbers S° (the interior of S) with a < a + n(b, a). If |f | is prequasi-invex function on

[a,a + n(b, a)], then for some fixed p,q > 0,
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a+n(b,a)
/ (x — aYf (a+n(b,a) — x)If ®)dx < nb,a’ ™ B+ 1,q + Vimax([f @], [f (D))

Theorem 6 Let f:S = [a,a+ n(b,a)] — R be a continous function on the interval of
k

real numbers S° (the interior of S) with a < a + 1(b, a). If|f |1 is prequasi-invex function

onla,a + n(b,a)l, then for some fixed p,q > 0,

a+n(b,a)
/ (x —aY (a+ nb,a) —x)1f (x)dx

k=1
< (b, " By + 1, kg + D1 mas(f @5, [F b)) ©

Theorem 7 Let f:S = [a,a+ n(b,a)] — R be a continous function on the interval of
real numbers S° (the interior of S) with a < a + n(b, a). If [fll is prequasi-invex function
onla,a + n(b,a)l then for some fixed p,q > 0,

a+n(b,a)
[ e ar@rnem -0 ds < 00?5 + g+ Dmas (F@ PO,

Remark 1 If n(b,a) = b — a in the theorems of “Intergal inequalities involving pre-
quasi-invex” section, then we get the Theorems appeared in Liu (2013).

Conclusion

In this paper, I have introduced the P-preinvex function and used it along with beta
function to establish the new integral type inequalities. I also stated the other integral
type inequalities under prequasi-invex function. The presented results may be futher

generalized under weaker convexity assumptions.
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