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In this work we deal with the following nonlinear Schrédinger equation:

where N > 3, f is a subcritical power-type nonlinearity and V is a positive potential
satisfying a local condition. We prove the existence and concentration of nodal
solutions which concentrate around a k-dimensional sphere of RV, where

1 <k<N-1,ase — 0.The radius of such a sphere is related with the local minimum
of a function which takes into account the potential V. Variational methods are used
together with the penalization technique in order to overcome the lack of
compactness.
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1 Introduction

In the last decades, motivated by the great interest that this problem attracts in quantum
mechanics, many researchers have dedicated their efforts to the study of the nonlinear
Schrodinger equation

2
iV _ _h—mp + W@y -y, (Lx) eRxRY.
at 2m

Of particular interest are the so-called standing wave solutions which consist in solutions

—iEt/h

with a particle-like behavior. It is obtained by the Ansatz ¥ (t,x) = e u(x) which asso-

ciates the NLS equation to its stationary version
—2Au+ Vx)u=|ufu inRY, (L1)

where €% = i?/2m and V(x) = W(x) — E. As far as (1.1) is concerned, the behavior of the
solutions when € — 0 has a great physical interest since it describes the transition from
quantum to classical mechanics, being called semiclassical states. On this specific subject,
many authors have worked on spike-layered solutions which are nontrivial ground-state
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points of the associated energy functional and tend to concentrate around one or more
critical points of the potential V. We could cite some quite influential works on this sub-
ject, as the pioneering work of Floer and Weinstein [1], which have inspired the works of
Rabinowitz [2], Wang [3], Del Pino and Felmer [4], which have influenced so many other
works in the last three decades.

In the last ten years, solutions which concentrate on higher dimensional sets have re-
ceived more and more attention. The first work which seems to show this kind of result
is [5] in which the authors study an NLS equation on a bounded domain with Neumann
boundary condition and prove the existence of a sequence of solutions which concentrate
on some component of the boundary. One of the first works dealing with solutions concen-
trating around a sphere is [6] in which Ambrosetti, Malchiodi and Ni give necessary and
sufficient conditions under which (1.1) exhibits solutions concentrating around a sphere.
The radius of such a sphere is given by a minimum point of a function M, which takes
into account the value of the radial potential V/(|x|). The role played by M is in order to
balance the potential energy (coming from V) and the volume energy which arise from
the other terms of the energy functional (see the introduction of [6] for more details). In
fact, sphere-concentrating solutions show a rather different behavior when compared with
spike-layered ones. To be more specific, in [6], the authors prove the existence of sphere-
concentrating solutions to (1.1) even for critical or supercritical exponent p. This is in a
strike contrast with the fact that, as showed in [7], no spike-layered solution exists to (1.1)
for p = 2* — 1. Other significant difference is that the energy of the sphere-concentrating
solutions tends to zero in contrast with that of spike-layered solutions which converges to
the mountain-pass level of the energy functional. In these and so many other works ([8—11]
for example), Lyapunov-Schmidt reduction methods have been used in order to construct
the sphere-concentrating solutions for Schrodinger equations, Schréodinger-Poisson sys-
tems and other related problems.

More recently, in [12] Bonheure et al. proved the existence of solutions concentrating
around a k-dimensional sphere of RN for all k € {1,...,N — 1} to the following equation:

—2Au+ V(x)u=Kx)f(w) inRN, 1.2)

where the potentials V' and K satisfy rather generic conditions, allowing V even to van-
ish on the infinity. To do so, they use a modification of the penalization technique, origi-
nally presented in [4], in such a way that compactness is recovered to the modified energy
functional. Because of the generality of conditions to which V and K are subjected, in
order to prove that the solutions of the modified problem are solutions of the original
one, they made a thorough analysis with some barrier functions which bound the solu-
tions from above. In [13] the authors employ a similar argument in order to show the
existence of solutions concentrating on circumferences of R?, to a Schrédinger-Poisson
system.

In the spike-layered solutions setting, the existence of sign-changing (or nodal) solutions
was investigated by some authors. In [14] and [15], Alves and Soares study problem (1.2),
with K to be a constant, and prove the existence of nodal solutions which concentrate on
minima of the potential V. They consider f as a subcritical power-type nonlinearity in
their first work and as presenting a critical exponential growth at infinity in the second. In
both they employ the penalization technique together with a careful analysis of the profile
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of the solutions. In [16], Sato proposes a different kind of penalization in order to show
the existence of multi-peak nodal solutions to a Schrédinger equation with a vanishing
potential.

A question that naturally arises is whether there exists a sequence of nodal solutions to
the NLS equation which concentrate around a k-dimensional sphere. In this work we give
a positive answer to this question. More specifically, we study the existence and concen-

tration of nodal solutions to the following nonlinear Schrédinger equation:

_e2 = i N
eAu+Vx)u=f(u) inRY, (1.3)
ue HI(RN)y

where N > 3, exhibiting a cylindrical symmetry which implies this sort of concentration.

The nonlinearity f is assumed to be a C}(R) odd function satisfying the following:

(fi) There exists v > 1 such that f(|s|) = o(|s|") as s — 0;
(f2) There exist c1, ¢y > 0 such that |[f'(s)| < ¢; + ca|s|P~L, where 0 < p <
(f3) There exists 6 > 2 such that

2N .
N-2 2

0<6F(s) <f(s)s fors+0,

where F(s) = [, f(t) dt;

(fa) s+ f(s)/sis increasing in s > 0 and decreasing for s < 0.

The potential V' will be assumed to satisfy a symmetry condition which we explain in

the next section.

1.1 Statement of the main result

Let1 < k < N -1be an integer which determines the dimension of the sphere in which the
solutions obtained are going to concentrate. Consider H to be an (N — k —1)-dimensional
linear subspace of RN and note that 1~ is a (k + 1)-dimensional subspace. All along the
paper we use the notation for x € RN as x = (x',x”), in which x’ € H, x” € H are such that
x=x+x"

From now on, if #: RN — R is a function, by saying that &(x’,x”) = h(x/,|x"|) (which
rigorously does not make sense), we mean that 4(x',y) = h(x', z) for all y,z € H* such that
Iyl = |zl.

The condition in V which is considered is the following:

(Vi) There exists Vy > 0 such that Vo < V(x) and, for all x € RN, V(x) = V(x,x”) =
V', 1x"]).

Unlike spike-layered solutions, whose concentration occurs around minimum points of
V, the solutions we are going to study concentrate around minimum points of an auxiliary

potential. To see how we define them, let us consider the limit problem

—Au+au=f(u) in RNK, (1.4)
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It is well known (see [2] for instance) that there exists a ground state solution w € H*(RN-¥)

of (1.4) which minimizes the energy functional

1,(u) = % /RM(WM'z + auz) dx - /RN—k F(u)dx,
in the corresponding Nehari manifold given by
N, = {u e H'(RNF)\ (0} L (w)u = 0}.
We define the ground-energy function £ : R* — R* by
E(a) = ij\r}f[a.
Finally, we define the auxiliary potential M : RN — (0, +oco] by
Mx) = ’x”|k5(\/(x)),

where x = (¥, %), ¥ € H and x” € H*.
On the auxiliary potential M, we impose the following condition:

(M1) There exists an open bounded set 2 C RY such that if (x',x”) € Q then (x¥/,y") € Q
for all y” € H*, |x”| = |y”|. Moreover,

0 < Mg := inf M(x) < inf M(x).
x€Q x€0Q

Before we state our main result, let us define, for x = (x',x"), y = (¥/,y") € R,

dels.y) =\ (& =) + (|- 7)), (15)

as to be the distance between the k-dimensional spheres centered at the origin, parallel to

//|
)

H* and of radius |x”| and ||, respectively. Now we can finally state our main result.

Theorem 1.1 Let f satisfy (fi)-(fa) and V such that (V1) and (M,) hold. Then, for each se-
quence €, — 0, there exists a subsequence still denoted by (€,) such that (1.3) (with € = €,,)
has a nodal bound state u, such that u(x',x") = u(x,|x"|) and, if €,P., and €,P> are respec-
tively a minimum and a maximum point of u,, then €,P. € Q, i = 1,2, for n sufficiently
large,

e,,PL — X9, asn— 0o, (1.6)
where M(xo) = M and

_B 1 _B 2
’un(x)’ < C(e ar kenPu) | o= dk(x’enp”)), xeRN,

where C, 8 > 0 and dy is the distance defined in (1.5).
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The arguments in proving the existence of solutions were strongly influenced by the
works of Alves and Souto [17], in which they prove the existence of nodal solutions to a
Schrédinger-Poisson system. In the concentration, we follow closely the arguments in [14]
and [12, 13].

After our work has been finished, we found a very recent paper [18] in which the au-
thor uses a similar argumentation in order to prove the existence of a sequence of nodal
multi-peak solutions which concentrate around the minimum points of a modified po-
tential, associated to a vanishing potential. The existence arguments in both works rely
on a minimization of the penalized energy functional on the nodal Nehari set, and the
concentration arguments follow the same general lines. Nevertheless, it is worth pointing
out that in our work, since we get sphere-concentrating solutions, several technical dif-
ficulties arise. Moreover, in our work proving that the solution of the modified problem
is in fact a solution of the original one involves different comparison functions since our
penalization is slightly different.

In Section 2 we present the penalization scheme and the variational framework. In Sec-
tion 3 we prove the existence of nodal solutions of the modified problem. In Section 4 we
exhibit the concentration arguments in order to prove that the solutions of the modified
problem concentrate around a k-dimensional sphere; and in the last section we complete
the proof of Theorem 1.1 by showing that the solutions of the modified problem satisfy

the original one.

2 The penalized nonlinearity and the variational framework
The penalization we are going to apply is a variation of the classical method of Del Pino
and Felmer in [4], developed by Sato in [16], in order to allow its use in finding nodal

solutions. Fixing 2 < 7 < 0, let r. > 0 such that

@ze’ and f—(_ré)—er.

re —re
Since r. — 0 as € — 0, (f;) implies that

()

<Irel"™n
|7e]

Thus €71 < |r.|, and we can choose an odd functionﬁ € CY(R) satisfying

flo) ifls| < e,

fils) = -

€'s if|s| = ev,
[}i(s)| <e'ls| forallseRR, (2.1)
0<f/(s) <2 forallseR (2.2)

and

s r—)ﬂ(s)/s is increasing for s > 0 and decreasing for s < 0. (2.3)
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Let us define g (x,5) := xo(x)f (s) + (1 - XQ(’C))J?G(S)’ where xgq is the characteristic func-
tion of Q. Note that by (f)-(f1), g is a Charathéodory function such that g.(x',x",s) =
g(¥, %", ) satisfying

(g1) ge(x,5) =0(]s]"), as s — 0, uniformly in compact sets of R,

N+2 .,

(g2) There exist ¢1, ¢y > 0 such that |ge(x, )| < c1]s] + c2[s|?, where 1 < p < 3755

(g3) There exists 6 > 2 such that:
(i) 0<0Ge(x,s) <ge(x,5)s forx € Qands#0,
(i) 0<2Gc(x,s) < ge(x,5)s for x € RN\ and s #0,
where G (x,5) = [ g (x, 1) dt.
(ga) s @ is a nondecreasing function for s > 0 and nonincreasing for s < 0, for all
xeRN,

In a first moment, the concern will be with the penalized problem
—E2Au+V(x)u=g.(xu) inRN, (2.4)
Taking ve(x) = uc(ex), we relate each solution u, of (2.4) with a solution v, of
—Av+ V(ex)v=g.(ex,u) inR". (2.5)

In order to obtain solutions of (2.5) with a partial symmetry, let us consider the following
subspace of H(RN):
x// |) },

H:= {V € Hl(]RN);V/‘(|Vv|2 + V(ex)v?) < +o0 and v(x',x”) = v(x,

which is a Hilbert space when endowed with the inner product

(U, V)e = </ (Vqu + V(ex)uv)),

which gives rise to the following norm:

IVl = ( f (Vv + V(ex)v2)) §

Since the approach is variational, let us consider the energy functional I, : H — R, whose
Euler-Lagrange equation is (2.5), given by

I.(v) = %/‘(|VV|2 + V(ex)vz) - / Ge(ex,v).

By standard arguments, one can prove that I, € C2(H,R).

Remark 2.1 In this section and throughout the rest of the paper, we omit the dx in all
the integrals and, when the domain over which the integral is calculated is RV, we write
J rather than [ .
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3 Existence results
Let us consider the Nehari manifold associated to (2.5), which is well defined by (gs4) and
given by

N ={ve H\{O}I.(v)v = 0}.
Since we are looking for nodal solutions, let us consider the so-called nodal Nehari set
NE=ve H;vE #0 and I (v)v* = 0}.

Although NF is not a manifold since u — u* in H'(RN) lacks differentiability, it is a set
which contains all nodal solutions of (2.5).

In the next result we try to infer information of I, with respect to N in the same way
that one is used to do with A/.

Lemma 3.1 Letv € H such that v+ #0. Then there exist t,s > 0 such that tv* + sv~ € j\/}.
Proof First of all, let us prove that, for all v € H\{0}, there exists ¢ > 0 such that tv e N,.

Indeed, if T" = (suppv N Q) U {x € RY; [v(x)| < %evL—l}, where Q. = ¢71Q and |T"| denotes

the N-dimensional Lebesgue measure of I', note that |T'| > 0 (since v € H*(RY)) and then

tZ
I = I - / Fe)- [ Glesy)
r mr

£2 A
2 0 0
< lvlli;-¢ /IVI ——/ [v]
2 r 2 Jrmr

— —00,
as t — o0o. Then, if v € H is such that v¥ 0, there exist ¢,s > 0 such that
L(tv)tvt =0 and I (sv7)sv =0.
Then it is clear that
L(ovt+sv7) (vt +sv7) =L (v )ovt + I (sv7)sv™ = 0. O
For a fixed v € H, let us consider v, : [0, +00) x [0, +00) — R given by
U(t,s) =1, (tv+ + sv’),
and note that by the smoothness of g, ¥, € C*(R%,R).

Lemma 3.2 Letve N7, then (t,s) = (1,1) is a strict global maximum point of V.
¢ g p

Proof First of all let us note that if v € N'=, by (g3),

lim  ,(t,5) = —00.
|(¢,8)|— 00
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¥ (t,s) <0 if

(¢, s)| >R.
Since

V(L s) = (Ié (tv*)v*,]é (sv’)v’),
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(3.1)

standard calculations about the behavior of £ +— I.(¢tv*) and s — I.(sv™) and the fact that

v e NF imply that v, has just one critical point given by (¢,s) = (1,1).

As we prove in Lemma 3.5 (which is totally independent of this one), ¥,(1,1) = I (v) >
p >0.By(3.1), in order to get the result, it is enough to prove that (1,1) is a local maximum

point of ¥,. Note that

2 (L) (v vT) 0
Dyts) = ( 0 IEH(SV_)(V_,V_)) ’
and then

det(Dzlpv(l, 1)) =1/ (v*) (v* v*) . IZ(V’) (v,v)

- (/.(ge(ex, vv* —gé(éxr‘”)vﬂ))
([ @tesry-glenri).

By definition of g. and (gs), the last integral is greater or equal to

</ . (f(v*)v+ _f/(v+)v+2)>
(supp(r")NQe)U{|v* < e 7T}
' (/ . (O =1 (s v‘)v‘z))
supp(r-)N(QeU{lv-|<Le-T})

> 0.

In the last inequality we have used that by (f3),

f(s)s—f'(s)s*<0 foralls#0

and as v* € H, | supp(v*) N (2 U {|v*| < a})| > 0 and |supp(v") N (e U {|v| < a})| >0,

where Q. := €1Q.

Since D?y,(1,1) is a positive definite form, we just have to verify that

Ié/(t,‘v*)v+2 < 0. But this follows since 1 is a maximum point of ¢ — I (¢v*).

Py _
9t

O

Still, as a consequence of the arguments employed in the construction of the Nehari

manifold as in [2], we have the following result.
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Lemma 3.3 Let v € H such that v* #0 and

Ié(v)vi <0,

then there exist t,s € (0,1] such that
tvt +sv” e NE.
Proof In fact, let t € R such that I (tv*)tv* = 0. Suppose by contradiction that ¢ > 1, then

o - [ty [ gty
t V>0 tvt

/ fv)ev?
supp(vN(@eUllevtI<hev Ty VY

/ g (ex, tvr)v+?
+ , —
supp(r*)N(QeUflv* > S 7-1)) tv

. SV

>
/supp<v+>n<aeuntv+ l<iev-T})

ge(ex, V*)v+2

+ T
/supp<v+>m<szguuv+z§ev—f ) vt
- /gE (ex, v )",

which implies that I/ (v)v* > 0, contradicting the hypothesis. The same argument applies

to v~ ands. O

Let us define

d. = ji\r/lilg,

€

and note that if there exists a solution of (2.5) in the energy level d., then it is the solution
with least energy among all nodal ones.

Now we are going to state and prove the main result of this section.

Theorem 3.4 For sufficiently small € > 0, there exists a nodal solution of (2.5), v, € H such
that I.(v.) = d..

Before proceeding with the proof of Theorem 3.4, let us state some technical result about

Lemma 3.5 It holds that
(i) There exists p > 0 such that ||v||. > p for all v e N-.
(ii) There exists a constant C > 0 such that, for all v e N, I.(v) > C||v|2.
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Proof The proof of (i) follows by standard arguments. Let us prove just (ii), which in fact
also follows by very well known arguments. Note that if v € N, by (g3),

1

I(v) = I.(v)- gl/e(v)v = (% - 5) [vl|? + %[RN(g(x, v)v - 0G(x, V)) dx

> (l _ _>||V||§ + —/ (g(ex,v,,)v—@G(ex,v)) dx
e

Qe

-0
vlIZ + —— eV dx

)nvnf + —g Glx, u,) dx
) 20 Q¢

where C > 0 for € > 0 sufficiently small. g

Proof of Theorem 3.4 The proof will be carried out in two steps. In the first one we prove
that d_ is attained by a function u, € H.
Let (w,,) be a minimizing sequence for I, in N, i.e., a sequence (w,,) C N such that

lim I (w,) = d.. (3.2)

Note that, by (3.2) and Lemma 3.5, (w,,) is a bounded sequence in H. Then there exists

w, such that w,, — w, in H up to a subsequence. In the same way as in Lemma 2.3 in [19],

+

it is possible to show that v — v* is a continuous function of H into itself, from which it

follows that wX — w in H. As a consequence, up to a subsequence

wE —wE ae inRY, (3.3)
and
2N
wf — wf inL"(Q) forl<r< N o’ (3.4)

where w¥ # 0 by the same arguments as in Lemma 2.8 in [16].
Since wf #0,let ., sc > 0 be such that t.w} +s.w_ € /\/;i. By weak lower-semicontinuity
of || - || and by Sobolev embeddings, it follows that

|tew? +sew; ”6 < linrggf”tew; +ScW, ||E (3.5)

and

n—00

/ F(tew! +scw) = liminff F(tew) +sew))). (3.6)
Qe Qe
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Now the real essence of the modification of penalization really comes up. Note that for
€ > 0 sufficiently small,

1 -
Lo 0= 5 /R . (192 + V(exn?) - /R v

is a strictly convex functional in H(R"\$2,) = {v € Hl(IRN\Qe),f]RN\Qe(WVl2 + Viex)?) <
oo}. In fact, for v, € H(RN\QG), h #0, by (2.2) and Sobolev embeddings,

g W) ) = 11 vy, = / VAU
R\ Qe
= ”h”iRN\QE (1 - GT) >0

for € > 0 sufficiently small. Then by convex analysis it follows that I, gn\ g, is weakly lower
semicontinuous. Then (3.5), (3.6) and this fact imply that

L (tew! +sew]) < linrgggfl6 (tew! +sewy)

<liminf(Z (tew]) + I (sew))

n—00

< liminf(I (w?) + I. ()

n—00

= be.

Hence I (t.w! + s.w_) = be.

The second step is proving that v, € H, which minimizes I, on NZ is a critical point of
I. in H. This can be done by employing the same arguments as those of Section 3 in [20].
For the sake of completeness, we include all the details of this proof.

Supposing by contradiction that I’ (v¢) # 0, there exist 8, A > 0 such that

||Ié(v) ||* > forallveBs(v.) C H. (3.7)

Let us consider the function (£,s) — tv} + sv_ defined on D = (1,2)?, and note that by

Lemma 3.2
8, := (tr’gngg (tv! +sv) <Le(ve) = de. (3.8)

de=be 28
2?24

Taking p = min{
that
(i) n(Q,v)=vforallvé¢ I ([de —2p,d. +2p]),
(il) (1L, 1% NS) C I%*,
(iii) Zc(n(L,v)) < I.(v) for all u € .
Claim.

} and S = Bs/3(ve), Lemma 2.3 in [21] yields a deformation 7 such

max I (n(L, v} +sv)) <de.
(t,s)eD

In fact, if (¢,s) # (1,1), then by Lemma 3.2,

L(n(Levi +sv))) <L(tv) +sv]) <de.



Figueiredo and Pimenta Boundary Value Problems (2015) 2015:168 Page 12 of 19

On the other hand, by (ii),

I (77(1; Ve)) <de - P

which proves the claim.

Now, let us prove that there exists (t,s) € D such that n(L, tv} +sv) € N=, which together
with the claim contradicts the definition of d..

Define A(t,s) = n(1, tv} +sv7) and Wy, ¥ : R? — R? by

Wo(t,s) = (IL (v Vi I (sv.)vy),
and
1 1 _ _
W (,s) = (EIE' (h(t,s)+)h(t,s)+,gle' (h(t,s) )h(t,s) )

By results of Brouwer degree theory, deg(Wy, D, (0,0)) = 1. On the other hand, note that
by (3.8), (t,s) — tv] + sv_ coincides with /7 on dD. Hence W, = ¥; on 0D, and then
deg(Wy, D, (0,0)) = deg(Wy, D, (0,0)) = 1. Therefore there exists (¢, s) € D such that W (¢,s) =
(0,0) and, consequently,

(Lt} +sv7) = hit,s) € N
Finally, this contradiction proves the theorem. O

4 Concentration results

Let us introduce a sequence €, — 0 as n — 00 and, for each n € N, let us denote by v, the

solution v, given by Theorem 3.4 and consider d,, :=d,,, | - l.:= | - ll¢, and I, := I,,.
The following result provides an upper estimate for the sequence of values d,,. Its proof

is inspired by the arguments of Alves and Soares in [14].

Lemma 4.1

lim sup e’,fd,, < 2wg igf./\/l

n—0oQ

and
k 2
€ lvall, = C,
where wy, denotes the volume of the unitary k-dimensional ball on RN

Proof Let zo = (x9,y0) € Q2 be such that M(zp) = inf,co M(x). Since Q is an open set,
there exists R > 0 such that Byr(zg) C Q2. Let us choose points z;,z, € dBg(zg) such that,
if z; = (Q}, QY), then |Q} — Qj] = 2R. Note that Bgr(z;) C 2 for i = 1,2. In the rest of this
proof, i € {1,2}. Let us choose smooth cut-off functions y; : RN-¥ — R such that ¢; = 1 in
Ben-«((Q,,1Q/]), R/4) and ¥; = 0 in RN"M\Bpn_«((Q, |Q/]), R/2).
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Let w; € H'(RN-F) be a ground-state solution of
—Au+V(z)u=f(u) inRN*

and w,,;, : RN — R be given by
Q; Q7
Wiy (,7) = I/fi(enx/,enlx”l)wi< - = ] - —’)
€, €

We associate for each w;, ;, (x) its k-dimensional counterpart w, ., (x', 7) = w,, ., (¥, x”), where
|x”] = r € R. The existence of ¢;, > 0 such that ;, w,,, € N, is well known. By the construc-

tion we have made so far, it is straightforward to see that
Wy = b, Wiz — ba,Wnyzy € /\/’i
Using the fact that I, is even, we have
dp < Ii(Wn) = Li(t1,Wn,z)) + In(b2, Wiz, ). (4.1)

By a change of variable, let us note that for i € {1,2}, I,(t,wy,,) is equal to

2
i / (IVWp > + Ve, ) dx —/ Gu(€n, tiyWy,,) dx
2 JrN ! i RN '

= |: / / |Vw,,zl(x r)’ +V(e,,x’,e,,r)iv,,,zi(x’,r)z) drdx’
RN-k-1

/N N / e,,x, €y by Wy, (x’,r)) drdx’]

R 1

_ |QN v / / /7 / 2
= Wk RNk \Q//I | (wi(énx + Qi: 6n0+|Qi !)Wi(x ,0))’

+ V(e,,x’ +€,Q},€,0 + |Q;’|)(1/fi(e,,x’ +€,Q},€,0 + |Q§’|)w,-(x’,a)2) do dx’'

g
—'/7‘(2{/‘ (0 + el ) G,,(enx/+e,,Q;.,ena +
L n

€n

ti, Vi(enx' + €,Q) €40 + | Q! [)wi(¥',0)) do dx/j|

= €, el Qil vz (&, wi) + 0(1) < €, | QI E(V (2)) = €,F o M(z:) + 0(D).
By the last inequality and (4.1), we have
efd, < wox(M(z1) + M(z)) +o(1) (4.2)

and making R — 0, the continuity of V and M implies the result.
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Now, in order to see that
exllvals < C,
just observe that v, € A, and use (ii) of Lemma 3.5. O

The next lemma implies that solutions found in Theorem 3.4 do not vanish when
n—> 00.

Lemma 4.2 Let P, P2 be local maximum and minimum points of vy, respectively. Then
Pl eQ, =¢,'Q,

v,,(P,lq) >a and v, (Pﬁ) <-a,
where a > 0 is such that f(a)/a = V,/2.

Proof First of all let us prove that P, € ., . Suppose by contradiction that P! ¢ Q. Since
P! is a local maximum point, it follows that Av,(P}) < 0. By definition of g,, we have

Vova(PL) < =Av,(PL) + V(€,PL) v, (PL) = £, (va(PL)) < €2va(PL),

which is impossible for € > 0 sufficiently small. A similar argument applies to P2.
Since P! € Q,, and v,(P}) > 0, from the definition of g, we have

0> Av,(PL) = (v(enp}q) —]%ﬁ'))))vn(zn}q).

Supposing by contradiction that v, (P.) < a. By the choice of a > 0 and (f;) it follows that

fuPy) _fla) Vo

Vo < V(enP)) < o (P) === (4.3)

which is a contradiction. Analogously we prove that v,,(P%) < —a. O
By the last result, there exist P', P> € Q such that along a subsequence

Jlim e.P. =P, ie{1,2}. (4.4)

The same argument of [14] with short modifications can be used to prove the following
result.

Lemma 4.3 Using the same notation as that in the last result, it follows that

lim | P, — P2| = +o0. (4.5)

n—00

Lemma 4.4 Let y, = (y,,y) C RN be a sequence such that €,y, — (¥/,y") € Q as n — oc.
Denoting v,(x,r) := v,(x,x"), where |x"| = r, let us define w, : RN"*1 x [<|y,|, +00) — R
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by
Wi (%, 7) = V(o r + |y/,:|)

Then there exists w € H'(RN7%) such that w, — w in C2_(RN-X) and w satisfies the limit

problem

-Aw+ V(Y,

V') =g (W) in RN, (4.6)

where g,(x',r,s) := x (¢, r)f (s) + (1 — x (&, ., (s) and x(x',r) = lim,, o xa(€.X + .7,
€nt + €4ly0).

Proof The proof is analogous to [12][Lemma 4.3], but we sketch it here for the sake of
completeness.
Note that w, satisfies the following problem:

- k Wy I ~
Wy — WE + V(enx’ +€,Y, €nl + en|y,:|)wn
= gn(€nX + €Y €n7 + €4|Y) W), (4.7)
in RN*1 5 [—|y,|, +00).
By Lemma 4.1 it follows that
+00
/ / (IViul® + V(€n' + €y, €nr + €4|y,|)W2) drdx’ < C (4.8)
BNk )y

uniformly in # and then, for some w € H'(RN%),
W, — W in H'(RN7). (4.9)

By choosing a sequence R, — oo such that €,R, — 0 and considering a smooth cut-
off function in RN-K, g such that 0 < iz <1, ne(z) = 1if |z] < § and nz(z) = 0 if |z] > R,
and [[Viglleo < %, it can be proved using (4.8) that w,(z) := ng,(2)W,(2z) is bounded in

HY(RN-%), uniformly in 7.

Since w,, satisfies (4.7) in B(0, R,,), it follows by classical elliptic estimates that

Wrllw2aBor) < C (4.10)

for sufficiently large n € N, where R > 0 is fixed.
By (4.9) and (4.10) it follows that w,, — w in C?

loc

(RN-*) and that w satisfies (4.6). O

Since the concentration set is expected to be a sphere in R, it is natural to introduce
the distance between two k-dimensional spheres in RN, which gives rise to neighborhoods
in which we want to estimate the mass of solutions. Let us recall that for x = (x',x”), y =
0, € RY,

diwy) = (- ) + (1] - ),
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denotes the distance between k-dimensional spheres centered at the origin, parallel to

//|
)

and of radius |x”| and |y”|, respectively. According to this distance, the balls are given by

Bi(x,7) = {y e RN;d(x,y) < r}.
From now on, for A C RN, we denote
1 2 2
IMNUVE 5 (|Vv| + V(ex)v )a’x— G, (€,x,v) dx.
A A

The following is the main step in proving the concentration result.

Proposition 4.5 Suppose that all the assumptions of Theorem 1.1 hold. Then
(i) lim,_ o0 e’,fd,q = 2wy infq M;
(i) lim,— 0o M(e,P.) = infq M, i € {1,2}.

Proof Let us get started with (i). By Lemma 4.1 it follows that

lim sup efldy, < 2wy igf/\/l. (4.11)

n—o0

In order to prove that

liminfeXd, > 2wy inf M, (4.12)

n—0o0

we use some ideas of [4][Lemma 2.2].

By Lemmas 4.2 and 4.4 it follows that w/,(x', 7) := ¥, (x/, r + P}) — W; in C2 (RN-%), where

loc
w; # 0 and satisfies (4.6) with (¥,y") = P*.
For each R > 0 and up to a subsequence in #, Lemma 4.4 with calculations similar to
those which have resulted in (4.2) implies that

i1 5 o
€n o, (V) = “’k|Pl”|k<§/ (IVwil* + V(P')#;}) dz
Bg(0)

- f G(r, ﬁ/i)dz> +0,(1)
Bg(0)

> wkypi”V(l [ vk evie)izyaz- [
2 Jroo)

F(w;) dz) +0,(1).
BR(0)

Since w; € H'(RNF), it follows that for a given 1 > 0 there exists R > 0 such that
lim gfeﬁlwk(,,m(vn) > o M(P') - 1.

Taking into account Lemma 4.3, it follows that for # large enough Bi(PL, R) and B(P2, R)
are disjoint, and then

k k k
€1, (vy) = fnln,Bk(P,h,R)(Vn) + fnln,Bk(P,%,R)(Vn) + In’RN\Bn,R(VV,),

where B, := Bx(PL, R) U Bi(P%,R).
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Now, a similar calculation to (2.21) in [22] implies that
linrgg}fln,RN\Bn'R(Vn) =-n
for R > 0 sufficiently large, and then
linrggr.}felyjl,,(vn) > wx(M(P") + M(P*)) - 3n
> 2w igfj\/l - 3.

Since the last inequality holds for all n > 0, (4.12) is proved.
To prove (ii), let us suppose by contradiction that

M(P) > 1gf/\/l, ie{1,2},

where P is given by (4.4). Just by arguing as in the first item, one can see that
L. k .
hnn;g}ffnln("n) > wyi (./\/l (Pl) + M (PZ)) > 2wy 1gf./\/l,

which contradicts the statement of Lemma 4.1. This contradiction proves the proposi-
tion. g

Remark 4.6 Note that by (ii) of the last result it follows that P! € Q. In fact, if P’ € 3%, by
(M), M(P) > infg M, which together with the continuity of M (see Lemma 2.1 in [12])
leads to a contradiction.

5 Proof of Theorem 1.1
Let v, be as at the beginning of Section 4 and u,(x) := v, (€, 'x).

Proposition 5.1

I Vil oo s (phRIUBK (P2.R)) = O

Proof The proof follows by contradiction. Let us suppose that there exist n > 0 and se-
quences R, — 0o and (y,) C £2,,\(Bx(P%, R,) U Bx(PL, R,))) such that

’Vn(yn)| >1n.

Since €,y, € Q, it follows that €,y, — ¥ € Q up to a subsequence.
Then, following the arguments in Proposition 4.5, it is possible to show that

e’,fdn =1,(v,) > 3w igf/\/l,
which contradicts Lemma 4.1. O

By standard elliptic regularity theory, it is possible to show that v, € C2(RY). Then, by
continuity, Proposition 5.1 implies that

1Virll oo a8 (B3 R 0B (PR YY) = O (D): (5.1)
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In order to prove the exponential decay with respect to €, of the functions ., let us take

as a comparison function
W(x) = C(e—ﬂdk(x,P}n + e—ﬁdk(x,Pﬁ))’

defined in RN\(B(PL, R) U Bx(PL, R)), where C > 0 is to be chosen. For sufficiently small
B > 0 (independent of ¢,,), it follows that

Gn(€xs V)

n

(—A + V(enx) - )(W +v,) >0 inRV\(B(Ph,R) UBi(P),R)).

Then, by (5.1), for x € B(Bk(P;,R) U Bk(Pi,,R))
W(x) £ v,(x) = C2e PR £ v, >0

for a sufficiently large constant C > 0 which does not depend on #n. Hence the maximum

principle applies and
lval < W(x) on RN\ (Bk(P},R) UBy(P,,R)).
Then there exists a sufficiently large constant C > 0 such that
[va(x)| < C(e‘ﬂdk(x’Pi) + e‘ﬂd"(x'P%))

for x € RN\ (B (PL, R) U Bi(PL, R)), which implies that

lia()] < C(e & dteenth) | gt dutuentiy (5.2)

for x € RN\ (Bi(€,PL, €,R) UBy(e,PL, €,R)). Since P!, P? € Q, it follows that for large enough
n, €,P! € Q for i = 1,2. In particular, by (5.2) it holds that

-8
|24l oo vy ) < Ceen,

which implies that u,, satisfies the original problem for # large enough. The proof of (1.6)
follows by (4.4) and item (ii) of Proposition 4.5. Therefore the proof of Theorem 1.1 fol-

lows.
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