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1 Introduction

The theory of initial boundary value problems for partial differential equations and sys-
tems in nonsmooth domains has attracted the attention of many researchers. These prob-
lems for Schrddinger systems in domain with conical points are considered in [1, 2], in
which authors consider the existence, the uniqueness and the regularity of solutions of
the mentioned problems. While problems without initial conditions arise when describ-
ing different nonstationary processes in nature under the hypothesis that the initial con-
dition practically has no influence at the present time. These problems are investigated in
many works, see [3—6] for example, with results only about the well-posedness. In [7], we
studied the boundary value problem without initial condition for Schrodinger systems in
domain with conical points. By studying the corresponding problem with initial condition
t = h, then passing to the limits # — —o0, we obtained the existence and uniqueness of the
solution. In the present paper, we continue considering the mentioned problem and our
main aim here is to study the regularity of the solution.

There are four sections in this paper. In Section 1, we set the problem and recall an
obvious result about the unique existence of solution. Afterwards, in Sections 2 and 3, by a
similar method to [1, 2], we give results on the regularity of problems with initial condition
t = h for Schrodinger systems in domains with conical points. Then, by letting # — —oo,
the smoothness of the generalized solution of our problem is obtained in Section 4.

2 Setting problem and obvious result
Let © be a bounded domain in R” (n > 2) with boundary S = 9Q2. Assume that S is an
infinitely differentiable surface everywhere, except for the coordinate origin, in a neigh-
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borhood Uj satisfying Q2 N Uy and coincides with the cone K = {x : x/|x| € G}, where G
is a smooth domain on the unit sphere S"~1. For a < b, set Qb Q x (a,b), Sb S x (a,b).

If (a,b) = R, we use Qg to refer to 2% and Sg to refer to S*_. For each multi-index

a=(ay,...,a,) €N, set |a| =ay +- -+ +, and 8% = 3y - - - D",
Denote u(x,t) = (u1(x, t),..., us(x, t)), Du = (D“ul,...,D us), [D"ul* = 370, ID"wif* and
o i s v -t
uy = (28, ), |uy | = 5, 1242,

Let us introduce some funct10nal spaces (see [7]) used in this paper.
We use H*(2) to denote the space of s-dimensional vector functions defined in © with

the norm

el s2x (lgﬂmﬂ dx)

Denote by H*(Q}) the space consisting of all vector functions u : 2% — C* satisfying

1

! 2

il - (/ <Z|D"‘u| Zluﬂ|2>dxdt>,
j=1

|a|=0

and H* (—y, 522) is the space of vector functions with norm

1
k ! 2
2 _
loel sy by = (/;zh( E |DYu|” + E |uﬂ-|2)e 2Vtalxdt) .

o] =0 j=1

In particular,

el k0,0t = (Z / D’ —zwdxdt)

|a|=0

Especially, we set Ly(—y, %) = H*%(—y, Qb).
Hé’k (~y, Qz) is the space of all functions u(x, £) which have generalized derivatives D“u,

Vu

o0 ol =1, 1<j <k, satisfying

I

_ 2(B+|al-1) | o -2yt
u = r D u U, dxdt < oo.
s /Qg<§ "+ § | |)

a=0

H ,13(—)’, Qz) is the space of all functions u(x, £) which have generalized derivatives D*u,;,
lo| <1,1<j </, satisfying

g o= | S Pl Do [ it < o

aa+] 0

Denote by H*(—y, Q") the completion of infinitely differentiable vector functions vanish-
ing near S’ with respect to H**(-y, %) norm.
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Now we introduce a differential operator of order 2m

LxtD) = Y (-)P'D?(ap(x, )D7),
pllg1=0

where a,, are s x s matrices with the bounded complex-valued components in Qg, a,, =
ay, (ay, is the transposed conjugate matrix to a,,). Set

m
B(t,u,v) = Z /aququD—Pvdx, teR.
Iphlgl=0 7

We assume further that the form B(z, -, -) satisfies the following condition: there exists a
constant i > 0 independent of ¢ and u such that

Bt t,u) > o (-, 8)]| o (2.1)

forall u € ISI”‘(Q) and a.e. t € R, where ISI’”(Q) is the closure in H™(2) of infinitely differ-
entiable complex s-dimensional vector functions with compact support in €.
Now we consider the following problem in the cylinder Qg:

(=1)"YiL(x, t, D)u — u; = f(x,£) in Q, (2.2)
Yul o o 1 (2.3)
— =0, =0,....m-1, .
v Sr J

where v is the unit vector of outer normal to the surrounding surface Sg.
Let f € Ly(—y, Qr), a complex vector-valued function u € ID{””O(—)/, Qp) is called a gen-
eralized solution of problem (2.2)-(2.3) if and only if, for any T > 0, the equality

T
(—l)m_li/ B(t,u,n)dt + / un;dxdt = / frndxdt (2.4)
—00 QZOO QTOQ

holds for all € H™(y, Qg), n(x,t) = 0 with £ > T.
Forany / € R, we also consider the following problem with initial condition correspond-
ing to problem (2.2)-(2.3):

(-1)"YiL(x,t,D)v —v; = f(x,£) in Qp°, (2.5)
V= =0, x€8, (2.6)
v )

—| =0, j=0,....m-1 (2.7)
o/ Ise

A functionv e li[m'o(—y, Q;°) is a generalized solution of problem (2.5)-(2.7) if and only
if, for any T > 0, we have

T
(—l)m’li/ B(t,v,n)dt+/ vmdxdt:/ frndxdt (2.8)
h r o

2

for all n € H™(y, ), n(x,£) = 0 forall £ > T.
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We recall the results about the solvability of problem (2.2)-(2.3) proved in [7].

Theorem 2.1 Assume that:
. 9
(i) sup{l=5] : (x£) € Q=,0 < |pl, lq] < m) = < 00;
(ii) [%22] < py - €%, for all (x,£) € e, 0 < |pl, |q] < m;
(ili) f.fe € La(~y,QR),
where i, 1y are positive constants. Then for all y > yy = '2%)‘, M* =3y 1<m L there exists a

uniquely generalized solution u € ISI’”'O(—)/, QR) of problem (2.2)-(2.3) satisfying

2 2 2
”u”ﬁlm,o(,%gk) = C[”f”Lz(—%QR) + ”ft”Lz(—V»QR)]'

3 The regularity with respect to time variable of the problem with initial
condition

The regularity of problem (2.2)-(2.3) is implied by analogous property for problem (2.5)-

(2.7). In [1], the regularity with respect to time variable of problem (2.5)-(2.7) is studied

in the case & = 0 and fix € L>(0, 00; L5(€2)). Now, by a similar method, we consider the

problem in the case # € R and fix € Ly(—y, 2;°). Moreover, we also show that the constants

C in all prior estimates do not depend on /.

Theorem 3.1 Assume that | € N and there exists 1 > 0 such that
. ) ak
(i) sup{| 22| : (x,2) € Qe,0 < |pl,|ql < m,} = ju <00, | 5HL| < g, pta >0, for
2<k<Il+1;
(ii) fix € La(=y,25°), for k <I+1, fx(x,h) =0 forallx € 2,0 <k <.
Then for all y > (21 +1)yy, the solution v € ISI””O(—y, Qr) of problem (2.5)-(2.7) has deriva-

tives with respect to t up to order | satisfying vu € H™(-y,Q25°), Vk = 0,1, such that

k+1
”Vtk ||]2-[m,0 Q) = C ”ftml ”% —y, Q%) (3.1)
(=7, h ) 2=y, h )

m1=0
where the constant C does not depend on v, f, h.

Proof Suppose that {¢;}?2, is an orthogonal basis of H"(£2) which is orthonormal in
Ly(R). For any N € N, the approximating solutions can be found in the form vV (x,¢) =
22[:0 C,I(\’ (t)@i(x) where (C,](V (t))f: , is the solution of the ordinary differential system

(—1)" B, N, r) - /Q VW ordx = /Q foxdx, (3.2)

CN(h)=0, k=1,...,N. (3.3)

From the assumptions it follows that the coefficients Cy' (¢), defined uniquely by (3.2), have
derivatives up to order 1 + 1 and vV (x, &) = 0. It is very easy to check that D?v"(x,4) = 0,
YO < |p| <m,xe Q.

Step 1: Prove that Dl”vi‘,{(x, h)y=0forall0 <k<[,0<|p|<m,xeQ.
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Taking the derivative (k—1) times of both sides of (3.2) with respect to ¢, then multiplying

both sides by %(CkN (£)) and taking the sum with respect to k from 1 to N, we arrive at

/|VN| dx + (-1)" Z /apq dx

Ipl:1q1=0
- m k=2 k-1 k—s a
. -1 } : } : Pq
:l/thkilV?k[d“ o Ipl.lq1=0 s=0 ( >/Q dtk-s-1 Fr==nd VNDPVN adz (34

Because of the fact that f« (x, /) = 0 for allx € 2, 0 < k < [-1, using induction with respect
to k from (3.4) we obtain D”Vi\,f(x, h)y=0forall0 <k <[,0=<|p|<m,xe Q.

Step 2: A priori estimate for Vi\,f .

For k =/ +1, adding (3.4) to its complex conjugate, integrating with respect to ¢ from &
to 7, and then integrating by parts, we get

(-1)"B(z, v}l (x,7), v} (%, 7))

= (-1 Z / ”qu NDrvY daxdt

Ipl;lg1=0

-~ ad
+(-1)"2Re Z f aququDPdexdt
Qh

Ipl,lg1=0
m -1 I 81 s+1a
+(-1)"2Re ) ()/ D VN Do doxdt
ipligl=0 s=0 \*/ /<

m -2
l 9
+(-1)"2Re Y _ (s> /Q 1 at,"quqvﬁﬁﬂDpVydxdt
h

Ipllg1=0 s=0

m -1 I—s
l 0" %a —_—
—(-1)"2Re Z (s)_/Q at’*fq (x,r)quﬁ}’(x,r)DPVfl[(x,r)dx
lpl,lgl=0 s=
+ 2Im/ﬁl(x,r)vf,’(x,r)dx— 2Im ftmdedt. (3.5)
Q Qr

We denote by I, II, III, IV, V, and VI the terms from the first, second, third, fourth, fifth,
sixth, and seventh, respectively, of the right-hand sides of (3.5). We will give estimations
for these terms. Using Cauchy’s inequality, for any €; > 0, we have

5 Z / (DY + |DPW[*) dxdt = um / [ 8 ey
2 ioi=o
I < 2lu,m*/h [V ey
. , 1 . ,
nguzm*(Zl—l)Gl/h ||sz[(-,t)||Hm<n>d”C12fh (FALCT] Py
s=0

T -1 T
IV < pom* (2 =1~ 1)e, /h A Oy e+ G Y /h e —
s=0

Page 5 of 12
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-1

|4 = MZm*(ZZ - 1)61 ” Vi\sl(¢ t) ||i[””(Q) + Cl Z ||V?9{(7 T) ”i[ﬂ'l(s‘z))
s=0

R (TS TRy

v im0 iy ),

M1 I
where C; = max{“”e’1 , a}, M =maxsq, ;1 (S)

Denote € = (241 = 2 — D)um* + 1)e; > 0 for [ > 0, then for all 0 < € < g, using above
estimations and (3.5), we obtain

QI+ um* +€

VZ\ZI" 2m
I 2 ( gl @ = o —€

-1

—a /h YOy e+ €SI GO ey
k=0

-1 .
+ €3 [ IO ey
k=0

FC |2, g+ C /h i )2 o (3.6)

where C is a positive constant.
On the other hand, in [6] one already has the following estimate:

[ oy <20 eM”’(Ivc,n e [ 1G9 ds) dt
(Wl + [ VGO q ). @)

Multiplying both sides of (3.7) by e 27, then integrating with respect to t from % to oo
we obtain

”VN”?{MO(,},,QZO) = C(”f“%a(—y,ﬁzo) + ”ﬂ”iz(,%gio)), (3.8)

where the constant C does not depend on /. Now using (3.8) and (3.6) for / =1 yields

1 ooy

< C(IAIZ, y a0y + i IZ y 0 + ”VN”Iz—[va(—y,on))
o0 T
wC [ [ e (0 gy + U e

00 T t
+C- fh e /h (0 /h (I ey + 297, ) dsddtdr. (3.9)

Remember that

3um* +¢

inf 20q = inf

=6y <2y.
no>e>0 no>€>0 Lo — €
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So we can choose € small enough such that o; < y. By (3.9) and using the Fubini theorem
we obtain

2
Y omoc < c(z Vi s Hanzm.o(_y,Q?)),
k=0

which implies

2
12 [mo .oy < € D Wikl iy ey (3.10)
k=0

Repeating the above arguments, from (3.6) one can prove for any /, if fix € Ly(—y, 25°),
k =0,1+1, that vV has derivative with respect to ¢ up to the /th and for any k = 0,/

k+1
vk “)%1’”‘0(‘7/’929) <CY lfim ”%2(—;/,920)' (3.11)

m1=0

The inequality (3.11) implies that {Vi\k’} is uniformly bounded in H™°(~y, Q:°). By a stan-
dard weakly convergence argument, we can conclude that the sequence {vi\,f}]o\,":1 possesses

a subsequence convergent to a vector function vy in H™°(~y, Q5°). Moreover, it follows
from (3.11) that (3.1) holds. g

4 Further results on the regularity of solution of problem with initial condition
Assume that  is a local coordinate system on S"~!. Moreover, assume that the principal
part of the operator L(x, £, D) at origin 0 can be written in the form

id

Lo(0,¢,D) = ¥ 2" Q(w, t,rD,,D,), D, = o
r

where Q is a linear operator with smooth coefficients. Consider the following spectral

problem:
Qlw,t,A,D,)v(w) =0, weG; (4.1)
Dyw)=0, wedG,j=0,....m-1. (4.2)

Proceeding similarly to Lemma 2.1 in [1], the following lemma holds.
Lemma 4.1 Let f,fi,fu € Lo(—y,K°), v > (4dm + 1)yo and f(x,h) = f,(x,h) = 0. If v(x, ) is

a generalized solution of problem (2.5)-(2.7) in the space 131’”'0(—)/,Kh°°) such that u=0
whenever |x| > R, R = const., then v € an”"l(—y,l(ﬁo) and the following estimate holds:

2 2 2 2
”V”Hyz,,m’l(—y,](;:c) = C[”f”Lz(,y,K;C) + "ft”Lz(fy,K,fo) + ”ftt”Lz(,y,I(;O)]; (4.3)
where the constant C is independent of v, f, h.

Lemma 4.2 Let v(x,t) be a generalized solution of problem (2.5)-(2.7), y > (4m + 1)yp and
let fx € Lo(—y,K5°) for k < 2m + 1, fu(x,h) = 0 for k < 2m. In addition suppose that the
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strip
n n
m——<ImA<2m- —
2 2

does not contain points of the spectrum of problem (4.1)-(4.2) for every t € [h,00). Then
v € Hy"(—y,K;°) and the following estimate holds:

2m+1

V1 2m ooy < € D Wikl ey (4.4)
0 " P h

where the constant C is independent of v, f, h.

Proof First, we prove that

2m+1

2 2
IVeslmo ey = € D Wikl ey (4.5)
k=

where C does not depend on 4, s < 2m.

Doing the same in [1, Proposition 2.1] we have

V12 m gy = CI 0 + 176000 + 1V )

for a.e. t € [h1,00), where C = constant.

-2yt

Multiplying both sides of this inequality by e™*"*, then integrating with respect to ¢ from

h to oo, we get

2 2 2 2
<
”V”Hgm’o(—%l(ﬁo) = C[”f”Lz(—y,Kﬁc) + ”W”Lz(—y,l(ﬁo) + ||V||H§m,0(_y,1<ﬁ<>)]~

By (3.11)
2
2 2
Vel Z, ooy < € D Wik, ooy
k=0
and by Lemma 4.1

Mmooy = IV, CZ Wik 1,y iy

from which it follows that

2
2 2
IVImo k) = CYWiklZ, oy
k=0

That means (4.5) is proved for s = 0.
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Now assume that (4.5) is true for s — 1. By differentiating the systems (2.5) s times with
respect to ¢ and by putting w = v;s, we obtain

s

(1) Lw = —i(w; + f5) + (-1)™ Z (2)Ltkvt5k’

k=1

ok
where Ly = Y0 o DP(—#LD9).

From the inductive hypothesis and repeating the arguments of the proofin the case s = 0,
the inequality (4.5) holds for s.

Since

2m-1
2 2 2 2
<
”V”Hg,m(_y,KhOO) = C( - ”VtS ”H(%m'o(—y,K;o) + ||Vt2m ”Hg'o(—va;Q)),

from (4.5) and Theorem 4.1, (4.4) is true. The lemma is proved. (]
Theorem 4.1 Let | be a nonnegative integer. Assume that v(x,t) is a weak solution in the
space H™O(—y, Q) withy > (2(2m+1)+1)y, of problem (2.5)-(2.7) and fyx € Hé’o(—y, Q)
fork <2m+1+1, fix(x, k) = 0 for k < 2m + l. In addition, suppose that in the strip

n n
m——<ImA<2m+[—-—
2 2

there is no point from the spectrum of (4.1)-(4.2). Then we havev € Hg’"*l(—y, Q7°) and the
following estimate holds:

2m+i+1
2 § 2
<
”V||Hgm+l(7y’920) = C — ”ftk ”H(IJ'O(—)/,QZO). (46)

Proof 1. Firstly, we study the case u = 0 outside Uj.

We use the induction by /. For [ = 0, this theorem is proved by Lemma 4.2 with noting
that H8'°(—y,1<,3°) = Ly(—y,K;°). Assume that the theorem’s assertion holds up to /-1, we
need to prove that this holds up to /.

Firstly we will prove the following inequality:

2m+1l+1

12 2
”Vﬂ”Hgmﬂ—f(—V'Klfo) =C ;0: |[ffk||H{;°<—y,1<ﬁ°> (4.7)

forallj=1/1-1,...,0, where the constant C is independent of /.

Since fx € Hy(~y,K°), fix € Lo(~y,K;°). So using similar arguments in the proof of
Theorem 4.1 we get v, € HZ’”’O(—)/,I(;O). By Lemma 4.2, one obtains v, € Hg’”(—)/,K,‘I’O).
This means that (4.7)holds for j = I.

Assume that (4.7) holds forj=1,1-1,...,s + 1.

By the assumption of the induction of /,v € Hg’””‘l(—y,l(;o), put w = v then w €
HZ™1=571(—y, K7°). Differentiating (2.5) s-times with respect to ¢, we have

Lw=F=—i(w +fi)+» C)LWW, (4.8)
p=1
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where Ly = Z"le‘q‘zo(—l)‘P‘Dp(%Dq). Following the assumption of the induction of j
and the hypothesis of the function f one has w, € H"*"="(~y,K%), fis € Hy*(—y, K®).
It follows that F € Hé’s(—y,l(ﬁo) - Hf’ls’l(—y,l(,‘fo). Because the strip 2m +/-s-1- 7 <
ImA <2m +1-s— 5 does not contain spectral points of problem (4.1)-(4.2), then using
results in [8], one gets w € H2"*="}(K), a.e. t € (h,00). Sow € HE{”*Z’S’LO(—)/,I(;,’O). Note
that F € Hé“(—y,K ), then by using similar method to the one used in Lemma 2.2 in [1]

we have w € HE{””’S’LO(—)/,K;" ) and the following estimate holds:

2 2 2

W1 st sty gy < CUE I ges0 + W0 ] (4.9)
where C is a constant independent of /.

So using the inductive assumption and (4.9), we obtain
2m+l+1
2 2
1ol igms (72 K7?) < € 3 Wiklpo iy (4.10)
k=0

It means that (4.7) is proved and our theorem is completed by fixing j = 0 in (4.7).
2. The general case: Consider a function ¢y € C5°(Uy) such that ¢y = 1 in some neigh-

borhood of 0. Definite vy = ¢ov, which satisfies the system
(=1)"YiL(x,t, D)vo — (vo): = @of + L' (x,t,D)v,

where L'(x, £, D) is a linear operator having order less than 2m and the coefficients of this

operator is equal to 0 outside Ujy. So the first case of this theorem implies that

2m+l+1
2 § 2
”VO ||H8m+l(—}/yﬂzo) S C pars ”.ftk ”H(l),O(_V,QZQ)' (4'11)

Write v = vy + v; where v; = (1 — ¢o)v. The function v; is equal to 0 in Uy, so we can apply
the famous results on the smoothness of solutions of Schrédinger systems in a smooth
domain to this function and obtain

2m+l+1
2 < E 2
”Vl ”H(Z)WHI(*)/,Q;O) = C — |mk ”H(I).O(_%Q;olo)' (412)

From inequalities (4.11) and (4.12) it follows that

2m+l+1

2 2
IV iy 0 < C g (12—
The theorem is proved. d
5 The regularity of solution of problem (2.2)-(2.3)

The generalized solution of problem (2.2)-(2.3) can be approximated by a sequence of
solutions of problems with initial condition (2.5)-(2.7).
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It is well known that there is a smooth function y (¢) which is equal to 1 on [1, 00), is equal
to 0 on (—00, 0], and assumes value in [0,1] on [0;1] (see [9, Th. 5.5] for more details).
Moreover, we can suppose that all derivatives of x (£) are bounded.

Let & € (-00,0] be an integer. We set f”(x,t) = x(t — h)f(x,t) and we consider a gen-
eralized solution % and «/ of problems (2.5)-(2.7) in cylinders $2;° and Q7 with f (x, )
replaced by f”(x,t) and f/(x,t), respectively. If /2 > j, " can be defined in IS[””O(—)/, Q)
with u"(x,t) = 0, Vj < t < h, then we put /" = 1/(x,t) — " (x,t), and /" is the generalized
solution of problem (2.5)-(2.7) in which f (x, t) is replaced by f/* = f(x, t) — f*(x, t). Accord-

ing to (4.6),
, N 2m+l+1
”u]tk”HZm*’ -y ) T ||”1¢kHH2m+‘ (~y,9r) =C Z | IHHZO -v )
my=0
Because

h+l
Py = [ U~ iy
h+1 ) )
2yt .
f] e~ 1)~ x (6D

h+1
<2 / N2y 0y d
]

Since f € Hlo( ¥, QR), 11mfh+1 et f )1
lim ||

Hi@ dt = 0 when hj — -o00. So

HIOy ) = 0 when h,j — —oo. Repeating this argument, we discover
jh
lim [|f, |12 HO(

Cauchy sequence and ”tk is convergent to u in Hgm*l(—y, QRr). Moreover, Hgm”(—y, Qr)

v =0 when &,j — —oo0, forall m; = .,k +1. It follows that {u" s Inlo isa

is continuously embedded in H°(—y, Qg), since

2m+l

—2yt 2(|oe|-2m-1) | o
ligna g = 3 . 0 ul” < Clulmo gy
|a|=0

So it is very easy to verify that u € H™°(—y, Q) is a generalized solution of problem (2.2)-
(2.3); see [7]. We obtain the following main results.

Theorem 5.1 Assume thatl € N and there exists |t >0 such that
(i) sup{| 22| : (x,1) € Qr,0 < |pl, Ig] < m,} = pu < 00, | =H2| < pia, pa > 0, for
2 <k<l+1;
(ii) | at"| < -e¥, forall (x,t) € Qr, 0 < |p|, |lq| < m;
(iii) fix € Lo(~y,Qr), forallx e Q,0 <k <l+1.
Then for all y > (21 +1)yy, the solution u € 12['"’0(—7/, Q) of problem (2.2)-(2.3) has deriva-
tives with respect to t up to order | satisfying ux € H™*(—y, Qg), Yk = 0,1, such that

k+1

2 2
et oy ) < € D Wem Ny

my =0

where the constant C does not depend on u, f .
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Theorem 5.2 Let [ be a nonnegative integer. Assume that u(x,t) is a weak solution in
the space H™ (—y,Qr) with y > (2Q2m + 1) + 1)yo of the problem (2.2)-(2.3) and fux €
H(l)’o(—y, QR), for k <2m + [ + 1. In addition, suppose that in the strip

n n
m——<ImA<2m+[]—-—
2 2

there is no point from the spectrum of (4.1)-(4.3). Then we have u € Hg’"*l(—y, QR) and the
following estimate holds:

2m+l+1
2 2
u <C .
Il =€ 20 Wallo 0
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