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1 Introduction

Let E be a Banach space, K be a nonempty, closed, and convex subset of E. We denote
the family of all subsets of E by 2£, the family of nonempty, closed, and bounded subsets
of E by CB(E), the family of nonempty compact subsets of E by C(E), and the family of
nonempty, compact, and convex subsets of E by CC(E). Let H(, -) be Hausdorff metric on
CB(E), i.e.,

H(A,B) = max{ supd(x, B), sup d(x,A)} VA, B € CB(E), (L.1)

xeA xeB

where d(x, B) = inf{||x — y|| : y € B}.
A multi-valued mapping T : K — CB(K) is called nonexpansive (respectively, contrac-
tive), if for any x, y € K, we have

H(Tx, Ty) < llx - yll (12)

(respectively,H(Tx, Ty) < k||x — y|| for some k € [0, 1)).

A point x is called a fixed point of T if x € Tx. In this paper, F(T) stands for the fixed point
set of the mapping T

In 1968, Markin [1] firstly established the nonexpansive multi-valued convergence re-
sults in Hilbert space. Banach’s contraction principle was extended to a multi-valued con-
traction by Nadler [2] in 1969.
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In 1974, a breakthrough was achieved by TC Lim using Edelstein’s method of asymptotic

centers [3].

Theorem 1.1 (Lim [4]) Let K be a nonempty, bounded, closed, and convex subset of a uni-
formly convex Banach space E and T : K — C(K) a multi-valued nonexpansive mapping.
Then T has a fixed point.

In 1990, Kirk and Massa [5] obtained another important result for the multi-valued non-

expansive mappings.

Theorem 1.2 (Kirk and Massa [5]) Let K be a nonempty, bounded, closed, and convex
subset of a Banach space E and T : K — CC(K) a multi-valued nonexpansive mapping.
Suppose that the asymptotic center in K of each bounded sequence of E is nonempty and
compact. Then T has a fixed point.

In 1999, Sahu [6] obtained the strong convergence theorems of the nonexpansive type

and non-self multi-valued mappings for the following iteration process:
Xn = LpXo + (1 - tn)unr n=> 0’ (13)

where u, € Tx,, %o € K, t, € (0,1), and lim,_. ¢, = 0. Unfortunately, a gap exists in the
proof of Theorem 1 in p.405 of [6]; there are the following inequalities:

(x,,—u,,,](x,,—v)):(x,,—v+v—u,,,](x,,—v)>
2
= %0 = vI" = st = VI - 10 = VIl

> |l = vII* = [l — v[I* = 0. (1.4)

Clearly, if the above inequality holds, then the inequality ||, — v|| < ||x, — v|| must be as-
sumed, for all v € F(T), but this inequality does not hold generally, based on the definition
of the Hausdorff metric H(-,-) on CB(E), for all v e T(v).

Remark 1.1 To revise the gap we have found in Theorem 1 of [6], in this paper, we change
the fixed point set of T (F(T) := {x € K,x € Tx}) into F(T) := {x € K,x = Tx}. The above

problem is solved easily. Indeed,

(o0 = s J(otn = v)) = (00 = v + V= s, J (0 — V)
> (1% = VI* = Nty = VIl - %0 = VIl
> [l = vII* = H(T&y, Tv) |6 — V|
> llotn = vII* = llxn = v[|* = 0. (1.5)
In 2001, Xu [7] extended Theorem 1.2 to a multi-valued nonexpansive nonself-mapping

and obtained the fixed theorems. Some recent fixed point results for multi-valued nonex-

pansive mappings can be found in [8-13] and the references therein.
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Motivated by Sahu [6] and the above results, we propose two new iteration processes
(1.6) and (1.7) and we study them in this paper. Let K be a nonempty, bounded, closed,
and convex subset of E, and u and xg be fixed elements of K. We have

Xn = OpXy-1 + (1 - an)ym Yn € Txn: n>1, (16)

X, = Batt+ Xy + (L—ay—Ba)y,, ¥, €Ix,n>1, (1.7)

where o, B, € (0,1) satisfy certain conditions, and we prove some strongly convergence
theorems for the multi-valued nonexpansive mappings in Banach spaces. The results pre-
sented in this paper mainly extend and improve the corresponding results of Sahu [6] on
the iteration algorithms.

2 Preliminaries
Let E be a real uniformly convex Banach space and let J denote the normalized duality
mapping from E to 28" defined by

J@) = {f € £ (o f) = llxl - IfIL el = IFN1}, Vx € E, 21

where E* denotes the dual space of E and (-, -) denotes the generalized duality pair. It is
well known that if E is smooth or if E* is strictly convex, then J is single-valued.
Recall that the norm of Banach space E is said to be Gateaux differentiable (or E is said
to be smooth), if the limit
+ty| -
lim llx + eyl = llxll

t—0 t (22)

exists for each x, y on the unit sphere S(E) of E. Moreover, if for each y in S(E) the limit
defined by (2.2) is uniformly attained for x in S(E), we say that the norm of E is uniformly
Géteaux differentiable. It is also well known that if E has a uniformly Gateaux differentiable
norm, then the duality mapping J is norm-to-weak star uniformly continuous on each
bounded subset of E.

A Banach space E is called uniformly convex, if for each € > 0 there is a § > 0 such that
for x,y € E with x|, lyll <1, and ||x — y|| > €, |lx + y|| <2(1 - §) holds. The modulus of
convexity of E is defined by

. 1
8e(€) =1nf{1 - Hi(x +y)H lell Iyl < L flx =yl = 6},

for all € € [0,2]. E is said to be uniformly convex if §£(0) = 0, and é(¢) > 0 forall 0 < € <2.
Throughout this paper, we write x,, — x (respectively, x, A x) to indicate that the se-
quence x, weakly (respectively, weak*) converges to x, and as usual x,, — x will symbolize
strong convergence. In order to show our main results, the following definitions and lem-
mas are needed.
Let LIM be a continuous linear functional on [* satisfying | LIM || =1 = LIM(1). Then
we know that LIM is a mean on N if and only if

inf{a,;n € N} <LIM(a) < sup{a,;n € N}
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for every a = (a1,45,...) € [*°. According to time and circumstances, we use LIM,,(a,,) in-
stead of LIM(a). A mean LIM on N is called a Banach limit if

LIMn(an) = LIMn(ﬂn+1)
for every a = (ay, ay, ...) € [*°. Furthermore, we have the following results [14, 15].

Lemma 2.1 ([14, Lemma 1]) Let C be a nonempty, closed, and convex subset of a Banach
space E with uniformly Gdteaux differentiable norm. Let {x,} be a bounded sequence of E
and let LIM,, be a mean LIM on N and z € C. Then

LIM, ||, — z||> = min LIM, |lx, — y||>
if and only if

LIM,(y - z,J (x, —2)) < 0
forallyeC.

Definition 2.1 A multi-valued mapping T : K — CB(K) is said to satisfy Condition I if
there is a nondecreasing function f : [0, 00) — [0, 00) with £(0) = 0, f(r) > 0 for r € (0, 00)
such that

d(x, Tx) Zf(d(x,F(T))) forall x € K.
An example of mappings that satisfy Condition I can be found in reference [16].

3 Strong convergence theorems

Theorem 3.1 Let E be a uniformly convex Banach space with a uniformly Géateaux differ-
entiable norm, K be a nonempty closed convex subset of E, T : K — C(K) be a multi-valued
nonexpansive mapping. Assume that F(T) # 0 and T (y) = {y} for each y € F(T). Let {x,} be
an implicit Mann type iteration defined by (1.6), where «,, € (0,1) and lim,,_, o a,, = 0, then
the sequence {x,} converges strongly to a fixed point of T

Proof Firstly, let Vp € F(T), Yn > 1, we show that lim,_,  [|x, — p|| exists and {x,} is
bounded. Using (2.1), we obtain
%2 = P11 = (etun-1 + (L = @)y — P, j(n — p))
= (L= n)(yn = P»j(®n — D)) + ctulnt — p,j (%0 — p))
<@ =an)lyn =pll - 1% = Pl + nll%u-1 = pll - %0 =PI
= (L= an)H(Txn, Tp) - 150 = pll + anlln-1 = pll - 1%, = I

<@ =a)llxn—pI* + @ulltn = pll - 1%: = pll,

SO

%, = plI* < %51 = pll - 1%, = pll. 3.1)
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If ||x,, — pll = 0, then lim,,, » ||x, — p|| = O apparently holds.
If ||x, — p|l > 0, from (3.1) we have

l%: — pll < %01 = P>
we find that {||x,, — p||} is a decreasing sequence, so
lim |lx, - pl|
n— 00
exists. Hence {x,} is bounded, and so is {y,}.
Secondly, we show that lim,,_, » ||%,; — ¥ || = 0.

It follows from (1.6) and from {x,} and y, € Tx, being bounded, that there exists a real
number M; > 0 such that

%01 = yull < M,

%0 = Yl = nllXn1 = yull < M.
Since lim,,_, o, @, = 0, we have

[l%; = yull = 0, asn— oo,
therefore

JHm flx, =y, = 0. (3.2)
We define ¢ : K — [0,00) by ¢(x) := LIM,, ||x, — x||? for each x € K, since E is uniformly

convex (hence reflexive) and ¢ is continuous, convex, and ¢(x) — 0o as ||x| — oo, ¢ at-
tains its infimum over K (see [17]). Let

M= {ze1<:¢(z) - ;réi1?¢(x)}.

Then M is nonempty, bounded, closed, and convex (see [15, Theorem 1.3.11]).

Next, we show that M is singleton.

Since M and {x,,} are bounded, there exists R > 0 such that M, {x,,} C Bz(0) forall n > 0.
Then, by inequality (3.12) of [18] for y;,y, € M we have

L ol -yl = Selon -2l
— 2 n 2 n 4 .

1
m—§m+h)

If y; # y,, we have

pim ¢(§@1 +y2)> < 2600 + 5002~ 2y 1) <5

This is a contradiction. Therefore, M has a unique element.

Page 5 of 12
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Now we show that z € M is the fixed point of T. Since T is compact valued, we have
some w, € Tz for z € M such that

1yn = wall = d()/n: Tz) < H(Txy, T2) < ||, — 2|I;

indeed, w,, = Pr,(y,), since Tz is a compact set, and we take lim,_, o, w, = w € TZ.
It follows from the above inequality that
LIM,, ||z, — w|| < LIM,, [|%, = yull + LIMy, [y, — wyll + LIM,, [w, — w|
= LIMn ”_yn - Wn” < LIMn ”xn - Z”:
and hence w € M, it follows that M is singleton, so w = z € Tz.
Therefore, z € F(T) and so Tz = {z} by the assumption, and F(T) is nonempty.
On the other hand, for v € F(T'), we have
(xn _ym](xn - V)) = (xn —-vV+v _ym](xn - V))
= ltn = vI* = (yu = v, (0 = v))
> 1%, = VI* = llyn = VIl - 1% = V]
> [l = vI|* = H(Txy, TV) - |2 — v

> [l = VII* = |20 = VIl - | = V]| = 0.
It follows from (1.6) that
0 < (% = ¥ J @ = V) = -1 = YT (60 — V) (3.3)
and

(o0 = 201, @ = V) = (%0 = Vs TG = V) + (Y = 2021, T (360 = V)

< 1% = Yull - 1% = VIl + (Y = X1, (60 = V). (3.4)
Hence, from (3.2), (3.3), and (3.4), we obtain
LIM,, (%, — %41,/ (x5 —v)) = 0, Vv e F(T). (3.5)

Finally, we show that LIM,,(x,,.; — v,J(x, — v)) < 0. Let s € (0,1), then by Lemma 1 of [19]
we get
60 = 2 = (01— 2)|
< o — 201> + 2(=s(xp-1 — 2),j (%0 — 2 = 5(x01 — 2)))
= [l — 211* = 25{xs1 — 2, (% — 2))

= 2851 = 2,j (%0 — 2 = $(%y_1 — 2)) = j(%n — 2)).


http://www.journalofinequalitiesandapplications.com/content/2014/1/483

He et al. Journal of Inequalities and Applications 2014, 2014:483 Page 7 of 12
http://www.journalofinequalitiesandapplications.com/content/2014/1/483

Let € > 0 be arbitrary, then since J is norm-to-weaks* uniformly continuous on bounded
subsets of E, there exists § > 0 such that for all s € (0, §), we have

LIM,, (%1 — 2, (%4 — 2))
< %[LIMH 1%, — 21> = LIM,, |, — 2 = s, - 2) | )] + £ < &,
since z € M, and it is a minimizer of ¢ over K. Now, since ¢ is arbitrary this implies that
LIM,, (%1 — 2,j(x, — 2)) < 0. (3.6)
Combining inequalities (3.5) and (3.6) we get
LIM,(x, — 2, (%, — 2)) = LIM,, ||x,, — z||* < 0.

Therefore, there is a subsequence {%;} of {x,} which converges strongly to z.
Since lim,,_,  ||%, — p|| exists Vp € F(T), we get

lim ||x, —z| = 0.
n—00
The proof is completed. O

Theorem 3.2 Let E be a uniformly convex Banach space with a uniformly Gateaux differ-
entiable norm, K a nonempty, closed, and convex subset of E, T : K — CB(K) be a multi-
valued nonexpansive mapping that satisfies Condition I, assume F(T) # 0 and T(y) = {y}
for each y € F(T). Let {x,} be an implicit Mann type iteration defined by (1.6), where
ay € (0,1) and lim,_. oty = 0, then the sequence {x,} converges strongly to a fixed point
of T.

Proof It follows from the proof of Theorem 3.1 that
lim d(x,, Tx,) = 0.
Then Condition I implies that

lim d(x,,,F(T)) =0.

n—00

The remainder of the proof is the same as Theorem 2.4 of [20]. O

Theorem 3.3 Let E be a uniformly convex Banach space with a uniformly Gateaux differ-
entiable norm, K be a nonempty, closed, and convex subset of E, T : K — C(K) be a multi-
valued nonexpansive mapping. Assume that F(T) # () and T (y) = {y} for each y € F(T). Let
{x,,} be the modified implicit Mann type iteration defined by (1.7), where a,,, B, € (0,1) and

lim, o ‘;—Z =1im,_, o By = 0. Then the sequence {x,} converges strongly to a fixed point of T .

Proof Firstly, let A,, = ﬂ(’;n and z, = A,u + (1 — X,)y,,, then

-

X, = ok, | + (1= o)z, (3.7)


http://www.journalofinequalitiesandapplications.com/content/2014/1/483

He et al. Journal of Inequalities and Applications 2014, 2014:483
http://www.journalofinequalitiesandapplications.com/content/2014/1/483

Let Vp € F(T), Vn > 1; we show that {x,} is bounded. Using (2.1), we obtain

6, = p||* = (e, 1 + (1 — @)z — p, (%, - 1))
= A=)z = poj(, = p)) + ol s = pj (%), ~ 1)
< (L= @) (Aulee = p)j(), = p)) + (L= @)(X = An)y, = P2 (%), - P))
+ayla, - p| - [, - |
< (=) (e = pll - |, = p || + (L= 1) H (T2, Tp) |, - )
+au|%,_ - p| - |, -p|
< Bullu=pl- 5, ~p| + A== B, |

|

o —pl - [ -p
SO

I3l = L=l -, -] 4

n+ﬂn an+ﬂ}’1

s =2 - [ = p (38)

If ||x/, — p|| = 0, then {x/,} is apparently bounded.
If ||}, — pll > 0, from (3.7) we have

P u—pll+ % -p|
a}’l+ﬂ}’l aﬂ+ﬁl’l n_l

<max{||«,_, - p|, lu-pl}

|, -pl =

< max{||xy - p|, llu - pll}.

Thus, {x/,} is bounded.

Secondly, we show that lim,,_, « ||l%], — ¥/, ]| = 0.

It follows from (1.7) and since {x/,} and y,, € Tx] are bounded, there exists a real number
M, > 0 such that

|1 = 2| = M2,

%, = 2a ]| = | %1 = 2| < ctuMa.
Since hmn—)oo oy = 0, we have

”x’n—an —0 asun— oo,
therefore

nll)rgo”x; —z,|| = 0.

Since

B
=30l = 1 =2l + 2w =20 = 16, = 2| + T =90
n

Page 8 of 12
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then

lim |« - ,| =0. (3.9)

n—00

We define ¢ : K — [0,00) by ¢(x) := LIM,, ||/, — x||* for each x € K. Since E uniformly
convex (hence reflexive) and ¢ is continuous, convex and ¢(x) — oo as ||x|| — 00, ¢ attains
its infimum over K (see, e.g,, [17]). Let

M= {zel(:¢(z) - gg}g(p(x)}.

Then M is nonempty, and it is also bounded, closed, and convex (see [15, Theorem 1.3.11]).
In the same way as the proof of Theorem 3.1, we see that M is also singleton, and it
follows from (3.9) that z is the fixed point of 7.
By Lemma 2.1, we have

LIM,(x - z,] (%, - z)) <0,
for all x € K. In particular, we have
LIM, (1 - z,] (%, - z)) < 0. (3.10)
It follows from the proof of (3.6) of Theorem 3.1 that (3.6) also holds here. Thus
|, 2]
= (Bulu—2) + oy (5, —2) + L=ty = B (v, — 2),] (), - 2))
< Bufu—2.J (%, = 2)) + ol — 2] (v, - 2))
+ (1 — Oy — ,Bn){H(Tx;l’ TZ) ’ Hx;’l - Z” }
< ﬁ,,(u -z,J(x, - z)) + an(x’n_l ~z,] (%, - z))

+ (L= ay = By, —z||2.

Hence
/ ﬂi’l / 47 / /
Jo =2l = P -2+ -2 )
/ an J J /
<=2, = ) L (-2 (5, - 2) - -2, - 2)
<(u-zJ(x,-2))+ Mo,

a, + By
where M, is a constant such that |(x],_; — u,J(x), — 2)}| < M. Thus

n

LIM, %, - 2|* < LIM,{u — 2,/ (¥, - 2)) + LIM, W_nﬂ_:— Mo

Bn

<0.

Page 9 of 12
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Therefore, there is a subsequence {x’nj} of {x],} which converges strongly to z. To complete
the proof, suppose there is another subsequence {x;, } of {x,} which converges strongly
to z. Then z is a fixed point of T by (3.9) and z € K because K is closed. It then follows
from (3.10) that

(f-2zJz-2)=lz-z2*<0.

This proves the strong convergence of {x) } to z € F(T).
The proof is completed. g

4 Numerical examples
Now, we give two real numerical examples in which the conditions satisfy the ones of
Theorem 3.1 and Theorem 3.3.

Example 4.1 Let E=R, K = [-1,1], T(x) = éx, Vx € E, which is nonexpansive, «,, = % for
every n € N. Then {x,} is the sequence generated by

1 1\1
Xy = —Xp1 + (1 - —) — %X (4.1)
n n)b5

and x,, — 0 as n — 0o, where 0 is the fixed point of T.

Example 4.2 Let E=R, K =[-1,1], T(x) = %x, Vx € E, which is nonexpansive, «,, = nl%’

By = n% for every n € N. Then {x,} is the sequence generated by

1 1 1 1\1
Xy = ﬁ + Wxn_l +(1- W — ﬁ Exn, (4.2)
and x, — 0 as n — o0, where 0 is the fixed point of T'.

Remark 4.1 We can prove Example 4.1 and Example 4.2 by Theorem 3.1 and Theo-
rem 3.3, respectively, and we show two numerical experiments (Figure 1 and Figure 2)
which can explain that the sequence {x,} strongly converges to 0.

Remark 4.2 From the above numerical examples, we can see that the convergence results
in this paper are important. The main reason is that the convergence of the two iteration

Figure 1 x(1) =1, iteration steps n = 100. 10°

Sequence value
N
o

0 20 40 60 80 100 120
Iteration steps
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Figure 2 x(1) = 0.2, iteration steps n = 1,000. 10°

Sequence value
3,

0 200 400 600 800 1000 1200
Iteration steps

schemes in this paper can easily be implemented by the software of Matlab 7.0, so they
can be applied for numerical calculations in practical problems.
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