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1 Introduction
Let C be the complex plane, D = {z € C : |z] < 1} the open unit disk, H(ID) the space of all
analytic functions on D and dA(z) = % dx dy the normalized Lebesgue measure on . For

a > -1, let dA,(z) = (@ + 1)(1 — |z|>)*dA(z) be the weighted Lebesgue measure on . The
weighted Bergman-Nevanlinna space Aj,, consists of all f € H(D) such that

VFllag, = / log(1 + |f(2)]) dAq(2) < c0.
D
It is a Fréchet space with the translation invariant metric

aif,g) = IIf —gllae .

log

For some details of this space, see, e.g., [1-3] and [4].
For B > 0, the weighted-type Ag consists of all f € H(ID) such that

sup(1- |z|2)ﬂ[f(z)| < 00.
zeD
This space is a non-separable Banach space with the norm defined by

114y =sup(1- 121%)"|f (2)-
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The closure of the set of polynomials in Ay is denoted by Ag ¢, which is a separable Banach

space and consists exactly of those functions f in Az satisfying the condition

lim (1-121%)°|f(z)| = 0.

|z|>1~
For B > 0, the weighted Bloch space is defined by
By = |f € HD) : sup(1 - 12)”|f (2] < o0,
zeD

and it is well known (see, e.g, [5]) that, if 8 > 1, then f € By if and only if f € Ag_;. Under
the norm

|w@=Vm»mgowﬁfww,
ze
it is a Banach space. The closure of the set of polynomials in Bg is called the little weighted
Bloch space and denoted by Bg,. For a good source for such spaces, we refer to [5].

For B > 0, the weighted Zygmund space Zg consists of all f € H(D) such that

sup(1 - |z|2)‘3[f”(z)| < 0.
zeD

It is a Banach space with the norm
Ifllz, = [FO)] + |£'(0)] + sup(1 - I21%)" £ (2)|.
zeD
The little weighted Zygmund space Zg consists those functions f in Zg satisfying

Jim (1 121%)°|f"(2)| = 0,
and it is a closed subspace of the weighted Zygmund space.

Recently, many authors have studied the properties of some concrete operators between
various spaces of analytic functions in the unit disk, the upper half plane, the unit ball and
the unit polydisk. For some operators on weighted-type spaces, weighted Bloch spaces,
and weighted Zygmund spaces on these domains, see, e.g., [4, 6—38] and the references
therein.

Let ¢ be an analytic self-map of D and let ¢ be an analytic function in ID. It is well known
that the weighted composition operator W,y on H(D) is defined by

Wyuf (@) = ¥(2) - f(9(2)), zeD.

If y =1, W,y := C, is called the composition operator. If ¢(2) = z, W,y := My it is called
the multiplication operator. It is of interest to provide function theoretic characterizations
when ¢ and ¥ induce a bounded or compact weighted composition operator. Sharma and
Abbas have studied the boundedness and compactness of weighted composition operators
from weighted Bergman-Nevanlinna spaces to Bloch spaces in [39]. Kumar and Sharma
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have characterized the boundedness and compactness of weighted composition operators
from weighted Bergman-Nevanlinna spaces to Zygmund spaces in [40].

Now we list several operators, which will be considered in this paper. Let D be the dif-
ferentiation operator on H(D) defined by

Df(z) =f'(z), zeD.

Operator DC,, has been studied, for example, in [10, 15, 19, 20, 31, 35, 41-45]. Here we
want to mention that Sharma has studied the following two operators from Bergman-
Nevanlinna spaces to Bloch-type spaces in [46]. They are defined as follows:

DMy Cof (2) = V' (@) (¢(2)) + ¥ (2)¢' (2)f (¢(2))

and

DC,Myf(2) = ¢' @V (0(2))f (¢(2)) + ¥ (0(2)) ¢’ 2)f (¢(2)),

for z € D and f € H(D). These operators on weighted Bergman spaces have been also
studied by Stevi¢ et al. in [47] and [48]. If we consider the product operator DW,,, it is
clear that DM, C, = DWW,y and DC,M, = DW,, yo,. Quite recently, the operator DW,, ,,
from weighted Bergman spaces to weighted Zygmund spaces has been considered in [49].
This paper is devoted to characterizing the boundedness and compactness of the operator
DW,,y from weighted Bergman-Nevanlinna spaces to weighted Zygmund spaces. This
paper can be regarded as an continuousness of our work.

Since the weighted Bergman-Nevanlinna space is a Fréchet space and not a Banach
space, it is necessary to introduce several definitions needed in this paper. Let X and Y
be topological vector spaces whose topologies are given by translation invariant metrics
dx and dy, respectively, and let L : X — Y be a linear operator. It is said that L is metrically
bounded if there exists a positive constant K such that

dy(Lf,0) < Kdx(f,0)

for all f € X. When X and Y are Banach spaces, the metrical boundedness coincides with
the usual definition of bounded operators between Banach spaces. Recall that L : X — Y is
metrically compact if it maps bounded sets into relatively compact sets. When X and Y are
Banach spaces, the metrical compactness coincides with the usual definition of compact
operators between Banach spaces. When X = Aﬁ)g and Y is a Banach space, we define

ILlag ~y = sup [Lf]ly,
- \lfHAfégfl

and we often write ||L||A<l>égﬁy by |IL].

Throughout this paper, an operator is bounded (respectively, compact), if it is metrically
bounded (respectively, metrically compact). Constants are denoted by C, they are positive
and may differ from one occurrence to the next. The notation a < » means that there exists
a positive constant C such that a/C < b < Ca.
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2 The operator DW,,y : AL — Zg(Zg,)
Our first lemma characterizes the compactness in terms of sequential convergence. Since
the proof is standard, it is omitted (see Proposition 3.11 in [50]).

Lemma 2.1 Let a > -1, 8 >0 and Y € {Zp, Zp0}. Then the bounded operator DW,, , :

Ajoe = Y is compact if and only if for every bounded sequence (f,)nen in Af,, such that

fu = 0 uniformly on every compact subset of D as n — 00, it follows that
Tim [DWy,uflly =0.
The next result can be found, for example, in [4].

Lemma 2.2 Let o > -1 and n € No = NU{0}. Then, for all f € A, and z € D, there exists
a positive constant C independent of f such that

CIlf Il

log

(1- Izlz)"[f(")(z)’ <exp Az

Now we consider the boundedness of the operator DW,,y, : Af, — Z5.

Theorem 2.3 Let o > -1, B > 0, ¢ an analytic self-map of D and v € H(D). Then, for all
¢ > 0, the following statements are equivalent:
(i) The operator DWW,y : A, — Zp is bounded.
(ii) The operator DWy,y : Af,, — Zg is compact.
(iii) ¥’ € Zp,
Mo := sup(1 - 12*)° |¥ (209" (2) + 3" (2)¢'(2) + 39 (2)¢"(2)] < o0,

zeD

M := sug(l - |Z|2)ﬁ‘¢(z)‘ “P,(Z)}s <00,

My = sup(1 - 12%)° [/ (2)¢' (2)* + ¥ (2)¢' (29" (2)] < o0,

zeD
. NB| ,m 4 _
(p(zl)IEIBD(l - |Z| ) !w (Z)| CXp (1 _ |(p(z)|2)a+2 ’
(1 |2]2)? 3 c _
oA G p@me V@l e T =0
(1 [2?)? ¢

o A 10 PR [V (2)¢' (2)* + ¥ (2)¢' (2)9" (2) | exp A lo@p - 0,

and

Cc

[V (2)¢" (2) + 39" (2)¢' (2) + 3Y' (2)¢" (2) | exp @R - 0

1-z»?

29— 1 — |(z)|?

Proof (i) = (iii). Suppose that (i) holds. Take the functions f(z) = z and f(z) = 1, respec-
tively. Since the operator DW,,,,, : Af, — Zp is bounded, we have

sup(1—[212)" [ (D)e(2) + 39" ()¢ (2) + 3¥' ()" (2) + ¥ (20" (2)|

zeD

= IDPWyyzllz, < CIDWyyll, @)

Page 4 of 14
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and

sup(1 - [212)” |¥"(2)] < IDWyylliz, < CID W,y l. 2)
zeD

Inequality (2) shows ' € Zg. From (1), (2), and the boundedness of ¢, it follows that

Mo =sup(1-[212)’ |9 (2)¢" (2) + 39" (2)¢' (2) + 3Y'(2)¢" (2)] < CID W,y l. 3)

zeD

Taking the functions f(z) = z* and f(z) = z°, respectively, we have

sup(1- 121’ [¥(2)" (@0 (2)? + 69" ()¢ @)¢(2) + 63 (2)¢” (2)p(2)

zeD

+69'(2)¢'(2) + 69 (2)¢ (29" (2) + 2¥ (2)¢" (D)9 (2) |
<||DW. 2| 2, = ClIDWyyll, (4)

and

sup(1— 121%)° [¥" (2)p(2)? + 99" (2)¢ (D)9 (2)* + 18Y (D)9 (2)¢' (2)?

zeD
+6Y(2)¢' (2)° +18¥ (2)p(2)¢' (2)90" (2) + 9V (2)¢” (2)p(2)* + 3Y ()9 (2)* 0" (2)|
< [PWeu2*| 5, < CIDW,y . 5)

By (2) and the boundedness of ¢, we have

sup(1 - 122’ 19" @)||e@]* < CIDW,, I, )
and
su]g(l — 122’ v @)||e@)|’ < CIDW,,4 . (7)

From (3), (4), (6), and the boundedness of ¢, it follows that

M, = su]g(l — 122’ |¥' (29’ (@) + ¥ (D)9’ (20" (2)| < CIDW, . ®)

Inequalities (3), (5), (7), (8), and the boundedness of ¢ give
My =sup(1 - 12f°) [/(@)| l¢'(2)|” < CIDW, 1. )
ze

For w € D, we choose the functions

ard (L= lpw)P)?  20+8 (1-|p(w)>)*

fl(Z) = 3a + 6 - WZ)Z(‘HZ) a+3 (1- ¢(W)Z)2(a+2)+2

160 + 64 (1 - |p(w)>)**® (1 |p(w)|?)xre
=+ — —
60 +21 (1 - p(w)z)2@+2+3 (1 — p(w)z)2@+2)+4
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and

(2) = 20+7 A= leW))*** 6o +21 (1-|p(w)*)*+* (1 - p(w)*)+®
S = T8 (1— pW)2)2@2) 4o +12 (1 — g(w)z)2ed+2 * (1 - p(w)z)2@r2)s3”

By a direct calculation, it follows that

H (o) =f"(ew)) =" (¢(w)) =0 (10)

and

gl(ew)) =g (p(w)) = 0. (11)

Using fi and g1, we define the function f(z) = fi(z) exp c&1(z). Applying (10) and (11) to f/,
f” and f”, we find

few) =f"(p(w)) =" (¢(w)) = 0.

It is obvious that

C
1 - [p(w)[2)*+2’

flew) =

C
- [pw)2)er2 =P

where

a+4 2a+8 16+ 64
= —_ + —
3a+6 «a+3 6 +21

From the proof in [46], we see that f € A
AR, — Zp is bounded, it follows that

ﬁ)g and |lf||Af§)g < C. Since the operator DW,, y; :

IDWy,ufllz, < CIIDWyyll,
which means that, for all z € D,
(1~ 122" [(DW,4f)' ()| < C. (12)

Replacing z by w in (12), we obtain

1-|w)Pf

- ipempye ¥ Wlew

. c
(1-lpw)|?)+2 —

and then

(1 _ |W|2)ﬂ|w’”(w)| eXp W S C(l — |(p(W)|2)Ot+2' (13)

Taking the limit as ¢(w) — 0D in (13), it gives

Cc

. NB|., m -
14159311)(1 - |w| ) ‘W (W)‘ exXp 1 - |p(w)[2)*+2 =0.

o(

Page 6 of 14
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For w € D, we choose the functions

1 (1= lp(w)[*)** 9 (1= lpw)P)*+

fol2) = 3 (1 - p(w)z)2a+2 “Ta- o(w)z)2erde2
L8 Q- lpmP)™ (- lpw))re
3 (1 — WZ)2(05+2)+3 (1 — WZ)Z(OH—Z)ML
and
_ 2\a+2
oty = lpRre

(1- p(w)z)*es2
From a calculation, we obtain

Slew) =f(9w)) = (9(w)) = 0. (14)
Define the function g(z) = f3(2) exp cgy(z). Then by (14),

glew) =g (p(w)) =¢" (¢(w)) =0,

and by a direct calculation,

/" (p(W)S -
= C ’
&) = CE s P G e tme

where C = -30(c +2) - 8. Since DW,,,,, :Afgg — Zg is bounded, we have
IDWy,ugllz, < CIDWyy
and so
(1= 12)°[(DW,00)" @)] < CIDW,y I, (15)

for all z € D. Letting z = w in (15) yields

(L= WP 1o ()Pl W) [ () c
(1— lp(w) )5 XD pmpyer = CMWerl
Thus
a-w?s ¢ C(1 - |p(w)[*)*+?
0 tpGwp (¢ O v mlexe s < =0 1)

Taking the limit as ¢(w) — 0D in (16), we have

(1-wP)?
m ——
gD (1 - |pw)[?)?

Cc

’ 3 _
lo'W)|" | (w)| exp A oW - 0.

Page 7 of 14
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For w € D, we choose the function

(A= lp@P)1? | (- lpmP)

(1 _ WZ)Z(OK+2) 2 (1 _ WZ)Z(O(+2)+2
(1 - lpw)[})** 1 - lpw)?)*+°
(1 (/7( ) ) 0t+2)+3 (1 _WZ)2(0+2)+4’

f@)=a

where

4803 + 4600% + 1398« + 1340 1602 + 104« + 164
) c3 =
2403 + 21402 + 6550 + 682 > T 6a2+ 37 + 62

Cy =—

and

Cl=1—CQ—C3.

We also choose the function

20+7 (L-leW)?)*?  6a+21 (1-|p(w)*)*+ N 1 - lp(w)[?)*+s

4 Ga B (1 p(mored  da 12 (1 g | (1 gwepe

For the functions f; and g3, we have

Silew) =£3 (ew)) =£" (¢(w)) =0 17)

and

&(ew)) =g (¢(w)) = 0. (18)

Consequently, (17) and (18) make the function /(z) = f3(z) exp cgs(z) to satisfy

h(e(w)) =H"(pw)) = " (p(w)) =0
and

o(w) ¢

M) = € s P A g

where
C =2cy +3c3 — 4.

By the boundedness of the operator DW,,y, : Af,, — Z3, we find

e 30006 0+ 30/ 00 )+ )
C
Pl =

Page 8 of 14
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Thus

(1 - |W|2)ﬁ " / / " "
polm, Wl&lf (W)’ (W) + 39 (W)e" (W) + ¥ (w)e” (w)|
C
P ey

For w € D, we choose the functions

_ 3a+8 (L-lpmw)?)***  6a+22 (1-|pw)*)**

ful) = 3a+10 (1 - p(w)2)2@*? 3o +10 (1 — p(w)z)2@+D+2
N 6a +24 (1—|p(w)[*)**> - lp(w)|?)*+6
3o 10 (1w  (1- plwepies

and

PR el U U 0 e 0]

* a+2(1- Wz)z(mz) 1- Wz)z(mzm'

Then

falew)) =fi(ew)) =fi"(¢(w)) =0 (19)

and g (¢(w)) = 0. From this and (19), for the function u(z) = fa(z) exp cga(z) we have
u(p(w)) = (p(w)) = " (¢(w)) =0
and

Wz €X ¢
1= [ P 1= [pw)2)=2"

u'(pw)) =C

where

24a + 120 + 141
3o +10

By the boundedness of DWW,y : A, — Zg,

IDWy ity 2 < CIDW

and from which we get

lew)I*(1 = [w]?)”

(1= |p(w)2)e+t [¥' (W)’ (w)? + ¥ (w)g' (w)g" (w)| exp

c
S ————
1 -lpw)|?)e+2 =
This shows that

1 - |w?)P
1m -_
pw)—aD (1 — |p(w)|?)?

Cc

[¥/' (W)’ (W)* + ¥ (W) (W) (w) | exp T =%

The proof of the implication is finished.
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(iii) = (ii). Let (f,)uen be a sequence in Afgg with sup, I[anA%g <M and f,, — 0 uni-
formly on every compact subset of D as n — oco. We have, for all ¢ > 0, and especially for
constant C in Lemma 2.2, for any ¢ > 0, the result that there exists a constant § € (0,1)
such that whenever § < |¢(2)| < 1, it follows that

NB| ¢
(U= 1P) [y " @l exp (s <o

a-1zPf |,
ATy ¥ @ V@l g omm <
g @) + p e @ @] exp S e
1= lp@P? A= lp@Py= ="
and
(-l V(200" (2) + 39" (2)¢'(2) + 3 (2)¢" (2) | exp e
1= lp@P 1- lp@P)

Then by Lemma 2.2, we have

IDWufillz,

= (¥ fi0 @) (0)] + (¥ - f 0 9)"(0)| + sug(l — 122’ |(¥ - f 0 0)" (D)
<|W fuo@) )] +|(W - fuow)(0)] + Suﬂ};(l - |Z|2)ﬂ|1ﬂm(z)fn (¢(2))]

+sup(1-12P)° | 39" (@) (@) + 3¢/ (29" (2) + ¥ ()¢ (2))f,(¢(2))

zeD

+3sup(1-|21%)"| (¥ (2)¢' (2 + ¥ ()¢’ @)¢" @)f) (0(2)) |

zeD
+ su]g(l — 12’ v (@29 @ ()|
<|(W £ 0 @) ()] + |(¥ - fu 0 0)(0)] + | ?l;‘ps(l — 12’ [y @) (0(2)) |
p2)|<

v osup (1- 1227 |0 @ (0@)|

d<lo(z)I<1

+ sup (1-121%)°|BY" (¢ (@) + 3¢ (D)¢" (2) + ¥ (20" 2)f,(¢(2))

lp(2)| <8
v sup (1- 121%)" |39 (2)¢' (2) + 3¢/ (2)¢" () + ¥ (D) (2))fs (0 2))]
*3 sup (- 121%)" | (¥ (@9 @ + ¥ (D¢ @0" @) (¢(2)) |
+ 3a<‘il<l£|<1(1 ~121?)’ | (¥ (@9 (2% + ¥ )¢ (29" D), (¢(2)) |
* sup 5(1 12’ v @) @ (¢(@)) | + Mil(lg‘d(l ~121%)’ |9 (@) @ (#(2))]

<[ Lo @V O +|(w oo @)@+ [¥] 5, sup [fi(e@)]
p(2)|<

1- NB| M "
+5<|i‘?§|<1( |21%)" v <Z>|6XP—(1_|¢(Z)|2)M + o‘;glr;m(w(z))l


http://www.journalofinequalitiesandapplications.com/content/2014/1/404

Jiang Journal of Inequalities and Applications 2014, 2014:404 Page 11 of 14
http://www.journalofinequalitiesandapplications.com/content/2014/1/404

up ALY 139" (2)¢'(2) + 3¢ (2)¢" (2) + ¥ (2)¢" (2)| exp ——————
8<|g(z)|<1 1- |§0(Z)|2 (1 - |¢(z)|2)a+2
1-z*)P C
*3 P G @y V@@ V@Y @@l o r s
+ 3M2I ?u‘p It (9(2))| +M1I sup [f”/(go(z))|
p(2)|<8 ¢(2)|
1-|z1%)F C

¥ (@)]]¢'@)] exp

+ Sup

s<lo< 1 —le(2)|?)? 1 - lp(z)2)+?

By Cauchy’s estimation, if (f,),cy converges to zero on each compact subset of I, then
(Fdnens () uens and (f,)en also do as # — oo. From this, and since both {z € D : |z| < §}
and {0} are compact subset of D, we can choose a natural number N such that, whenever
n > N, it follows that

(- fuo@)(0)| +|(¥ - fuo9)'(0)] <&

and

sup [f(p(2))] <&,

lp(2)| <8

where i = 0,1,2,3. Consequently, for all # > N it follows that
IDWyufullzy < (7 + | w’”zﬂ + Mo + M +3My)e,

which shows that the operator DW,, ,;, : A

Jog = Zg is compact.

(if) = (i). This implication is obvious. The proof is finished. O

Now, we consider the boundedness of operator DW,, , : Aff,g — Zgo. We first have the

following result.

Lemma 2.4 Let o > -1 and B > 0. Let ¢ be an analytic self-map of D and  an analytic
function on D. Then, for all c > 0, the following statements are equivalent:

(i)

f*mi1| (anf)¢”@)+3¢%aw<a+3w«a¢%a|

X 70 =
P o) -

(i)

2)p
linaD il_ |(|pZ| ) ‘I/f /// 31#”( )QD/(Z) + SW/(Z)QD”(Z)’

X‘C =
P Te@P)2 -

’

and Yo" + 3y ¢ +3y'¢" € Agp.
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Proof Suppose that (i) holds. Since

c
ex >1
- 1e@P P - le@P) =
for all z € D, we have

(1-12P)’ [¥(@)¢" (2) + 3" (2)¢' (2) + 3¢ ()¢ (2)|

(1 |2*)
1-lp@)P

Cc

[V (29" (2) + 3¥" ()¢ (2) + 3Y"(2)¢" (2) | exp TSPERE

— 0,

as z — 0. Hence y¢” + 3y"¢" + 3y'¢" € Agy. Since ¢(z) — 9D implies z — 9D, it
follows that the first assertion in (ii) holds.
Now suppose that (ii) holds, but (i) is not true. Then there exist constants ¢y > 0, g9 > 0

and a sequence {z,} tending to 9D as n — oo such that

1 - |za»)?

iote SRV @@+ 39" @) (@) + 39 ()¢ (@) exp >e. (20)

c
1= lp(z,) )22 —
Since Yo" + 3y"¢" + 3’9" € Agy, it follows from (20) that the sequence (z,),en has a
subsequence (z,, )xen With ¢(z,,) — 9. Therefore, applying (z,, )xen to the first assertion
in (ii), we arrive at a contradiction to (20), finishing the proof. d

By Lemma 2.4, the following result follows similar to the proof of Theorem 2.3. Hence,

we omit the details.

Theorem 2.5 Let o > —1 and B > 0. Let ¢ be an analytic self-map of D and  an analytic
function on D. Then, for all ¢ > 0, the following statements are equivalent:
(i) The operator DWW,y : Aj, — Zp,0 is bounded.
(ii) The operator DWW,y : Aﬁ)g — Zg Is compact.
(iif)

1/f¢///+3l0”§0,+3%0/ // /Sw w/ 2 + w(p/(p//, Ip/// eAﬂ,Or

: NB|
1)1{1)13D(1—|z| ) |1p (z)|exp

’

c —
1 - lp)2)*+2

v(z
im LD @)+ 3970 () + 39 (00
p(@)—oD 1 — |p(2)[?
C
XX Py
(1- 2P )

[V (2)¢' (2)* + ¥ ()¢ (2)¢" (2)] P

m —F— =0,
p(2)—0D (1 —|p(2)]?)? - lp(2)|?)*+2

and

— 12|28
U=ty @)l @ exp

. C p—
v (- [p(2)?) 1-lp@PR)2
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(iv)

’

. NB|.m ¢ =
A=W @l Gy -

(1-|2[»)°
D 1 -p(z)|?

[V (2)¢" (2) + 3y ()¢ (2) + 3¢ (2)¢" ()|

c
X ppre
(1- |Z|2)ﬂ / (N2 ’ 1 ¢ _
dim @R [V (2)¢' (@) + ¥ (2)¢' (2)9" (2) | exp T e@pee =%
and
(]-_ |Z|2)‘f3 / 3 ¢ —
2 0oty VO O e e =0
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