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1. Introduction
Let E be a Banach space with norm || - ||, C be a nonempty closed convex subset of E
and let E* denote the dual of E. Let B be a monotone operator of C into E* The varia-

tional inequality problem is to find a point x € C such that

(Bx,y —x) >0 forallyeC. (1.1)

The set of solutions of the variational inequality problem is denoted by V I(C, B).
Such a problem is connected with the convex minimization problem, the complemen-
tarity problem, the problem of finding a point u € E satisfying 0 = Bu and so on. An
operator B of C into E* is said to be inverse-strongly monotone, if there exists a positive
real number o such that

(x —y,Bx — By) > a||Bx—By||2 (1.2)

for all x, y € C. In such a case, B is said to be a-inverse-strongly monotone. If an
operator B of C into E* is a-inverse-strongly monotone, then B is Lipschitz continuous,
thatis |[Bx—By| <! |x—y| forallx, ye C.

A point x € C is a fixed point of a mapping S: C — C if Sx = x, by F(S) denote the
set of fixed points of S; that is, F(S) = {x € C: Sx = x}. A point p in C is said to be an
asymptotic fixed point of S (see [1]) if C contains a sequence {x,} which converges
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weakly to p such that lim,_,.. ||x, - Sx,|| = 0. The set of asymptotic fixed points of S
will be denoted by f(s) A mapping S from C into itself is said to be relatively nonex-
pansive [2-4] if 'ﬁ(s) = F(S)and ¢(p, Sx) < ¢(p, x) for all x € C and p € F(S). The
asymptotic behavior of a relatively nonexpansive mapping was studied in [5,6]. A map-
ping S is said to be ¢-nonexpansive, if ¢(Sx, Sy) < @(x, y) for x, y € C. A mapping S is
said to be quasi @-nonexpansive if F(S) #0 and ¢(p, Sx) < ¢(p, x) forx € Cand pe F
(S).

Let E be a Banach space with norm || - ||, C be a nonempty closed convex subset of
E and let E* be the dual of E. Let ®: C x C — R be a bifunction, ¢: C — R be a real-
valued function, and B: C — E* be a nonlinear mapping. The generalized mixed equili-
brium problem, which is to find x € C such that

O(x, y) + (Bx,y —x) +¢(y) —¢(x) =0, VyeC. (1.3)
The solutions set to (1.3) is denoted by €, i.e.,
Q={xeC: 0O y)+Bx, y—x)+¢(y) —¢(x) >0, VyeC} (1.4)

If B = 0, the problem (1.3) reduce into the mixed equilibrium problem for ©, denoted
by MEP(®, ¢), which is to find x € C such that

Ox y)+e(y) —e(x) =0, VyeC. (1.5)

If ® =0, the problem (1.3) reduce into the mixed variational inequality of Browder
type, denoted by V I(C, B, ¢), is to find x € C such that

(Bx,y —x) +o(y) —¢(x) >0, VyeC. (1.6)

If B =0 and ¢ = 0 the problem (1.3) reduce into the equilibrium problem for O,
denoted by EP(®), is to find x € C such that

O(x, y) >0, VyeC. (1.7)

The above formulation (1.7) was shown in [7] to cover monotone inclusion pro-
blems, saddle point problems, variational inequality problems, minimization problems,
optimization problems, variational inequality problems, vector equilibrium problems,
Nash equilibria in noncooperative games. In addition, there are several other problems,
for example, the complementarity problem, fixed point problem and optimization pro-
blem, which can also be written in the form of an EP(®). In other words, the EP(®) is
an unifying model for several problems arising in physics, engineering, science, optimi-
zation, economics, etc. In the last two decades, many articles have appeared in the lit-
erature on the existence of solutions of EP(®); see, for example [7-10] and references
therein. Some solution methods have been proposed to solve the EP(®) (see, for exam-
ple, [8,10-15] and references therein). In 2005, Combettes and Hirstoaga [11] intro-
duced an iterative scheme of finding the best approximation to the initial data when
EP(®) is nonempty and they also proved a strong convergence theorem.

In 2004, in Hilbert space H, liduka et al. [16] proved that the sequence {x,} defined
by: x; = x € C and

Xne1 = Pe(xn — AnBxy), (1.8)
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where Pc is the metric projection of H onto C and {4,;} is a sequence of positive real
numbers, converges weakly to some element of V I(C, B).

In 2008, Tiduka and Takahashi [17] introduced the following iterative scheme for
finding a solution of the variational inequality problem for an inverse-strongly mono-
tone operator B that satisfies the following conditions in a 2-uniformly convex and
uniformly smooth Banach space E:

(C1) B is inverse-strongly monotone,
(C2) VI(C, B) #0,
(C3) [|Ay|| < || Ay - Au|| for all ye Cand u € V I(C, B).

Let x; =x e Cand
Xn+1 = HC]_l(]xn — AnBxy) (1.9)

for every n = 1, 2, 3, .., where Il¢ is the generalized metric projection from E onto C,
J is the duality mapping from E into E* and {A,} is a sequence of positive real numbers.
They proved that the sequence {x,} generated by (1.9) converges weakly to some ele-
ment of V I(C, B).

Consider the problem of finding:

veE suchthat0 e A(v), (1.10)

where A is an operator from E into E*. Such v € E is called a zero point of A. When
A is a maximal monotone operator, a well-know methods for solving (1.10) in a Hil-
bert space H is the proximal point algorithm: x; = x € H and,

Xne1 =JrXn, n=1,2,3,..., (1.11)

where {r,} € (0, «) and J, = (I +1,A)"!, then Rockafellar [18] proved that the
sequence {x,} converges weakly to an element of A™'(0). Such a problem contains
numerous problems in economics, optimization, and physics and is connected with a
variational inequality problem. It is well known that the variational inequalities are
equivalent to the fixed point problems.

In 2000, Kamimura and Takahashi [19] proved the following strong convergence the-
orem in Hilbert spaces, by the following algorithm

Xne1 =X+ (L —on)lr e, n=1,23,..., (1.12)

where J, = (I + rA)" J, then the sequence {x,} converges strongly to Ps-10(x), where
P41 is the projection from H onto A™'(0). These results were extended to more gen-
eral Banach spaces see [20,21].

In 2003, Kohsaka and Takahashi [21] introduced the following iterative sequence for
a maximal monotone operator A in a smooth and uniformly convex Banach space: x;
=x€ Eand

Xne1 =) Hadx + (1 —an)I(r %)), n=1,2,3,..., (1.13)

where J is the duality mapping from E into £* and J, = (I + rA).
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In 2004, Kamimura et al. [22] considered the algorithm (1.14) in a uniformly smooth
and uniformly convex Banach space E, namely

Xns1 = Yo + (1 — an)J(r,xn)), n=1,2,3,.... (1.14)

They proved that the algorithm (1.14) converges weakly to some element of A™0.
In 2008, Li and Song [23] proved a strong convergence theorem in a Banach space,

by the following algorithm: x; = x € E and

Vn = ]_l(ﬂn](xn) +(1— ﬂn)](]rnxn))/

(1.15)
Xn+l = ]71 (an]x + (l - Oln)]()’n))'

with the coefficient sequences {o,,}, {8,} € [0, 1] and {r,} < (0, =) satistying lim,_, ..
a, =0, Zool ay =00, lim, ,.3, = 0, and lim,,_,..7, = , where J is the duality map-
n=

ping from E into E* and /, = (I + rA)"" J. Then they proved that the sequence {x,} con-
verges strongly to Ilcx, where Ilc is the generalized projection from E onto C.

In this article, motivated and inspired by Kamimura et al. [22], Li and Song [23],
Iiduka and Takahashi [17], Zhang [24] and Inoue et al. [25], we introduce the new
hybrid algorithm (3.1) below. Under appropriate difference conditions, we will prove
that the sequence {x,} generated by algorithms (3.1) converges strongly to the point
HQQVI(C’A)QAfl(O)ﬁF(S)xO and converges weakly to the point
limn%OOHQﬁVI(C,A)nA—l(o)mp(s)xn. The results presented in this article extend and

improve the corresponding ones announced by Kamimura et al. [22], Li and Song [23]
and some authors in the literature.

2. Preliminaries

A Banach space E is said to be strictly convex if | )| <1 for all x, y € E with |[x|| =

[ly|]| =1 and x = y. Let U = {x € E: ||x|| = 1} be the unit sphere of E. Then the Banach
space E is said to be smooth provided

im |+ ty]| — lxl
t—0 t

exists for each x, y € U. It is also said to be uniformly smooth if the limit is attained
uniformly for x, y € E. The modulus of convexity of E is the function o: [0, 2] — [0, 1]
defined by

s(e)=inf{1— || sxy e B = o] -1,

x—y| = 8}. (2.1)

A Banach space E is uniformly convex if and only if d(¢) >0 for all ¢ € (0, 2]. Let p be
a fixed real number with p > 2. A Banach space E is said to be p-uniformly convex if
there exists a constant ¢ >0 such that d(g) > c&” for all ¢ € [0, 2] (see [26,27] for more
details). Observe that every p-uniform convex is uniformly convex. One should note
that no a Banach space is p-uniform convex for 1 < p <2. It is well known that a Hil-
bert space is 2-uniformly convex and uniformly smooth. For each p >1, the generalized

duality mapping ], : E — 2Fis defined by
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Jp(x) = {x* € E* ¢ (x, x*) = [Ix|P, |Ix*I] = |Ix|IP~ "} (22)

for all x € E. In particular, J = J, is called the normalized duality mapping. If E is a
Hilbert space, then J = I, where I is the identity mapping. It is also known that if E is
uniformly smooth, then J is uniformly norm-to-norm continuous on each bounded
subset of E.

We know the following (see [28]):

(1) if E is smooth, then J is single-valued;

(2) if E is strictly convex, then J is one-to-one and (x - y, * - y*) >0 holds for all (x,
x%), (y, y*) € J with x = y;

(3) if E is reflexive, then ] is surjective;

(4) if E is uniformly convex, then it is reflexive;

(5) if E* is uniformly convex, then / is uniformly norm-to-norm continuous on each
bounded subset of E.

The duality J from a smooth Banach space E into E* is said to be weakly sequentially
continuous [29] if x,, — x implies Jx,, ~* Jx, where —* implies the weak* convergence.

Lemma 2.1. [30,31]If E be a 2-uniformly convex Banach space. Then, for all x, y € E
we have

’

=yl = =

where ] is the normalized duality mapping of E and 0 < ¢ < 1.

1
The best constant = in Lemma is called the 2-uniformly convex constant of E (see
c

[26]).
Lemma 2.2. [30,32]If E be a p-uniformly convex Banach space and let p be a given
real number with p 2 2. Then for all x, y € E, ], € ],(x) and ], € J,(y)

1od »
=y Jx—=Jy) = -2

’

|~

1
where ], is the generalized duality mapping of E and ~ is the p-uniformly convexity
c

constant of E.

Lemma 2.3. (Xu [31]) Let E be a uniformly convex Banach space. Then for each r >0,
there exists a strictly increasing, continuous and convex function g: [0, =) —> [0, o) such
that g(0) = 0 and

2+ (1= a7 < Al + (1 =) [y]* = 21 = 2)g(Jx ) (2.3)

forall x, yef{ze E: ||z|| <r}and A € [0, 1].

Let E be a smooth, strictly convex and reflexive Banach space and let C be a none-
mpty closed convex subset of E. Throughout this article, we denote by ¢ the function
defined by
2

p(x, y) = lIxlI> — 2(x, Jy) + |y forx,y € E. (2.4)

Following Alber [33], the generalized projection I1c: E — C is a map that assigns to

an arbitrary point x € E the minimum point of the functional @(x, y), that is, [[ox = X,

Page 5 of 21
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where x is the solution to the minimization problem

B(x, x) = ;gg/)(% x) (2.5)

existence and uniqueness of the operator Il follows from the properties of the func-
tional ¢(x, y) and strict monotonicity of the mapping /. It is obvious from the defini-
tion of function ¢ that (see [33])

Iyl = 1x)* < 6@, x) < (Jy] + IIxl)*,  Vx,y € E. (2.6)

If E is a Hilbert space, then ¢(x, y) = ||x - y||

If E is a reflexive, strictly convex and smooth Banach space, then for x, y € E, ¢(x, y)
= 0 if and only if x = y. It is sufficient to show that if ¢(x, y) = 0 then x = y. From
(2.6), we have ||x|| = ||y||. This implies that (x, Jy) = ||x||* = ||/y||>. From the defini-
tion of J, one has Jx = Jy. Therefore, we have x = y (see [28,34] for more details).

Lemma 2.4. (Kamimura and Takahashi [20]) Let E be a uniformly convex and
smooth real Banach space and let {x,}, {y,} be two sequences of E. If (x,, y,,) — 0 and
either {x,} or {y,} is bounded, then ||x, - v,|| — 0.

Lemma 2.5. (Alber [33]) Let C be a nonempty closed convex subset of a smooth
Banach space E and x € E. Then, xoy = llcx if and only if

(xo —y, Jx—Jxo) >0, VyeC.

Lemma 2.6. (Alber [33]) Let E be a reflexive, strictly convex and smooth Banach
space, let C be a nonempty closed convex subset of E and let x € E. Then

o(y, Tex) + ¢(Tex, x) < ¢(y, x), VyeC.

Let E be a strictly convex, smooth and reflexive Banach space, let J be the duality
mapping from E into E*. Then /' is also single-valued, one-to-one, and surjective, and
it is the duality mapping from E* into E. Define a function V: E x E* — R as follows
(see [21]):

V(x, x*) = [lx]|* = 2(x, x*) + Hx* Hz (2.7)

for all x € Ex € E and x* € E*. Then, it is obvious that V (x, x*) = ¢(x, J'(x*)) and V/
x JO)) = ¢x, y).

Lemma 2.7. (Kohsaka and Takahashi [[21], Lemma 3.2]) Let E be a strictly convex,
smooth and reflexive Banach space, and let V be as in (2.7). Then

V(x, &%)+ 2071 (x*) —x,y*) < V(x, x* +7%) (2.8)

for all x € E and x*, y* € E*.

Let E be a reflexive, strictly convex and smooth Banach space. Let C be a closed con-
vex subset of E. Because ¢(x, y) is strictly convex and coercive in the first variable, we
know that the minimization problem inf,c ¢ ¢(x, y) has a unique solution. The operator
[Iex: = arg minye ¢ @(x, ) is said to be the generalized projection of x on C.

A set-valued mapping A: E — E* with domain D(A) = {x eE:A(x) #X)} and range
R(A) = {x* € E* x* € A(x), x € D(A)} is said to be monotone if {x - y, x* - y*) > 0 for
all x* € A(x), y* e A(y). We denote the set {s € E: 0 € Ax} by A10. A is maximal
monotone if its graph G(A) is not properly contained in the graph of any other



Wattanawitoon and Kumam Journal of Inequalities and Applications 2012, 2012:118 Page 7 of 21
http://www.journalofinequalitiesandapplications.com/content/2012/1/118

monotone operator. If A is maximal monotone, then the solution set A0 is closed and
convex.

Let E be a reflexive, strictly convex and smooth Banach space, it is knows that A is a
maximal monotone if and only if R(J + rA) = E* for all r >0.

Define the resolvent of A by Jx = x,. In other words, J, = (J + rA)"J for all r >0. J, is
a single-valued mapping from E to D(A). Also, A™(0) = F(J,) for all r >0, where F(J,) is
the set of all fixed points of J,. Define, for r >0, the Yosida approximation of A by A, =
(J - JI,)/r. We know that A,x € A(J,x) for all » >0 and x € E.

Lemma 2.8. (Kohsaka and Takahashi [[21], Lemma 3.1]) Let E be a smooth, strictly
convex and reflexive Banach space, let A € E x E* be a maximal monotone operator
with A=10 # 0, let r >0 and let ], = (] + rT)"J. Then

¢(x, Iry) + oy, v) < o(x, y)

forallxe A0 and y e E.

Let B be an inverse-strongly monotone mapping of C into E* which is said to be
hemicontinuous if for all x, y € C, the mapping F of [0, 1] into E*, defined by F(¢) = B
(tx + (1 - t)y), is continuous with respect to the weak* topology of E*. We define by
Nc(v) the normal cone for C at a point v € C, that is,

Ne(v) ={x* € E* : (v—y, x*) >0, Vy € C}. (2.9)

Theorem 2.9. (Rockafellar [18]) Let C be a nonempty, closed convex subset of a
Banach space E and B a monotone, hemicontinuous operator of C into E*. Let T C E x
E* be an operator defined as follows:

(2.10)

Ty - Bv+Nc(v), veC
" | p, otherwise.

Then T is maximal monotone and T0 = V I(C, B).
Lemma 2.10. (Tan and Xu [35]) Let {a,} and {b,} be two sequence of nonnegative
real numbers satisfying the inequality

any1 = an + by, foralln > 0.
If Y02 by < 00, then lim,,_,.. a,, exists.
Lemma 2.11. (Xu [36]) Let {s,} be a sequence of nonnegative real numbers satisfying

Sne1 = (L —otn)sn + anty +1yn > 1,

where {0}, {t,}, and {r,} satisfy {o,} < [0, 1], Z:: oy =00, lim sup,, . t, < 0 and

720, 32 1, < 0o. Then lim,_,.. s, = 0.
For solving the mixed equilibrium problem, let us assume that the bifunction ®: C x
C - R and ¢: C - R is convex and lower semi-continuous satisfies the following con-

ditions:

(A1) O(x, x) =0 forall x e C;
(A2) © is monotone, i.e., O(x, y) + O(y, x) <0 for all x, y € C;
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(A3) for each w, y, ze C,

limsup O(tz + (1 — t)x, y) < O(x, y);
t0
(A4) for each x € C, y » O(x, ) is convex and lower semi-continuous.

Lemma 2.12. (Blum and Oettli [7]) Let C be a closed convex subset of a uniformly
smooth, strictly convex and reflexive Banach space E and let © be a bifunction of C x
C into R satisfying (A1)-(A4). Let r >0 and x € E. Then, there exists z € C such that

1
O(z y) + T(Y—ZI z—x)>0 forallyeC.

Lemma 2.13. (Takahashi and Zembayashi [37]) Let C be a closed convex subset of a
uniformly smooth, strictly convex and reflexive Banach space E and let ® be a bifunc-
tion from C x C to R satisfying (A1)-(A4). For all r >0 and x € E, define a mapping T,
E — C as follows:

1
Trx = {zeC:@(z, y) + r(y—z,]z—]x)zO,VyeC} (2.11)
for all x € E. Then, the followings hold:

(1) T, is single-valued;

(2) T, is a firmly nonexpansive-type mapping, i.e., for all x, y € E,
(Trx = Try, JTrx — JTyy) < (Trx — Ty, Jx = Jy);

(3) K(T,) = EP(®);

(4) EP(®) is closed and convex.

Lemma 2.14. (Takahashi and Zembayashi [37]) Let C be a closed convex subset of a
smooth, strictly convex, and reflexive Banach space E, let ® be a bifunction from C xC
to R satisfying (A1)-(A4) and let r >0. Then, for x € E and q € F(T,),

#(q, Trx) + ¢(Trx, x) < (g, x).

Lemma 2.15. (Zhang [24]) Let C be a closed convex subset of a smooth, strictly con-
vex and reflexive Banach space E. Let B: C — E* be a continuous and monotone map-
ping, ¢: C — R is convex and lower semi-continuous and ® be a bifunction from C x C
to R satisfying (A1)-(A4). For r >0 and x € E, then there exists u € C such that

O, 1) + (B, y— ) +9(r) — (W) + (r—u Ju-J) =0, VyeC
Define a mapping K,: C — C as follows:

K (x) = {u €C: 0, y)+ (Bu,y—u) +o(y) — o(u) + 1 (y—uJu—Jx) >0,V e c} (2.12)
for all x € E. Then, the followings hold:

(i) K, is single-valued;
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(ii) K, is firmly nonexpansive, i.e., for all x, y € E, (Kx - K.y, JK,x - JK,y) < (K,x
Ky, Jx -Jy);

(iii) F(K,) = Q;

(iv) Q is closed and convex;

) ¢(p, K2) + 9(Kz, 2) < ¢(p, 2) Vp € F(K,), z€ E.

Remark 2.16. (Zhang [24]) It follows from Lemma 2.13 that the mapping K- C — C
defined by (2.12) is a relatively nonexpansive mapping. Thus, it is quasi-¢-
nonexpansive.

Lemma 2.17. (Xu [31] and Zalinescu [32]) Let E be a uniformly convex Banach space
and let v >0. Then there exists a strictly increasing, continuous and convex function g:
[0, ) — [0, ) such that g(0) = 0 and

Jex+ (1= oy]” < dixli>+ 1 =)y = (1 = )g(|x —]) (2.13)
for all x, y € B,(0) and t € [0, 1], where B,(0) = {z € E: ||z|| < r}.

3. Strong convergence theorem
In this section, we prove a strong convergence theorem for finding a common element
of the set of solutions of mixed equilibrium problems, the set of solution of the varia-
tional inequality problem, the fixed point set of relatively nonexpansive mappings and
the zero point of a maximal monotone operators in a Banach space by using the
shrinking hybrid projection method.

Theorem 3.1. Let E be a 2-uniformly convex and uniformly smooth Banach space, let
C be a nonempty closed convex subset of E. Let ® be a bifunction from C x C to R
satisfying (A1)-(A4) let ¢: C — R be a proper lower semicontinuous and convex func-
tion, let T: E — E* be a maximal monotone operator satisfying D(T) < C. Let ], = (J +
rT)Y for r >0, let B: C — E* be a continuous and monotone mappings and S be a rela-
tively nonexpansive mappings from C into itself, with

F:=QNVI(C,A)NT ' (0)NE(S) #0. Assume that A an operator of C into E* that
satisfies the conditions (C1)-(C3). Let {x,} be a sequence generated by x, = x € C and,

Uy = Krnxnl

Zn = HC]_I(] — )LnA)unr

Yn = ]71(,311]3% + (1 - ,Bn)]S]rnzn)z
Xn+l = HC‘Iil(anIx + (1 - an)]}’n)/

(3.1)

for all n € N, where Il¢ is the generalized projection from E onto C, ] is the duality
mapping on E. The coefficient sequences {A,} < [a, b] for some a, b with

2
O<a<b< Cza, 1is the 2-uniformly convexity constant of E and {a,} < [0, 1], {B,} <
c

(0, 1] {r,,} < (0, o) satisfying

o0
(i) lim,,_,., o, = 0, anl oy = 00,

(ii) lim sup,_. B, <1,
(iii) lim inf,,_,.. r, >0.
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Then the sequence {x,} converges strongly to T1px,.

Proof. Let H(u,, y) = O(uy, y) + By, y -un) + ¢(y) - ¢(u,), y € C and
K;, = {tn € C : H(un, y)+ | (y = thn, Jup —Jxy) > 0, Vy € C}. We first show that {x,}
is bounded. Put v, = J'*(J - 1,,4)u,, and w, =)z, forallm>20.Letpe FF=QnVI
(C, A) n T(0) n F(S) and uy = K;,x,. Since S, J,, and K,, are relatively nonexpansive

mappings, we get
¢(pr un) = ¢(P/ Krnxn) = ¢(P: xn) (3.2)
and Lemma 2.7, the convexity of the function V in the second variable, we obtain

@ (p. zn) = ¢(p. Tcvy)
< ¢(p, va) = ¢(p, J7' Jtn — AnAu))
< V(P Jun — AnAliy + ApAtty) — 207 Ty — AnAlty) — b, AnAlty) (3.3)
= V(p, Jun) = 2hn (v — p, Aup)
= ¢(p, un) — 2hn(tn — p, Atp) + 2(Up — Un, —ApAup).

Since p € V I(C, A) and A is a-inverse-strongly monotone, we have

—2An(Un — p, Aty) = —2A,(Uy — p, Aty — Ap) — 20, (Uun — p, Ap)
5 (3.4)
< =20k, || Au, — Ap|”,

and by Lemma 2.1, we obtain

2(Vy — Up, —AnAlly) = 2(]_1 Uun - )\nAun) — Up, —AnAly)
<2 ”]_1 (Jun — AnAup) — uy ” IAnAun]|

4
=< 2 Jun — ApAuy — Junll | AnAuy || (35)
4
) Al Au, |12
4 2
< szﬁ |Au, — Ap|~.
Substituting (3.4) and (3.5) into (3.3), we get
2 4, 2
(P, zn) < d(p, un) — 20k | Auy — Ap|” + 2 A2 | Aun — Ap|
2
< @(p, un) +21n <c2 An — a) |Au, — Ap| (3.6)
< ¢(p, un)
< o(p, xn).

By Lemmas 2.7, 2.8 and (3.6), we have

®(p, yn) = ¢(p, T (BuJxa + (1 — Bu)JSwn))
= V(p, BuJxn + (1 — Bu)ISwy)
< V(p, BuJxn) + (1 = Bu)V(p, JSwy)
= Bup(p, xn) + (1 — Bu)d(p, Swn)
Bud (D, xn) + (1 — Bn)p(p, wn) (3.7)
Bund(p, %) + (1 = Bu)(@(p, 2n) — P (wn, 2n))
Bud (P, xn) + (1 — Bn)o(p, 2n)
Bud(pr xn) + (1 — Bu)(p, %xn)
= ¢(p xn),

INIA TN TA
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it follows that

¢(p, xne1) = d(p, TS~ (an)xr + (1 — ctn)lyn))
< ¢(p, J7 (@x1 + (1 — @)lyn))
= V(p, anJx1 + (1 — an)lyn) (3.8)
< anV(p, Jx1) + (1 —an)V(p, Jyn)
an@(p, x1) + (1 = an)p(p, ¥n)
< an@(p, x1) + (1 — an)p(p, xn)
for all m € N. Hence, by induction, we have that ¢(p, x,,) < @(p, x1) for all n € N.
Since (||x4]| - ||2]1)* < @(p, x,). It implies that {x,} is bounded and {y,,}, {z,.}, {w,,} are

also bounded.
From (3.6)-(3.8), we have

&(p, xne1) < and(p, x1) + (1 — ) [Budp(p, xn) + (1 — Bu)(S(P, x0) — b (wn, 2zu))]
< and(p x1) + (1 — )@ (pr xn) — (1 — on)(1 — Bu)P(wn, 24)

and then
(1 —an)(1 = Bn)p(wn, 2n) < and(p, x1) + (1 — atn)d (P, Xun) — (P, Xns1)

for all € N. Since lim,,_., &, = 0, lim sup,,_,.. 3, <1, it follows that lim,_,.. p(w,, z,)

= 0. Applying Lemma 2.4, we have
lim [lwy —zall = lim |J;, 20 — 2| =0. (3.9)
n—00 n—0o0
Since J is uniformly norm-to-norm continuous on bounded sets, we obtain
lim [|Jw, —Jzull = lim |[JJ;,z0 — Jzu| = 0. (3.10)
n—00 h—00

By (3.2), (3.6)-(3.8) again, we note that

O, xne1) < on(p, x1)+
(1= e { 0o 5+ (1= ) 009, 5 = 280 (= S ) [ = )7}

< Otn(ﬁ(P, xl) + (1 - an)¢(pr xn) - (1 - D‘n)(l - ﬂn)?-)tn <(}t - sz)hn) HAun —APHZ

and hence

)(an¢5(p, x1)+(1_an)¢(pl xn)_¢(p: xn+1))

22 <a—2)‘>”Au —Ap||2< !
! ™ ! Tl —an)(1 =B

2
forallme N.Since 0 <ag<b < Cza, lim,_,.. o, = 0, lim sup,,_,.. B,, < 1, we have

lim [[Auy — Ap]| =o0. (3.11)
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From Lemmas 2.6, 2.7 and (3.5), we get

d(Un, zn) = P(un, Ncvy) < G(un, vn)
= ¢(un, ' (Jtn — AnAuy))
= V(un, Jup — AnAuy)
< V(un, (Juy — AnAty) + AnAuy)
— 207 (Jun — MnAtiy) — iy, AnAlin)
= ¢(un, Un) +2(vy — Uy, —AnAuy)
2(vn — Un, —AnAln)

4
< 2 Al Au, — Ap”z.

From Lemma 2.4 and (3.11), we have

lim |lu, —z,|| =0. (3.12)
n—oo

Since J is uniformly norm-to-norm continuous on bounded sets, we obtain

lim ||Ju, — Jz,|| = 0. (3.13)
n—oo

From Lemmas 2.6, 2.7 and (3.5), we obtain

@ (xn, 2n) = d(xn, T (Jun — AnAuy))
< ¢(n, T (Jttn — AnAun))
= V(xp, Juy — ApAuy)
< V(% (Jun — *Aly) + AnAuy) — 207y — ApAty) — thy, ApAly)
= ¢ (xn, tn) + 207" (Jun — AnAtty) — Un, —AnAuy)
= ¢ (xn, xn) + 207 (Jup — AnAtiy) — tn, —AnAuy)

4 2
- 4 Jau, -]
for all n € N. Since lim,,_,.||Au, - Ap ||2 = 0, we have lim,,_,.. ¢(x,, z,) = 0.
Applying Lemma 2.4, we get

lim [jx, — 24l = 0. (3.14)
n—-oo

Since J is uniformly norm-to-norm continuous on bounded set, we obtain

nlLITolo Jxn — Jznll = 0. (3.15)
So, by the triangle inequality, we get

ln — unll < llxn — znll + llzn — unll .
By (3.12) and (3.14), we also have

lim ||x, — uy] =0. (3.16)
n—oo
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From (3.1), we obtain

(v zn) = G (xn, Fl(ﬂnfxn + (1 = Bn)ISwy))
V(xn, BuJxn + (1 — Bn)JSwn)

BV (%n, Jxn) + (1 = Bn)V (xn, JSwy)
B (xn, xn) + (1 — Bn)@(Xn, Ston)
Bn®(xn, xn) + (1 — Bn)(xn, wn)

= (1= Bu)p(xn, 2n)

oA

IA

for all m € N. Since lim,, .. ¢(x,, z,) = 0, we have lim,, ,.. ¢(y,, z,) = 0. Applying
Lemma 2.4, we get

lim Hyn — 2y || =0. (3.17)

n—oo

Since J is uniformly norm-to-norm continuous on bounded set, we obtain
lim |Jy, —Jza| = 0. (3.18)
n—oo

From

Hxn - YnH < llxn — znll + ||Zn —In

we have
lim |x, —ya| =0. (3.19)
n—oo

Since J is uniformly norm-to-norm continuous on bounded set, we obtain
lim |Jx, —Jya| = 0. (3.20)
n—oo

From Lemma 2.17 and (3.7), we have

o(p vn) = o(p, ]71(/3n]xn + (1 = Bn)JSwy))
= (o] = 20pBuJxn + (1 = Bu)Swa) + || B + (1 — Br)ISwn)?
< |pI* = 2Butp. Jxw) = 2(1 — Ba) (P, ISwn) + Bullxall® + (1 — Bu) Swl®
— Bul1 — Bu)g (IJxn — JSwy ) (3.21)
= Bad (D, %n) + (1 = Bu)b(p, Swa) — Bu(1 — Bu)g (1w — JSwyl)
< Bud(p, xa) + (1 = Bu)d (P, xu) — Bu(1 — Bu)g (1w — JSwyl)
= $(p, %) — Bu(1 — Bu)g (xn — JSwy) -

This implies that
Bu(1 = Bn)g(IJxn — JSwnll) < ¢(p, x1) — P (P, ¥n)- (3.22)

On the other hand, we have

dp, xn) — P[P, yn) = ”xn”2 - HYn H2 = 2(p, Jxn — Jyn)

= [xn = yu| (lxall + [7al]) + 2 |0] [xn = Jyn] - (3.23)

Noticing (3.19) and (3.20), we obtain

o, xn) —d(p.yn) > 0, asn — oo. (3.24)
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Since lim sup,,_,.. B,, <1 and (3.24), it follows from (3.22) that
g (Jxy — JSwy|)) — 0, asn — oo. (3.25)
If follows from the property of g that

lim ||Jx, — JSwy]| = 0. (3.26)
n—oo

Since / is uniformly norm-to-norm continuous on bounded set, we see that

Jim |y — Swyll = 0. (3.27)
Since

lzn — Swhll < llzn — xull + [1X0 — Swall,
from (3.14) and (3.27), we obtain that

lim ||z, — Swy| =0. (3.28)
n—o0

By (3.9) and (3.14), we obtain

lim ||w, — x| = 0. (3.29)
n—oo

Also, by (3.9) and (3.28), we obtain
lim |jw, — Swy| = 0. (3.30)
n—odo

Since {x,} is bounded, there exists a subsequence {xp,} of {x,} such that x,, ~ u e C.
It follows from (3.29), we have Wp, — U as i — < and S be a relatively nonexpansive,
we have that y € F(S) = F(S).

Next, we show that # € 77'0. Indeed, since lim inf,_,.. r,, >0, it follows from (3.10)
that

. . 1
lim [|Ar,zp]| = lim  [[Jzp — Jwy|| = 0. (3.31)
n—o00 n— o0 1,

If (z, z*) € T, then it holds from the monotonicity of A that
(z — zp;, z* _Arnizni) >0
for all i € N. Letting i — oo, we get ( z - u, z*) > 0. Then, the maximality of T

implies u € T0.
Next, we show that u € V I(C, A). Let B € E x E* be an operator as follows:

By = Av+Nc¢(v), veC;
| p, otherwise

By Theorem 2.9, B is maximal monotone and B0 = V I(C, A). Let (v, w) € G(B).
Since w € Bv = Av + N¢(v), we get w - Av € Nc(v). From z, € C, we have

(v —z,,w— Av) > 0. (3.32)
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On the other hand, since z, = I J* (Ju,, - A,Au,). Then by Lemma 2.5, we have
(v —2n, Jzn — (Iun - )\nAun)) >0,

thus

<v — 2z, ]””A_ Jen _ Aux,,> <o (3.33)

n

It follows from (3.32) and (3.33) that

(V—2zy,w) > (V— 2y, AV)

A%

(v —2z,, Av) + <v — Zn, ]un; Jan — Aun>

n

(v —zy, Av— Auy) + <v — Zy, Jitn = ]Z">

An

(v —zn, AV —Azy) + (V—2n, Azn — Ally) + <v — Zn, Jit _Iz">

An

lzn — unll Jun — Jzn |l
— |lv — z, |

M (”Zn — Uyl + Jun _]Zn“)’

o a

v

—lv— 2zl

A%

where M = sup,»1{||v - z,||}. From (3.12) and (3.13), we obtain (v - u, w) > 0. By the
maximality of B, we have u € B0 and hence u € V I(C, A).

Next, we show that # € Q. From (3.16) and J is uniformly norm-to-norm continuous
on bounded set, we obtain

lim ||Ju, — Jx,|| = O. (3.34)
n—oo

From the assumption lim inf, ... r,, > a, we get

i Jun — Jxul
1m

n—00 Tn

= 0.
Noticing that u, = K;, x,, we have

1
H(up, y) + =t Jun = Jx) 20, Wy eC.

n

Hence,

1
H(”"i' Y) + T (Y— uni’ ]u"i _]x"i) = Or Vy € C

n;

From the (A2), we note that

Iy — un,| o y=twn Jun—Jxn) = —H(un, y) = Hy, un), Yy e C.

n;

| ”]u"1 _}me > 1
Tn,

Taking the limit as # — oo in above inequality and from (A4) and Un, — U, we have
H(y, u) <0,Vye C.For 0 < t<1andye C, define y, = ty + (1 - t)u. Noticing that y,
u € C, we obtains y, € C, which yields that H(y,, u) < 0. It follows from (A1) that
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0=H(y y:) <tH(y:, y) + (1 = H(y, X) < tH(y1, ).

That is, H(y, y) > 0.
Let ¢ | 0, from (A3), we obtain H(x, y) > 0, Vy € C. This implies that u € Q. Hence
ue F'=Qn VIC, B n TY0).

Finally, we show that u = ITzx. Indeed from x, = I1¢,x and Lemma 2.5, we have

(Jx —Jxn, xn —2) =0, Vz € C,,.
Since F € C,, we also have

(Ix = Jxn, xp —p) = O, vp eF. (3.35)
Taking limit # — oo, we obtain

(lx —Ju, u—p) =0, Vp e F.

By again Lemma 2.5, we can conclude that # = I1zxo. This completes the proof. O

Corollary 3.2. Let E be a 2-uniformly convex and uniformly smooth Banach space, let
C be a nonempty closed convex subset of E. Let T: E — E* be a maximal monotone
operator satisfying D(T) € C. Let J, = (J + rT)" ] for r >0, let A be an a-inverse-strongly
monotone operator of C into E* and S be a relatively nonexpansive mappings from C

into itself, with F := VI(C,A) N T~(0) N E(S) #0. Assume that A an operator of C
into E* that satisfies the conditions (C1)-(C3). Let {x,} be a sequence generated by x, =
x e Cand,

Zp = HCI_I(]xn — )\nAxn)/
Vn = ]_1(Ign]xn + (1 - ﬁn) ]S]Tnzn)r (3.36)
Xne1 = T edxr + (1 — on)Jyn),

for all n € N, where Il¢ is the generalized projection from E onto C, ] is the duality
mapping on E. The coefficient sequence {a,} < [0, 1], {B,} < (0, 1], {r,} < (0, =) satisfy-
ing lim,_,., o, = 0, Zool ay =00, lim sup,_,. B, < 1, lim inf,_,., 7, > 0 and {1,} €
n=
2

1
la, D] for some a, b with 0 <a <b < czoz’ is the 2-uniformly convexity constant of E.
c

Then the sequence {x,} converges strongly to T1gx,.

4, Weak convergence theorem
We next prove a weak convergence theorem under difference condition on data. First
we prove the generalized projection sequence {IIxxo} of {x,} is strongly convergent.
Theorem 4.1. Let E be a 2-uniformly convex and uniformly smooth Banach space, let
C be a nonempty closed convex subset of E. Let ® be a bifunction from C x C to R
satisfying (A1)-(A4) let ¢: C — R be a proper lower semicontinuous and convex func-
tion, let T: E — E* be a maximal monotone operator satisfying D(T) < C. Let ], = (J +
rT)" ] for r >0 and let A be an a-inverse-strongly monotone operator of C into E*, let
B: C — E* be a continuous and monotone mappings and S be a relatively nonexpansive

mapping. from C into itself, with F := Q N VI(C,A) N T~(0) N F(S) #0. Assume that A
an operator of C into E* that satisfies the conditions (C1)-(C3). Let {x,} be a sequence
generated by x, = x € C and,
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U = KTn‘lel

Zn = HC]_I(]un - )LnAun)r

¥u =T (Buxn + (1 = Bu)ISTr, 2n),
Xn+l = chil(an]xl + (1 - an)]yn)/

(4.1)

for all n € N, where Ilc is the generalized projection from E onto C, ] is the duality
mapping on E. The coefficient sequence {a,,} < [0, 1], {B,} € (0, 1], {r,} € (0, =) satisfy-

ing Z:; ay < 00, lim sup, .. B, < 1, lim inf, ,.. r, > 0 and {A,;} < [a, b] for some a,

2 1
bwith 0<a<b< 62a , is the 2-uniformly convexity constant of E. Then the
c

sequence {I1f x,} converges strongly to an element v of F , which is a unique element of
F satisfying

lim (v, xn) = r?é?r}ir?o oy, xn).

Proof. Let H(u, y) = O(uy, y) + (Buy, y - ty) + ¢(y) - ¢(u,), y € C and
K, = {tn € C: H(tn,y) + | (v =t Juy — Jxn) = 0. ¥y € C}. We first show that {x,} is
bounded. Let pe F: = Q n VI(C, A)n T"(0) n F(S) and uy = K, x,. Put v, = ' (Ju,, -
AnAu,) and wy =J; z, for all n = 0. Since J;,, K, and S are relatively nonexpansive

mappings. By (3.8), we have that, for all n € N
¢(Pr xn+1) =< Oln¢(Pr xl) + (1 - 0ln)¢’(Pr xn)- (4.2)

From Zool an < oo and Lemma 2.10, we deduce that lim,,_,..¢(p, x,,) exists. This
n=

implies that {¢(p, x,,)} is bounded. So {x,,} is bounded.
Define a function g: F — [0, <) as follows:

8(p) = lim ¢(p, xx), Vp € F.

Then, by the same argument as in proof of [[22], Theorem 3.1], we obtain g is a con-
tinuous convex function and if ||z,|| — e then g(z,) — . Hence, by [[28], Theorem
1.3.11], there exists a point v € F such that

= mi =1).
3(v) yelpg(y)( ) (4.3)
Put t, = I1r x,, for all n > 0. We next prove that £, — v as n —> . Suppose on the

contrary that there exists gy >0 such that, for each n € N, there is n’ > n satisfying ||
w,y - V|| 2 €. Since v € F, we have

& (tn, xn) = ¢(Mpxn, xn) < d(v, Mpxn) + (X, xn) < PV, xn) (4.4)

for all # > 0. This implies that

limsup ¢ (tn, 22) < lim ¢(v, ) =1L (4.5)
Since (||v|| - ||IIg xn||)2 < o, w,) < o, x,) for all n > 0 and {x,;} is bounded, we

get {w,} is also bounded. By Lemma 2.3, there exists a stricly increasing, continuous
and convex function K: [0, =) — [0, ) such that K(0) = 0 and
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wn+vH2<1 , 1 , 1
tall=+ _ lvllc —  K(llt, —vll), 4.6
[ = Sl i = k(i — i) (4.6)

1
for all » = 0. Now, choose o satisfying 0 < o < 4K(eo). Hence, there exists ny € N
such that

Oty xp) <l+0,¢ x,) <l+o0, (4.7)

for all #n > 0. Thus there exists k > nq satistying the following:
¢(tr, xi) <l+0,9(, x) <l+0, It —vIl = €o. (4.8)

From (4.2), (4.6) and (4.8), we obtain

tp, +V t, +V
¢ ek <¢ , %k
2
tr +V
—2< ) ,]xk>+||xk||2

2 1 2 1
Il = + 2||1/|| - 4K(||tk—v||)— (te +v, Jxi) + [lxll

i +V
2

—

2 (4.9)

A

ol )

20 ) + 60 1)~ K(l— vl)

IA

1
1 — K(eo),
+0 4 (e0)
for all » > 0. Hence

1
I< lim ¢ (”’”,xn) - lim ¢ (t“”,xmk) <l+o— K(e) <l+o—o=1 (4.10)
n—oo 2 n—oo 2 4

This is a contradiction. So, {w,} converges strongly to ve F: = Q n VI(C, A) nT(0)
N F(S). Consequently, v € F is the unique element of F such that

Jim p(v, ) = r;leip,}ggo oy, Xn). (4.11)
This completes the proof. O
Theorem 4.2. Let E be a 2-uniformly convex and uniformly smooth Banach space, let
C be a nonempty closed convex subset of E. Let T: E — E* be a maximal monotone
operator satisfying D(T) € C. Let J, = (J + rT)" ] for r >0, let A be an a-inverse-strongly
monotone operator of C into E* and S be a relatively nonexpansive mappings from C
into itself, with F := VI(C,A) N T~(0) N F(S) #0. Assume that A an operator of C
into E* that satisfies the conditions (C1)-(C3). Let {x,} be a sequence generated by x, =
x e Cand,

Zp = HC]_Ian - )\nAxn)r
Vn = ]_l(ﬁn]xn + (1 - ﬂn)]S]rnzn)r (4.12)
Xn1 =TT (anxy + (1 — an)lyn),

for all n € N, where Il¢ is the generalized projection from E onto C, ] is the duality
mapping on E. The coefficient sequence {a,} < [0, 1], {8,} € (0, 1], {r,} € (0, =) satisfy-

ing Z:il oy < 00, lim sup,_,.f3, < 1, lim inf,_,.r, > 0 and {A,;} < [a, b] for some a, b
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20 1
with 0 <a<b < cza’ is the 2-uniformly convexity constant of E. Then the sequence
c

{I1gx,} converges strongly to an element v of F, which is a unique element of F satisfying

Jim (v, xn) = r?é}lr}ir?o oy, xn).

Now, we prove a weak convergence theorem for the algorithm (4.13) below under
different condition on data.

Theorem 4.3. Let E be a 2-uniformly convex and uniformly smooth Banach space, let
C be a nonempty closed convex subset of E. Let ® be a bifunction from C x C to R
satisfying (A1)-(A4) let ¢: C — R be a proper lower semicontinuous and convex func-
tion, let T: E — E* be a maximal monotone operator satisfying D(T) < C. Let ], = (J +
rT)" ] for r >0 and let A be an a-inverse-strongly monotone operator of C into E*, let
B: C — E* be a continuous and monotone mappings and S be a relatively nonexpansive

mappings from C into itself, with F := Q N VI(C,A) N T~(0) N F(S) #0. Assume that
A an operator of C into E* that satisfies the conditions (C1)-(C3). Let {x,} be a sequence
generated by x; = x € C and,

Un = Kr"xnr

Zp = HC]_I(Iun - )\nAun)r

Yn = ]71(ﬂn]xn + (1 - ﬂn)]sjrnzn)r
Xn+1 = Hclil(anlxl + (1 = an)lyn),

(4.13)

for all n € N, where Il¢ is the generalized projection from E onto C, ] is the duality
mapping on E. The coefficient sequence {c,,} < [0, 1], {Bn} < (0, 1], {r,} € (0, =) satisfy-

ing 2:1 oy < 00, lim sup,_,.f, < 1, lim inf,_,.r, > 0 and {A,;} < [a, b] for some a, b

2a 1
with 0 <a<b < cza, is the 2-uniformly convexity constant of E. Then the sequence
c

{x,,} converges weakly to an element v of F , where v = lim,,_,.I1px,,.

Proof. As in Proof of Theorem 3.1, we have {x,} is bounded, there exists a subse-
quence {x,} of {x,} such that x,, ~u € C and hence u € F: = Q n V I(C, AT
(0)NE(S). By Theorem 4.1 the {IIxx,} converges strongly to a point v € F which is a
unique element of F such that

lim ¢(v, x,) = min lim ¢(y, x,). (4.14)

n—o0 yEF n—o00

By the uniform smoothness of E, we also have lim,_, « || JT Tpxn, — ]v“ =0.
Finally, we prove u# = v. From Lemma 2.5 and u € F, we have
(Mpxn, — U, Jxn, — JTpxy,) = 0
Since J is weakly sequentially continuous, s, — U and u,, - x,, — 0, then
(v—u, Ju—Jv) > 0.
On the other hand, since J is monotone, we have

(v—u, Ju—Jv) <O0.
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Hence,
(v—u, Ju—Jv) =0.

Since E is strict convexity, it follows that # = v. Therefore the sequence {x,} con-
verges weakly to v = lim,,_,., IIr x,,.. This completes the proof. O

Theorem 4.4. Let E be a 2-uniformly convex and uniformly smooth Banach space, let
C be a nonempty closed convex subset of E. Let T: E — E* be a maximal monotone
operator satisfying D(T) € C. Let J, = (J + rT)" ] for r >0, let A be an a-inverse-strongly
monotone operator of C into E* and S be a relatively nonexpansive mappings from C

into itself, with F:= VI(C,A) N T~1(0) NE(S) #0. Assume that A an operator of C
into E* that satisfies the conditions (C1)-(C3). Let {x,} be a sequence generated by x, =
x e Cand,

Zn = HC]_l(]xn - )LnAxn),
Vn = ]_1(ﬂn]xn + (1 - ﬂn)]S]rnzn)/ (4.15)
Xn+l = HC]_I(an]xl + (1 - an)])/n)/

for all n € N, where Ilc is the generalized projection from E onto C, ] is the duality
mapping on E. The coefficient sequence {o,,} < [0, 1], {8} < (0, 1], {r,} € (0, o) satisfy-

ing Z:l ay < 00, lim sup, .3, < 1, lim inf,_,..r,, > 0 and {A,;} < [a, b] for some a, b

2 1
with 0 <a<b < 6201 , is the 2-uniformly convexity constant of E. Then the sequence
c

{x,,} converges weakly to an element v of F, where v = lim,,_,.. 11z,
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