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n | n Z, a9’
ZME/T el Qa (Z)(Hv:1 fz+cy)tv Hv:1 glz+cy)mnr)= Z/ zbjl @9y’

n / n Yo A2 @
Zkzelz,llzelz ﬁ)‘ZrlLZ (Z)(Hv:1 fz+c)rey HU:W glz+cy)mzr) = m'

where ¢1,¢5,...,Cy are distinct, nonzero complex numbers, the coefﬁcients 0y, @)
(A €h, eJ1 B> @ Ay €,y € 1), ai(2) (1=0,1,...,p), b(2) (=0,1,...,9),
dv(@) (k=0,1,...,5),and ¢/(2) (I=0,1,...,t) are small functions relatlve to f(z) and g(2),
= {)\., = (/)Liﬂ'/)wz"‘ -:/)Lf,n)|/k,,u e NU {O}, v=1,2....n}(i=1,2) and

J={w;= (mw,muj,z,--.,mu/,n)lmﬂj,v e NU{0},v=1,2,...,n} (j=1,2) are finite index
sets. The growth of meromorphic solutions of a related system of complex functional
equations is also investigated.

Keywords: systems of complex difference equations; meromorphic functions;
Malmquist type theorem; functional equation

1 Introduction and main results

Let f(z) be a meromorphic function in the complex plane C. We assume that the reader is
familiar with the standard notations and results in Nevanlinna’s value distribution theory
of meromorphic functions (see e.g. [1-3]). We use p(f) to denote the growth order of a
meromorphic function f(z). The notation S(r,f) denotes any quantity that satisfies the
condition S(r,f) = o(T(r,f)) as r — oo possibly outside an exceptional set of r of finite
logarithmic measure. A meromorphic function a(z) is called a small function of f(z) if and
only if T'(r,a(z)) = S(r,f).

In the last ten years, there has been a great deal of interest in studying the properties
of complex difference equations (see e.g. [4—20]). Especially, a number of papers (see e.g.
(4, 6, 10, 11, 15, 17-19]) focusing on a Malmquist type theorem of the complex difference
equations emerged. In 2000, Ablowitz et al. [4] proved some results on the Malmquist the-
orem of the complex difference equations by utilizing Nevanlinna theory. They obtained
the following two results.
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Theorem A If the second-order difference equation

ao(2) + a1 (2)f + - + a,(2)f?
bo(2) + bi(2)f + - - - + by(2)f? ’

flz+1)+f(z-1) =

with polynomial coefficients a; (i =1,2,...,p) and b; (j = 1,2, ..., q), admits a transcendental
meromorphic solution of finite order, then d = max{p, q} < 2.

Theorem B [f the second-order difference equation

ao(2) + a(2)f + - + a,(2)f?
bo(2) + bi(2)f +--- + bq(z)fq’

flz+1)f(z-1) =

with polynomial coefficients a; (i =1,2,...,p) and b; (j = 1,2,...,q), admits a transcendental
meromorphic solution of finite order, then d = max{p, q} < 2.

Subsequently, Heittokangas et al. [10], Laine et al. [15] and Huang et al. [11], respectively,
gave some generalizations of the above two results. In 2010, the first author in this paper
and Liao [18] obtained the following more general result.

Theorem C Let ¢y, ¢y, ..., ¢, be distinct, nonzero complex numbers, and suppose that f(z)
is a transcendental meromorphic solution of the difference equation

‘ Ly ) _ @0 (2) + a1(2)f (2) + - - - + a,(2)f ()P
AZQOM(Z) (gf(z +¢y) ) = b @)+ b, @) @)1 ) 1)

with coefficients oy (z) (A € I), ai(z) (i =0,1,...,p), and bj(z) (j=0,1,...,q), which are small
functions relative to f(z), where I = {\ = (L1, b2 .-, o),y e NU{0}L,v=1,2,...,n} isa
finite index set, and denote

oy = m)?x{lk,v} (v=L2,...,n), o= ZG"‘

If the order p(f) is finite, then d = max{p,q} < o.

If all the coefficients in the complex difference equation (1) are rational functions, then
in [19], we have the following Malmquist type result, which is reminiscent of the classical
Malmquist theorem in complex differential equations.

Theorem D Let ¢1,¢s,...,c, be distinct, nonzero complex numbers and suppose that f(z)
is a transcendental meromorphic solution of the equation

- - ny _ P(zf(2))
Hedle éax(z) (Hﬂz e ) = RefE) = Qe foy

where I = {A = (L, Loy b,y € NU{OY, v =1,2,...,n} is a finite index set, P and Q
are relatively prime polynomials in f over the field of rational functions, the coefficients o,

(A € I) are rational functions. Denoting the degree of P[z,f] by

yp = Hxléi;({lx,l +ho+ -+ halh=Unha. . lk,n)}'
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Iff (2) is finite order and has at most finitely many poles, then R(z, ) reduces to a polynomial
inf of degree d < yp.

More recently, people began to study the properties of meromorphic solutions of sys-
tems of complex difference equations. In [21], Gao discussed the proximity function and
counting function of meromorphic solutions of some classes of systems of complex dif-
ference equations. In 2013, Wang et al. [16] investigated the growth of meromorphic so-
lutions of systems of complex difference equations.

Now, we give the Malmquist type result of a system of complex difference equations as

follows.

Theorem 1 Let ci,¢y,...,c, be distinct, nonzero complex numbers and suppose that
(f(2),8(2)) is a transcendental meromorphic solution of a system of complex difference equa-
tions of the form

n hyw TT7 Moy _ g 42
Zkleh,meh Gy @[ o f (2 + )™ [T gz +¢,)™av) = 727:0 YErE ®

n Ly TTH D) - heo Y@
Z)LQGIZrMZEIZ ﬂ)»z,pbz (Z)(Huzlf(z + C\)) 2 l_[\):lg(z + CU)MMZ ) - W’

with coefficients oy, (2) (M € L, (b1 € 1), By (@) (A2 € Iy, o € J2), ai(z) (i = 0,1,...,p),
bi(z) =0,1,...,9), di(2) (k=0,1,...,s), and e/(z) (I =0,1,...,t) are small functions rel-
ative to f(z) and g(2), a,(2), b,(2), ds(2),e,(z) # 0, where I; = {A; = (L1, 0,20 s )l €
NU{0},v=12,...,n} (i=1,2),and J; = {; = (mul.,l,mﬂj,z,...,mu/.,,,)|mﬂj,v e NU{0},v =
1,2,...,n} (j = 1,2) are finite index sets, and denote

&1,v = max{l, v}, N1,v = max{my, .},
rMeh H1€N

&, =max{l,v}, N,y = max{my,,,}
A€l H2€l2

(v=12,...,n),and

n n n n
on = E SO o1 = E N, 091 = E & 0 = E N2,
v=1 v=1 v=1 v=1

If max{p,q} > o013, max{s,t} > 091, and max{p(f), p(g)} < +oo, then p(f) = p(g) and
(max{p,q} — o12) - (max{s, t} — 091) < 01102>.

Example 1 It is easy to check that (f(z),g(z)) = (tanz, cotz) satisfies the following system

of difference equations:

fle+3)gz+ L) +2g(z+ §)
(3z+1)g* +[(2v/3-6)2+2-2/3]g% +(4—4+/3) (z+1)g? +[(2v/3-2)2+6-2/3]g+2+3

3g1+2V/3¢%-2¢%-2+/3¢-1 ’
2 2 _ —(vB+1)f*-2f3+2f2-2f +3+/3
fle+3) e+ D +f e+ 58+ 1) = 5 Ap i a aaviya:

In Example 1, we have max{p, q} = 4, max{s,t} = 4,011 =1, 013 = 3,091 =2, 093 =2, p(f) =
p(g) =1< +00, and (max{p,q} — 012) - (max{s,t} — o) =(4-3)(4-2)=2=1 x 2 = 011093.
Therefore, the estimation in Theorem 1 is sharp.
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Remark 1 Obviously, if the condition max{p, q} > 015, max{s,t} > 09 in Theorem 1 is re-
placed by (max{p, g} — 012)(max{s, t} — 091) = 0 or (max{p, g} — o12)(max{s, t} — o31) < 0, the
estimation (max{p, q} — o12) - (max{s, t} — 0y1) < 01109, is still correct. If o1 =0 or 093 =0,
then the first or second equation in (2) gets the form of (1). For some results as regards (1),
the reader may refer to the paper [18].

Remark 2 If the condition max{p,q} > o1, max{s, ¢} > oy; in Theorem 1 is replaced by
max{p,q} < o1, max{s,t} < o9, then the estimation (max{p,q} — 012) - (max{s, t} — o91) <
011022 is not true generally. For example, (f(z),g(z)) = (tanz,cotz) satisfies the following
system of complex difference equations:

flz+5)glz- )g(z+ ) +2g(z+ )% = €2

g +2§g+1’ (3)
fle+ D)4 (z-T)glz+ ) + of (z + T) = “EL Azl

fi-of+1

ISE

where max{p,q} = 2, max{s,t} = 2, o1 = 2, 0135 = 6, 031 =5, 093 = 1, max{p,q} < o1,
max({s, t} < oy1. However, (max{p, q} — 013) - (max{s, £} — 091) = (-4) X (=3) =12 > 2 = 011093

If 013 = 091 = 0, then we have the following simpler result.

Corollary 1 Let cj,c¢y,...,c, be distinct, nonzero complex numbers, and suppose that
(f(2),8(2)) is a transcendental meromorphic solution of a system of complex difference equa-
tions of the form
by = Zhaa(@e
e @[T f 2+ o)™ SNk @)

BTl e ) = ot
with coefficients a;(z) (A € I), B.(2) (u €)), ai(z) (i =0,1,...,p), bi(z) (j =0,1,...,9),
di(z) (k=0,1,...,s), and e)(z) (I = 0,1,...,t) are small functions relative to f(z) and g(z),
a,(2),b4(2),ds(2), e,(2) # 0, where I = {X = (L1, L2, s ho)lh,y e NU{OL, v =1,2,...,n} and

J=A{w=mu1,mup,....,my,)m,, € NU{0}L,v=1,2,...,n} are two finite index sets, and
denote

n
£, =m/\aX{lM} (V:1,2,,..,1’1), o1 225\)
and
Ny = m/ilx{mu,u} (v=12,...,n), 03 = Z’Iu-

If p(f) < +o0 or p(g) < +00, then p(f) = p(g) and max{p, q} - max{s, t} < 010,.

Example 2 Let ¢; = arctan2, ¢, = arctan(-2). It is easy to check that (f(z),g(z)) = (tanz,
cotz) satisfies the following system of difference equations:

fz+a)flz+c)+fz+a)f(z+c)? = —fo§g+i(l)§’

)
gz+a)glz+c) +g(z+c)? = ﬂfz(;fé—jifois'
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In Example 2, we have max{p,q} = 4, max{s,t} =3, 01 =4, 05 = 3, p(f) = p(g) =1 <
+00, and max{p,q} - max{s,¢} = o1 - o9 = 12. Therefore, the estimation in Corollary 1 is
sharp.

In [15], Laine et al. also considered the growth of meromorphic solutions of some classes
of complex difference functional equations and obtained the following result.

Theorem E Suppose that f is a transcendental meromorphic solution of the equation

> ay(2) (Hf(z ; c,->) ~F(p(2),

U} jeJ

where p(z) is a polynomial of degree k > 2, {J} is the collection of all subsets of {1,2,...,n}.
Moreover, we assume that the coefficients oy(z) are small functions relative to f and that
n > k. Then

T(r.f) = O((logr)***),

logn

where a = { 7.
ogk

In 2010, Zhang et al. [18] got a more generalized result than Theorem E. Next we give
the growth of meromorphic solutions of a system of complex functional equations as fol-

lows.

Theorem 2 Let ¢,¢y,...,¢c, be distinct, nonzero complex numbers and suppose that
(f(2),8(2)) is a transcendental meromorphic solution of a system of complex functional
equations of the form

Z)\léhxﬂléh Uy @[Ty f (2 + cy)h [1)-18(z + c,)™v) = f(p(2)),

(5)
Zkzelz,uze]z Brosus @[ 1)1 f (2 + ¢y [1)-18(z+c)™2v) = g(p(2)),

where p(z) is a polynomial of degree k > 2, I; = {Ai = (L, 1, 0,0, byl € N U {0}, v =
L,2,...,n} (i=1,2) and J; = {u; = (mﬂi,l,mm,z,...,mw,n)lmm,v eNU{0},v=12,...,n} (=
1,2) are finite index sets, and denote

%-l,v = maX{l)Ll,v}r N,y = max{mul,v},
Meh M€
&0 = max{l;,,}, Na,p = max{m,, ,}
A€l H2€)2
(v=12,...,n),

n n n n
o = E IS o = E N> 091 = E &2y 02 = E N2,
v=1 v=1 v=1 v=1

and

o = max{on, 012,021,022}
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Moreover, we assume that the coefficients oy, (2) (M € L, i1 € 1)y Prgpy (2) (A2 € I, g €
J>) are small functions relative to f(z) and g(z), and that 20 > k. Then

T(r.f) = O((logr)**),  T(r,g) = O((logr)™*),

log 20
logk *

where o =
If 012 = 01 = 0, then we can obtain the following result easily.

Corollary 2 Let c,cy,...,c, be distinct, nonzero complex numbers and suppose that
(f(2),8(2)) is a transcendental meromorphic solution of a system of complex functional
equations of the form

Y @I f(z + c)) = g(p(2)),

(6)
> e Bu@ T 8z + c))™) = f(p(2)),

where p(z) is a polynomial of degree k > 2, I = {A = (1, b2, o)l € NU {0}, v =
1,2,...,n}and ] = { = (m,1,myz,...,my,)|\m,, € NU{0}L,v=1,2,...,n} are two finite
index sets, and denote

£ = mflx{lA,u} (v=12,...,n), o1= Z;E‘”

n
Ny = m/iix{mﬂ,,,} (v=12,...,n), oy = Zn,}
v=1

and
o =max{oy,07}.

Moreover, we assume that the coefficients o, (z) (A € I), Bu(2) (n € ]) are small functions
relative to f(z) and g(z), and that 2o > k. Then

T(r,f) = O((logr)***), T(r,g) = O((logr)***),

log 20

where o = Togk -

2 Some lemmas
In order to prove our results, we need the following lemmas.

Lemma 1 (see [3]) Let f(z) be a meromorphic function. Then for all irreducible rational
functions in f,

P(Z:f) _ f:O ai(z)fi

R(z,f) = = =y
“D=06h = S bar

such that the meromorphic coefficients a;(z), bj(z) satisfy

T(r,a;)=S(r.f), i=0,1,...,p,
T(r,bj) =S(r.f), j=0,1,...,q,
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we have

T(V,R(Z,f)) =max{p,q} - T(r.f) + S(r.f).

In [22], AZ Mokhon’ko and VD Mokhon’ko gave an estimation of Nevanlinna’s charac-

teristic function of

l I bon
F(z):P(z) _ ZAEI " “ I ,

Q(Z) Zue]fmul mﬂz : V:ﬂlw

where fi,f,...,fu are distinct meromorphic functions, I = {A = (L1, gy .- bl €
NU{0Lv=12,...,n}and J = {pn = (my1,my,...,my,,)m,, € NU{0},v=12,...,n}
are two finite index sets. However, the method of the proof was too complex. For F(z)
of the form Y, £, R L fn Zheng et al. [20] gave a simpler proof, but the esti-
mation of T'(r,F) was not sharp. For completeness, we give the proof of the following
lemma.

Lemma?2 Letfi,fs,...,[n be distinct meromorphic functions. Then

n
bt gl .
<V’ZM1 M2 >§ZajT(r,ﬁ)+logt,
j=1

rel

where I = {(ly1, b2, o)l € NU{0},j =1,2,...,n} is an finite index set consisting of t
elements and o; = max;er{ly;} j=1,2,...,n).

Proof All the poles of the function ), _, f; 2 i are generated by the poles of the
functions f; (j=1,2,...,n), and every pole of multiplicity koffi (j=1,2,...,n) has order at
most koj. This implies that

D1 Al l
n(ﬂ Gagha in) Za/n(r,f)
rel

Thus we obtain

N(r, AR ’“) > N ?)
Arel

j=1

We next prove that

Wl(r, Zflli,ilex,z .. l)\ n) Zalm(rf) +logt, ®)

Arel j=1

and we define

f@ =5, [f@>1,
=1, fi2) <1,
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forj=1,2,...,n Thus we have

Zflhl 1A2 . lln Zlf“f” . lkn

rel rel

< Zlf*lk lf*l” ) *IM
rel
*lkl *112 . f*l)hln|
n

rel 1

< tlf*alf*az . *on|

— 1*0'1 f-z*az f*o-n

By the definition of m(r, f), we immediately conclude that

1 2
m(r, llx,llex,z B 'frfm) _ E_/o log* Zfl“fl“ ) lAn
rel

rel
< L [ gt e d 41
<3 og T - f77] dO +logt
T Jo

Z ojm(r,f;) +logt.

j=1
By (7) and (8), the assertion follows. a

Remark 3 If we suppose that a,(2) = o(T(r,f})) (A € I) hold for all j € {1,2,...,n}, and
denote T'(r,a;) = S(r,f) (A € I), then we have the following estimation:

rel

T(r,Zoq z)fl“ hua ~~fyfh'") < ZajT(r,ﬁ) +S8(r.f).
1

Lemma 3 (see [6]) Let f(z) be a meromorphic function with order p = p(f), p < +00, and
¢ be a fixed non zero complex number, then for each € > 0, we have

T(r,f(z + C)) =T(r.f)+ O(rpflﬂ) + O(logr).

Lemma 4 (see [3]) Letg:(0,+00) — R, h: (0, +00) — R be monotone increasing functions
such that g(r) < h(r) outside of an exceptional set E of finite linear measure. Then, for any
a > 1, there exists ro > 0 such that g(r) < h(ar) for all ry.

Lemma 5 (see [23]) Let f be a transcendental meromorphic function, and p(z) = arz* +

k125Nt gz + ag, ak 0, be a nonconstant polynomial of degree k. Given 0 < § < |ak|,

denote A = |ay| + 8§ and . = |ax| — §. Then given € >0 and a € C U {oo}, we have

kn(,urk,a,f) < n(r, a,f(p(z))) < /<n(krk,a,f),
N(urk, zz,f) +O(logr) < N(r, a,f(p(z))) < N(krk, a,f) + O(logr),
(1 -e)T(ur'.f) < T(rf (p2)) < L+ )T (A", f),

for all r large enough.

Page 8 of 14
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3 Proofs of theorems
Proof of Theorem 1 We assume that (f(z),g(z)) is a transcendental meromorphic solution
of the system of complex difference equations (2). By the first equation in (2), Lemma 1,

Lemma 2, and Lemma 3, we have, for each ¢ > 0,

max{p,q}T(r,g)

= T(r, > anm®@ (Hf(z +e)nr [ [ge+ cv)muw)) +S(r,2)

reh,meh v=1 v=1

< ZSLV T(r,f(z + cv)) + Z nl_vT(r,g(z + cv)) +S8(r.f) +S(r,g)
v=1

v=1

=D & T(nf@) + O D7) + 3y T(rgl) + O(r @)

v=1 v=1

+ O(logr) + S(r,f) + S(r, 2)

(Zau) (nf(2) (va> r,g(2))

+O(r"@7%) 1+ O(logr) + S(r.f) + S(r,8)
= auT(r,f(z)) + 012 T(r,g(z)) + O(rp(f)’l”s) + O(rp(g)_“a)
+ O(logr) + S(r,f) + S(r, ). 9)

By the above inequality, we get, for each ¢ > 0,

(max{p,q} — 012) T(r,g)
=on T(V,f(Z)) + O(rp(f)‘1+£) + O(rp(g)—He)
+ O(logr) + S(r,f) + S(r, ). (10)

Since max{p, g} > o1, by the assumption, we have, for each ¢ > 0,

Tng) = W T(r,f(2) + (1) + O(@-1+¢)
+O(logr) + S(r.f) + S(r, ). (11)

Similarly, by the second equation in (2), we obtain, for each ¢ > 0,

max{s, t}T(r,f)

= T(r, Y Buw®@ (Hf(z+ e [ Jatz + c)m» +8(r.f)

Aelr,ur€fn v=1 v=1

< Z E,T(rfz+c))+ Z Moy T (1, g(z + c,)) + S(r.f) + S(r, g)
v=1

v=1

—Zsu (nf@) +O(r"7) Zﬂzu (ng()

v=1
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+O(r"@71+%) 1+ O(logr) + S(r.f) + S(r,8)

(Z%) r.f(2) + (Znu) (rg(2))

+ O(logr) + S(r,f) + S(r, 2)
=onT(r,f(2)) + 022 T(r,g(2)) + O(r”(f)’I”) + O(r”(g)’l“?)
+ O(logr) + S(r,f) + S(r, g). 12)

By (12) and max{s, t} > 051, we have, for each ¢ > 0,

(max(s, t} — 021) T(r,f)
< 00T (r,g(2)) + O(r*V71) + O(r@-1+)

+ O(logr) + S(r,f) + S(r,9) (13)
and

L o(f)-1+e p(g)-1+e
I(r.f) < max(s. 7] —on T(r,g(2)) + O(r ) +O(r )

+ O(logr) + S(r,f) + S(r, g). (14)
Using (11), we can obtain p(g) < p(f). Similarly, we can get p(f) < p(g) from (14). There-

fore, we have p(f) = p(g).
It follows from (10) and (13) that

(max({p,q} - o12) (max{s, t} — o01) T(r, /) T(r,g)
<ononT(rf(2)T(r.g®@) +o(T(r,/)T(rg)). (15)

From (15), we conclude that
(max{p, q} - 0'12) . (max{s, t} - 021) < 0110923.
This yields the asserted result. g

Proof of Theorem 2 We assume that (f(z),g(z)) is a transcendental meromorphic solution
of a system of complex functional equations (5). Let C = max{|c1|, |c2],...,|cu|}. According
to the first equation in (5), Lemma 2, Lemma 3, and the last assertion of Lemma 5, we get

(1 -&)T (ur,f)
= T(r.f(p2))

=T\|r, Z Uy (2) (Hf(z + Cu)hl’u Hg(z + Cv)’”uw))
v=1

rmeh,ueh v=1

<Y a8 T(nfz+e)) + > muT(rglz+c) +S(rf) + S(rg)
v=1
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n

<Y ELT(r+Cf@) + Y muT(r+C,g2) +S(r.f) + S(r,g)

v=1 v=1

- (ZELU) r+Cf(2) + (Z nl‘)) r+C,g(2) +S(r.f) + S(r,g)
v=1

=onT(r+C,f(2)) + o1 T(r + C,g(2)) + S(r,f) + S(r,g).

Since T(r+ C,f) < T(Br,f)and T(r + C,g) < T(Br,g) hold for r large enough for 8 > 1, we
may assume r to be large enough to satisfy

1 -e)T(urh.f) <on@ +&)T(Br.f) + oz + &) T(Br,g)

outside a possible exceptional set of finite linear measure. By Lemma 4, we know that,
whenever y > 1,

(1 -e)T(ur".f) <on@+&)T(yBr.f) + o1a(1 + &) T(yBr.g) (16)

holds for all r large enough. Let ¢ = yBr, then the inequality (16) may be written in the
form

1 Lts) = 010+ 2 1) 1)

Similarly, by the second equation in (5), for all » large enough and 8 > 1, y > 1, we have

(1-e)T(ur',g)

<T(rg(p))

- T( Z Brous (2) (Hf(z"'cu)%” Hg(z+c )”’MZV>>

Aa€lp,pa€l2

< ZSQ,VT(r,f(z + cv)) + Z nz,vT(r,g(z + cv)) +S8(r.f) +S(r,g)
v=1

v=1

<Y e, T(r+Cf@)+ Y muT(r+Cg@) +S(r.f) + S(r,g)

v=1 v=1

- (Zfz,v> r+C,f(2)) + <Z nu) r+C,g(2) + S(r,f) + S(r,g)
v=1

=onT(r+C,f(2)) + 02T (r + C,g(2)) + S(r,f) + S(r.g)

<on(1+&)T(yBr.f) + 0221 +&)T(ypr,g).

Let t = yBr, we have

T(#t’ﬁg) < "211(“8 T(tf) + Mm 2. (18)
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log ——
Letting s = logt + k<_Vf ,thent=e ( )1 % and

k
ks = klogt + —— 1o
Bk g(yﬂ)

=klogt +log ——

(v ﬁ)k k-1

K mo\*!
=18 By o log((yﬂ)") '

So

|-
A

Mook s MO\
Gpr’ = ((Vﬁ)k) ‘ (19)

Let T(t,f) = T(& (4T, ) = 06, T(hg) = T () Q) = D59, M =

max | 2L “8), “1219;8), ”211956) , "22 +2)} then from (17) and (19), we have

1

T<eks<<y;>k) )
()

< 0'111(1+8) T(t,f) + O'12(1+£) T(t,g)
- 1-¢

< M®(s,f) + Md(s,g). (20)

d(ks,f)

Similarly, from (18), we can get
D(ks,g) < MO(s,f) + MD(s, g). (21)

The inequalities (20) and (21) hold for all s large enough.

Letting now o = l‘ff;kM, namely, 2M = k. Write W(s,f) = # and W(s,g) = %, thus
we have
1 1
‘l’(kS,f) S Elp(s)f) + E\I"(S)g) (22)
and
1 1
W (ks,g) < E\I'(s,f) + E\I'(s,g). (23)
The inequalities (22) and (23) hold for all s large enough, we may assume that (22) and
(23) hold for all s > s.
Let My = supy, <s<ks, V(s,.f) and My = sup _ s, V(5,€), then by (22) and (23) we can
obtain
1 1 M M
sup W(s,f)= sup W(ks,f) <= sup V(s f)+= sup W(s,g) < =22
selksg,k2sq) s€lso.kso] selso,ksol s€(so,kso] 2 2
1 1 M M
sup W(s,g)= sup W(ks,g)<—- sup V¥(s,f)+=- sup ¥(s,g) <— L2
selksg,k2sq] s€[s0,ks0] 2 s€[s0,kso] s€[s0,ks0] 2
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Similarly, we have

sup V(s f)=

selk2sg,k3s9] selksg,k?sq]

sup  W(s,g) =

selk2sg,k3s9] selksg,k2sg]

Thus, we deduce that

1 1
sup W(s,f) < EMI + EMQ < 400,

s>kso

1 1
sup W(s,g) < =M; + =M, < +00.
s>ksq 2 2

1 1
sup  W(ks,g) < EMI + =M,

1 1
sup  W(ks,f) < iMl + EMZ'

Page 13 of 14

Therefore, W(s,f) and W(s,g) are bounded for all s > sy. There exist some constants K,

K5, K3, Ky, such that, for any € > 0,

T(t,f) = ®(s,f) = V(s,[f)s* <Ks* =K; (logt +
and
T(t,g) =P(s,g) =V(s,g0)s" <Kzs*=Kj (log t+

Therefore, we have

T(r,f) = O((log r)**?)

and

T(r,g) = O((logr)***),

where
log2M log2
o= 8 - B +o(1).
log k log k
log 20

Letting now o =

logk ’

Competing interests

_M®
& WpF

K —

"

log %

k-1

) < Ky(log £)***

) < Ky(logt)**e.

we obtain the required form. Theorem 2 is proved.
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